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ABSTRACT In this paper, a nonlinear model predictive control (NMPC) method based on mixed slip-
deceleration (MSD) with runway identification is proposed to prevent the aircraft wheels from locking up
and improve the braking performance under time-varied runway conditions. The MSD control algorithm
reduces the dependence of control performance on slip rate estimation accuracy and retains a good slip rate
control performance. The proposed NMPC control method guarantees optimal braking torque on each wheel
by individually controlling the slip rate of eachwheel near the optimal point. A nonlinear brake control model
based on aircraft ground taxiing dynamics is derived. In this model, the tire-runway friction coefficient–slip
rate model under different runway conditions and vertical force variation caused by brake are considered.
A runway identification algorithm based on friction coefficient and friction coefficient slope is used to
identify the real-time runway status, based on which the prediction model and optimization function of the
proposed control scheme are modified. The wheel slip stable zone and the system maximum brake torque
are regarded as time-domain constraints of the NMPC for safety considerations and physical limitations. The
control objectives of the NMPC include longitudinal deceleration, braking performance, and preservation
of crew comfort. The proposed MSD-based NMPC controller is verified by a tricycle-geared aircraft model
using MATLAB/Simulink software. Simulation results of different control schemes on a specific mixed
runway show good performances of the proposed control method. The proposed control method provides a
new efficient solution for aircraft wheel braking on variable runway.

INDEX TERMS NMPC, mixed slip-deceleration control, aircraft brake control, runway identification.

I. INTRODUCTION
The brake control of aircraft has always been an important
research subject since it has a great influence on the safety
of aircraft ground operation. While taxiing on a runway,
an aircraft utilizes air resistance, reverse engine thrust, and
other methods to decelerate. However, the most effective and
reliable way to decelerate is to brake by wheels. The main
function of the anti-skid brake control system is to decelerate
the aircraft according to the pilots’ braking instructions and
avoid unsafe incidents during the braking process, which
includes tire burst and runway veer off.

The aircraft body and wheel rotation dynamic character-
istics of the braking process are complex due to the highly
nonlinear and uncertain tire-runway friction characteristics,
which makes the realization of anti-skid braking control
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for achieving high efficiency and safety a challenging task.
In addition, with the development of the aviation industry,
other requirements for the brake control system design, such
as economy and comfort, have gradually become indispens-
able. Therefore, the problems of nonlinearity and uncertainty,
runway state estimation and adaptability problem, and multi-
objective optimization are the key issues of aircraft anti-skid
braking control.

To solve the problems of nonlinearity and uncertainty,
feedback-based control methods have been proposed, includ-
ing PID control [1]–[3], feedback linearization, sliding mode
control [4], and intelligent control [5]. In [1], a nonlinear
control based on the error feedback using the Lyapunov func-
tion was presented, and the experimental results showed that
the proposed methods could accomplish the braking process
in less time and shorter distance compared with the PID
controller based on the linearized system. A sliding mode
controller based on a piecewise linear model was proposed
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in [4], and simulation results showed that the proposed con-
troller had a good control effect on runway friction coeffi-
cient changing and might excite unmodeled dynamics. In [6],
an adaptive sliding mode controller based on the feedback
linearization with a sliding observer was proposed; it could
estimate the unmeasurable vehicle velocity and solve the
problem of time-delayed input by treating it as a bounded
uncertainty. A nonlinear output feedback controller based
on bounded brake torque was proposed in [7]. By using the
combination of set point on-line adaption based on slip rate
and the brake torque, the proposed controller could signif-
icantly enhance the brake performance in a double µ-jump
braking maneuver. Amodel-free Q-learning approach to non-
linear state-feedback ABS slip control was proposed in [5] to
address the unmodeled dynamics and parametric uncertainty
caused by high nonlinearity. Although this approach does
not require an initial stabilizing controller, a large number
of transition samples are needed for learning when advanced
features, such as setpoint tracking, are required at various
speeds. In [8], a robust sliding mode controller was pro-
posed. This controller compares two nonlinear observers to
estimate vehicle velocity. The results have shown that the
sliding observer is promising while the extended Kalman
filter is unsatisfactory due to unpredictable changes in the
road conditions.

From the aspect of runway environmental adaptability,
the uncertainty of runway state has a great influence on brak-
ing control performance, and an adaptive algorithm based
on tire-runway state estimation is an effective brake control
method. In recent years, research on dynamic state estima-
tion in the field of vehicle dynamics control has developed
significantly [9], and the state estimation of the tire-runway
characteristics of the aircraft brake control has become sim-
ilar to that of a vehicle. In [10], an algorithm based on the
Kalman filter supported by a change detection algorithm
was proposed to estimate the slip slope; however, it was
designed to work under normal driving conditions, so it is
inactive under the conditions of sharp bends, braking, torque
changes, and skidding. The sign of slip slope was used to
supervise the system state through estimation with or without
wheel slip measurements [11]. In [12], a nonlinear observer
was proposed for tire-road adhesion coefficient and linear
vehicle velocity using only the measurement of rotational
wheel velocity, and a lumped friction model was used to
approximate the distribute friction model for simplification.
In [13], a method of slip slop estimation from wheel velocity
based on the on-line least-squares method was presented, and
the estimation performance was experimentally verified.

In the field of multi-objective brake control, most of
the anti-skid brake control methods have been focusing on
tracking the best deceleration performance, that is, tracking
the optimal skid rates or maximum deceleration rate of an
aircraft [1], [2]. However, in addition to the deceleration
performance, other factors, such as comfort and economy,
should also be considered.Multi-objective optimization algo-
rithms have been applied to anti-skid control [14]–[16] to

improve the comprehensive performance of brake control.
Model predictive control (MPC) is a rolling optimization
control method based on a prediction model. The MPC has
a good control performance in anti-skid brake control, which
represents a multi-objective optimization problem with con-
straints, and it also has good robustness against external
disturbance and model uncertainty.

The brake control system operates under certain constraints
[14], [17], [18], including the physical constraint of the brake
control valve, safety constraint of the wheel slip rate, and
safety constraint of the output brake torques. In addition, the
slip rate feedback control is based on the slip rate estimation.
The slip rate estimation error is caused by the measurement
noise of the wheel speed as well as the measurement or esti-
mation error of aircraft speed depending on how the aircraft
speed is obtained. In this work, feedback errors are regarded
as wheel speed measurement noise and slip rate estimation
error since the wheel speed and the aircraft velocity can be
regarded as the measurement signals for the controller.

Based on the above thorough analysis, the existing multi-
objective optimization control methods of anti-skid braking
are merely feedback control methods based on the slip rate
estimation and do not consider the influence of runway condi-
tion variation. Therefore, a multi-objective anti-skid braking
control method that can handle runway changes andmeasure-
ment noise is urgently needed. This paper presents a mixed
slip-deceleration-based nonlinear model predictive control
(NMPC) aircraft anti-skid brake control method. The mixed
slip-deceleration (MSD) control method can suppress the
influence of noise and reduce the dependence on the accuracy
of slip rate estimation [19]–[21]. The main advantages of the
MSD-NMPC are as follows. The model predictive control
can handle complex optimization problems and constraints
[22], [23]. It can also manage multiple control requirements
while considering the weighting matrix and can incorporate
all control objectives in one formulation. In addition, the con-
trol parameters can be easily tuned. Further, the time-domain
constraints, such as valve maximum limitations and perfor-
mance metrics, are considered. Furthermore, it has a certain
decoupling ability for a coupling control system. Besides,
it is not sensitive to slip rate estimation error. Different run-
way conditions are identified by the designed identification
algorithm, and the prediction model and evaluation function
are switched according to the identification results so as to
achieve optimal performance on different runways. The con-
trol method can effectively prevent the wheel from slipping
while constraining the output pressure and slip rate within a
safe range. An improved MSD control method is also used
for comparison. The simulation case studies and analytical
discussions are presented to demonstrate the effectiveness
and adaptability of the proposed control method.

The rest of the paper is organized as follows. Section 2 ana-
lyzes the characteristics and control problems of the air-
craft anti-skid brake control system. Section 3 introduces the
MSD-based NMPC control scheme designed for the anti-
skid brake control system. Section 4 presents the simulation
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FIGURE 1. Dynamical model of aircraft during braking process.

results and discussion. Finally, Section 5 concludes the paper
and presents future work directions.

II. CONTROL-ORIENTED SYSTEM MODEL AND PROBLEM
STATEMENT
In order to design an MSD control scheme for the aircraft
brake control system, a nonlinear brake control systemmodel
based on aircraft ground taxiing dynamics is developed.
The nonlinearity of the brake control system mainly comes
from its dynamic characteristics and nonlinearity of the tire-
runway model. The brakes of wheels are controlled inde-
pendently, but there is a certain degree of coupling between
wheels. The larger the number of brake wheels is, the lower
the degree of coupling will be. The safety issue is a compre-
hensive problem in which longitudinal and lateral dynamics
should be jointly considered. However, this paper mainly
focuses on the influence of the control system on the aircraft’s
longitudinal dynamic performance. To deal with the control
problem easily, certain assumptions and neglections are made
to study the aircraft dynamics in the longitudinal direction;
namely, lateral, pitch, and roll dynamics are not considered,
and no additional effects as active dampers/springs or stabi-
lizers are modeled.

A. DYNAMIC MODEL OF BRAKE CONTROL SYSTEM
This paper selects a tricycle-geared aircraft as a research
object. The dynamic performances of the aircraft body and
wheels are studied as shown in Fig. 1, considering only
the longitudinal movement and pitching motion that affects
wheel loads while neglecting lateral, vertical, yawing, and
rolling movements. The dynamic equations of the aircraft
body movement and wheel rotation are as follows:

J ω̇i = rµiNi − Tbi
mv̇ = −

∑
i

µiNi − µfrontNfront + Fv − kxv2∑
i

Ni + Nfront = mg− kyv2∑
i

µiNiH +
∑
i

Nia+ µfrontNfrontH − Nfrontb = 0

(1)

where ω denotes the wheel angular speed and v represents
the longitudinal speed of the aircraft body; N1 and Nfront are
the vertical loads at the contact points of the main wheels and

nose wheels, respectively;µ1 andµ2 are the tire-road friction
coefficients of the main wheel and nose wheel, respectively;
Tb is the braking torque on the braking discs; Fv denotes the
engine residual thrust; kx and ky are the air resistance coeffi-
cients in the horizontal and vertical directions, respectively;
H represents the height of the center of aircraft gravity; a
and b are the horizontal distances from the center of aircraft
gravity to the main wheels and nose wheels, respectively;
lastly, J , r , m,, and g are the momentum of inertia of the
main wheel, the main wheel radius, the aircraft mass, and the
gravitational acceleration, respectively.

B. LONGITUDINAL SLIP AND DECELERATION
CALCULATION MODE
The longitudinal slip rates and deceleration rates of the brake
wheels denote the input of the MSD control algorithm. The
slip rate is an important factor affecting the tire-road adhesion
and system stability. The deceleration rate used in this paper is
defined as a normalized linear wheel deceleration, and wheel
slip is defined as follow:

ηi = −
ω̇ir
g

λi =
v− ωir

v

(2)

C. TIRE-RUNWAY FRICTION COEFFICIENT MODEL
The tire-runway friction coefficient µi depends on a large
number of parameters, including the parameters of road, tire,
speed, load, and the depth of slip. A simple empirical ’’magic
formula’’ model developed by Pacejka has been widely used,
and it is expressed as [24]:

µ
(
λ; θj

)
= θ1 sin (θ2 · arctg (θ3 · λ)) (3)

where θj is defined by tire conditions, road conditions, and
aircraft velocity. In this paper, three magic formulas of typ-
ical runways are used: dry runway, wet runway, and ice
runway, which represent the ranges of high, medium, and
low adhesion coefficient tire-runway conditions, respectively.
Subsequent runway settings and identification algorithm are
based on these three types of tire-runway models, which are
as follows:

Dry runway: µ (λ) = 0.8∗ sin (1.5344∗arctg (14.0326λ))
Wet runway: µ (λ) = 0.4∗ sin (2.0192∗arctg (8.2098λ))
Ice runway: µ (λ)=0.2∗ sin (2.0875∗arctg (7.201788λ))

D. CONTROL ORIENTED MODEL
To design a control law, a nonlinear model based on aircraft
dynamics is developed. By substituting the expression λ̇ =
−
r
v ω̇+

rω
v2
v̇ derived from (2) into (1), the following equation

is obtained:

λ̇i = −

[
r2

vJ
µi(λi)Ni +

(1− λi)
mv

∑
i

µi(λi)Ni

+
(1− λi)
mv

µfrontNfront

]
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+
rTbi
vJ
+

(1− λi)Fv
mv

−
v(1− λi)kx

m
(4)

Then, by replacing η = − ω̇rg into (1), the expression of the
wheel deceleration rate is obtained as:

ηi = −
r
gJ
(rµi(λi)Ni − Tbi) (5)

With the objective of controlling the skid depth or the
deceleration of wheel, the dynamic relations between the
system input instruction Tb and the output λ or η are studied.
Equations (4) and (5) can be expressed as follows:{

λ̇ = φ(λ)+ γTb
η = ϕ(λ)+ ξTb

(6)

According to the dynamic balance equations of an aircraft,
which are given in the last two equations of (1), Ni can be
analytically described as follows:

Ni =
1
4

b− µfrontH
a+ b+ (

∑
i
µi − µfront )H

(
mg− kyv2

)

Nfront =

a+
∑
i
µiH

a+ b+ (
∑
i
µi − µfront )H

(
mg− kyv2

) (7)

E. PROBLEM STATEMENT
The function of the anti-skid brake control system is to decel-
erate the aircraft under maximum or designed deceleration
capability while ensuring aircraft safety. This paper does
not study the control strategy of the brake system under
asymmetric conditions but considers the brake control in the
longitudinal direction of the aircraft ground motion with no
yaw trend, i.e., the yaw moment caused by a difference in the
brake pressure on the left and right gears, which can be caused
by the servo valve difference, brake disc coefficient differ-
ence or fluctuation, and other factors. This yawing moment
can be compensated by the lateral force of the front wheel of
an aircraft without using the differential control of the main
wheels.

An important development direction of the modern aircraft
brake control system is to ensure safety and meet various
requirements simultaneously, which is different from the tra-
ditional brake control with only anti-skid protection. In the
design of the anti-skid brake control system, the following
control requirements should be considered:

1) The wheels should not be locked during the braking
process under any conditions;

2) Different braking performance requirements should be
satisfied depending on the use cases, such as maximum brak-
ing efficiency, specified deceleration rate, specified braking
distance, comfort, and economy;

3) Constraints need to be considered in the controller
design process.

First, in order to ensure the safety of aircraft operation,
wheel locking is absolutely not allowed to happen because a
short time of locking can result in severe tire wear and a rapid
increase in the temperature, thus causing tire air leak or even

FIGURE 2. Relationship between the longitudinal slip rate and
tire-runway adhesion coefficient.

burst. Previous studies have derived the direct relationship
between the longitudinal slip rate and tire-runway adhesion
coefficient, as shown in Fig 2. As shown in Fig. 2, there is
a maximum value of the adhesion coefficient, and the corre-
sponding slip rate is called the optimal slip rate.When the slip
rate is less than the optimal slip rate, a region is defined as a
stable region because the equilibrium points in this region are
all stable. When the slip rate is greater than the optimal slip
rate, the wheel tends to be completely locked without extra
control. Since the equilibrium points are unstable, this region
is called the unstable region. The anti-skid control should
keep the slip rates out of the unstable region to avoid a deep
slip or wheel locking. It is not a physical constraint, and it
is mainly determined by the control strategy, so it can be
considered as a soft constraint of a system.

It should be noted that the optimal slip rate is different
for different runway conditions. In this paper, the optimal
slip rates of dry, wet, and ice runways are studied, and the
online identification method is used to capture the optimal
slip rate under different working conditions so as to realize
the automatic adjustment of the optimization function and the
slip rate constraints.

In addition, the physical limitations of the actuator outputs
should also be considered in the design of constraints. Since
the hydraulic supply of the aircraft brake system is limited,
the brake torque outputs of the system can be regarded as
rigidly constrained, which can be expressed as follows:

0 ≤ Tb ≤ Tbmax

From the perspective of safety, the torque output limit of a
system is judged by the severity of the wheel skid. Therefore,
in the high-speed phase of the aircraft taxiing, the maximum
value of the braking torque is relatively small because the
loads on wheels are small due to the aerodynamic lift. With
a decrease in the aircraft taxiing speed and an increase in the
wheel loads, the maximum safety brake torque increases. The
brake torque constraint is a time-varying constraint. How-
ever, it is difficult to define the function of this constraint
because the wheel loads can be neither measured nor pre-
cisely predicted. The brake torque constraint is assigned to a
constant value. With the slip rate constraint and output torque
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constraint, operation safety can be guaranteed, and braking
performance can be improved.

In addition to high braking efficiency, the comfort of
pilots and passengers is also an optimization goal. Therefore,
the goal is to minimize the variation in the output torque
to achieve a smooth brake, especially in the field of civil
aviation. In addition, the life of brake discs, energy consump-
tion, and other economic indicators should be included in the
optimization goal as long as needed.

According to the above discussion, the aircraft brake con-
trol problem can be described as a constrainedmulti-objective
optimization control problem, thus:
• Multiple control objects should be considered
• Aiming at ensuring aircraft safety and preventing awheel

from locking up, the longitudinal slip λmust be limitedwithin
the stable zone.
• Furthermore, due to the brake maximum output torque

limitation, control input Tb has to satisfy the hard constraint.
• In order to achieve good longitudinal acceleration

and braking performance under various runway conditions,
an appropriate large longitudinal force should be provided to
each wheel.
• A trade-off between the aircraft safety and braking

performance improvement should be achieved in the presence
of additional objectives as well as aircraft safety constraints.

The nonlinearity of the tire-runway characteristic, multiple
objectives, and the above-mentioned constraints make the
control problem challenging. The NMPC is well known for
its capability of dealing with complex optimization control
problems as well as handling nonlinearities and constraints,
and the MSD can reduce the dependence of the algorithm on
the accuracy of the slip rate calculation. Therefore, this paper
combines the NMPC method with MSD to solve the control
problem.

III. MSD-BASED NMPC CONTROLLER DESIGN
In this section, an MSD-based NMPC controller is designed
to solve the constrained optimization control problem. The
proposed control scheme is shown in Fig. 3. The MSD-based
NMPC controller is the main controller that generates four
brake torque outputs based on the information from the slip
rate/deceleration rate calculation and runway identification.
The wheel slip rates and deceleration rates are estimated
based on the measured wheel angular speed and estimated
aircraft velocity, which are used to construct a new compound
control variable—the mixed slip-deceleration variable. The
control feedback loop is based on mixed variables to reduce
the dependence of the algorithm on the accuracy of the slip
rate calculation. According to the estimated values of tire-
runway adhesion force and vertical wheel load, the adhesion
coefficient and slope of runway identification are calculated
to estimate the runway state. The runway identification algo-
rithm can identify the runway state in real-time. The main
controller deals with the problem of the runway state switch-
ing by modifying the prediction model of the NMPC, which
improves system adaptability to runway variation.

The NMPC algorithm uses a prediction model to predict
future dynamics of the controlled object and operates by solv-
ing the optimization problem to determine the input sequence
that satisfies the optimization function and constraints over
a specified control time domain at each time step using
the knowledge about the current system state variables and
previous system inputs. Furthermore, after finding an optimal
input sequence, the first input sequence is applied to the con-
trol system, and this process of prediction and optimization
is repeated while the anti-skid braking function is active. The
aircraft safety objective and actuator physical restriction are
achieved by introducing the wheel slip stable zone constraints
and output torque constraints, and the control objectives are
realized by summing different optimization functions.

It should be noted that accurate values of related variables,
such as aircraft speed, wheel angular speed, slip rate, and
friction coefficient, are usually measured or estimated. The
measurement noise and estimation error can lead to the devi-
ation of a variable from its actual value, thus degrading the
control performance. The proposed MSD control algorithm
can reduce the dependence of the control performance on the
slip rate estimation accuracy and maintain good slip rate con-
trol performance. As for the other variables, this paper does
not consider the impact of their estimation accuracies and
assumes that they can meet the performance requirements.

A. DISCRETE PREDICTION MODEL
According to the aircraft brake control model presented in
Section II, the state space expression of the brake control can
be expressed as follows:

λ̇i = −

[
r2

vJ
µi(λi)Ni +

(1− λi)
mv

∑
i

µi(λi)Ni

+
(1− λi)
mv

µfrontNfront

]
+

(1− λi)Fv
mv

−
v(1− λi)kx

m
+

r
vJ
ui

ηi = −
r
gJ
(rµi(λi)Ni − ui)

yi = εi = αλi+(1− α)ηi

(8)

where i = lo, li, ri, ro, x = [λlo, λli, λri, λro, ηlo, ηli, ηri, ηro]T

is the state variable, u = [Tblo,Tbli,Tbri,Tbro]T is the control
input, and y = [εlo, εli, εri, εro]T is the system output that rep-
resents a linear combination of the slip rate and deceleration
rate with the weighting coefficient α.

In order to define a finite dimensional optimal control
problem, the Euler method is used to discretize the system
state-space model. The sampling period is denoted as1t , and
it is set according to the system nonlinear characteristics. The
estimation error will be large if 1t is too large, which can
lead to the infeasible solution to the optimization problem.
The prediction period will be shorter if 1t is too small,
which can increase the calculation amount of the optimization
algorithm. The discrete system can be expressed as follows:
(9) and (10), as shown at the bottom of the next page, where
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FIGURE 3. The structure of the proposed MSD-based NMPC controller.

Fk represents the forward computing function of the system
at time k , and Cy denotes the output matrix.

Assume Np and Nc denote the predictive and control hori-
zons, respectively, and Np ≥ Nc ≥ 1. At the sampling time
k , the control sequence U (k) (the optimization vectors) and
system output sequence Y (k) are expressed as follows:

U (k) =


u(k|k)

u(k + 1|k)
...

u(k + Nc − 1|k)

 ,

Y (k) =


y(k + 1|k)
y(k + 2|k)

...

y(k + Np|k)

 , R(k) =


r(k + 1)
r(k + 2)

...

r(k + Np)


where R(k) denotes the reference matrix of the output vari-
ables, and r(k) is the optimal value of the mixed slip rate and
deceleration rate at time k , which can be expressed as:

r(k) = [εlo(k), εli(k), εri(k), εro(k)]T .

Therefore, the prediction process of the system state vari-
ables and system outputs at time k is defined as:

x(k + i|k) = Fk (x(k + i− 1|k), u(k + i− 1|k)),
1 ≤ i ≤ Nc

y(k + i|k) = Cy(Fk (x(k + i− 1|k), u(k + i− 1|k)),
1 ≤ i ≤ Np

(11)

Thus, to predict the system state and output at the next
moment, it is needed to know the system state x(k|k) at
the current moment. The optimal output sequences of the
system at the current moment are obtained by the NMPC
optimal algorithm, and the optimal control variable u(k|k) at
the current moment is applied to the NMPC output. At each
moment, a new optimization problem is solved.

B. RUNWAY IDENTIFICATION ALGORITHM
Based on the above analysis, the tire-runway friction coeffi-
cient is directly related to the slip rate, and the friction coeffi-
cient model greatly affects the characteristics of the system
model. Therefore, in order to make a prediction model be
closer to the actual system under the time-varying conditions,
the runway identification algorithm needs to be used.
The tire-runway friction coefficient model has been intro-

duced in Section II. Additionally, as mentioned previously,



λi(k + 1) =


−[ r

2

vJµi(λi(k))Ni +
(1−λi(k)i)

mv

∑
i
µi(λi(k))Ni

+
(1−λi(k))

mv µfrontNfront ]+
(1−λi(k))Fv

mv
−
v(1−λi(k))kx

m +
r
vJ ui(k)

 ·1t + λi(k)

ηi(k + 1) = −
r
gJ
(rµi(λi(k + 1))Ni − ui(k + 1))

yi(k) = εi(k) = αλi(k)+(1− α)ηi(k)

(9)

⇒

{
x(k + 1) = Fk (x(k), u(k))
y(k) = Cyx(k)

(10)
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FIGURE 4. 2D region division of the friction coefficient—slip rate curves
on different runways.

this paper studies three typical types of runways: dry runway,
wet runway, and ice runway.

As shown in Fig. 4, the relationship between the friction
coefficient and slip rate is different under different runway
conditions. At the same slip rate, the dry runway has the
maximum friction coefficient, while the ice runway has the
minimum friction coefficient among all runway types. There-
fore, the runway state can be identified by a two-dimensional
region division of the friction coefficient and slip rate curves,
as shown in Fig. 4. The input signal of the identification
algorithm consists of the slip rate and friction coefficient. The
slip rate can be calculated from the wheel speed signal and
the aircraft ground speed signal, while the friction coefficient
needs to be estimated by the inverse dynamic model of the
wheel rotation, which has the braking torque and the wheel
angular acceleration as inputs.

The friction coefficient is estimated as follows:

µ =
Ff
FN
=
(Tb − ω̇J)

/
r

f (λ,V )
(12)

In the region of a low slip rate of the friction coefficient–
slip rate curve, the friction coefficients of different runways
are close to each other. Therefore, in this paper, another
method is used for identification. In the stable region of the
friction coefficient–slip rate curve, which is the region on
the left side of the maximum friction coefficient, the slopes
of the three curves are clearly different and independent of
the slip rate. Based on this characteristic, a two-dimensional
curve of the friction coefficient and the slope of friction coef-
ficient in the stable region is obtained, as shown in Fig. 5. The
three runway states can be identified by a two-dimensional
region division of the curve. The input signals are the friction
coefficient and the friction coefficient slope. The friction
coefficient slope is calculated by dividing the friction coef-
ficient change value by the slip rate change value as follows:

κk =
µk − µk−1

λk − λk−1
(13)

The runway state is identified in real-time by a combination
of the two above-presented methods, and a worse identified
runway state is taken as a final identification result of the logi-
cal operation. It should be noted that the runway identification

FIGURE 5. 2D region division of the friction coefficient—friction
coefficient slope curves in the stable region.

FIGURE 6. Performance of the identification algorithm on a mixed
runway having the following structure: 0–5 s dry runway, 5–10 s wet
runway, and after 10 s ice runway.

algorithm solves the problem of non-optimal control param-
eters and poor control performance caused by the runway
state change, rather than improving the instantaneous control
performance. Therefore, the identification period, namely
the model switching interval, can be longer than the control
period. In this study, the time window is denoted as T , and the
runway state is identified from (k−1)T to kT at time kT. The
mean filtering method is used to process the identification
input signals in a single time window. The runway state at
time kT is determined by the values of the current variables in
the two-dimensional region. The performance of the identifi-
cation algorithm on a mixed runway is shown in Fig. 6, where
it can be seen that the identification result has a time lag of T
when the runway state is switched, which is acceptable from
the aspect of the final control effect of the system.

C. OPTIMIIZATION FUNCTION DESIGN
According to the characteristics of the constrained optimiza-
tion problem described in Section II, it is necessary to solve
the optimization problem at each step to obtain the best
control effect. The optimization variables are the four brake
torques output by the system. Based on different optimization
objectives, the optimization function at time k consists of
three parts, which are as follows.

1) The main purpose of the control algorithm is to obtain
the minimum system tracking error, that is, to make the actual
control output quickly tracked to the expected control output.
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The future control output y(k + j|k) at time k can be obtained
by the discrete prediction model presented in Section 3.1,
and the expected control output r(k + j) is set in advance
according to the runway identification results. The first part
of the optimization function is designed as follows:

J1 =
Np∑
j=1

‖y(k + j | k)− r(k + j)‖2S

=

Np∑
j=1

∑
i

[
Si (εi(k + j | k)− ri(k + j))2

]
(14)

where S denotes the weighting matrix used to adjust the
weight of the tracking error of each wheel.

2) Considering crew comfort, the brake torque output
should change as slowly as possible to ensure the braking pro-
cess is smooth. The second part of the optimization function
consists of the sum of changes in the control variable, which
can be expressed as follows:

J2 =
Nc−1∑
j=0

‖1u(k + j | k)‖2P

=

Ne−1∑
j=0

∑
i

[
Pi1Tbi(k + j | k)2

]
(15)

where 1u denotes the change rate of the system output with
a weighting matrix P.

3) In order to avoid the infeasible problem, the relaxation
variable is added to the slip rate variable and used to form
a penalty term of the optimization function so that the slip
rate falls in the stable region as far as possible, which can be
expressed as:

J3 =
∑
i

∥∥Si(opt)∥∥2κ (16)

where s(opt) denotes the relaxation variable on the constraints
of the slip rate used to avoid the infeasible problem, and κ is
a weighting matrix.

The optimization function of the NMPC consists of the
three parts given above, while the constraints are designed
according to the description in Section II as follows:

J (x(k), u(k))

= J1 + J2 + J3 =
Np∑
j=1

‖y(k + j | k)− r(k + j)‖2s

+

Nc−1∑
j=0

‖1u(k + j | k)‖2P +
∑
i

∥∥si(opt)∥∥2κ
s.t 0 ≤ Tbi(k + j | k) ≤ Tbmax, j = 0, 1, · · · ,Nc − 1,

−si(opt) ≤ λi(k + j | k) ≤ λimax + si(opt),

si(opt) ≥ 0, j = 1, · · · ,Np (17)

The dynamic constraints of the above-described optimiza-
tion problem are derived from the physical constraint of the

maximum brake torque and the soft constraint of the slip rate
safety range.

D. CONTROL OUTPUTS AND ONLINE OPTIMIZATION
To obtain the minimum value of the optimization function
J (x(k), u(k)) under the constraint conditions, the optimiza-
tion algorithm can be used to calculate an optimal output
sequence at the current moment. Themodel predictive control
adopts a rolling finite time domain optimization strategy;
namely, the optimization process is not completed at once
offline but repeatedly performed online.

The optimization strategy of the NMPC can be seen as a
nonlinear programming problem. In this study, the optimiza-
tion routine E04WD of the NAG toolbox is used to solve the
optimization problem. The E04WD is designed to minimize
an arbitrary smooth function subject to constraints that can
include simple bounds on variables, linear constraints, and
smooth nonlinear constraints by using a sequential quadratic
programming (SQP) method [25], which is effective in solv-
ing this type of nonlinear programming problem of the
NMPC. According to the NMPC control strategy, the first
element of U (k) is implemented as a control output of the
NMPC controller as follows:

u(k) = [1, 0, · · · , 0] · U (k) (18)

where u(k) denotes a set of optimal vectors of brake torques
and works as a control signal to the brake control system. The
described procedure is repeated at each sampling interval.

IV. SIMULATIONS AND ANALYSIS
The proposed MSD-based NMPC controller was verified by
simulations in the MATLAB/Simulink environment. Accord-
ing to the engineering structure of a tricycle-geared aircraft
with dual wheels, a full-vehicle model was built in MAT-
LAB/Simulink, as shown in Fig. 7. The built model mainly
includes the aircraft body, wheel, and controller models.

A. PARAMETERS SETTING
The simulation sample step and the sampling period of the
prediction model were 0.005 s. The weighting factors and the
prediction and control horizons were set as follows: Si = 1,
Pi = 2e − 7, κi = 1, (i = lo, li, ri, ro); Np= 3, Nc= 3,
Tbmax = 138000Nm, λimax = 0.13.

The prediction and control horizons were chosen based on
the tradeoff between the computing capacity and prediction
accuracy. The upper bound of the brake torque was the sys-
tem’s maximum capability, and the upper bound of slip rate
was the maximum value of the stable boundary of different
runway conditions.

The weight factor Si was a positive weighting factor used to
adjust the tracking performance; it played a regulatory role in
maintaining stable control and better control performance; Pi
was a positive weighting factor used to coordinate the rate of
change of the control output Tb, and enlarging Pi could make
the control output change smoothly; κi was a positive penalty
factor of slack variables si(opt), and enlarging κi could make
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FIGURE 7. Aircraft full-vehicle brake control model in MATLAB/Simulink.

TABLE 1. Main parameters of aircraft brake system used in simulations.

the slip rate be closer to the stable region. The main aircraft
parameters used in the simulation are listed in Table 1.

The control performances of the slip-NMPC, MSD-
Pressure-Bias-Modulated (MSD-PBM), and MSD-NMPC
algorithms were compared on a specific mixed runway. The
slip-NMPC represents a slip-based NMPC controller that
uses the slip rate as an NMPC control variable instead of
a combination of the slip rate and deceleration rate. The
PBM controller refers to a proportional-derivative controller
with a multi-threshold integral module [26]. The MSD-PBM
controller is based on a mixed control variable as follows:

y = yPD + yPBM = (KP ·1ε + KD ·1ε̇)+ yPBM
yPBM

=


y′PBM +

∫
(1ε −1εT1) dt 1εT1 ≤ 1ε < 1εT2

y′′PBM +
∫
K1dt 1ε ≥ 1εT2

y′′′PBM −
∫∫

K2dtdt 1ε < 1εT1

FIGURE 8. Braking process under the slip rate-based NMPC control on
the mixed runway using ideal runway identification results.

FIGURE 9. Braking process under the slip rate-based NMPC control on
the mixed runway using the proposed runway identification method.

FIGURE 10. Braking process under the MSD-PBM control on the mixed
runway using the proposed runway identification method.

1ε = ε − εr = (αλ+(1− α)η)− εr (19)

where y denotes the MSD-PBM controller output, KP, KD
denote the coefficients of proportional-derivative controller,
yPBM denotes the output voltage of the PBM, and y′PBM , y′′PBM ,
y′′′PBM denote the yPBM values at the state turning points;1ε is
the difference between the system output ε and desire output
εr , and 1εT1 and 1εT2 are the lower and upper threshold
values of the PBM; K1 is the voltage rising speed, and K2 is
the voltage reducing speed.

B. SIMULATION RESULTS AND ANALYSIS
1) MIXED RUNWAY CONDITION
The mixed runway structure was as follows: dry runway in
the interval of 0–5 s, wet runway in the interval of 5–10 s,
and ice runway after 10 s; the runway models were as given
in Section II. The velocity, output pressure, and slip rate of
the dynamic braking process for different control schemes
and controller parameters are shown in Figs. 8–12. The slip
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FIGURE 11. Braking process under the MSD-NMPC control on the mixed
runway using the proposed runway identification method (Pi = 2× 10−7).

FIGURE 12. Braking process under the MSD-NMPC control on the mixed
runway using the proposed runway identification method (tuned
Pi = 2× 10−6).

FIGURE 13. Slip rate efficiency of different control algorithms on the
mixed runway.

rate efficiency under different braking conditions is shown
in Fig. 13, and it was calculated by the method referred to as
the Flight Test Guide for Certification of Transport Category
Airplanes (AC25-7D) [27], which is as follows:

WSR < OPS eff= 1.5
(
WSR
OPS

)
− 0.5

(
WSR
OPS

)3

WSR = OPS eff= 1.0

WSR > OPS eff= 0.5
(
1+

(1−WSR)
(1− OPS)

)
EFFICIENCY =

∫
eff · dS
S

(20)

whereWSR represents the wheel slip rate, OPS is the optimal
slip rate, eff is the instantaneous slip efficiency, S is the

stopping distance, and EFFICIENCY is the slip efficiency of
the whole braking process.

The lag of runway status identification could lead to the
delay in model switching of the NMPC, resulting in a short
period of model mismatch. From the control effect results
presented in Figs. 9, 11, and 12, the reduction in control
performance was acceptable, while the system stability in a
finite time was not affected.

The tracking target of the MSD-PBM control was adjusted
using the proposed runway identification method. The results
presented in Fig. 10 were obtained under the manually-tuned
PBM controller parameters. As shown in Fig. 10, a deep slip
occurred after the runway switch and automatically recovered
after 0.2–0.4 s. This could hardly be prevented since the
PBM control scheme based on fixed parameters could not
handle the changes in system characteristics. The slip depth
was reduced using the adaptive parameters tuning method;
even so, the brake efficiency was up to 95.61%. In contrast,
the MSD-NMPC controller had a much better control effect,
as shown in Fig 12; the braking process was more stable,
and the slip overstrike of the runway switch was much less
due to the prediction model adjustment based on the runway
identification.

The slip rate could be controlled within the optimal
value using different NMPC control algorithms, as shown
in Figs. 8, 9, 11, and 12. As shown in Figs. 9 and 11, the
MSD-based NMPC controller had smaller slip rate fluctu-
ation and tracking error than the slip-based NMPC, which
ultimately improved the brake efficiency; also, the deep slip
after the runway switchwas successfully controlled under this
condition.

In meanwhile, a better control effect was achieved by tun-
ing the weighting matrix P. The brake torque output changed
more smoothly at a larger P. The MSD-based NMPC con-
trol with a tuned weighting matrix P achieved the highest
brake efficiency of 97.34% among all algorithms, as shown
in Fig. 13. The weighting matrix obtained by tuning was sub-
optimal, while the optimal problem of the weighting matrix
was not discussed in this paper. Consequently, the proposed
MSD-NMPC control method can adapt to different runway
conditions. In addition, the braking efficiency of the proposed
method on the mixed runway is significantly higher than
those of the other control methods, and its slip rate overshoot
is smaller when the tire-runway state is switched.

2) MIX RUNWAY WITH MEASUREMENT NOISE
In order to verify the sensitivity of MSD-NMPC algorithm
to measurement noise, we introduce the wheel speed mea-
surement noise and slip rate estimation error in dry runway
condition as shown in Fig. 14, which are referred collectively
as measurement noises. Zero mean band-limited white noises
are superimposed in the slip rate signal and deceleration rate
signal as estimation error and measurement noise. Due to
poor aircraft vehicle estimation, the estimation error of slip
rate has larger variance than deceleration rate while charac-
terized by huge spikes at the same time.
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FIGURE 14. Measurement noises of the wheel deceleration and
estimation error of wheel slip.

FIGURE 15. Brake process of slip-NMPC control on dry runway with
measurement noises.

FIGURE 16. Brake process of MSD-NMPC control on dry runway with
measurement noises.

The slip-NMPC and MSD-NMPC control methods with
measurement noises inmixed runway condition are compared
to demonstrate the advantages of the MSD control strategy.
The braking performances of two methods are respectively
shown in Fig. 15 and 16.

By comparing the previous simulation results with no mea-
surement noises, it can be seen that the braking process is all
affected by the measurement noises. Especially for the slip-
NMPC method, with the slip rate fluctuating dramatically
near the reference value and the tracking error increasing,
the braking efficiency decreases in the condition of measure-
ment noises, as compared in Fig. 17. However, we find that
the MSD-NMPCmethod has a better insensitivity against the
measurement noises than slip-NMPC, since the fluctuation of
the slip rate affected by noise is relatively small, and even for

FIGURE 17. Slip rate efficiency changes of NMPC control algorithms on
dry runway with measurement noises.

huge spikes the noise doesn’t cause significant disturbance to
the system, as shown in Fig. 16. So it has smaller braking effi-
ciency decrease and significantly better braking performance.

V. CONCLUSION
In this paper, an MSD-based NMPC aircraft anti-skid brake
control method with runway identification is proposed to
improve the braking performance while considering the brak-
ing torque limitations, wheel slip constraints, and perfor-
mance metrics. A runway identification algorithm is used
to adjust the parameters of the prediction model under
the switching runway conditions. The proposed controller
is verified by the tricycle-geared aircraft model built in
MATLAB/Simulink. The simulation results show that the
proposed MSD-based NMPC controller can accurately con-
trol the wheel longitudinal slip rate within the optimal value
and effectively prevent the wheel from locking up during
the braking process under switching-runway conditions. This
study considers only the longitudinal aircraft dynamics and
ignores the lateral characteristics, so the proposed controller
cannot handle complex asymmetric cases, which will be
addressed in our future work.
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