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ABSTRACT Let R = F2 + uF2 + vF2 + uvF2 be a finite non-chain ring, where u2 = u, v2 = v, uv = vu.
We give the lower and upper bounds on the covering radius of different types of repetition codes for Chinese
Euclidean distance over R. Furthermore, we determine the upper bound on the covering radius of block
repetition codes, simplex codes of types α and β, MacDonald codes of types α and β for Chinese Euclidean
distance over R.

INDEX TERMS Covering radius, repetition codes, simplex codes, MacDonald codes.

I. INTRODUCTION
In 1994, Hammons et al. in [1] discovered that the best known
nonlinear binary codes can be constructed by cyclic codes and
Gray map over Z4. After this work, the coding theory over
finite rings has attracted great attention from coding scholars.
In order to obtain optimal codes over finite fields, many
important research results have been determined by studying
linear codes with special structures over finite rings [2]–[5].
Furthermore, the research on ZpZp[v]-additive cyclic codes
has also achieved some good results [6], [7].

The covering radius is an important geometric parameter
that characterizes the maximum error-correcting capability
of codes. Particularly, for codes applied in data compres-
sion, the covering radius is a measure of maximum distor-
tion [8]. Therefore, the covering radius of codes has become
a research hotspot in recent years. In 1978, Helleseth et al.
in [9] studied the upper bounds on the covering radius of
binary codes. In 1985, Cohen et al. in [10] and Graham et al.
in [11] further studied the covering radius of binary linear
codes and obtained some new results, respectively. Moreover,
Levitin et al. in [12] discovered that the covering radius
is used to upperbound the weight of zero neighbors in
solving the minimum distance decoding problem. In 1999,
the covering radius of codes over Z4 for Lee distance and
Euclidean distance was studied in [13]. Later, Pandian et al.
in [14] studied the covering radius of codes over Z4 for Chi-
nese Euclidean distance. The covering radius of codes over
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Z2 + uZ2 with u2 = 0 for Lee distance, Euclidean distance
and Chinese Euclidean distance was studied in [15], [16].

Recently, the covering radius of codes over finite non-chain
ring has been studied. In 2015, the covering radius of codes
over F2 + vF2 for Lee distance was studied in [17]. Later,
Gao et al. in [18] studied the covering radius of repetition
codes, simplex codes and MacDonald codes over F2 + vF2
for Chinese Euclidean distance. Furthermore, Li et al. in [19]
studied the covering radius of repetition codes, simplex codes
and MacDonald codes over F2R for Chinese Euclidean dis-
tance, where R = F2 + vF2.

Moreover, repetition codes are the simplest type of linear
block codes with good error-correcting capability and have
important applications in communication systems. Every
nonzero codeword of the r-dimensional simplex code over
finite field Fq has weight qr−1 and the simplex codes meet the
Griesmer Bound. The MacDonald codes are punctured codes
of the simplex codes and have many wide applications in
authentication codes, association schemes and secret sharing
schemes [20]–[22]. Therefore, it is very significant to study
repetition codes, simplex codes and MacDonald codes. Until
now, the research of different types of linear codes over
R = F2 + uF2 + vF2 + uvF2 has achieved many good
results, where u2 = u, v2 = v, uv = vu. However, few
coding scholars studied the covering radius of linear codes
over R for Lee distance, Euclidean distance and Chinese
Euclidean distance. Motivated by [18] and [19], we first
consider the covering radius of repetition codes, simplex
codes and MacDonald codes over R for Chinese Euclidean
distance.
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The paper is organized as follows. In Section II, some basic
results and the covering radius of codes for Chinese Euclidean
distance over R are given. In Section III, we determine the
lower and upper bounds on the covering radius of different
types of repetition codes over R. In Section IV, we determine
the upper bound on the covering radius of simplex codes of
types α and β over R. In Section V, we determine the upper
bound on the covering radius of MacDonald codes of types α
and β over R. Section VI concludes the paper.

II. PRELIMINARIES
Let R = F2 + uF2 + vF2 + uvF2 be a finite commutative
ring with characteristic 2, where u2 = u, v2 = v, uv = vu.
Clearly, R is isomorphic to the quotient ring F2[u, v]/〈u2 −
u, v2 − v, uv− vu〉. Moreover, it is easy to observe that R is a
Frobenius ring but not a local ring or a chain ring.
Definition 1: A linear code C of length n over R is an R-

submodule of Rn.
For any r ∈ R, there exist a, b, c, d ∈ F2 such that r can

be expressed as r = a+ ub+ vc+ uvd . Define a Gray map
φ from R to F2 as follows:

θ : R → F2

a+ ub+ vc+ uvd 7→ (a+ b+ c+ d, a+ c, a+ b, a).

In [23], the authors described the notion of a Chinese
Euclidean weight. For any x = (x0, x1, · · · , xn−1) ∈ Fn2,
the Chinese Euclidean weight of x is defined as wCE (x) =∑n−1

i=0 {2− 2cos( 2πxi4 )}. Applying the conditions to the ring R
and Gray map φ, for any r ∈ R, the Chinese Euclidean weight
of r is defined as

wCE (r)

=



0, r = 0;
2, r = uv, v+ uv, u+ uv, 1+ u+ v+ uv;
4, r = u, v, 1+ u, 1+ v, u+ v, 1+ u+ v;
6, r = 1+ uv, 1+ v+ uv, 1+ u+ uv, u+ v+ uv;
8, r = 1.

The Chinese Euclidean weight of (r0, r1, · · · , rn−1) ∈ Rn

is defined as
∑n−1

i=0 wCE (ri). For any two distinct code-
words c1, c2 ∈ C , the Chinese Euclidean distance is
defined as dCE (c1, c2) = wCE (c1 − c2). The minimum
Chinese Euclidean distance of C is defined as dCE (C) =
min{dCE (c1, c2)|c1 6= c2, c1, c2 ∈ C}. Clearly, for a linear
code C , dCE (C) = min{wCE (c)|0 6= c ∈ C}. If C is a linear
code of length n over Rwith the number of codewordsM and
the minimum Chinese Euclidean distance dCE , then we call
it an (n,M , dCE ) code.
Definition 2: LetC be a linear code of length n over R. For

any y ∈ Rn, the Chinese Euclidean distance between y and C
is defined as

dCE (y,C) = min{dCE (y, x)|∀x ∈ C}.

The covering radius of C for Chinese Euclidean distance is
defined as

rCE (C) = max{dCE (y,C)|∀y ∈ Rn}.

TABLE 1. Repetition Codes of Length n over R.

The following result of Mattson plays an important role in
computing the covering radius of linear codes over R.
Proposition 1: [10] Let C0 and C1 be linear codes over

R generated by matrices G0 and G1, respectively. If C is the
linear code generated by(

0 G1
G0 A

)
then rd (C) ≤ rd (C0) + rd (C1) and the covering radius of D,
containing of C0 and C1, satisfies rd (D) ≥ rd (C0) + rd (C1)
for all distance d .

III. COVERING RADIUS OF REPETITION CODES
In this section, we consider repetition codes of length n over
R. There are two types of repetition codes of length n over
R. One type is the unit repetition code C1, the other is zero
divisor repetition code Ci for 2 ≤ i ≤ 15. We list them in
TABLE 1.

The following result gives the lower and upper bounds on
the covering radius of repetition codes Ci(1 ≤ i ≤ 15) of
length n over R.
Theorem 1: 64b n16c ≤ rCE (C1) ≤ 4n, 2n + 32b n14c ≤

rCE (C2) ≤ 6n, 2n + 32b n14c ≤ rCE (C3) ≤ 5n, 2n +
34b n14c ≤ rCE (C4) ≤ 7n, 60b n14c ≤ rCE (C5) ≤ 6n,
60b n14c ≤ rCE (C6) ≤ 6n, 58b n14c ≤ rCE (C7) ≤
5n, 2n + 32b n14c ≤ rCE (C8) ≤ 6n, 2n + 34b n14c ≤
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rCE (C9) ≤ 7n, 2n + 34b n14c ≤ rCE (C10) ≤ 7n, 60b n14c ≤
rCE (C11) ≤ 6n, 58b n14c ≤ rCE (C12) ≤ 5n, 58b n14c ≤
rCE (C13) ≤ 5n, 2n + 30b n14c ≤ rCE (C14) ≤ 5n,
2n+ 34b n14c ≤ rCE (C15) ≤ 7n.
Proof See the appendix.
In the following, in order to get the upper bound on the

covering radius of simplex codes of types α and β over R,
we give the definition of block repetition codes.

Let BRepn be a block repetition code generated by

G =

 n1︷ ︸︸ ︷
1 · · · 1

n2︷ ︸︸ ︷
u · · · u

n3︷ ︸︸ ︷
v · · · v

n4︷ ︸︸ ︷
uv · · · uv

n5︷ ︸︸ ︷
1+ u · · · 1+ u

n6︷ ︸︸ ︷
1+ v · · · 1+ v

n7︷ ︸︸ ︷
1+ uv · · · 1+ uv

n8︷ ︸︸ ︷
u+ v · · · u+ v

n9︷ ︸︸ ︷
u+ uv · · · u+ uv

n10︷ ︸︸ ︷
v+ uv · · · v+ uv

n11︷ ︸︸ ︷
1+ u+ v · · · 1+ u+ v

n12︷ ︸︸ ︷
1+ u+ uv · · · 1+ u+ uv

n13︷ ︸︸ ︷
1+ v+ uv · · · 1+ v+ uv

n14︷ ︸︸ ︷
u+ v+ uv · · · u+ v+ uv

n15︷ ︸︸ ︷
1+ u+ v+ uv · · · 1+ u+ v+ uv

 ,
where n =

∑15
i=1 ni. Then, we have that BRep

n
= {µG|µ ∈

R}.
Theorem 2: The upper bound on the covering radius of

BRepn is given by

rCE (BRepn) ≤ 4n1 + 5(n7 + n13 + n14)+ 6(n5 + n6
+ n8 + n9 + n11 + n12)+ 7(n2 + n3 + n4
+ n9 + n10 + n15),

where n =
∑15

i=1 ni. Particularly, if n1 = n2 = · · · = n15,
then rCE (BRepn) ≤ 91n.
Proof Let

x = (x1|x2|x3|x4|x5|x6|x7|x8|x9|x10|x11|x12|x13|x14|

x15) ∈ Rn,

where x1 has positions ai(0 ≤ i ≤ 15), x2 has positions
bi(0 ≤ i ≤ 15), x3 has positions di(0 ≤ i ≤ 15), x4 has
positions ei(0 ≤ i ≤ 15), x5 has positions fi(0 ≤ i ≤ 15), x6
has positions gi(0 ≤ i ≤ 15), x7 has positions hi(0 ≤ i ≤ 15),
x8 has positions ji(0 ≤ i ≤ 15), x9 has positions ki(0 ≤
i ≤ 15), x10 has positions li(0 ≤ i ≤ 15), x11 has positions
mi(0 ≤ i ≤ 15), x12 has positions ri(0 ≤ i ≤ 15), x13 has
positions ti(0 ≤ i ≤ 15), x14 has positions pi(0 ≤ i ≤ 15),
x15 has positions qi(0 ≤ i ≤ 15), satisfying

∑15
i=0 ai = n1,∑15

i=0 bi = n2,
∑15

i=0 di = n3,
∑15

i=0 ei = n4,
∑15

i=0 fi = n5,∑15
i=0 gi = n6,

∑15
i=0 hi = n7,

∑15
i=0 ji = n8,

∑15
i=0 ki =

n9,
∑15

i=0 li = n10,
∑15

i=0 mi = n11,
∑15

i=0 ri = n12,∑15
i=0 ti = n13,

∑15
i=0 pi = n14,

∑15
i=0 qi = n15.

According to the proof process of Theorem 1, we get the
expressions of Aω, Bω, Dω, Eω, Fω, Gω, Hω, Iω, Jω, Kω,
Lω, Mω, Rω, Tω, Pω, Qω. In the following proof process, for

convenience we need to use the above expressions, but the
subscript ω should be replaced with other letters, for example
Aa = n1 − a0 + 7a1 + 3a2 + 3a3 + a4 + 3a5 + 3a6 + 5a7 +
3a8 + a9 + a10 + 3a11 + 5a12 + 5a13 + 5a14 + a15 (replace
ω with a in Aω,

∑15
i=0 ai = n1).

Since BRepn = {c0 = 0 · G, c1 = 1 · G, c2 = u · G, c3 =
v · G, c4 = uv · G, c5 = (1 + u) · G, c6 = (1 + v) · G, c7 =
(1 + uv) · G, c8 = (u + v) · G, c9 = (u + uv) · G, c10 =
(v+uv) ·G, c11 = (1+u+v) ·G, c12 = (1+u+uv) ·G, c13 =
(1+v+uv)·G, c14 = (u+v+uv)·G, c15 = (1+u+v+uv)·G},
then we have that

dCE (x, c0) = Aa + Ab + Ad + Ae + Af + Ag + Ah + Aj

+Ak + Al + Am + Ar + At + Ap + Aq.

dCE (x, c1) = Ba + Db + Ed + Fe + Gf + Hg + Ih + Jj

+Kk + Ll +Mm + Rr + Tt + Pp + Qq.

dCE (x, c2) = Da + Db + Fd + Fe + Af + Kg + Kh + Kj

+Kk + Al + Fm + Fr + Dt + Dp + Aq.

dCE (x, c3) = Ea + Fb + Ed + Fe + Lf + Ag + Lh + Lj

+Ak + Ll + Fm + Er + Ft + Ep + Aq.

dCE (x, c4) = Fa + Fb + Fd + Fe + Af + Ag + Ah + Aj

+Ak + Al + Fm + Fr + Ft + Fp + Aq.

dCE (x, c5) = Ga + Ab + Ld + Ae + Gf + Qg + Gh + Lj

+Ak + Ll + Qm + Gr + Qt + Lp + Qq.

dCE (x, c6) = Ha + Kb + Ad + Ae + Qf + Hg + Hh + Kj

+Kk + Al + Qm + Qr + Ht + Kp + Qq.

dCE (x, c7) = Ia + Kb + Ld + Ae + Gf + Hg + Ih + Jj

+Kk + Ll + Qm + Gr + Ht + Jp + Qq.

dCE (x, c8) = Ja + Kb + Ld + Ae + Lf + Kg + Jh + Jj

+Kk + Ll + Am + Ar + Kt + Jp + Aq.

dCE (x, c9) = Ka + Ab + Ad + Ae + Af + Kg + Kh + Kj

+Kk + Al + Am + Ar + Kt + Kp + Aq.

dCE (x, c10) = La + Ab + Ad + Ae + Lf + Ag + Lh + Lj

+Ak + Ll + Am + Lr + At + Lp + Aq.

dCE (x, c11) = Ma + Fb + Fd + Fe + Qf + Qg + Qh + Aj

+Ak + Al +Mm +Mr +Mt + Fp + Qq.

dCE (x, c12) = Ra + Fb + Ed + Fe + Gf + Qg + Gh + Lj
+Ak + Ll +Mm + Rr +Mt + Ep + Qq.

dCE (x, c13) = Ta + Db + Fd + Fe + Qf + Hg + Hh + Kj
+Kk + Al +Mm +Mr + Tt + Dp + Qq.

dCE (x, c14) = Pa + Db + Ed + Fe + Lf + Kg + Jh + Jj
+Kk + Ll + Fm + Er + Dt + Pp + Aq.

dCE (x, c15) = Qa + Ab + Ad + Ae + Qf + Qg + Qh + Aj
+Ak + Al + Qm + Qr + Qt + Ap + Qq.
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Therefore,

dCE (x,BRepn)
= min{dCE (x, c0), dCE (x, c1), dCE (x, c2),
dCE (x, c3), dCE (x, c4), dCE (x, c5), dCE (x, c6), dCE (x, c7),
dCE (x, c8), dCE (x, c9), dCE (x, c10), dCE (x, c11), dCE (x,
c12), dCE (x, c13), dCE (x, c14), dCE (x, c15)} ≤ 4n1 + 5(n7
+n13 + n14)+ 6(n5 + n6 + n8 + n9 + n11 + n12)+ 7(n2
+n3 + n4 + n9 + n10 + n15).

This means that

rCE (BRepn) ≤ 4n1 + 5(n7 + n13 + n14)+ 6(n5 + n6 + n8
+ n9 + n11 + n12)+ 7(n2 + n3 + n4 + n9
+ n10 + n15).

Let BRepm be a block repetition code generated by

G =
( m1︷ ︸︸ ︷
1 · · · 1

m2︷ ︸︸ ︷
v · · · v

m3︷ ︸︸ ︷
1+ u+ v · · · 1+ u+ v

)
where m = m1 + m2 + m3. Then, we have that BRepn =
{γG|γ ∈ R}. Similar to the proof process of Theorem 2,
we can directly obtain the following result.
Theorem 3: The upper bound on the covering radius of

BRepm is given by

rCE (BRepm) ≤ 4m1 + 7m2 + 6m3,

where m = m1 + m2 + m3.

IV. SIMPLEX CODES OF TYPES α AND β OVER R
A type α simplex code Sαk is a linear code over R. The
generator matrix Gαk of Sαk is constructed inductively. Let Gαk
be a k × 24k matrix over R. Let

Gα1 =
(
A1 A2 A3 A4

)
,

A1 = (0 1 u 1+ u), A2 = (v uv (1+ u)v 1+ v),
A3 = (1+ uv 1+ (1+ u)v u+ v u+ uv), A4 =

(u+ (1+ u)v 1+ u+ v 1+ u+ uv 1+ u+ (1+ u)v) .
Then Gk is constructed inductively as follows

Gαk =
(

0 1 · · · 1 C u C (1 C u)v
Gαk−1 G

α
k−1 · · · Gαk−1

)
, (1)

where 0,1,1 C u C (1 C u)v are denoted as 0 · · · 0, 1 · · · 1,
1 + u + (1 + u)v · · · 1 + u + (1 + u)v. The bold characters
below have the same meaning.

A type β simplex code Sβk is a linear codes over R con-
structed by omitting some columns from Gαk . Let λk be a
k × 24k−22k

3 matrix over R. Let

λ1 =
(
1 u 1+ u v

)
and

λ2 =
(
B1 B2

)
,

where

B1 =
(

0 1 u 1 C u v
λ1 Gα1 Gα1 Gα1 Gα1

)
,

B2 =
(
1 C (1 C u)v u C uv 1 C u C v

λ1 λ1 λ1

)
.

Then λk is constructed inductively as follows

λk =
(
C1 C2

)
,

where

C1 =

(
0 1 u 1 C u v
λk−1 Gαk−1 G

α
k−1 Gαk−1 Gαk−1

)
,

C2 =

(
1 C (1 C u)v u C uv 1 C u C v

λk−1 λk−1 λk−1

)
.

Let δk be a k × 24k−22k
3 matrix over R. Let

δ1 =
(
1 u 1+ u 1+ u+ v

)
and

δ2 =
(
D1 D2

)
,

where

D1 =

(
0 1 u 1 C u
δ1 Gα1 Gα1 Gα1

)
,

D2 =

(
1 C u C v v uv (1 C u)v

Gα1 δ1 δ1 δ1

)
.

Then δk is constructed inductively as follows

δk =
(
E1 E2

)
,

where

E1 =
(

0 1 u 1 C u
δk−1 Gαk−1 G

α
k−1 Gαk−1

)
,

E2 =
(
1 C u C v v uv (1 C u)v
Gαk−1 δk−1 δk−1 δk−1

)
.

Let Gβk be a k × ( 2
2k
−1
3 )2 generator matrix of Sβk . Let

Gβ1 =
(
1
)
and

Gβ2 =
(

1 0 v 1 C u C v
Gα1 1 δ1 λ1

)
.

Then Gβk is constructed inductively as follows

Gβk =
(

1 0 v 1 C u C v
Gαk−1 G

β

k−1 δk−1 λk−1

)
(2)

Theorem 4: rCE (Sαk ) ≤ 91( 2
4k
−24
15 )+ 96.

Proof By using the computational algebra system
Magma [24], we get that rCE (Sα1 ) = 96. Next, we prove this
result by induction on k . Firstly, we have rCE (Sα1 ) = 96 for
k = 1, which is consistent with our calculation. Secondly,
assume that the result holds for k − 1, i.e., rCE (Sαk−1) ≤

91( 2
4(k−1)

−24
15 ) + 96. Finally, we prove that the result holds

for k , i.e., rCE (Sαk ) ≤ 91( 2
4k
−24
15 )+ 96.

According to Eq. (1), Proposition 1 and Theorem 2,
we have that

rCE (Sαk ) ≤ rCE (Sαk−1)+ rCE ((

24(k−1)︷ ︸︸ ︷
1 · · · 1

24(k−1)︷ ︸︸ ︷
u · · · u

24(k−1)︷ ︸︸ ︷
1+ u · · · 1+ u

24(k−1)︷ ︸︸ ︷
v · · · v

24(k−1)︷ ︸︸ ︷
uv · · · uv
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24(k−1)︷ ︸︸ ︷
(1+ u)v · · · (1+ u)v

24(k−1)︷ ︸︸ ︷
1+ v · · · 1+ v

24(k−1)︷ ︸︸ ︷
1+ uv · · · 1+ uv

24(k−1)︷ ︸︸ ︷
1+ (1+ u)v · · · 1+ (1+ u)v

24(k−1)︷ ︸︸ ︷
u+ v · · · u+ v

24(k−1)︷ ︸︸ ︷
u+ uv · · · u+ uv

24(k−1)︷ ︸︸ ︷
u+ (1+ u)v · · · u+ (1+ u)v

24(k−1)︷ ︸︸ ︷
1+ u+ v · · · 1+ u+ v

24(k−1)︷ ︸︸ ︷
1+ u+ uv · · · 1+ u+ uv

24(k−1)︷ ︸︸ ︷
1+ u+ (1+ u)v · · · 1+ u+ (1+ u)v))

≤ 91(24(k−1) + 24(k−2) + · · · + 24)+ 96

= 91(
24k − 24

15
)+ 96.

Theorem 5: rCE (S
β
k ) ≤ 5( 2

4k
−28
9 )− 13( 2

2k
−24
9 )+ 106.

Proof By using the computational algebra system
Magma [24], we get that rCE (S

β

2 ) = 106. Next, we prove this
result by induction on k . Firstly, we have rCE (S

β

2 ) = 106 for
k = 2, which is consistent with our calculation. Secondly,
assume that the result holds for k − 1, i.e., rCE (S

β

k−1) ≤

5( 2
4(k−1)

−28
9 )−13( 2

2(k−1)
−24

9 )+106. Finally, we prove that the

result holds for k , i.e., rCE (Sαk ) ≤ 5( 2
4k
−28
9 ) − 13( 2

2k
−24
9 ) +

106.
According to Eq. (2), Proposition 1 and Theorem 2,

we have that

rCE (S
β
k ) ≤ rCE (S

β

k−1)+ rCE ((

24(k−1)︷ ︸︸ ︷
1 · · · 1

24(k−1)−22(k−1)
3︷ ︸︸ ︷

v · · · v
24(k−1)−22(k−1)

3︷ ︸︸ ︷
1+ u+ v · · · 1+ u+ v)),

≤ rCE (S
β

k−1)+ 4 · 24(k−1) + 7(
24(k−1) − 22(k−1)

3
)

+ 6(
24(k−1) − 22(k−1)

3
)

= rCE (S
β

k−1)+
25
3
· 24(k−1) −

13
3
· 22(k−1)

≤
25
3
(24(k−1) + · · · + 24×2)−

13
3
(22(k−1) + · · ·

+ 22×2)+ 106

= 5(
24k − 28

9
)− 13(

22k − 24

9
)+ 106.

V. MacDonald CODES OF TYPES α AND β OVER R
The MacDonald codes of type α over R can be constructed
from the generator matrix Gαk of simplex code Sαk . For 2 ≤
u ≤ k−1, letGαk,u be the matrix obtained fromGαk by deleting

columns corresponding to the columns of Gαu , i.e.,

Gαk,u =
(
Gαk \

0
Gαu
,
)

where
(
A\B

)
denotes the matrix obtained from the matrix A

by deleting the matrix B and 0 is a (k − u)× 24u zero matrix.
Definition 3: A linear code Cαk,u generated by Gαk,u is

called a type α MacDonald code.
The MacDonald codes of type β over R can be constructed

from the generator matrix Gβk of simplex code Sβk . For 2 ≤
u ≤ k−1, letGβk,u be the matrix obtained fromGβk by deleting

columns corresponding to the columns of Gβu , i.e.,

Gβk,u =
(
Gβk \

0

Gβu
,
)

where
(
A\B

)
denotes the matrix obtained from the matrix A

by deleting the matrix B and 0 is a (k − u) × ( 2
2u
−1
3 )2 zero

matrix.
Definition 4: A linear code Cβk,u generated by Gβk,u is

called a type β MacDonald code.
Theorem 6: rCE (Cαk,u) ≤ 91( 2

4k
−24r
15 ) + rCE (Cαr,u) for

u < r ≤ k .
Proof Since 2 ≤ u < r ≤ k , then the minimum

value of k is 3. Next, we prove this result by induction on
k . If k = 3, then k = r and rCE (Cα3,u) = rCE (Cα3,u),
which is consistent with the above result. Assuming that the
result holds for k − 1, i.e., rCE (Cαk−1,u) ≤ 91( 2

4(k−1)
−24r

15 ) +
rCE (Cαr,u). Finally, we prove that the result holds for k , i.e.,

rCE (Cαk,u) ≤ 91( 2
4k
−24r
15 )+ rCE (Cαr,u).

According to Proposition 1 and Theorem 2, we have that

rCE (Cαk,u) ≤ rCE (Cαk−1,u)+ rCE ((

24(k−1)︷ ︸︸ ︷
1 · · · 1

24(k−1)︷ ︸︸ ︷
u · · · u

24(k−1)︷ ︸︸ ︷
1+ u · · · 1+ u

24(k−1)︷ ︸︸ ︷
v · · · v

24(k−1)︷ ︸︸ ︷
uv · · · uv

24(k−1)︷ ︸︸ ︷
(1+ u)v · · · (1+ u)v

24(k−1)︷ ︸︸ ︷
1+ v · · · 1+ v

24(k−1)︷ ︸︸ ︷
1+ uv · · · 1+ uv

24(k−1)︷ ︸︸ ︷
1+ (1+ u)v · · · 1+ (1+ u)v

24(k−1)︷ ︸︸ ︷
u+ v · · · u+ v

24(k−1)︷ ︸︸ ︷
u+ uv · · · u+ uv

24(k−1)︷ ︸︸ ︷
u+ (1+ u)v · · · u+ (1+ u)v

24(k−1)︷ ︸︸ ︷
1+ u+ v · · · 1+ u+ v

24(k−1)︷ ︸︸ ︷
1+ u+ uv · · · 1+ u+ uv

24(k−1)︷ ︸︸ ︷
1+ u+ (1+ u)v · · · 1+ u+ (1+ u)v))

≤ 91(24(k−1) + 24(k−2) + · · · + 24r )
+ rCE (Cαr,u)

= 91(
24k − 24r

15
)+ rCE (Cαr,u).
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Theorem 7: rCE (C
β
k,u) ≤ 5( 2

4k
−24r
9 ) − 13( 2

2k
−22r
9 ) +

rCE (C
β
r,u) for u < r ≤ k .

Proof It is clear that the minimum value of k is 3. Next,
we prove this result by induction on k . If k = 3, then
k = r and rCE (C

β

3,u) = rCE (C
β

3,u), which is consistent
with the above result. Assume that the result holds for k −
1, i.e., rCE (C

β

k−1,u) ≤ 5( 2
4(k−1)

−24r
9 ) − 13( 2

2(k−1)
−22r

9 ) +

rCE (C
β
r,u). Finally, we prove that the result holds for k ,

i.e., rCE (Cαk,u) ≤ 5( 2
4k
−24r
9 )− 13( 2

2k
−22r
9 )+ rCE (C

β
r,u).

According to Proposition 1 and Theorem 2, we have that

rCE (C
β
k,u) ≤ rCE (C

β

k−1,u)+ rCE ((

24(k−1)︷ ︸︸ ︷
1 · · · 1

24(k−1)−22(k−1)
3︷ ︸︸ ︷

v · · · v

24(k−1)−22(k−1)
3︷ ︸︸ ︷

1+ u+ v · · · 1+ u+ v)),

≤ rCE (C
β

k−1,u)+ 4 · 24(k−1)

+ 7(
24(k−1) − 22(k−1)

3
)+ 6(

24(k−1) − 22(k−1)

3
)

= rCE (C
β

k−1,u)+
25
3
· 24(k−1) −

13
3
· 22(k−1)

≤
25
3
(24(k−1) + · · · + 24r )−

13
3
(22(k−1) + · · ·

+ 22r )+ rCE (Cβr,u)

= 5(
24k − 24r

9
)− 13(

22k − 22r

9
)+ rCE (Cβr,u).

VI. CONCLUSION
In this paper, we study some upper bounds on the covering
radius of repetition codes, simplex codes and MacDonald
codes for Chinese Euclidean distance over R = F2 + uF2 +

vF2 + uvF2 with u2 = u, v2 = v, uv = vu. Unfortunately,
the lower bound on the covering radius of these codes is not
given. This will be our follow-up research direction. Further-
more, research on the covering radius of repetition codes,
simplex codes and MacDonald codes for different distances
over Fp + uFp + vFp + uvFp will be an open interesting
problem in the future, where p is an odd prime.

APPENDIX
Proof of Theorem 1 Let

xu

= (

s︷ ︸︸ ︷
1, . . . , 1,

s︷ ︸︸ ︷
v, . . . , v,

s︷ ︸︸ ︷
uv, . . . , uv,

s︷ ︸︸ ︷
1+ u, . . . , 1+ u,

s︷ ︸︸ ︷
1+ v, . . . , 1+ v,

s︷ ︸︸ ︷
1+ uv, . . . , 1+ uv,

s︷ ︸︸ ︷
u+ v, . . . , u+ v,

s︷ ︸︸ ︷
u+ uv, . . . , v+ uv,

s︷ ︸︸ ︷
v+ uv, . . . , v+ uv,

s︷ ︸︸ ︷
1+ u+ v, . . . , 1+ u+ v,

s︷ ︸︸ ︷
1+ u+ uv, . . . , 1+ u+ uv,

s︷ ︸︸ ︷
1+ v+ uv, . . . , 1+ v+ uv,

s︷ ︸︸ ︷
u+ v+ uv, . . . , u+ v+ uv,

n−13s︷ ︸︸ ︷
1+ u+ v+ uv, . . . , 1+ u+ v+ uv) ∈ Rn, s = b

n
14
c.

The code C2 = {(0, . . . , 0), (u, . . . , u), (uv, . . . , uv), (u +
uv, . . . , u + uv)} generated by (u · · · u) is an (n, 4, 2n) code.
Then

dCE (xu, (0, . . . , 0)) = 2n+ 32s,

dCE (xu, (u, . . . , u)) = 6n− 24s,

dCE (xu, (uv, . . . , uv)) = 4n+ 4s,

dCE (xu, (u+ uv, . . . , u+ uv)) = 4n+ 4s.

Therefore,

dCE (xu,C2) = min{2n+ 32s, 6n− 24s, 4n+ 4s}.

According to the definition of covering radius, it follows that

rCE (C2) ≥ 2n+ 32s.

Let y be any element of Rn with ω0 coordinates as 0’s, ω1
coordinates as 1’s, ω2 coordinates as u’s, ω3 coordinates as
v’s, ω4 coordinates as uv’s, ω5 coordinates as (1 + u)’s, ω6
coordinates as (1 + v)’s, ω7 coordinates as (1 + uv)’s, ω8
coordinates as (u + v)’s, ω9 coordinates as (u + uv)’s, ω10
coordinates as (v + uv)’s, ω11 coordinates as (1 + u + vu)’s,
ω12 coordinates as (1 + u + uv)’s, ω13 coordinates as (1 +
v+ uv)’s, ω14 coordinates as (u+ v+ uv)’s, ω15 coordinates
as (1 + u + v + uv)’s. Then

∑15
i=0 ωi = n. Since C2 =

{(0, . . . , 0), (u, . . . , u), (uv, . . . , uv), (u + uv, . . . , u + uv)},
then we get that

dCE (y, (0, . . . , 0))

= n− ω0 + 7ω1 + 3ω2 + 3ω3 + ω4

+ 3ω5 + 3ω6 + 5ω7 + 3ω8 + ω9 + ω10 + 3ω11 + 5ω12

+ 5ω13 + 5ω14 + ω15,

dCE (y, (u, . . . , u))

= n+ 3ω0 + 3ω1 − ω2 + 3ω3 + ω4

7ω5 + 3ω6 + 5ω7 + 3ω8 + ω9 + 5ω10 + 3ω11 + 5ω12

+ω13 + ω14 + 5ω15,

dCE (y, (uv, . . . , uv))

= n+ ω0 + 5ω1 + ω2 + ω3 − ω4

5ω5 + 5ω6 + 7ω7 + 5ω8 + 3ω9 + 3ω10 + ω11 + 3ω12

+ 3ω13 + 3ω14 + 3ω15,

dCE (y, (u+ uv, . . . , u+ uv))

= n+ ω0 + 5ω1 + ω2

+ 5ω3 + 3ω4 + 5ω5 + ω6 + 3ω7 + ω8 − ω9 + 3ω10

+ 5ω11 + 7ω12 + 3ω13 + 3ω14 + 3ω15.

Therefore,

dCE (y,C2)

= min{dCE (y, (0, . . . , 0)), dCE (y, (u, . . . , u)),

dCE (y, (uv, . . . , uv)), dCE (y, (u+uv, . . . , u+uv))} ≤ 6n.

As a consequence,

2n+ 32b
n
14
c ≤ rCE (C2) ≤ 6n.
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Similar to the proof process of rCE (C2), we can get 2n +
32b n14c ≤ rCE (C3) ≤ 5n, 2n + 34b n14c ≤ rCE (C4) ≤ 7n,
60b n14c ≤ rCE (C5) ≤ 6n, 60b n14c ≤ rCE (C6) ≤ 6n,
58b n14c ≤ rCE (C7) ≤ 5n, 2n + 32b n14c ≤ rCE (C8) ≤ 6n,
2n+34b n14c ≤ rCE (C9) ≤ 7n, 2n+34b n14c ≤ rCE (C10) ≤ 7n,
60b n14c ≤ rCE (C11) ≤ 6n, 58b n14c ≤ rCE (C12) ≤ 5n,
58b n14c ≤ rCE (C13) ≤ 5n, 2n + 30b n14c ≤ rCE (C14) ≤ 5n,
2n+ 34b n14c ≤ rCE (C15) ≤ 7n, so we omit them.

Let z be any element of Rn. Then we have that

dCE (z, (0, . . . , 0))

= n− ω0 + 7ω1 + 3ω2 + 3ω3 + ω4

+ 3ω5 + 3ω6 + 5ω7 + 3ω8 + ω9 + ω10 + 3ω11 + 5ω12

+ 5ω13 + 5ω14 + ω15 = Aω,

dCE (z, (1, . . . , 1))

= n+ 7ω0 − ω1 + 3ω2 + 3ω3 + 5ω4

+ 3ω5 + 3ω6 + ω7 + 3ω8 + 5ω9 + 5ω10 + 3ω11 + ω12

+ω13 + ω14 + 5ω15 = Bω,

dCE (z, (u, . . . , u))

= n+ 3ω0 + 3ω1 − ω2 + 3ω3 + ω4

+ 7ω5 + 3ω6 + 5ω7 + 3ω8 + ω9 + 5ω10 + 3ω11 + 5ω12

+ω13 + ω14 + 5ω15 = Dω,

dCE (z, (v, . . . , v))

= n+ 3ω0 + 3ω1 + 3ω2 − ω3 + ω4

+ 3ω5 + 7ω6 + 5ω7 + 3ω8 + 5ω9 + ω10 + 3ω11 + ω12

+ 5ω13 + ω14 + 5ω15 = Eω.

dCE (z, (uv, . . . , uv))

= n+ ω0 + 5ω1 + ω2 + ω3 − ω4

+ 5ω5 + 5ω6 + 7ω7 + 5ω8 + 3ω9 + 3ω10 + ω11 + 3ω12

+ 3ω13 + 3ω14 + 3ω15 = Fω.

dCE (z, (1+ u, . . . , 1+ u))

= n+ 3ω0 + 3ω1 + 7ω2

+ 3ω3 + 5ω4 − ω5 + 3ω6 + ω7 + 3ω8 + 5ω9 + ω10

+ 3ω11 + ω12 + 5ω13 + 5ω14 + ω15 = Gω.

dCE (z, (1+ v, . . . , 1+ v))

= n+ 3ω0 + 3ω1 + 3ω2

+ 7ω3 + 5ω4 + 3ω5 − ω6 + ω7 + 3ω8 + ω9 + 5ω10

+ 3ω11 + 5ω12 + ω13 + 5ω14 + ω15 = Hω.

dCE (z, (1+ uv, . . . , 1+ uv))

= n+ 5ω0 + ω1 + 5ω2

+ 5ω3 + 7ω4 + ω5 + ω6 − ω7 + ω8 + 3ω9 + 3ω10

+ 5ω11 + 3ω12 + 3ω13 + 3ω14 + 3ω15 = Iω.

dCE (z, (u+ v, . . . , u+ v))

= n+ 3ω0 + 3ω1 + 3ω2

+ 3ω3 + 5ω4 + 3ω5 + 3ω6 + ω7 − ω8 + ω9 + ω10

+ 7ω11 + 5ω12 + 5ω13 + ω14 + 5ω15 = Jω.

dCE (z, (u+ uv, . . . , u+ uv))

= n+ ω0 + 5ω1 + ω2

+ 5ω3 + 3ω4 + 5ω5 + ω6 + 3ω7 + ω8 − ω9 + 3ω10

+ 5ω11 + 7ω12 + 3ω13 + 3ω14 + 3ω15 = Kω.

dCE (z, (v+ uv, . . . , v+ uv))

= n+ ω0 + 5ω1 + 5ω2

+ω3 + 3ω4 + ω5 + 5ω6 + 3ω7 + ω8 + 3ω9 − ω10

+ 5ω11 + 3ω12 + 7ω13 + 3ω14 + 3ω15 = Lω.

dCE (z, (1+ u+ v, . . . , 1+ u+ v))

= n+ 3ω0 + 3ω1

+ 3ω2 + 3ω3 + ω4 + 3ω5 + 3ω6 + 5ω7 + 7ω8 + 5ω9

+ 5ω10 − ω11 + ω12 + ω13 + 5ω14 + ω15 = Mω.

dCE (z, (1+ u+ uv, . . . , 1+ u+ uv))

= n+ 5ω0 + ω1

+ 5ω2 + ω3 + 3ω4 + ω5 + 5ω6 + 3ω7 + 5ω8 + 7ω9

+ 3ω10 + ω11 − ω12 + 3ω13 + 3ω14 + 3ω15 = Rω.

dCE (z, (1+ v+ uv, . . . , 1+ v+ uv))

= n+ 5ω0 + ω1

+ω2 + 5ω3 + 3ω4 + 5ω5 + ω6 + 3ω7 + 5ω8 + 3ω9

+ 7ω10 + ω11 + 3ω12 − ω13 + 3ω14 + 3ω15 = Tω.

dCE (z, (u+ v+ uv, . . . , u+ v+ uv))

= n+ 5ω0 + ω1

+ω2 + ω3 + 3ω4 + 5ω5 + 5ω6 + 3ω7 + ω8 + 3ω9

+ 3ω10 + 5ω11 + 3ω12 + 3ω13 − ω14 + 7ω15 = Pω.

dCE (z, (1+ u+ v+ uv, . . . , 1+ u+ v+ uv))

= n+ ω0

+ 5ω1 + 5ω2 + 5ω3 + 3ω4 + ω5 + ω6 + 3ω7 + 5ω8 + 3ω9

+ 3ω10 + 3ω11 + 3ω12 + 3ω13 + 7ω14 − ω15 = Qω.

Therefore,

dCE (z,C1)

= min{Aω,Bω,Dω,Eω,Fω,Gω,Hω, Iω, Jω,

Kω,Lω,Mω,Rω,Tω,Pω,Qω} ≤ 4n.

Let

x1

= (

t︷ ︸︸ ︷
0, . . . , 0,

t︷ ︸︸ ︷
1, . . . , 1,

t︷ ︸︸ ︷
u, . . . , u,

t︷ ︸︸ ︷
v, . . . , v,

t︷ ︸︸ ︷
uv, . . . , uv,

t︷ ︸︸ ︷
1+ u, . . . , 1+ u,

t︷ ︸︸ ︷
1+v, . . . , 1+v,

t︷ ︸︸ ︷
1+ uv, . . . , 1+ uv,

t︷ ︸︸ ︷
u+ v, . . . , u+ v,

t︷ ︸︸ ︷
u+uv, . . . , v+uv,

t︷ ︸︸ ︷
v+ uv, . . . , v+ uv,

t︷ ︸︸ ︷
1+ u+ v, . . . , 1+ u+ v,

t︷ ︸︸ ︷
1+ u+ uv, . . . , 1+ u+ uv,

t︷ ︸︸ ︷
1+ v+ uv, . . . , 1+ v+ uv,

t︷ ︸︸ ︷
u+ v+ uv, . . . , u+ v+ uv,

n−13s︷ ︸︸ ︷
1+ u+ v+ uv, . . . , 1+ u+ v+ uv) ∈ Rn, t = b

n
16
c.
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Then we have that

dCE (x1, (0, . . . , 0)) = 2n+ 32t,

dCE (x1, (1, . . . , 1)) = 6n− 32t,

dCE (x1, (u, . . . , u)) = 6n− 32t,

dCE (x1, (v, . . . , v)) = 6n− 32t.

dCE (x1, (uv, . . . , uv)) = 4n,

dCE (x1, (1+ u, . . . , 1+ u)) = 2n+ 32t,

dCE (x1, (1+ v, . . . , 1+ v)) = 2n+ 32t,

dCE (x1, (1+ uv, . . . , 1+ uv)) = 4n,

dCE (x1, (u+ v, . . . , u+ v)) = 6n− 32t,

dCE (x1, (u+ uv, . . . , u+ uv)) = 4n,

dCE (x1, (v+ uv, . . . , v+ uv)) = 4n,

dCE (x1, (1+ u+ v, . . . , 1+ u+ v)) = 2n+ 32t,

dCE (x1, (1+ u+ uv, . . . , 1+ u+ uv)) = 4n,

dCE (x1, (1+ v+ uv, . . . , 1+ v+ uv)) = 4n,

dCE (x1, (u+ v+ uv, . . . , u+ v+ uv)) = 8n− 64t,

dCE (x1, (1+ u+ v+ uv, . . . , 1+ u+ v+ uv)) = 64t.

Therefore,

dCE (x1,C1) = min{2n+ 32t, 6n− 32t, 4n, 8n− 64t, 64t}

≥ 64t.

This means that 64b n16c ≤ rCE (C1) ≤ 4n.
Next, we give theMagma calculation program for rCE (Sα1 ).

Similarly, we can get rCE (S
β

2 ).

p r o c edu r e i n c _ a d i c (~v , n , a d i c )
v [ n ] : = v [ n ] +1 ;
f o r i :=0~ t o n−2~do
i f v [ n−i ] ne a d i c t h en
b r eak ;
end i f ;
v [ n−i −1]:=v [ n−i −1]+1;
v [ n−i ] : = 0 ;
end f o r ;
end p r o c edu r e ;
F :=GF ( 2 ) ;
P<u , v >:= Po lynomia lR ing ( F , 2 ) ;
R<u , v >:= quo<P | u^2−u , v^2−v , u∗v−v∗u >;
f u n c t i o n we igh t ( c , n )
wt : = 0 ;
f o r i :=1~ t o n do
i f c [ i ] i n [ u ,1+ u , v ,1+ v , u+v ,1+ u+v ]
t h en wt + :=4 ;
e l i f c [ i ] i n [ u∗v , ( 1 + u )∗v , u+u∗v ,
1+u+(1+u )∗ v ] t h en wt + :=2 ;
e l i f c [ i ] i n [1+ u∗v ,1+ (1+ u )∗v , u+(1+u )∗v ,
1+u+u∗v ] t h en wt + :=6 ;
e l i f c [ i ] eq $1$~ t h en wt + :=8 ;
end i f ;
end f o r ;

r e t u r n wt ;
end f u n c t i o n ;
f u n c t i o n we igh t ( c )
wt : = 0 ;
i f c i n [ u ,1+ u , v ,1+ v , u+v ,1+ u+v ]
t h en wt : = 4 ;
e l i f c i n [ u∗v , ( 1 + u )∗v , u+u∗v ,1+ u+(1+u )∗ v ]
t h en wt : = 2 ;
e l i f c i n [1+ u∗v ,1+ (1+ u )∗v , u+(1+u )∗v ,
1+u+u∗v ] t h en wt : = 6 ;
e l i f c eq $1$~ t h en wt : = 8 ;
end i f ;
r e t u r n wt ;
end f u n c t i o n ;
Rse t : = [R | 0 , 1 , u ,1+ u , v , u∗v , ( 1 + u )∗v ,1+ v ,
1+u∗v ,1+ (1+ u )∗v , u+v , u+u∗v , u+(1+u )∗v ,
1+u+v ,1+ u+u∗v ,1+ u+(1+u )∗ v ] ;
n :=#R;
G:= Rse t ;
C : = [ ] ;
f o r r i n Rse t do
c : = [ ] ;
f o r i :=1~ t o n do
c [ i ] : = r ∗G[ i ] ;
end f o r ;
I n c l u d e (~C , c ) ;
end f o r ;
vec : = [ ] ;
f o r i :=1~ t o n−1~do
vec [ i ] : = 0 ;
end f o r ;
vec [ n ] : = 1 ;
RC: = 0 ;
wh i l e vec [ 1 ] ne n do
y : = [ ] ;
f o r i :=1~ t o n do
y [ i ] : = Rse t [ vec [ i ] + 1 ] ;
end f o r ;
i f y i n C th en
i n c _ a d i c (~ vec , n , n ) ;
c o n t i n u e ;
end i f ;
dyc :=8∗ n ;
f o r c i n C do
d : = 0 ;
f o r i :=1~ t o n do
d+:= we igh t ( y [ i ]−c [ i ] ) ;
end f o r ;
i f d l t dyc t h en
dyc := d ;
end i f ;
end f o r ;
i f dyc g t RC then
RC:= dyc ;
p r i n t f "R(C)=
f o r i :=1~ t o n do
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p r i n t f "
end f o r ;
p r i n t f " ] \ n " ;
end i f ;
i n c _ a d i c (~ vec , n , n ) ;
end wh i l e ;
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