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ABSTRACT This paper deals with the problem for exponential stability of a more general class of
neutral-type Cohen-Grossberg neural networks. This class of neutral-type Cohen-Grossberg neural networks
involves multiple time-varying delays in the states of neurons and multiple time-varying neutral delays in the
time derivatives of the states of neurons. Such neural system cannot be described in the vector-matrix forms
due to the existence of the multiple delays. The linear matrix inequality approach cannot be applied to this
class of neutral system to determine the stability conditions. This paper provides some sufficient conditions
to guarantee the existence, uniqueness and exponential stability of the equilibrium point of the neural system
by employing the homeomorphism theory, Lyapunov-Krasovskii functional and inequality techniques. The
provided conditions are easy to validate and can also guarantee the global asymptotic stability of the neural
system. Two remarks are given to show the provided stability conditions are less conservative than the
previous results. Two instructive examples are also given to demonstrate the effectiveness of the theoretical
results and compare the provided stability conditions to the previous results.

INDEX TERMS Neutral-type Cohen-Grossberg neural networks; multiple delays; exponential stability;

Lyapunov-Krasovskii functional.

I. INTRODUCTION

Since Cohen-Grossberg neural network was proposed [1],
it has been extensively investigated by some mathemati-
cians, physicists and computer scientists. These scholars have
quickly found that the neural network can be effectively
applied in signal processing, pattern recognition, optimiza-
tion and associative memories so on. These successful appli-
cations are dependent largely on the stability of the neural
network [2]-[4]. The early neural network model had not the
existence of time delay. Now, there is a consensus that time
delays always exists because the signal transmission between
neurons usually has the phenomenon of limited transmission
speed or traffic congestion. Time delay has a great influence
on the neural network and it can make the stable network
unstable or unstable network stable. In addition, time delay
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exists not only in the states, but also in the derivatives of
states. The time delay existing in the derivatives of states
is named neutral delay. In recent years, neutral delay has
been introduced into the field of neural network, which pro-
duces a kind of neural network called neutral-type neural
network. Neutral-type neural network has become a new hot
research topic. A number of significant stability results of
neutral-type neural networks have been published, see, for
example, [5]-[28] and the references therein.

Compared with [5]-[20], the neutral-type neural net-
works studied in this paper cannot be transformed into the
vector-matrix form due to the existence of the multiple
delays. As pointed out by [21] and [22], it is not possible
to derive stability conditions of the linear matrix inequality
forms for the neutral-type neural networks that cannot be
expressed in the vector-matrix form. Therefore, we need to
construct new Lyapunov-Krasovskii functional and develop
new mathematical methods and techniques to obtain stability
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conditions. At the same time, it is noted that the stability
results in [5]-[28] only give the sufficient conditions of global
asymptotic stability and do not further provide the suffi-
cient conditions of exponential stability, which indicates that
the exponential stability of the neutral-type neural networks
has not been paid enough attention. These facts have been
the main motivations of this paper to focus on the expo-
nential stability of the neutral-type Cohen-Grossberg neu-
ral networks with multiple time-varying delays. This paper
constructs a moderate Lyapunov-Krasovskii functional and
employs inequality techniques to derive new algebraic suf-
ficient conditions to ensure the exponential stability of the
neutral-type Cohen-Grossberg neural networks with multiple
time-varying delays. The new algebraic conditions are also
the sufficient conditions for the global asymptotic stability
of the neutral-type Cohen-Grossberg neural networks with
multiple time-varying delays. Two instructive examples are
provided to indicate that the proposed results reveal new
sufficient stability criteria when they are compared with the
previously published stability results. Therefore, the pro-
posed stability results enlarge the application domain of
neutral-type Cohen-Grossberg neural networks.

Il. PRELIMINARIES
Consider the following neutral-type Cohen-Grossberg neural
networks with multiple time-varying delays:

xi(t) = di(xi(t)){ —ci(xi(®)) + Zaijﬁ(xj(t))

J=1

+ Z bijgi(xi(t — ;1)) + u,-}

j=1

n
+ ) ekt — &;(1)), (1

j=1
where u; is external input, e;; are coefficients of the time
derivative of the delayed state, a;; and b;; are the strengths
of the neuron interconnections. Amplification function d;(-),
behaved function ¢;(-), delay functions ;;(-) and &;(-), non-
linear activation functions f;(-) and g;(-) satisfy the following

assumption:

(A1) There exist some real numbers c;, d;, d;, li, mi, &, 7, &

andT,i=1,...,n,suchthatforallx,y e R, x #y,
0<¢ < ci(x) — ci(y) _ lci(x) — ci(y)l

x=y |x — ¥l
0<di<dix)<di;, 0=&;(1)<§ 0=<=7;(0) =<7,

Ei(n <E i) <T.

i) = fiml <lilx = yl,  1gi(x) — g <milx — yl.
The initial conditions are x;(r) = ¢;(¢) and x;(t) = ¢i(t) €
C([— max{z, &}, 0], R), where C([— max{z, £}, 0], R) is the
set of all continuous functions from [— max{z, £}, 0] to R.

Remark 1: Compared with [9], [21] and [25], the upper

bound of %:;’@) is not required, which implies that our
conditions are less conservative.
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System (1) is a general mathematical expression and
includes some neural networks considered in the existed
references. For example, system (1) includes the following
system studied in [23]

xi(r) = di(xi(l)){ — i) + Y ayfi(xi(t)
j=1
+ Z bl;"]j-()g(t — 1;j(1))) + I/tl'}
j=1
+ D et — ). )
j=1

the following system studied in [21] and [25]

xi(t) = di(xi(l)){ —ci(xi(®)) + Zaij}ﬁ‘(xj(l))

j=1
+ Z bijgj(xi(t — ;) + Mi}
j=1
+ ) eyt — &), 3)
j=1

and the following system studied in [22]

xi(1) = —cixi(t) + Y aifi(xj(1))

J=1

+ Z biffi(xi(t — 7)) + u;

j=1

=+ Z eij)'cj-(t — fj) 4

j=1

Before considering the stability, we discuss the existence
and uniqueness of the equilibrium point.

Lemma 1 ([22]): Suppose that the map H(x) € C 0 satisfies
two properties: H(x) # H(y),x # y and ||H(x)|| — o0
as |lx]] — oo with x,y € R". Then, H(x) is
homeomorphism of R".

Lemma 2: Suppose that assumption (A1) holds and there
exist some positive numbers py, ..., p, and y < 1 such that
foreveryi=1,...,n,

n n
ypici— Y pilylailli+ ) bjilm;] > 0. ©)
J=1 Jj=1
Then, system (1) has a unique equilibrium point x* =
(C NN x:f)T.
Proof. If x* = (x, ... ,x)T is one equilibrium point of
system (1), then

0= ch(x,-*){ —cilh) + Y agfi) + Y bygi(x) + u}

J=1 J=1
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that is,
n n
0=—cix})+ > agfic)) + Y bygi(x}) + u;.
j=1 j=1
Define a mapping H : R" — R" by
H(x) = (@), ..., ()"
for x € R"*, where

hi(x) = —ciCa) + ) ayfi(x)

j=1

n
+Zbijgj(xj)~|—ui,i= 1,...,n.

j=1

For every x, y € R" with x # y, we conclude
ypisgn(x; — yi)lhi(x) — hi(y)]
n

< —ypicilxi — yil + Y vlaglpiljlx; — ;|
j=1

n
+ Y bijlpimjlx — yjl, Vi,
J=1

In fact, forevery i € {i : x; —y; = 0},
0 = ypisgn(x; — yi)lhi(x) — hi(y)]

n
< —ypicilxi — yil + Y vlaglpiljlx; — ;|
j=1
n
+ > Ibylpimjlx; — yjl.
j=1

and for every i € {i : x; — y; # 0},

ypisgn(x; — yp)lhi(x) — hi(y)]
= —ypisgn(x; — yilci(xi) — ci(yi)]
+ > yagpisgn(x; — yolfi(x) — £0)]
j=1
+ > ybypisgn(xi — y)lgi(x) — &)
j=1
—ypisgn(x; — )’i)w(xi — i)

i~ i
n
+ Z ylaijlpiljlx; — yjl

j=1

n
+ D lbylpim;lg; —
Jj=1

IA

n
—ypicilxi — yil + Y vlaglpiljlx; — yj|
j=1

n
+ Z |bijlpimj|x; — yjl.
j=1

IA
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Therefore, for every x, y € R" with x # y, we have

Z ypisgn(xi — yp)lhi(x) — hi(y)]

i=1

n n
< - Z lxi — yil {VPiQi - Z v lajilpjli
i=1 j=1
n
=Y Ibi |iji}
=1
< —allx =yl
and
allx =yl
n
< 1) ypisgn(xi — ydlhi(x) — (]|
i=1
n
< Y pilhi(x) = hi(y)|
i=1
< max {p;}||H(x) — HY)I[1, (6)
1<i<n
where

n n
o= ]Iéliiéln {)’PiEi - Epj[ymji”i + Zl |bji|mi]}-
j= Jj=

From (6), we know that if x # y, then H(x) # H(y).
In addition, it follows from (6) that

al max {pi}1~ Ixlli < [H@)I +1H O]

Since [|[H(0)||; is bounded, ||H(x)|] — o0 as ||x|] — oo.
From Lemma 1, we know that H(x) is homeomorphism of
R", that is, system (1) has a unique equilibrium point.

IIl. EXPONENTIAL STABILITY

In this section, we will establish the sufficient conditions for
the exponential stability of the equilibrium point of system (1)
by constructing a suitable Lyapunov-Krasovskii functional
and using inequality techniques. Two examples are provided
to demonstrate the effectiveness of the proposed theoretical
results and compare the established stability conditions to the
previous results.

Theorem 1: Letd;/d; > 1,i,j = 1,...,n. Suppose that
assumption (A1) holds and there exist some positive numbers
pP1,...,pn and y < 1 such that for every i = 1,2,...,n,
max{€, T} <1—vy,

n
ypicid; — Y pidi(ylajill; + |bjilm) > 0. (7)
j=1

n
ypi— Y _pjleil > 0. (®)
j=1

Then, the equilibrium point of system (1) is exponentially
stable.

VOLUME 9, 2021



L. Wan, Q. Zhou: Exponential Stability of Neutral-Type Cohen-Grossberg Neural Networks

IEEE Access

Proof. From (7), we derive

n
d.
ypic;— Y_pi vlalli + lbjilmi) > 0,
=t =
which implies that inequality (5) holds. Since Lemma 2 shows
that system (1) has a unique equilibrium point x* =
(G NN x,’f)T, system (1) can be transformed into

Jilt) = Zz}(ymt)){ — GO + Y aghy)

j=1
+ ) bigit - n,~<r)>)}
j=1
+) eyt — &), i=1,....n, ©)
j=1

where
yi(t) = xi(1) — x7',
di(yi(t)) = di(yi(r) +x7),
i) = ciyi(t) + x7) — ci(x]),
F0i1) = f0) + x7) = £,
g0t — Ti(10)) = gt — () +x7) — g(x]).

From (7) and (8), we know that there exists a sufficiently
small positive real number A such that fori =1, ..., n,

My +E—-1<0,y+7-1<0, (10)
n
2piy — ypicd; + Y pidi(ylaill;
j=1
+e*7 |bjilm;) < 0. (11)
We construct the following Lyapunov-Krasovskii
functional
n n ¢
V) =) pile;l / HEFO (5| ds
i=1 j=1 I_Sij(t)
n o n t
+e5 > dipilbylm; / A yj(s)lds
i=1 j=1 t—1(t)
n n
+eO N "Ipiy — Y pjlejilsgn(i(0))
i=1 j=1
xsgn(yi()]yi(0)], (12)
and derive

V() = DN Ipiy = Y plejilsen(yi(0)

i=1 j=1

xsgn(yiO)]lyi(0)|

min {piy — Y _ pjleilte™ Oyl

1<i<n

%

j=1

MO N piy = pileilllyio)l. (13)

i=1 j=1

v
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n
V() < ¥ max {piy + j_zll’j|€ji|}||y(0)||1

n n 0
+e > pileyl /S [yj(s)lds

i=1 j=1

n n O
+e DN N " dipilbyjlm; f yj()lds.  (14)
-7

i=1 j=1

Taking the Dini derivative of the first term and the time
derivatives of the all other terms in the Lyapunov-Krasovskii
functional V(¢) along the trajectories of system (9) and
using (8), we have

V() = 2D Ipiy — Y pjlejilsgn(yi(t))

i=1 j=1

xsgn(HiE)]lyi(0)] + %) i[m
i=1
- Xn:pjlejilsgn(yi(t Nsgn(yi(t))]sgn(yi(t))yi(t)
j=1
M) i ipileijll)"j(m — (1 — &)
i=1 j=1
x eMI=Eij(D+E) i ipi|eij| ij(t — &)
i=1 j=1

n n
+e Y S pidilbylmie (o))
i=1 j=1

—(1 = ()M OOyt — (1))

221 " piy lyi(o))
i=1
n

+M Y {ekspmgn(w»yi(w

i=1

IA

—" ) " pjlejil(sgn(yi(1))*13(1)|

J=1
+e ) " pjlejil l3i(1)]

j=1
—(1 =&)Y pileyl[3(t sij(rm}

j=1

+e Y pidilbylmi(e Oy

i=1 j=1
—(1 =DM |y(r — T(D)D). (15)

For every y;(t) € R, we conclude

e piysgn(yie)3it) — €Y pjlejil(sgn(yi(t))*[3(1)|

j=1
n n
+e* > " pileillit)] — (1 — €)Y pileyl[3(t — &)l
j=1 j=1
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n
< eks{ — ypicdilyiO] + ypidi Y lag|lilyj(0)]
J=1

+ypidi Y Ibijlmjly;(t — ()] } (16)
=1

Actually, from (8), (10) and (A;), we can deduce that for
yi(t) #0,

M piy sgn(yi)yi(t) — €Y pjlejil(sgn(yit))*[5:(2)|
J=1

+e5 ) pjlel 3] — (1 —8) D pileyl 3t — &i(1))]

j=1 j=1
= M piysgn(i)yit) — (1 —8) D pileyl[3(t — &(1))]

J=1

_ exs{ — Y pisgnGHO) i) i(D)

+ypisgn(it)diyi1) Y aify(yj(1))

j=1

+ypisgn(iE)diyit) Y bygi(v(t — Tii(t)))
j=1
+ypisgn(yi(t) Y _ eyt — s,,(z))}
j=1
—(1=8))_ pileyl3i(t — &)
j=1

< &4~y D

yi(t)

+ypdi Y lagl )|

j=1

+ypidi Y byl g0t — r,;,~<r)))|}

j=1

H My +E = Dpi Y leyll3it — &)

j=1
n
< elg{ — ypicdilyi®)] + ypidi Y lay|lilyj(t)]
j=1
n
+ypidi Y bylmilyi(t — ()| }

j=1

and for y;(r) = 0,

M piy sgn(i)yi(t) — €4y pjlejil(sgn(yie))*[5:(t)|
j=1

+e* > " pilell5it) — (1 = §) Y piley|[3i(t — &)
j=1 J=1
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=) pileilliiOl — (A —5) D pilegl it — &(1))]

J=1 J=1

= eké{ =Y pjlejilsgnGie)diyi()E(vi(t))

=1

+ > pjlejilsgnGitNdiyit) Y afi(yj(0))

J=1 J=1

+ ) pilejilsgnGieNdiyit) Y bigi(vi(t — Tii(t)))

J=1 J=1

+ ) pilejilsgn(ie) Y eyt — sl-jm)}

J=1 J=1

—(1=8)>_ pileglly;t — &)

j=1
n
< e”f{ — ypicdilyi®] + ypidi Y laylllyj(0)]
j=1
n
+ypidi Yy |bijlmjly;(t — ()]
j=1
n
+piy Y eyl — si,-<t>>|}
j=1
n
—(1=8)>_ pileglly;t — &)
j=1
n
< eké{ — ypicdlyiOl + ypidi Y lagllly;(0)]
j=1
n
+ypidi Yy |bijlmjly;(t — ()] }
j=1

where G(yi(t)) = lyi(t)] = fi(yi(t)) = 0 when y;(r) = 0.
From (10), (11), (15) and (16), we deduce

n
V@) < 220N " piy i)

i=1
n
+eM Yy ekg{ — ypicd;lyi(0)|
i=1
n
+ypidi Y laylljly;(0)]
J=1
n
+ypidi Y bijlmly;(t - rl-,-(r)>|}
j=1
n n
+e Y pidilbylmi(e O |y ()]
i=1 j=1

-1 - ?ge“m(r — ()]

< MR {2xpiy|y,~<r)| — ypicid,lyi(0)|

i=1
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n
+ypidi Y laglllyj(0)]
—
J "
+e T pidi Y Ibijlmly;(0)| }
j=1
+(y +7 — DMyt — Tyi(1))))

n
< MR {%pn/ — ypicd;
" i=1
+ > pidi(y lajilli + €' |bji|mi)} yi(?)]
j=1
<0. (17)

Thus, it follows from (13), (14) and (17) that there must
exist a real number M > 1 such that
lx(t) = x*[l; <Me ™ (  sup
te[— max{r,£},0]

+ sup l¢11),
te[— max{r,£},0]

o) —x*1h

t>0.

Obviously, it is sometimes difficult to find the values of the
positive constants py, ..., p, satisfying the stability condi-
tions of Theorem 1. Therefore, it is necessary to give a special
case of Theorem 1 for p; = --- = p,.

Theorem 2: Let Ej/gi > 1,i,j = 1,...,n. Suppose that
assumption (A1) holds and there exists a positive number

y < 1 such that forevery i = 1,2,...,n, max{é, T} <
-y,
n
ved; — Zdj(y|aji|li + |bjilm;) > 0, (18)
j=1

n
y =Y lejil > 0. (19)
j=1

Then, the equilibrium point of system (1) is exponentially
stable.

Theorem 1 and Theorem 2 give some stability results for
systems (2) and (3).

Corollary 1: Let Ej/ii > 1,i,j = 1,...,n. Suppose that
assumption (A1) holds and there exist some positive numbers
P1,...,pnand y < 1 such that foreveryi=1,2,...,n,(8)
holdsand T < 1 — y,

n
ypicd; — > pidjli(ylaji| + |bji) > 0. (20)
j=1
Then, the equilibrium point of system (2) is exponentially
stable.

Corollary 2: Let Z,/gi > 1,i,j = 1,...,n. Suppose that
assumption (A1) holds and there exists a positive number
y < 1 such that for every i = 1,2,...,n, (19) holds and
T <1l—y,

n
yed; — Y dili(y laiil + |bjil) > 0. 1)
j=1
Then, the equilibrium point of system (2) is exponentially
stable.
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Corollary 3: Letd;/d; > 1,i,j = 1,...,n. Suppose that
assumption (A1) holds and there exist some positive numbers
Pls-..,pnand y < 1 such that foreveryi=1,2,...,n, (8)
and (20) hold. Then, the equilibrium point of system (3) is
exponentially stable.

Corollary 4: Let d;/d; > 1,i,j = 1,...,n. Suppose
that assumption (A1) holds and there exists a positive number
y < lsuchthatforeveryi=1,2,...,n,(19)and (21) hold.
Then, the equilibrium point of system (3) is exponentially
stable.

For system (4), Lemma 2 and Corollary 3 give the follow-
ing result.

Corollary 5: Suppose that there exist some positive num-
bers l;(i =1, ..., n) such that

Ifix) =i < lilx —yl,x,y € R.

(i) If there exist some positive numbers p;(i = 1,...,n)
and y < 1 such thatforeveryi=1,2,...,n,
n
ypici— Y pili(ylail + b)) > 0, (22)
j=1

then system (4) has a unique equilibrium point.

(ii) If there exist some positive numbers p;(i = 1,...,n)
and y < 1 such that foreveryi = 1,2, ...,n, (8) and (22)
hold, then the equilibrium point of system (4) is exponentially
stable.

Remark 2: We know that if the equilibrium point of the sys-
tem is exponentially stable, then it is also globally asymptoti-
cally stable. Therefore, our results also provide the sufficient
conditions of global asymptotic stability of systems (1)-(4).
In [21], [23] and [25], the authors have not discussed the
existence and uniqueness of the equilibrium point and only
provided the sufficient conditions of the global asymptotic
stability. In [22], the author has discussed the existence,
uniqueness and global asymptotic stability of the equilib-
rium point of system (4). However, it is easy to see that the
conditions of Corollary 5 can include the criteria of in [22].
Therefore, the results in [22] can be taken as a corollary of
our result.

Remark 3: Theorem 1 in [23] gives the following sufficient
conditions for global asymptotic stability of system (2):

n
picid; — Z;dejli(|aji| +1 _ﬂf) >0,
]:
n
ypi— Y pleil >0, i=12,....n (23
j=1

It follows from (20) and T < 1 — y that

n
0< Zpﬁjlilbjil
=1

n
< y(picd; — Zpﬁjlilaﬁ D
=1

48919



IEEE Access

L. Wan, Q. Zhou: Exponential Stability of Neutral-Type Cohen-Grossberg Neural Networks

n

< (= Dpicid; — Y _ pidjlilajil),

j=1
which shows that (23) holds. Therefore, the conditions of
Corollary 1 are less conservative than those of Theorem 1
in [23].

Remark 4: Theorem 1 in [21] provides the following
sufficient conditions for the global asymptotic stability of
system (3):

n
o; = 2¢;d; — Z(L_i,lj|alj| + ajlilajiD
=

n
— Y (diljlbyl + dili|bjil)
j=1

n
= “iciley| + dicjlejil)
j=1

n n
=Y (@ililasillex| + dililbiillex])

j=1 k=1

n n
=Y @ilklaillejil + dililbjxllejil) > 0,

j=1 k=1

and 1 — Y ,n, where 0 < ¢; <

j=
M < c¢;. Example 2 indicates the above conditions

o; > O(z =1, ..., n) cannot be satisfied while the conditions
of Corollary 3 can be satisfied.

Remark 5: Theorem 1 in [25] provides the following
sufficient conditions for the global asymptotic stability of
system (3):

(el > 0,1 = 1,.

Z | Zaklam - ZZuaﬂnb,u
=1 k=1

j=1 k=1
+|ajl||e]k| + Iajkllbjil + |bjillek| + 1bjillbj|) > O,

b= —5 == Z<|e],||e,k| + lajklejil + Ibjillejil) > O,
n—i i k=1

where i,j = 1, ..., n. Example 2 indicates the above condi-
tions ¢;; > 0(@,j = 1,..., n) cannot be satisfied while the
conditions of Corollary 3 can be satisfied.

Remark 6: In [22], the author has stated that it is not
possible to derive stability conditions of the linear matrix
inequality forms for the neutral-type neural network that can-
not be expressed in the vector-matrix form. In [21], the author
has also stated since the neutral-type neural networks cannot
be expressed in the vector-matrix form, the linear matrix
inequality approach cannot be applied to this class of neutral
system to determine the stability conditions. Therefore, it is
impossible to derive the linear matrix inequality criteria for
system (1). In this case, although the criteria in this paper
ignore the symbol of network parameters, the criteria are
easier to verify and can guarantee the existence, uniqueness
and exponential stability of the equilibrium point.

48920

Example 1: Consider system (1) with the following system
matrices and the network functions:
1 -1 1 -1
-1 1 1 -1

Aly 1 1 1 |
1 -1 =1 —1
1 1 -1 1
-1 -1 1 =1
B={ 1 1 1 1|
-1 -1 —1 1
0.1 —01 —0.1 —0.1
g |01 o1 o1 ol
1l 01 —-01 01 -—01]"
—-0.1 —0.1 —0.1 0.1

di(x) = 1.5 + 0.5sinx,dr(x) = 1.5 — 0.5cosx, d3(x) =
1.5 — 0.5sinx,d4(x) = 1.5 + 0.5cosx, c1(x) = cr(x) =
c3(x) = 9x,calx) = 8 x,fi(x) = 0.5tanh(x), gi(x) =
0.25tanh(x), u; = 0.5, §;;(t) = 7;;(t) = 0.05cost +0.05,i =
j'élj(t)_rU(t)_OOSSint+005 i#ji,j=1,2,3,4.

It is easy to calculate ¢y = ¢ = ¢3 = 9,¢4 = 8,d;
l,di =2,E =7 =0.051=0.5m = 0.25, Z 1|e],|—
0.4 and

Sy -2, i=1,2,3;

4
ved; — Zgj(ﬂajiﬂi + 1bjilm;) = 4y —2 i=4

Jj=1
Therefore, for every y € (0.5, 0.95), all conditions of Theo-
rem 2 are satisfied.

If we choose y = 0.45,p1 = p» = p3 = 0.0762,ps =
0.0857, then
4
ijdj()/|aji|li + |bjilm;)
j=1

0 < ypicid; —

4
= 045 pic; —0.95 ) " p; =001,
j=1
4 4
0 <piy — Y pjlejil =045p; = 0.1 " p;
j=1 j=1
0.00286, i=1,2,3;
0.007135, i=4.

i=1,2,3,4,

Thus, all conditions of Theorem 1 are satisfied.
Example 2: Consider system (3) with the following system
matrices and the network functions:
-1 1 -1 1 =1
-1 -1 1 1 -1
Al 1 -1 1 1 1 ,

B=| -1 1 1 1 1
-1 -1 -1 -1 1
-1 -1 1 -1 1
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1
——X;
0.8
X,
0.6 N
1 N
0.4
0.2
O 1 1 1
0 0.5 1 1.5 2
time
FIGURE 1. The solution trajectory of system (1) .
1
—%
0.5 —%*,
Xy
% 0 BT
X
-0.5
-1
0 0.5 1 1.5 2

time
FIGURE 2. The solution trajectory of system (3) .

01 —-01 —-01 —-0.1 —-0.1
—0.1 0.1 0.1 0.1 0.1

E=] 01 -01 -01 01 —=0.11],
-0.1 -01 —-0.1 01 —=0.1
01 01 -01 01 -=0.1

di(x) = 1.5 + 0.5sinx, dr(x) = 1.5 — 0.5cosx, d3(x)
ds(x) = 1.5 — 0.5sinx, ds(x) = 1.5 4+ 0.5cosx,ci(x) =
@) = ax) = cax) = 12x,c5(x) = 11 x,fi(x)
0.5tanh(x), u; = 0.5,&; = 7;; = 0.1,i = j; §;(t) = 7;i(1)
0.05,i #j;i,j=1,2,3,4,5.

In this case, we calculate ¢c; = ¢ = c3=c4= 12,0_5 =
I.d;=1.d;=2,1; =055, |ejil = 0.5,
5
_ Ty =5, i=1,2,3,4;
ved; - ;dﬂi(yw T =1 5 s

Therefore, for every y € (5/6, 1), all conditions of Corol-
lary 4 are satisfied.

If wechoose y = 0.8, p1 = p2 = p3 = pa = 0.0229, p5 =
0.0250, then

5
0 < ypicd; — Y pidjli(ylail + |bjil)
j=1

5
=08pic;—1.8) p;=001,i=1,2,34,5,

J=1
5

0 < piy — ij|6ji| =
=

0.00666,
0.00834,

i=1,2,3,4;
i=23.

VOLUME 9, 2021

Thus, all conditions of Corollary 3 are satisfied.
On the other hand, we calculate

5
01 =2x12-2x5-2x5-02) (&+37)
j=1
—02x5-02x5°
5
=-02) @G+ —6<0,
j=1
1 021x5
g = = — ——— = —0.0625 < 0,
5 4

where c; = ¢ = ¢3 = ¢4 = 12,c¢5 = 11. Therefore, the
conditions of in [21] and [25] cannot be satisfied.
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