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ABSTRACT Waveform design and spectrum sharing betweenMultiple InputMultiple Output (MIMO) radar
and MIMO communication system is an optimization problem that has been typically addressed in literature
with two-dimensional formalism involving radius and azimuth angles. In this paper, we address the problem
and associated spectrum sharing constraints by the inclusion of an additional elevation angle. The design uses
Finite Alphabet Constant Envelope (FACE) Binary Phase Shift Keying (BPSK) waveforms to formulate
the covariance matrices. Through machine learning, a nonlinear optimization problem with constraints is
converted to an optimization problem without constraints. The design criteria for the radar waveform does
not interfere with the communication system. This is done by carefully selecting the base station (BS) and
steering nulls towards it, which guarantees the least degradation in the radar’s performance. We designed
BPSK waveforms for spectral coexistence betweenMIMO radar andMIMO cellular communication system
through different relaying protocols. Probability of detection and signal to noise ratio is formulated for
different relaying protocols. The radar is capable of detecting a target in the air through azimuth as well
as by elevation angle. We also showed that the desired covariance matrix is positive semi definite and radar
can share the spectrum while detecting the target. We also showed a minimum square error for both angles
based on the algorithm.

INDEX TERMS
Minimum square error, spectrum sharing techniques, cognitive radio cellular system, probability of detection.

I. INTRODUCTION
Typically, the limited spectrum is allocated for commer-
cial applications in contrast to the government or federal
agencies [1]. According to the National Telecommunica-
tions and Information Administration (NTIA), commercial
operators are assigned 7% of overall bandwidth [2]. The
radio frequency spectrum is utilized for many aspects which
include mobile communication, satellite communication,
broadcasting, surveillance, federal aviation administration
and many more. Commercial operators hence are facing
bandwidth problem due to increasing number of users using
smart phones and gadgets, creating the demand for high
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bandwidth [2]. With the increasing demand for broadband
data over the last few years, there is a need for additional
spectrum resources for cellular systems.

Mobile traffic will cross over from 7 Exabytes to
49 Exabytes by the end of 2021 [2]. This increase will be 47%
of the compound annual growth rate. Bandwidth provided
to federal agencies is underutilized compared to bandwidth
provided to commercial systems. This inefficiency leads to
the idea of sharing spectrum between different systems with
minimal degradation to each other [3], [4]. As per [5], [6],
different radars working at 3.4 GHz and 5.6 GHz can share
the spectrum with LTE and WIFI systems in the near future.
For spectrum sharing between radar and communication sys-
tem, Electro Magnetic Interference (EMI) should be miti-
gated. Communication systems can cope with EMI but radar
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systems need more care due to sensitive receiver antennas.
Four types of interference mitigation techniques are used for
cancellation of the radar interference on the communication
system, i.e., frequency, time, space, and system-level modi-
fication [7]. Practically, radar systems are more sensitive as
they need to detect objects far away and hence, are more
affected with interference from the communication system.
For this purpose, a single antenna communication system
should transmit a signal on the low power scale so that inter-
ference on a single radar system is minimal [8], [9], and [10].

Single radar technology has been changed to Multiple
InputMultiple Output (MIMO) radars, and they are nowmore
resilient to handle interference due to the knowledge of their
Radio Environment Map (REM). Estimating the interference
channel between MIMO radar and MIMO communication
systems is carried out through search and track mode. The
radar and communication systems are uncoordinated, and
Base Station (BS) has to acquire Interference Channel State
Information (ICSI) through radar probing waveforms. Both
Line Of Sight (LOS) and Non-Line Of Sight (NLOS) chan-
nels are modelled through hypothesis testing techniques [11].
This advancement in radar systems created beam configu-
ration approach to reduce the interference of MIMO radar
communication system [12]. Different algorithms involving
spatial domain is opted to avoid interference between differ-
ent systems. The radar’s signal is projected on the null space
of MIMO communication system interfering single-channel,
and zero interference is showed to occur in communication
systems while pressuring radar performance [13].

Instead of a single interference channel, multiple channels
can be considered between MIMO radar and communication
systems. A new projection algorithm is used for the minimum
degradation of performance between both systems [13], [14].
The optimization problem in [14] is termed as beammatching
problem in which the designed beams are matched with the
desired beams. The problem is solved by the synthesis of
the covariance matrix of the waveform. Constant Envelop
(CE) waveforms are desired for the spectrum sharing [15].
This research problem is extended to CE Multi-Carrier
modulation waveforms [16], [17] and CE-OFDM wave-
forms [18]. These waveforms can be extended to CE-BPSK
waveforms [19] and CE-QPSK waveforms [20]. CE Wave-
forms need to have FACE property, such that to have equal
power for all transmit antenna elements. New waveforms are
designed based on finite alphabet considering CE-BPSK and
CE-QPSK spectrum sharing constraint [21], [22] and [23].
The work is based on static and time varying interference
channels and proved zero interference between radar and
communication system. However, this results in loss in the
radar performance as the beamforming is no more optimal
for target estimation and detection. Performance tradeoff
between radar-communications can be gained by relaxing
the zero-forcing precoder to restrict controllable interference
levels on the communication system [24], which guarantees
a high realistic co-existence approach. Another approach is
the usage of relays between the primary user and secondary

user, which is an active research area in the cognitive area
network. Relays are used to sense the primary user signal and
then allow the secondary user to do spectrum sharing. The
performance is analyzed through the SNR and probability of
detection as before for both primary user and secondary user
through Rayleigh fading channels [25], [26].

Researchers in [27], has utilized optimization methods to
perceive Communication Radar Spectrum Sharing(CRSS).
To increase the Signal-to-Interference-plus-Noise-Ratio
(SINR) of the radar, a joint design of communication covari-
ance matrix and radar beamforming is discussed keep-
ing capacity and power constraints for communication’s
side. Identical work has been adopted for co-existence
among the point-to-point MIMO communication system and
MIMO-matrix completion radar [28], [29], keeping radar sub
sampling matrix as the optimization variable. For practical
coexistence concern, assumptions on vigorous beamforming
design with inferior Channel State Information (CSI) on
the communication side, where the probability of detection
of radar is increased subject to the constraint on SINR of
the users in downlink and the Base Station (BS) power
budget [30]. Further enhancement of the method is carried
out, in which innovative beamforming design has been shown
in [31], where the interference is exploited as meaningful
power source. It shows power savings magnitude. All above
mentioned approaches of coexistence are well generated, but
a major problem is the communication devices and the radar
need to transfer side information to study radar waveforms,
CSI and formats of communication modulation. Practically,
side information is retrieved from the backhaul system,
but it is difficult to implement a complicated system [29].
A novel architecture is proposed for ensuring the power
budget and the SINR of the communication applications
for the transmitted beamforming methods of the merged
Radar Communication (RadCom) systems. Using shared and
separate models for the radar and communication systems,
weighted optimization is used for keeping SINR as con-
straint as a penalty term in the objective function. Through
weighted optimization, performance is matched with the
original beamforming design with lower complexity [32],
[33]. The work done by [32] is extended and a new algorithm
is proposed for a MIMO radar communication dual function
in [34] for concurrent detection of target and down link
communication between the systems. Single transmitter with
multiple antennas having multiple down link cellular users
are considered, which detect targets in parallel. Dual methods
are designed for waveforms with respect to total and pre-
antenna power optimization constraints based on branch and
bound framework is used. The work done has a tradeoff
between performance of radar and communication system.

On the other hand, different algorithms are discussed to
comprehend a given covariance matrix based on different
constraints to solve beam pattern matching problem for
MIMO radars and MIMO communication systems. For opti-
mizing the problem of beam pattern, the waveforms using an
arbitrary cross correlationmatrix have been suggested in [35].
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They showed their work for constant modulus constraint. [36]
worked onwaveforms focussing on total power as a constraint
over a function of least square. The waveforms based on
omnidirectional beam pattern and antenna lobes with specific
threshold values are suggested in [37]. Waveforms focussing
on ripple energy, and bandwidth is done in [38]. Synthesis of
antenna array via flat top patterns using random drift parti-
cles swarm optimization techniques have been implemented
in [39].

All these works did not consider FACE property. BPSK
waveforms with FACE property have been suggested in [19].
QPSKwaveformswith FACE property have also been shown.
However, the suggestion of using QPSK waveforms does not
satisfy FACE property. Amathematical model for the creation
of the desired covariance matrix of QPSK waveform with
FACE property has been suggested in [20]. The mathematical
proof and implementation through the algorithms to create
a covariance matrix with FACE property have been imple-
mented in [23]. Constant modulus work is done by [15],
working on waveform design for target detection as well
as for cellular transmission. This approach is carried for
minimizing the download multi-user interference as well as
for the non-orthogonality of the transmitted waveform. They
have solved the optimization through singular value decom-
position and by Riemannian conjugate gradient algorithm.
The work is extended to Dual Functional Radar Communi-
cation (DFRC) systems, which are used in millimeter-wave
band using the Hybrid Analog Digital (HAD) beam forming
technique [40].

Transmit beamforming with spectrum sharing along with
FACE property is a contemporary research problem. BPSK
and QPSK waveforms under the spectrum sharing constraint
have been presented in [20]. They showed the spectrum
sharing scenario for radar with a communication system over
a single channel. They also showed that the waveforms are
designed in such a way that they do not interfere with each
other. The approach to multiple channels for MIMO radar
andMIMO communication system has been extended in [22],
[23]. The above works have considered and formulated wave-
forms using a single angle only.

A. CONTRIBUTION
The work in this paper is an entension based on [14]. The
additional elevation angle is added with the existing azimuth
angle. With this addition, the target can be located with
respect to two dimensions, i.e., with respect to azimuth angle
and elevation angle. With the addition of elevation angle,
the radar can detect the target in the air with certain proba-
bility ‘‘p’’ while previously the radar can detect an object on
the ground plane under spectrum sharing constraints.

The covariance matrix is created using BPSK beam pat-
tern designed based FACE property using two angles. Along
with this, it is proved that the BPSK covariance matrix
is positive semi-definite. The waveforms are designed in
such a manner that the constrained optimization problem
is converted to unconstrained optimization problem. Also,

TABLE 1. Table for notations used in this paper.

the radar shares the available spectrum with the cellular sys-
tem through different relaying protocols and guarantees that
the cellular system experiences zero interference. The design
is based on a static interference channel. The work is consid-
ered for the case of stationary maritime with MIMO radars
where the interference channel is slow moving or almost
stationary.

Table 1 shows the summary of notations used in this paper.
The rest of the paper is organized as follows: Section II
describes the system model, Section III describes simulation
setup and in Section IV, the paper is concluded.

II. SYSTEM MODEL
A. WAVEFORM DESIGN FOR RADAR IN COEXISTENCE
WITH CELLULAR COMMUNICATION SYSTEM
In this section, architecture for the spectrum sharing and
waveform design with an algorithm for the 3 GHz band
is discussed. The spectrum is shared by the radar and
cellular system through different relay systems. Fading
effect is reduced due to the cooperative communication
amongst MIMO radar and communication systems, mak-
ing the network more reliable. Different two-hop and three-
hop relaying protocols are used to achieve cooperative
diversity.

Figure 1 below shows the co-existence scenario of static
MIMO radar and cellular systems through different two-hop
relaying protocols. The radar is considered on top of the
static ship, keeping channel to be static. Relays are placed
at the edge of the range of radar, to detect the energy signal
of the radar (presence of the primary/radar signal), which
is calculated through Signal to Noise Ratio (SNR). Spe-
cific threshold ‘‘γ ’’ is set for sharing spectrum between two
systems. If the energy calculated is lower than the thresh-
old, the relay will not allow communication system for the
spectrum sharing. Projection of signal is done through the
Singular Value Decomposition (SVD), which is performed
after the SNR is above the threshold level. Whereas, Figure 2
below shows three-hop relaying protocol for the co-existence
scenario of static MIMO radar and MIMO cellular system.
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FIGURE 1. Spectrum sharing scenario between MIMO radar and MIMO
communication through 2-Hop AF/DF/DAF relaying system.

FIGURE 2. Spectrum sharing scenario between MIMO radar and MIMO
communication through 3-Hop relaying system.

In both cases, the radar needs to detect the target and also
share 〉 interference channels with the communication system.
Waveform design for MIMO radar targeting K number of

targets in air is considered. Since, collocated antennas give
better performance in terms of target parameter estimation,
Therefore, two orthogonal Uniform Linear Arrays (ULA),
each having M transmit and receive collocated antennas are
used.

Now considering MIMO communication system, which
has K base stations, each having NBS antennas. The ith Base
Station (BS) supports Li user equipment’s (UEs). The signal
received at the ith base station is given in equation (1) as,

yi(n) =
∑
j

Hi,j x̃(n)+ w(n)

for 1 ≤ i ≤ K and 1 ≤ j ≤ Li (1)

where yi(n) is the estimated signal at the receiver.
WhereHi,j is defined as the channel matrix, andw(n) is the

additive white Gaussian noise. Since the spectrum is shared
between radar and cellular system; therefore defining the ith

interference channel between radar and on a cellular system

as shown in equation (2),

Hi ,

 h(1,1)i · · · h(1,M )
i

...
. . .

...

h(NBS,1)
i · · · h(NBS,M )

i

 (NBS ×M ) (2)

where i = 1, 2, . . . ,K, and h(m,k)i represents the channel
coefficients from the mth antenna element of the ith BS to the
k th antenna element of MIMO radar. The Rayleigh probabil-
ity density function of the interference channel Hi is given
as,

f (h | ρ) =
h
ρ2
e
−h2

2ρ2 (3)

where ρ is the mode of the Rayleigh distribution.

1) AMPLIFY AND FORWARD RELAYING PROTOCOL
Considering the Amplify and Forward (AF) relaying protocol
shown in Figure 1, the signal received from the primary
source radar to relay, is amplified only and forwarded to
the secondary source communication system. The relay does
not regenerate the signal. Noise added in the channel is also
amplified during amplification process and forwarded to the
destination. This technique is called as a non-regenerative
relaying protocol. The amplified signal ‘‘xr (n)’’ from the AF
relay to the communication system is written as,

xr (n) = xt (n) · β (4)

where ‘‘xt (n)’’ is received signal from transmitted radar signal
and scaling factor ‘‘β’’ is given as,

β =

√
Pt

Pr |h|2 + σ 2 (5)

where ‘‘Pt ’’ is the radar power, ‘‘Pr ’’ is the relay power, ‘‘σ 2’’
is the variance of noise and ‘‘h’’ defines coefficient between
relay and radar.

2) DECODE AND FORWARD RELAYING PROTOCOL
For the case of Decode and Forward (DF) relaying pro-
tocol shown in Figure 1, the signal is decoded first and
then forwarded to the destination. The regenerated signal is
approximate of the transmitted signal. The forwarded signal
‘‘xr,s(n)’’ from the relay to the destination is given as,

xr,s(n) =

√
Pr
Pt
x̃t (n) (6)

where as ‘‘x̃t (n)’’ is the decoded (estimated) signal.

3) DECODE, AMPLIFY AND FORWARD RELAYING PROTOCOL
Considering Decode, Amplify and Forward (DAF) relaying
protocol shown in Figure 1, the data is first decoded and
then amplified. The destination gets the amplified signal. The
forwarded signal from the DAF relay to the destination is
given as,

xr,d (n) = xr,s(n) · β (7)
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FIGURE 3. Energy detection method.

FIGURE 4. System-model.

where ‘‘xr,s(n)’’ is the decode and forward equation, which
is multiplied by scaling factor ‘‘β’’. The radar waveform is
designed in such a way that it is in the null space of the
channel matrix, i.e., Hĩx(n) = 0. A projection matrix is
designed which satisfies the condition Hĩx(n) = 0. In this
paper, for sharing of spectrum, the projection is based on
the energy detection method. The energy is detected from
an energy detector for a specific time period to measure the
presence or absence of the radar signal, which is considered
as the primary user. The detection is based on a specific
defined threshold level. Figure 3 shows the mechanism for
the detection of the radar’s signal. Figure 4 shows the system
model for the encoding and decoding of the Alamouti coding
scheme.

The projection matrix is expressed as in equation (8)

Pi , Vi6̃
′

iV
H
i . (8)

Figure 5 shows a conceptual view of the target detection
at the location (θ, φ)k . The target can be located from two
directions, i-e., through azimuth angle and elevation angle.
After discussing the co-existence scenario, we now formulate
the waveform design.

B. FACE BEAMPATTERN DESIGN FOR TARGET DETECTION
In this paper, BPSK waveforms have been designed which
have FACE property that can detect a target in both azimuth
and elevation plane. M transmit antennas are selected in a
linear array with half-wavelength spacing. The transmitted
BPSK signal from the antenna is given as,

x̃(n) =
[̃
x1(n) x̃2(n) · · · x̃m(n)

]T (9)

where x̃(n) is a BPSK signal and mth represents the transmit
element at time index n. Assuming the target K at location
(θ, φ)k , the signal received from the target is given as,

r̃k (n) = aH (θ, φ)k x̃(n) (10)

FIGURE 5. Target detection in spherical coordinate system.

where a(θ, φ)k is the steering vector for the azimuth angle (θ)
and elevation angle (φ) and is defined as

a(θ, φ)k = vec
(
Zk �

[
u(θ, φ)vT (θ, φ)

] )
(11)

Zk is the matrix of 1’s of dimension M × N . M represents
transmit radar antenna elements and N represents receive
radar antenna elements.

u(θ, φ) ∈ CM×1

v(θ, φ) ∈ CN×1

where

u(θ, φ)k=
[
1 ej2πdm sin θk cosφk . . . ej2π (M−1)dm sin θk cosφk

]T
(12)

and

v(θ, φ)k =
[
1 ej2πdn sin θk sinφk . . . ej2π (N−1)dn sin θk sinφk

]T
(13)

The actual received power for the target K at (θ, φ)k loca-
tion is as follows,

P(θ, φ)k = E{aH (θ, φ)k x̃(n) x̃H (n) a(θ, φ)k}
= aH (θ, φ)k R̃ a(θ, φ)k (14)

Using cost function expressed in 15, the required BPSK
waveform ϕ(θ, φ)k is generated by reducing the square of the
error between P(θ, φ)k and ϕ(θ, φ)k .

J (R̃) =
1
K

K∑
k=1

(
aH (θ, φ)k R̃ a(θ, φ)k − ϕ(θ, φ)k

)2
(15)
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where R̃ is the transmitted signal covariance matrix which
should be positive semi-definite. Also, for constant envelop
property, all antennas must have same transmit power. The
optimization problem shown in equation (15) has constraints;
therefore, it can not be chosen freely. The constraints are as,

C1 : vH R̃v ≥ 0, ∀ v,

C2 : R̃(i, i) = constant, i = 1, 2, . . . ,M ,

Positive semi-definite constraint is fulfilled by C1 and
constant envelop constraint is fulfilled by C2. Writing the
optimization problem with constraints as,

min
R̃

1
K

K∑
k=1

(
aH (θ, φ)k R̃ a(θ, φ)k − ϕ(θ, φ)k

)2
subject to vH R̃v ≥ 0, ∀ v,

R̃(i, i) = constant, i = 1, 2, . . . ,M . (16)

It is possible to transfer the non-linear optimization prob-
lem with constraints to an optimization without constraints.
The waveform matrix X̃ in equation (18) having N samples
is obtained by synthesizing R̃.

X̃ =
[̃
x(1) x̃(2) · · · x̃(N )

]T
. (17)

This can be grasped as,

X̃ = X31/2WH (18)

where 3 and W are matrices containing eigenvalues and
eigenvectors respectively, while X represents a zero mean
and unit variance matrix.

C. FACE BASED BPSK WAVEFORMS FOR
TARGET DETECTION
Considering real Gaussian Random Variable (RV) x̃m with
zero mean and unit variance, which is mapped to a BPSK
RV z̃m as in equation 19,

z̃m =
1
√
2

[
sign(̃xm)

]
. (19)

Equation (20) describes the (p, q)th element of the gaussian
RV,

E{̃zp̃zq} = γpq = γ<pq (20)

where γ<pq are the real parts of γpq. If, Gaussian RVs x̃p, x̃q,
are chosen correctly, then

γ<pq = E
{
sign(̃xp)sign(̃xq)

}
(21)

The real (p, q)th Gaussian random variable is stated in
equation (22) as,

E{̃zp̃zq} =
2
π

[
sin−1

(
E{̃xp̃xq}

)]
. (22)

The real Gaussian covariance matrix R̃g is stated as,

R̃g , <(Rg) (23)

where <(Rg) is real Gaussian convariance matrix, therefore
we can write equation (23) as,

R̃ =
2
π

[
sin−1

(
<(Rg)

)]
. (24)

A real Gaussian covariance matrix is obtained through
R̃g = ŨH Ũ transform. Equation (29) represents Ũ. Real
component of Ũ is written as,

Ũ = <(Ũ) (25)

where <(Ũ) is given by equation (32). Alternately, R̃g can
also be expressed as,

R̃g =

[
<(Ũ)H<(Ũ)

]
. (26)

<
(
Ũ
)
= <

(
Û
)
· <
(
U
)

(32)

D. COVARIANCE/CORRELATION MATRIX SYNTHESIS FOR
DESIRED BPSK BEAMPATTERN
In this section, it is proved that the covariance matrix R̃g
can be used to design the desired BPSK beampattern and M
BPSK waveforms are generated with finite alphabet constant
envelop property. The real component of BPSK RV can be
shown in equation (33).

R̃ =
2
π

[
sin−1

(
<(Rg)

)]
. (33)

Through equation (16), the optimization problem can be
rewritten using equation (33) in (34), as shown at the bottom
of the next page.

In this paper, Ũ and R̃g are functions of ‘‘ς’’ and ‘‘%’’,
which are the unknown variables of (θ) and (φ). Equation (35)
and (36) shows alternate form of cost function,

ς =
[
ζ T ζ̃

T
α

]T
, (35)

and

ζ T =
[
ζ21 ζ21 · · · ζ21

]T
,

ζ̃
T
=
[
ζ1 ζ2 · · · ζM

]T
.

%
[
ξT ξ̃

T
α

]T
,

ξT =
[
ξ21 ξ21 · · · ξ21

]T
,

ξ̃
T
=
[
ξ1 ξ2 · · · ξM

]T
. (36)

Writing equation (35) and equation (36) as a cost function
for equation (34) as,

J (ς ) =
1
K

K∑
k=1

[
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
u(θ, φ)k

−αϕ(θ, φ)k

]2
· (37)

J (%) =
1
K

K∑
k=1

[
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
v(θ, φ)k

−αϕ(θ, φ)k

]2
· (38)
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Using value of R̃g from equation (26) and rewriting
equations (37) and (38) as,

J (ς ) =
1
K

K∑
k=1

[
2
π
uH (θ, φ)k sin−1

(
<(Ũ)H<(Ũ)

)

×u(θ, φ)k − αϕ(θ, φ)k

]2
(39)

J (%) =
1
K

K∑
k=1

[
2
π
vH (θ, φ)k sin−1

(
<(Ũ)H<(Ũ)

)

×v(θ, φ)k − αϕ(θ, φ)k

]2
(40)

For the unknown parameters shown in equation (35),
the partial derivative of J (ζ ) with respect to ζmn can be found
as,

∂J (ς )
∂ζmn

=

[
2
K

K∑
k=1

{
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
u(θ, φ)k

−αϕ(θ, φ)k

}]
×

[
∂

∂ζmn

{
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
×u(θ, φ)k

}]
(41)

Û =



ejζ1 ejζ2 sin(ζ21) ejζ3 sin(ζ31) sin(ζ32) · · · ejζM
∏M−1

m=1 sin(ζMm)
0 ejζ2 cos(ζ21) ejζ3 sin(ζ31) cos(ζ32) · · · ejζM

∏M−2
m=1 sin(ζMm) cos(ζM ,M−1)

0 0 ejζ3 cos(ζ31)
. . .

...
...

...
. . . · · · ejζM sin(ζM1) cos(ζM2)

0 0 · · · · · · ejζM cos(ζM1)

 (27)

U =



ejξ1 ejξ2 sin(ξ21) ejξ3 sin(ξ31) sin(ξ32) · · · ejξM
∏M−1

m=1 sin(ξMm)
0 ejξ2 cos(ξ21) ejξ3 sin(ξ31) cos(ξ32) · · · ejξM

∏M−2
m=1 sin(ξMm) cos(ξM ,M−1)

0 0 ejξ3 cos(ξ31)
. . .

...
...

...
. . . · · · ejξM sin(ξM1) cos(ξM2)

0 0 · · · · · · ejζM cos(ξM1)

 (28)

Ũ = Û · U (29)

<
(
Û
)
=



cos(ζ1) cos(ζ2) sin(ζ21) cos(ζ3) sin(ζ31) sin(ζ32) · · · cos(ζM )
∏M−1

m=1 sin(ζMm)
0 cos(ζ2) cos(ζ21) cos(ζ3) sin(ζ31) cos(ζ32) · · · cos(ζM )

∏M−2
m=1 sin(ζMm) cos(ζM ,M−1)

0 0 cos(ζ3) cos(ζ31)
. . .

...
...

...
. . . · · · cos(ζM ) sin(ζM1) cos(ζM2)

0 0 · · · · · · cos(ζM ) cos(ζM1)

 (30)

<
(
U
)
=



cos(ξ1) cos(ξ2) sin(ξ21) cos(ξ3) sin(ξ31) sin(ξ32) · · · cos(ξM )
∏M−1

m=1 sin(ξMm)
0 cos(ξ2) cos(ξ21) cos(ξ3) sin(ξ31) cos(ξ32) · · · cos(ξM )

∏M−2
m=1 sin(ξMm) cos(ξM ,M−1)

0 0 cos(ξ3) cos(ξ31)
. . .

...
...

...
. . . · · · cos(ξM ) sin(ξM1) cos(ξM2)

0 0 · · · · · · cos(ξM ) cos(ξM1)

 (31)

min
R̃

1
K

K∑
k=1

[
2
π
aH (θ, φ)k

{
sin−1

(
<(Rg)

)}
a(θ, φ)k − ϕ(θ, φ)k

]2
subject to vH R̃v ≥ 0, ∀ v,

R̃(i, i) = constant, i = 1, 2, . . . ,M . (34)
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Now, taking the partial derivative of J (ζ ) with respect to ζl
can be found as,

∂J (ς )
∂ζl

=

[
2
K

K∑
k=1

{
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
u(θ, φ)k

−αϕ(θ, φ)k

}]
×

[
∂

∂ζl

{
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
×u(θ, φ)k

}]
(42)

Again, taking the partial derivative of J (ζ ) with respect to
α, which can be found as,

∂J (ς )
∂α
=
−2ϕ(θ, φ)k

K

[ K∑
k=1

{
2
π
uH (θ, φ)k sin−1

(
<(Rg)

)
×u(θ, φ)k − αϕ(θ, φ)k

}]
(43)

Similarly, the partial derivative of J (%) with respect to any
element of ξ ,i.e. ξmn, can be obtained as,

∂J (%)
∂ξmn

=

[
2
K

K∑
k=1

{
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
v(θ, φ)k

−αϕ(θ, φ)k

}]
×

[
∂

∂ξmn

{
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
×v(θ, φ)k

}]
(44)

The partial derivative of J (%) with respect to any element
of ξ̃ , say ξl , can be obtained as,

∂J (%)
∂ξl

=

[
2
K

K∑
k=1

{
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
v(θ, φ)k

−αϕ(θ, φ)k

}]
×

[
∂

∂ξl

{
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
v(θ, φ)k

}]
(45)

Lastly, the partial differentiation of J (%) with respect to α
is,

∂J (%)
∂α
=
−2ϕ(θ, φ)k

K

[ K∑
k=1

{
2
π
vH (θ, φ)k sin−1

(
<(Rg)

)
×v(θ, φ)k − αϕ(θ, φ)k

}]
(46)

E. OPTIMUM NULL SPACE PROJECTION
For the design, beam pattern optimization problem is consid-
ered and FACE BPSK waveforms are designed in 2D with
the addition of elevation angle. It is proven that such wave-
forms are positive semi-definite and have constant envelope.
After waveform design for K number of targets at the loca-
tion (θ, φ), new constraint of spectrum sharing is considered.

FIGURE 6. BPSK transmit beampattern design problem in spherical
coordinate system.

The criteria for spectrum sharing is such that both systems
do not interfere with each other. Consider the case of a ship
docked at a harbour. Since the ship is stationary, therefore
the radar which are mounted on ship is also stationary and
interference channel is taken as stationary too. This optimiza-
tion problem is formulated in equation (47), as shown at the
bottom of the next page.

Figure 6 below shows the process of waveform design.
Thus the optimum waveform is obtained as,

˘̃Z
opt

NSP = Z̃opt
i PHi . (48)

The designed covariance matrix of the waveform is shown
as,

˘̃Ri =
1
N

(
˘̃Z
opt

NSP

)H
˘̃Z
opt

NSP. (49)

It is suggested to select the convariance matrix ˘̃Ri of the
transmitted waveform in such a way that the design of the
covariance matrix is very close to the desired covariance
matrix, i.e.,

imin , argmin
1≤i≤K

[
1
K

K∑
k=1

(
aH (θ, φ)k ˘̃Ri a(θ, φ)k−ϕ(θ, φ)k

)2]
(50)

R̃opt
NSP , ˘̃Rimin . (51)

So it is suggested to select Pi, which is designed to transmit
maximum power at the target location (θ, φ). Algorithm (1)
shows the static constrained waveform design for MIMO
radar.

III. SIMULATION SETUP
For the design of constrained BPSKwaveforms having FACE
property, we used ten radar transmit and receive element
arrays. Whereas, the number of communication receive ele-
ments are also ten. The inter-element spacing is taken as
half-wavelength of the operating frequency. Since, the design
is based on constant envelope, every antenna radiates unit
power. The total symbols are taken as 5000. The beam pattern
is designed for (θ, φ)k . We performed 100 Monte Carlo trials
of BPSK waveforms in (θ, φ)k direction and average our
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Algorithm 1 Static Constrained Waveform Design Algo-
rithm for MIMO Radar

loop
for i = 1 : K do
Take Channel State Information of Hi via ith Base
Station’s feedback channel.
Formulate projection matrix Pi based on Eq.(8)
Design desired BPSK waveform Z̃opt

i using equation
(47) as optimization problem
Taking null space of ith interference channel through
˘̃Z
opt

NSP = Z̃opt
i PHi , Setup the BPSK waveform onto it.

end for
Find imin =

argmin
1≤i≤K

[
1
K

∑K
k=1

(
aH (θ, φ)k ˘̃Ri a(θ, φ)k − ϕ(θ, φ)k

)2]
.

Set R̃opt
NSP=

˘̃Rimin for the desired covariancematrixwhich
is to be transmitted.

end loop

designed beam pattern. We generated a Rayleigh interference
channel of dimension NBS × M for each Monte Carlo trial.
For spectrum sharing, we use different relaying protocols
amongst MIMO radar and communication systems. We use
energy detection mechanism for detecting the presence of
the radar signal, which is the primary user (PU) and then
allows the communication system, which is the secondary
user (SU) to use the spectrum of PU. After this the null space
is calculated, which is based on our algorithm 1. In the end,
the optimization problem is solved for the stationary shipwith
MIMO radar system.

A. WAVEFORM FOR RADAR
Transmit beam pattern for a stationaryMIMO radar in (θ, φ)k
direction are designed with having K number of targets in
the air. The desired beam pattern has two main lobes from
−55◦ to −35◦ and from 35◦ to 55◦ in (θk ) direction, whereas
two main lobes −40◦ to −35◦ and from 35◦ to 40◦ in (φk )
direction. BPSK transmit beam forming is performed by
solving equation (47). Different threshold (σ ) levels are used
to get the null space, so that communication system can share
the spectrum with the radar system. Figure 5 shows the target
at the location (θ, φ), for which we designed the beam pattern
at the desired location (θ, φ)k . Figure 7 shows the desired
beam pattern at −55◦ to −35◦ and from 35◦ to 55◦ in (θk )
direction. The designed beam pattern is achieved by using
threshold values set to 1, 2 and 3 used in algorithm 1. The
designed beam pattern is close to the desired beam pattern.

Singular Value Decomposition (SVD) is computed, which
is based on an algorithm (1). If no null space is available

FIGURE 7. Azimuth angle desired waveform compared with designed
waveform.

FIGURE 8. Minimum square error for azimuth angle.

FIGURE 9. Elevation angle desired waveform compared with designed
waveform.

for the spectrum sharing between radar and communication
system, we assign different threshold (σ ) values for our spec-
trum sharing scenario so as to get null space required for the
spectrum sharing. By setting threshold values, null spaces are
obtained for the spectrum sharing. Figure 7 shows that the
waveform design closely matches with the desired waveform.
The higher the threshold, better the waveform design. There
is a trade-off between designing waveform in the desired
direction as well as spectrum sharing with the other system.

The lower threshold (σ = 1) has higher nulls and
can share more bandwidth more as compared to the higher
threshold (σ = 3). In general, we can say higher the nulls,
higher the bandwidth for spectrum sharing, while lower the

min
ζij,ζl ,ξij,ξl

1
K

K∑
k=1

[
2
π
aH (θ, φ)kPi

{
sin−1

(
<(Ũ)H<(Ũ)

)}
× PHi a(θ, φ)k − αϕ(θ, φ)k

]2
(47)
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FIGURE 10. Minimum square error for elevation angle.

FIGURE 11. Performance evaluation of SNR versus BER for 2 and 3 hop
relays system with Tx = 2 & Rx = 2.

nulls, less bandwidth is available of spectrum sharing. This
clearly shows the basic requirement of spectrum sharing with
minimum degradation to performance. Figure 8 shows the
Minimum Square Error (MSE) between desired beam pattern
at −50◦ to −30◦ and from 30◦ to 50◦ in (θk ) direction.

Figure 9 shows the desired beam pattern at −40◦ to −35◦

and from 35◦ to 40◦ in (φk ) direction. The designed beam
pattern is achieved by using threshold values set to 1, 2 and
3 used in algorithm 1. The designed beam pattern is close to
the desired beam pattern. Using the same procedure of wave-
form design for elevation angle which is used for azimuth
angle. Figure 10 shows the Minimum Square Error (MSE)
between desired beam pattern at−40◦ to−20◦ and from 20◦

to 40◦ in (φk ) direction.

B. SPECTRUM SHARING BETWEEN RADAR AND
COMMUNICATION SYSTEM THROUGH RELAY SYSTEMS
Considering the system model shown in Figure 1 and
Figure 2. In the first case, the simulation results of SNR
versus BER for two-hop DAF and three-hop (DF & AF) are
compared. In the second case, the probability of detection
for two-hop AF or DF or DAF with different relay positions
between MIMO radar and MIMO communication systems
are compared. In the third case, the probability of detec-
tion for three-hop (DF & AF) with different relay positions

FIGURE 12. Performance evaluation of SNR versus BER for 2 and 3 hop
relays system with Tx=2 & Rx = 4.

FIGURE 13. Performance evaluation of probability of detection versus
energy threshold of 2 hop relay network PU at 05:05.

between MIMO radar and MIMO communication systems
are also compared.

1) CASE1: TWO-HOP DAF AND THREE-HOP (DF & AF)
Two-hop DAF relaying protocol and three-hop (DF & AF)
relaying protocol are compared. The three-hop relaying pro-
tocol is implemented as DF in the first-hop and AF in
the second-hop. The positioning of the relay in three-hop
are in equal place from radars and communication system.
Figure 11 and Figure 12 shows the simulation results for
2 × 2 and 2 × 4 two-hop DAF and three-hop (DF & AF)
MIMO technique, respectively. The results are based on
SNR in db versus BER. The results clearly show in both
figures that the three-hop (DF & AF) have less BER as
compared to two-hop DAF. The three-hop relaying protocol,
in first-hop decodes and forwards the received signal from
radar and sends the decoded signal to the other relay. The
other relay of second-hop on receiving signal, just amplifies
and sends to the communication system. Two-hop relaying

46102 VOLUME 9, 2021



S. Mir et al.: Constraint Waveform Design for Spectrum Sharing

TABLE 2. Comparison of our proposed model with the state-of-the-art waveform design methods.

FIGURE 14. Performance evaluation of probability of detection versus
energy threshold of 2 hop relay network PU at 07:03.

protocol has higher path-loss compared to three-hop, due to
the positioning of the relay between radar and communication
systems.

2) CASE2: PROBABILITY OF DETECTION FOR TWO-HOP AF,
DF, DAF WITH DIFFERENT RELAY POSITIONS
Figure 13 and Figure 14 shows the simulation results of two-
hop network for probability of detection for sensing of the
radars signal with two different relays positions. In Figure 13,
the relays are at equal positions i.e., 0.5:0.5, whereas in

FIGURE 15. Performance evaluation of probability of detection versus
energy threshold of 3 hop relay network PU at 02:04:04.

Figure 14, the relays are at a distance of 0.7:0.3 from MIMO
radar and MIMO communication systems.

3) CASE3: PROBABILITY OF DETECTION FOR THREE-HOP
(DF & AF) WITH DIFFERENT RELAY POSITIONS
Figure 15 and Figure 16 shows the simulation results of three-
hop network for probability of detection for sensing of the
radars signal with two different relays positions. In Figure 15,
the relays are at a distance of 0.2:0.4:0.4, whereas in
Figure 16, the relays are at a distance of 0.4:0.4:0.2 from
MIMO radar and communication systems.
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FIGURE 16. Performance evaluation of probability of detection versus
energy threshold of 3 hop relay network PU at 04:04:02.

We formulate the probability of detection for the radars
signal as,

Pd ∝ Number of hopes, Number of relays (52)

Pd ∝
1

distance of relay from PU
(53)

Table 2 shows the comparison for the waveform design
approach carried out by different researchers. The waveform
design is carried on a covariance matrix matching problem,
which is based on FACE property. All of the researchers either
have not proven the FACE property or have proved through
the azimuth angle only. Our contribution in waveform design
approach is the addition of an elevation angle, which in
addition can detect the target in the air while previously the
target could be detected in ground plane only.

IV. CONCLUSION
The work presented in this paper has resolved the problem of
detecting the target involving two angles which includes the
azimuth and elevation angles, while keeping the constraint of
FACE beam pattern design. Radar can detect a target in air
through azimuth and elevation angles with some probability
‘‘p’’ as it was zero in previous work in the literature. Besides
waveform design, the radar is also capable of sharing its
available spectrum with the communication system. SNR
versus BER is computed for the efficient performance of the
system. The results show that three-hop (DF &AF) has lower
BER compared to two-hop relaying protocols. Furthermore,
the probability of detection of three-hop (DF & AF) is higher
compared to two-hop systems by keeping a minimum dis-
tance of relays from the PU.
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