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ABSTRACT Compliance devices facilitate robotic assemblies by preventing excessive contact force on auto-
mated devices. However, the unavailability of displacement information regarding compliance devicesmakes
it difficult to protect robots and objects during robotic assembly. It also limits repeatability and efficiency,
especially regarding peg-in-hole and similar operations. We propose a six-axis displacement sensor installed
on a remote center compliance device to detect the three translation and three rotation components generated
by external forces and torques applied to the device, respectively. Triangular prism-shaped structures are
used with capacitive sensing technology to measure the vertical and horizontal displacements in mm scale
generated by the external normal and shear forces applied to the sensor.We designed and fabricated the sensor
that could be integrated into a remote center compliance device, demonstrating it has a simple structure and is
easy to install. To obtain six-axis force/torque information and six-axis displacement, calibration experiments
were conducted using a specific setup and considering the device’s geometry. The high sensing performance
was verified through complementary experiments.

INDEX TERMS Six-axis displacement sensor, sensorized remote center compliance, six-axis force/torque
sensor, capacitive sensor, compliance device.

I. INTRODUCTION
Manipulators used for robotic assemblies require high per-
formance in terms of their precision, repeatability, and
speed, among other characteristics [1], [2]. For instance,
slight misalignments may damage manipulators or peg-like
objects through excessive contact forces during peg-in-hole
assembly [1]–[4]. Compliant actuation can improve the effec-
tiveness of robotic assemblies by protecting the robot and
assembly objects from galling and jamming thus reducing
contact forces. Remote center compliance (RCC) has been
used to correct alignment errors and reduce contact forces
during peg-in-hole and similar operations. In fact, the use of
compliance devices has enabled robotic assemblies to operate
without excessive contact forces during automated operation.
Therefore, despite its low performance, a robot with RCC can
conduct several important robotic assembly processes.
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However, a significant problem remains to be addressed
before existing compliance devices can be improved.
Although RCC devices allow passive motion to prevent
excessive contact forces (according to their stiffness),
the unavailability of displacement or force information during
this passive motion limits their efficiency.

Six-axis force/torque (F/T) sensing is required to deter-
mine the displacement generated at a point in an RCC
device. This sensing scheme provides three orthogonal force
components (Fx , Fy, and Fz) and three orthogonal torque
components (Tx , Ty, and Tz) at a point [5], [6]. The corre-
sponding three translation components are dx , dy, and dz, and
the three rotation components are θx , θy, and θz. This force and
displacement information allows for the operation of an RCC
device to be monitored, making it possible to compensate
for any displacement errors during robotic assembly. Vari-
ous studies have investigated six-axis F/T or displacement
sensing for RCC devices. Although a six-axis F/T sensor
using strain gauges and resistive sensing is commercially
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FIGURE 1. Sensing principle of a capacitive sensor composed of two
parallel electrodes.

available [7], it is expensive given that it is difficult to fab-
ricate and install [8]–[13]. It is also challenging to manually
attach and wire the strain gauges to this sensor. In addition,
it is demanding to combine this sensor with other devices
because additional measuring devices such as an amplifier
are required. Therefore, inexpensive sensors are needed for
RCC devices, such as F/T sensors that use light and capaci-
tance measurements and provide six-axis F/T sensing with a
simple, easily assembled structure [6], [14]–[17]. Although
these devices can be used for displacement sensing, they
have not yet been devised as displacement sensors. Typ-
ical deformations requiring RCC are around 2 mm [18];
hence, a specific sensor is required that can measure six-axis
F/T components and passive RCC deformation, and that can
be easily installed on an RCC.

A capacitive two-axis force sensor has been developed
that uses a triangular prism structure to measure vertical and
horizontal forces [19]. However, it is difficult to measure the
mm-scale displacements that occur in RCC with this sensor’s
technology. In addition, no technology has yet been proposed
to extend this to a six-axis sensor, and to date no theoretical
approach for measuring displacement has been suggested.
In this study, we propose a novel six-axis displacement sensor
that can be integrated into an RCC device, based on sensing
technology. Through theoretical analysis of the relationship
between displacement and capacitance, we designed triangu-
lar prism structures to measure the vertical and horizontal
displacements generated by the external normal and shear
forces applied to the sensor, thus obtaining a six-axis dis-
placement sensor with six-axis F/T sensing ability and a
simple structure. We verified this device’s sensing ability by
comparing it with a reference six-axis F/T sensor. Moreover,
we analyzed the stiffness based on the geometric relation of
the RCC to obtain the six-axis displacement information and
experimentally evaluated the sensor’s performance.

II. SENSING PRINCIPLE
A. ANALYSIS OF CAPACITANCE CHANGE CONSIDERING
THE FRINGING EFFECT
Figure 1 illustrates a typical capacitive sensor composed
of negative and positive electrodes on a substrate. The
distance, d , and overlapping area, A, between the
two electrodes are changed to d ′ and A′, respectively,
by an external force applied to the negative electrode.
The resulting electrostatic capacitance variation of the

sensor, Cs, is expressed as [20]

Cs = ε0εr
A
d
= ε0εr

(
l
d
− cotθ

)
l ′, (1)

where ε0 and εr are the dielectric constant and static relative
permittivity of the material sandwiched between the two elec-
trodes, respectively; l and l ′ represent the length and width of
the area, respectively; and θ is the angle between the plane of
the positive electrode and a plane between the left edges of
the negative and positive electrodes. Hence, the capacitance
variation can be expressed by d and θ to denote the positional
relationship of the displacement between the two electrodes.

For a film-type sensor, the fringing effect is negligible
owing to the extremely small d compared to l [14]. However,
when measuring a large deformation d , as shown in Fig. 1,
the fringing capacitance is considerable. In this instance,
the electrostatic capacitance, which includes the fringing
capacitance, is defined as [14]

C = Cin + Cout = ε0εr

(
K ′(kin)
K (kin)

+
K ′(kout )
K (kout )

)
, (2)

where Cin and Cout are the capacitances generated between
the two electrodes and from the outer surface, respectively;
K (k) is the complete elliptic integral of the first kind [14];
and kin and kout represent moduli that include the structural
information of the capacitance. They are expressed as func-
tion of d and θ as follows:

kin =
1+exp(−πcotθ ′)√(

1+ exp
(
−π

( l
d ′ + cotθ

′
))) (

1+ exp
(
π
( l
d ′ − cotθ

′
)))
(3)

where positional information, such as the angle, distance,
and overlapping area between the two electrodes, is included.
Here, kout = 1 because the two electrodes are parallel.
Therefore, (2) can be simplified as

C = C(kin) = ε0
K ′(kin)
K (kin)

. (4)

The capacitance can be expressed from the computation
of K , as follows:

C = −
ε0

π
[lnλ+ ln(1+ 2λ4 + 15λ8 + . . .)], (5)

where

λ =
1−

√
k ′in

2(1+
√
k ′in)

. (6)

Let a = exp(π`/d) and t = exp(−cotθ ). Then, (3) is
expressed as

k2in =
(1+ t)2

(1+ ta)(1+ t/a)

(k ′in)
2
= 1− k2in =

(
√
ta+
√
t/a)2

(1+ ta)(1+ t/a)
. (7)
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FIGURE 2. Sensing principle for detecting vertical and horizontal
displacements: (a) sensor structure composed of three triangular prisms,
(b) vertical displacement by normal force, and (c) horizontal
displacement by shear force.

By neglecting t/a and the high-degree terms e−2c, e−3c . . .
we obtain

k ′in =

√
exp(c)

1+ exp(c)
=
√
1− exp(−c)+ exp(−2c) . . .

=
√
1− exp(−c) (8)

By the convergence of infinite geometric series,
∑

i(ar
i) =

a/(1− r), where c = π (`/d − cotθ). Now,

lnλ = ln
1−

√
k ′in

2(1+
√
k ′in)
= ln(1− k ′in)− ln2− 2ln(1+

√
k ′in)

= −c− ln
(
2(1+

√
1− e−c)(1+ 4

√
1− e−c)2

)
. (9)

The terms in (3) satisfy exp(−π( ld + cotθ )) � 1 �
exp(π(l/d − cotθ )), with the last expression having a neg-
ligible effect. Hence, k ′in can be expressed as

k ′in =
√
1− k2in ≈

√
1− exp

(
π

(
`

d
− cotθ

))
, (10)

and the total capacitance is given by

C(d, θ) = ε0
(
`
d − cotθ

)
+ Cfri (11)

where the fringing capacitance is expressed as

Cfri =
ε0

π

[
ln
(
2(1+

√
1− e−c)(1+ 4

√
1− e−c)2

)
−ln(1+ 2λ4 + 15λ8 + . . .)

]
. (12)

FIGURE 3. Geometric relationship between vertical/horizontal
displacements and six-axis translation and rotation components at a
sensing point on plane: (a) configuration of the sensor, (b) motion by dx ,
(c) motion by dy , (d) motion by θx , (e) motion by θy , and (f) motion by θz .

TABLE 1. Capacitance changes of six capacitance cells related to six-axis
displacement.

B. VERTICAL/HORIZONTAL DISPLACEMENT SENSING
Six components are required to completely describe the
six-axis displacement at a point, corresponding to three
orthogonal translation components and three orthogo-
nal rotation components (e.g., six-axis F/T sensor) [14].
Vertical/horizontal displacement sensing is thus required.
Normal/shear force sensing using a triangular prism has
previously been investigated to measure forces with equal
sensitivity [19]. In this study, we used this principle of verti-
cal/horizontal displacement sensing to obtain a simple sensor
structure with a large displacement range. Fig. 2(a) illus-
trates a vertical/horizontal displacement sensor consisting
of three triangular prisms on a substrate. The top prism is
used as the grounded part and the two bottom prisms are
used as capacitance sensing cells. In this configuration, two
gaps are generated between the facing surfaces of the three
prisms. Based on the aforementioned capacitance analysis,
the capacitance variations 1CV/H of the vertical/horizontal
displacements are given by

1CV/H = 1C1(d1, θ1)+1C2(d2, θ2), (13)

where d1 and d2 are the distances between surfaces, whereas
θ1 and θ2 are the angles between the plane of the grounded
part and the two cells, as shown in Fig. 2(b), in which d0 and
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θ0 are the initial values of the two cells. As the two distances
change equally under a vertical displacement, each displace-
ment and angle remain equal, with symmetric capacitance
responses. Thus, the distance d1/2 (d1 and d2) and angles θ1/2
(θ1 and θ2) can be calculated as

d1/2 = d0 +1dV cos45◦

θ1/2 = arccot(
d0cot(θ0)−1dV cos45◦

d0 −1dV cos45◦
), (14)

However, the two distances differ with asymmetric capac-
itance responses under horizontal displacement, as shown
in Fig. 2(c). The distance between the parallel plates changes
as follows:

d ′left = d +1dxcos45◦,

d ′right = d −1dxcos45◦, (15)

for the left and right parts of the structure, respectively.
1dx is a displacement in the x-axis direction. The angle
between the parallel plates changes as

θ ′1 = arccot

(
d0cotθ0 −1ds/

√
2

d0cotθ0 +1ds/
√
2

)
,

θ ′2 = arccot

(
d0cotθ0 +1ds/

√
2

d0cotθ0 −1ds/
√
2

)
. (16)

C. GEOMETRIC RELATIONSHIP BETWEEN SIX-AXIS
DISPLACEMENT AND VERTICAL/HORIZONTAL
DISPLACEMENTS
The vertical/horizontal displacement sensor illustrated
in Fig. 2 comprises a sensing unit. Three sensing units can
be used to measure the three horizontal and three vertical
displacements; these can be converted into a six-axis dis-
placement measurement at the center of the substrate [14].
To this end, here three sensing units were arranged as S1 to
S3 (Fig. 3(a)) on the substrate at 120-degree intervals; the six
capacitance sensing cells (c1 to c6) in the three sensing units
were arranged as shown in Fig. 3(a). The ground surfaces in
the three units comprised a single grounded part for six-axis
sensing. As shown in Fig. 3, the sensing units produced six
different measurement combinations of cell measurement
for six-axis displacement sensing at the center point. In this
figure, red and blue colors indicate increasing and decreasing
capacitances in the cell, respectively. When the grounded
part moves along the dx direction, the capacitances at c1,
c3, and c6 increase and those at c2, c4, and c5 decrease,
as shown in Fig. 3(b). When the grounded part moves along
the dy direction, the capacitances at c1 and c4 decrease and
those at c2 and c3 increase, as shown in Fig. 3(c). The
capacitances at c5 and c6 do not change because there is
no change in the overlapping area between the two cells
and the ground surface. Regarding movement along the dz
direction, the capacitances at all cells increase. As shown in
Figs. 3(d)–3(f), the sensing cells produce distinguishable
capacitance patterns even when the grounded part moves
around the three rotation axes. The capacitance changes of

FIGURE 4. Configuration of proposed six-axis displacement sensor
installed on an RCC device.

the six cells during six-axis displacement are summarized
in Table 1, where ‘‘↑’’ and ‘‘↓’’ represent increases and
decreases in capacitance, respectively, and ‘‘-’’ denotes no
capacitance change.

III. SENSOR DESIGN AND FABRICATION
A. DESIGN OF THE PROPOSED SENSOR INTEGRATED
INTO AN RCC DEVICE
The sensor was designed with a focus on compactness, ease
of manufacture, and ease in integrating it into an RCC, while
also measuring the six-axis displacement. The developed
six-axis displacement sensor is composed of a grounded part
and the three sensing units, comprising six triangular prisms
used as capacitance sensing cells on a substrate, as shown
in Fig. 4. The triangular prisms are fixed to the substrate
by bolted connections. To make the six gaps (d1 to d6)
between the six triangular prisms and the grounded part, three
triangular pillars are placed on the bottom of the grounded
part. To integrate the six-axis displacement sensor to an RCC
device consisting of three compliance bars, a top plate, and a
bottom plate, the grounded part is suspended in the center of
the upper part of the device. The compliance bar is deformed
axially and laterally by external contact forces. The substrate,
including the six triangular prisms, is placed at the center of
the bottom plate. Therefore, the displacements generated by
deformation of the three compliance bars move the top plate
with the grounded part, while the bottom plate remains fixed.
The corresponding motion is measured by the sensor. The
resulting RCC device is compact, contains the sensor within
its structure, and operates as a conventional RCC devicewhile
additionally providing six-axis displacement measurements.

B. INTEGRATION OF THE PROPOSED SIX-AXIS
DISPLACEMENT SENSOR INTO AN RCC DEVICE
Figure 5 shows the fabricated six-axis displacement sensor
integrated into an RCC device, illustrating its simple instal-
lation. The sensor and RCC device have diameters of 32 mm
and 80 mm, respectively. Figure 6 shows the three compli-
ance bars (HCL-11A, ATI Industrial Automation, Apex, NC,
USA) placed outside the bottom plate at intervals of 120◦ and
assembled at 4 degrees between the top and bottom plates.
Six rectangular electrodes of 5 × 8 mm2 are placed on the
front surface of the sensing PCB as a substrate. In addition,
six triangular prisms (composed of aluminum alloy to provide
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FIGURE 5. Manufactured six-axis displacement sensor integrated into an
RCC device.

FIGURE 6. Sensing printed circuit board (PCB), grounded part of
developed sensor, and partially assembled RCC with integrated sensor.

high electrical conductivity) act as capacitance sensing cells
when connected to the rectangular electrodes by bolted con-
nections, as shown in the right-hand side of Fig. 6. Each prism
forms an isosceles right-angled triangle with base of 8 mm
and height of 5 mm. The grounded part is designed to make
six gaps of 2 mm between its surface and the surfaces of
the six prisms. Therefore, the working range of the sensor
is 2 mm. To connect the bottom plate, top plate, and grounded
part to a common ground, a ground pad is fixed to the bottom
plate by a bolted connection, as shown in the right-hand
side of Fig. 6. Thus, passive shielding minimizes noise from
outer electromagnetic interference [23]. As the capacitive
sensor is very sensitive to changes in external electromag-
netic interference, the sensing PCB includes a capacitance-to-
digital converter (CDC) chip to directly output digital signals.
A CDC chip (AD7147, Analog Devices, Norwood, MA,
USA) is installed on the bottom surface to measure the
six capacitances generated between the six prisms and the
grounded part. The digitalized capacitance data are trans-
ferred by an I2C communication interface to a microcon-
troller unit. The four wires from the sensor are dedicated to
the interface and power source (5 V) of the sensor.

IV. EXPERIMENTAL EVALUATION
Calibration is necessary to obtain six-axis displacement
measurements from the developed sensor. For calibration,
reference displacement measurements should be collected
from the sensor along with capacitance measurements.
However, no reference sensor is available for six-axis

FIGURE 7. Experimental setup for F/T calibration and verification of
sensing performance.

FIGURE 8. Experimental data for calibration: (a) six capacitance values
measured by the developed sensor. (b) Reference six-axis F/T
measurements.

displacement measurements in RCC devices. Therefore,
reference data for calibration should be obtained from
six-degrees-of-freedom automated stages or Stewart plat-
forms that form at least a hexapod positioner. However,
commercial stages and hexapods are very expensive and
have limited uses. Therefore, here we designed a calibration
process comprising two steps. First, we calibrated the six
capacitance values to six-axis F/T values. This step was easy
to perform because a reference sensor can be used to measure
the six-axis F/T information. During this step, uncertainties
such as machining errors were considered during calibration,
as theywere reflected in the F/T information. Second, we cali-
brated the F/T information as six-axis displacement measure-
ments using the relationship between displacement and force.
We conducted this two-step displacement calibration and
analyzed the experimental results. Therefore, the relationship
between the capacitance values and the displacement can be
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FIGURE 9. Time-domain responses of six-axis F/T measurements from
the developed sensor (red) and a reference sensor (black).

summarized as

K−1 · A · [c−11 c−12 c−13 c−14 c−15 c−16 ]T

= [dx dy dz θx θy θz]T , (17)

where K is a stiffness matrix representing the relationship
between the F/T and the displacement. A is a calibration
matrix representing the relationship between the capacitance
values and the F/T. A detailed explanation is presented in the
following subsections.

A. CALIBRATION AND EVALUATION OF SIX-AXIS F/T
MEASUREMENTS
To proceed with the six-axis F/T calibration, we estab-
lished an experimental setup to match the sensing points
of the developed sensor and those of the reference sensor,
such that both experienced the same forces and torques,
as shown in Fig. 7. The setup consisted of one reference
sensor (RFT60-HA01 F/T sensor, Robotous, Seongnam-si,
Korea) and two jigs. The relationship between the capacitance
measurements from the sensor and the six-axis F/T measure-
ments from the reference is expressed as

A · [c−11 c−12 c−13 c−14 c−15 c−16 ]T = [Fx Fy Fz Tx Ty Tz]T ,

(18)

where A ∈ R6×6 is the calibration matrix, [c−11 c−12 c−13 c−14
c−15 c−16 ]T is the vector of reciprocals of the six capacitances
measured by the developed sensor, and [Fx Fy Fz Tx Ty Tz]T is
the vector of the six-axis F/Tmeasurements obtained from the
reference. The calibration method for the F/T measurement
has been outlined in previous studies [6], [14], [21]. Capaci-
tance has a nonlinear relationship with force. Therefore, each

FIGURE 10. Geometric relationship of forces and displacements between
the compliance bar and the RCC.

capacitance value was made into a function, and the linear
least-square method was used to automatically calculate and
obtain the component of the matrix that could minimize
the error between the data of the two sensors. We used
capacitance reciprocals because the theoretical relationship
between force and capacitance is not linear. It is therefore
appropriate to express it as the fractional function in (18).
Figure 8 illustrates the six capacitance valuesmeasured by the
developed sensor simultaneously with the F/T measured by
the reference sensor when applying six-axis F/T to the RCC
device. Using (18) with these experimental data, we obtained
the following matrix A:

A=


30.5 25.6 −7.41 9.75 −29.2 −32.1
−10.9 −15.3 34.5 23.4 −27.7 −0.45
30.3 14.1 19.6 24.7 26.1 37.4
0.99 1.52 −1.45 −0.75 2.28 0.52
1.55 1.31 −0.46 0.49 −1.78 −1.81
1.37 −1.08 1.71 −1.86 0.92 −1.44


×106.

(19)

The six measured capacitances were converted into F/T using
matrix A. As shown in Fig. 9, the F/T measured using the
developed sensor agreed with the reference F/T data in the
time domain, obtaining mean relative errors for the three
force components of 0.41, 0.51, and 33.7% of the full-scale
force/torque ranges, and for the three torque components
of 27.3, 21.8, and 0.21%. The obtained resolutions were
13 mN, 26 mN, and 5.2 N for the three forces, and 0.61 Nm,
0.57 Nm, and 1.2 mNm for the three torques. Owing to the
characteristics of the compliance bar used in the RCC device,
the axial stiffness of the bar was much higher than its lateral
stiffness [18], and consequently the deformation was small
when Fz, Tx , and Ty were applied. This explains the relatively
low resolutions of these components.

B. RELATIONSHIP BETWEEN SIX-AXIS DISPLACEMENT
AND F/T
As mentioned earlier, six-axis displacement is related to the
measured F/T as follows. For each spring, one end is fixed to
the top plate and the other was fixed to the bottom plate. For
convenience, we assume that the top plate is perpendicular to
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the z-axis and its center is located at originO. One of the ends
of each of the springs s1, s2, and s3 are respectively fixed at

P1(0, r0, 0), P2(−r0 cos(π/6), −r0 sin(π/6)r0, 0),

P3(r0 cos(π/6), −r0 sin(π/6)r0, 0).

We define r1 =
−−→
OP1, r2 =

−−→
OP2, and r3 =

−−→
OP3.

The bottom plate is located below the structure at a
distance h from the top plate. Each spring is nearly parallel
to the z-axis, but is slightly tilted outward at an angle of t ,
as shown in Fig. 10. By considering the spring geometry,
the unit normal vector ni (i = 1, 2, 3) of spring si is given by

n1 = (0,− sin t, cos t), n2 = (

√
3
2

sin t,
1
2
sin t, cos t)

n3 = (−

√
3
2

sin t,
1
2
sin t, cos t).

The three springs have the same spring coefficients in the
normal and shear directions.

Let us consider the decomposition of the force per spring
si (i = 1, 2, 3). Suppose that Pi varies with d. Displacement
d can be decomposed into the normal (dn) and shear (ds)
directions of spring si as follows:

d = dni + dsi = (d · nsi )nsi + d− (d · nsi )nsi . (20)

The resulting force of spring si is given by

Fi = −kndni − ksdsi . (21)

1) EFFECT OF TRANSLATION
Let x = (x, 0, 0), y = (0, y, 0), and z = (0, 0, z). Here,
we calculate the resulting forces F1, F2, and F3 exerted on
springs s1, s2, and s3 respectively due to translation. The
resulting forces under translations x, y, and z are respectively
denoted as F1|x, F1|y, and F1|z is obtained by decompos-
ing each translation with respect to the normal and shear
directions of spring s1 (20) and by the spring force formu-
lation (21):

F1|x = [−ks(1, 0, 0)]x,

F1|y = [−kn(0, ρ,−
1
2
σ )− ks(0, 1− ρ,

1
2
σ )]y,

F1|z = [−kn(0,−
1
2
σ, 1− ρ)− ks(0,

1
2
σ, ρ)]z, (22)

with coefficients ρ = sin2 t and σ = sin 2t . Analogously,
the resulting forces under translations x, y, and z for springs
s2 and s3 are computed as

F2|x = [−

√
3kn
4

(
√
3ρ, ρ, σ )+ ks(

3
4
ρ − 1,

√
3
4
ρ,

√
3
4
σ )]x,

F2|y = [−
kn
4
(
√
3ρ, ρ, σ )− ks(−

√
3
4
ρ, 1−

1
4
ρ,−

1
4
σ )]y,

F2|z = [−kn(

√
3
4
σ,

1
4
σ, 1− ρ)− ks(−

√
3
4
σ,−

1
4
σ, ρ)]z,

F3|x = [

√
3kn
4

(−
√
3ρ, ρ, σ )− ks(1−

3
4
ρ,

√
3
4
ρ,

√
3
4
σ )]x,

FIGURE 11. Time-domain response of six-axis displacement measured by
the developed sensor.

F3|y = [−
kn
4
(−
√
3ρ, ρ, σ )− ks(

√
3
4
ρ, 1−

1
4
ρ,−

1
4
σ )]y,

F3|z = [kn(

√
3
4
σ,−

1
4
σ, ρ − 1)− ks(

√
3
4
σ,−

1
4
σ, ρ)]z. (23)

By combining (22) and (23), we can obtain the forceF exerted
on the sensor by translations x, y, and z:

F|x =
3∑
i=1

Fi|x = [−kn(
3
2
ρ, 0, 0)− ks(3−

3
2
ρ, 0, 0))]x,

F|y =
3∑
i=1

Fi|y = [−kn(0,
3
2
ρ, 0)− ks(0, 3−

3
2
ρ, 0)]y,

F|z =
3∑
i=1

Fi|z = [−kn(0, 0, 3− 3ρ)− ks(0, 0, 3ρ)]z. (24)

Now we compute the torques T1, T2, and T3 applied to
springs s1, s2, and s3, respectively, under translations x, y,
and z. By the definition of torque, for α = x, y, z, we have

Ti|α = ri × Fi|α, T|α =
3∑
i=1

Ti|α =
3∑
i=1

ri × Fi|α.

(25)

By substituting (22) and (23) into the expression above,
we obtain (η = kn − ks)

T|x = r0(0,−
3
4
ησ, 0)x, T|y = r0(

3
4
ησ, 0, 0)y,

T|z = (0, 0, 0). (26)

2) EFFECT OF ROTATION
Let us consider the rotation θz of the top plate about the z-axis.
The locations of P1, P2, and P3 change as follows:

P′1 = r0(− sin(
π

2
+ θz), cos(

π

2
+ θz), 0),

P′2 = r0(− sin(
7π
6
+ θz), cos(

7π
6
+ θz), 0),
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FIGURE 12. Experimental setups for evaluating displacement sensing in
the developed RCC device: (a) two translations (dx and dy ) and one
rotation (θz ), and (b) one translation (dz ) and two rotations (θx and θy ).

P′3 = r0(− sin(
11π
6
+ θz), cos(

11π
6
+ θz), 0).

Assuming that θz is small, we obtain

1P1|θz : = P′1 − P1 ≈ r0(−θz, 0, 0),

1P2|θz : = P′2 − P2 ≈ r0(
1
2
θz,−

√
3
2
θz, 0),

1P3|θz : = P′3 − P3 ≈ r0(
1
2
θz,

√
3
2
θz, 0),

and we can compute the force applied to springs s1, s2, and
s3:

F1|θz = F1|1P1|θz = F1|(−r0θz,0,0),

F2|θz = F2|1P2|θz = F2|( 12 r0θz,0,0)
+ F2|(0,−

√
3
2 r0θz,0)

,

F3|θz = F3|1P3|θz = F3|( 12 r0θz,0,0)
+ F3|(0,

√
3
2 r0θz,0)

.

By substituting the above for the formula of force against
displacement change, (22) and (23), we have

F1|θz = r0(ks, 0, 0)θz, F2|θz = r0
(
−

1
2ks,

√
3
2 ks, 0

)
θz,

F3|θz = r0
(
−

1
2ks,−

√
3
2 ks, 0

)
θz, (27)

and we obtain the force F applied to the sensor under a small
degree of rotation θz:

F|θz = F1|θz + F2|θz + F3|θz = (0, 0, 0). (28)

To compute the torque under rotation θz, we first consider the
following expression:

Ti|θz = ri × Fi|θz , T|θz =
∑3

i=1 Ti|θz .

By substituting Fi|θz in (27) into the above equations,
we obtain

T|θz = r20 (0, 0,−3ks)θz. (29)

The effect of rotation θx (θy) along the x-axis (y-axis) can be
computed analogously:

F|θx = r0(0,
3
4
ησ, 0)θx , F|θy = r0(−

3
4
ηρ, 0, 0)θy,

T|θx = r20 (−
3
2
η(1− ρ)−

3
2
ks, 0, 0)θx ,

T|θy = r20 (0,−
3
2
η(1− ρ)−

3
2
ks, 0)θy. (30)

3) STIFFNESS MATRIX BETWEEN F/T AND DISPLACEMENT
First, we summarize the resulting force F = (Fx ,Fy,Fz) and
torqueT = (Tx ,Ty,Tz) under translation (x, y, z) and rotation
(θx , θy, θz). By (24), (26), (28), (29), and (30), we conclude
that 

Fx
Fy
Fz
Tx
Ty
Tz

 =


a 0 0 0 −c 0
0 a 0 c 0 0
0 0 b 0 0 0
0 c 0 e 0 0
−c 0 0 0 e 0
0 0 0 0 0 d

 ·

dx
dy
dz
θx
θy
θz

 , (31)

where a = − 3
2ηρ−3 ks, b = 3ηρ − 3kn, c = 3

4 r0ησ ,
d = −3r20 ks, and e = −(3r

2
0 (−ρη + kn))/2. Now, we can

derive the designated transfer function. The 6 × 6 matrix is
the inverse of K. We provide A for constants r0 = 0.027 m,
kn = 4.444 · 106 N/m, ks = 3.5 · 103 N/m, t = 4◦.
Therefore, matrix K is defined as

K =

9.5 0 0 0 −24.6 0
0 9.5 0 24.6 0 0
0 0 7.5 · 10−3 0 0 0
0 −24.9 0 −84.3 0 0

24.9 0 0 0 −84.3 0
0 0 0 0 0 1.3 · 104


×10−5.

(32)

The measured F/T displayed in Fig. 9 can be converted
into the six-axis displacement using the calculated stiffness
matrix, K. Figure 11 shows the three-axis translation and
the three-axis rotation. As the maximum displacements of
the robot effector are 2 mm and 10 degrees, we expect that
these values were correctly measured. We verified the sensor
resolutions to be 1.2 µm, 2.3 µm, and 0.47 mm for the three
translation components, and 0.14, 0.11, and 0.008 degrees for
the three rotation components. The accurate force measure-
ment should provide a high-accuracy displacement measure-
ment. However, we conducted experiments with additional
experimental setups to further evaluate the sensor accuracy.

C. EVALUATION OF SIX-AXIS DISPLACEMENT
MEASUREMENTS
Asmentioned earlier, the performances of displacement mea-
surements can be verified using a six-degree-of-freedom
mechanism device such as a Stewart platform. However, these
devices are expensive and difficult to obtain with suitable
displacement and sensitivity. Figure 12 shows the two exper-
imental setups that we adopted to evaluate the displacement
sensing performance of the developed sensor. As shown
in Fig. 12(a), the top surface of the RCC device is fixed to
an aluminum alloy frame, and the bottom surface is fixed
to a three-axis jig set comprising two manual linear stages
(XYSPG100, MISUMI, Tokyo, Japan) and one rotational
stage (RPGT100, MISUMI). Hence, this setup applies two
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FIGURE 13. Experimental results of measured displacement values with reference data.

translations (dx and dy) and one rotation (θz) in this case.
Moreover, as shown in Fig. 12(b), the setup can apply one
translation (dz) and two rotations (θx and θy). We evaluated
the performances of the six-axis displacement measurements
using these displacements. Figure 13 shows the displacement
measurements obtained from the developed sensor, where
the values correspond to multiplying the capacitance by (19)
and (32). Each translation dx and dy was measured ten times
in ±2 mm sections at 0.5 mm intervals, and the rotation θz
was measured in a±8◦ section at 2◦ intervals. In addition, dz
was measured in a ±10 µm section at 2.5 µm intervals, and
θx and θy weremeasured in±0.5◦ sections at 0.125◦ intervals.
The mean error of displacement was the highest at the largest
displacement, reaching 0.9, 1.2, 39.7, 31.7, 29.8, and 0.47%
of the full-scale displacement ranges. Moreover, the mean
value of the highest repeatability, 0.89%, was achieved at the
maximum displacement. Furthermore, the mean value of the
lowest repeatability, 2.7%, was obtained at the zero point.
This was because the sensor’s sensitivity increased when the
prisms were closer to the electrodes.

V. DISCUSSIONS AND CONCLUSIONS
Here, we developed a six-axis displacement sensor integrated
into anRCCdevice. Tomeasure the six-axis F/T and displace-
ment, capacitance sensing cells were arranged into a structure
dedicated to integrating the sensor into the RCC device. The
developed sensor comprises only a few parts, and can be
assembled only by bolt connections. It is therefore inexpen-
sive and easy to manufacture. As the capacitance measure-
ment unit is built-in, no additional measurement device is
required; hence, it is very easy to combine it with devices such
as an RCC device. Calibration was conducted considering
the geometry of the sensor and device, and experimental
data. The sensor’s performance was evaluated using different
experimental setups. According to the characteristics of the
RCC device, the resolution differs in the force and torque
values due to high axial rigidity. In future studies, we plan
to install the developed RCC device into a manipulator
robot. We would then use the said robot to perform various

tasks with controllers, using the displacement and force data
obtained from the six-axis displacement sensor.

The stiffness of the RCC presented in this article was
determined by commercial compliance bars. The RCC used
here had a relatively large three-axis displacement (dx , dy, θz);
hence, it could be measured with a much higher resolution
than the general force sensors. Conversely, the remaining
three axes (dz, θx , θy) had relatively high stiffness; hence, they
had low sensitivities due to their small displacements. Never-
theless, it is meaningful to measure the six-axis displacement
itself, and a sensor that can simultaneouslymeasuremm-scale
six-axis displacement and that can fit in a narrow space inside
an RCC will have a wide variety of applications. In addition,
in the case of an RCC, if a compliance bar were to be
made to have similar vertical and horizontal stiffness values,
six-axis force sensing would be able to measure both to a
high degree of sensitivity. Furthermore, it would be possible
to use the presented device as a six-axis F/T sensor for force
control in existing compliance devices, providing they feature
mm-scale displacements.
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