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ABSTRACT This paper designs a sampled-data controller to exponentially stabilize a kind of chaotic
systems (CSs) which are represented by T-S fuzzy model with nonuniform sampling. By employing a
switched technology and Lyapunov functional dependent on fuzzy membership-functions (FMFs), a new
control criterion for chaotic systems was established. Compared with the existing methods, less conservatism
and a large sampling period can be obtained by above approaches. Consequently, the amount of transmitted
information is greatly reduced and the efficiency of bandwidth is much improved. Finally, the proposed
T-S fuzzy sampled-data (TSFSD) controller is applied to Lorenz system to prove the effectiveness of those
methods.

INDEX TERMS Chaotic system (CS), Takagi–Sugeno (T-S) fuzzy model, sampled-data controller,
exponential stability.

I. INTRODUCTION
Chaotic phenomenon is a natural nonlinear phenomenon,
and it has extensive applications in other areas, which
include engineering, biology, physics and so on. Since it
has some characteristics, for instance, no periodic, the order-
liness of irregularity and the sensitivity is affected by
initial values. Thus, chaotic control has become one of
the popular topics of nonlinear system during the past
decade [1]–[7].The synchronization of the chaotic systems
is received widespread attention in some engineering prob-
lems such as two-memristor-based chaotic system [8], secure
communication [9] image encryption [10], identification of
cutting tool wear [11] and so on.Until now, many various
approaches have been proposed to analyze and control the
CSs, for example in [12] and [13], the authors propose
feedback control approach, and continuous sliding mode
approach have been proposed in [14] and [15], and fuzzy
control approach in [16] and [17] have been advanced.

Recently, the T-S fuzzy model has been widely employed
for describing and controlling the behaviors of nonlinear
systems. By using a set of fuzzy IF-THEN rules and appro-
priate membership functions, T-S fuzzy model can describe
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local linear input and output relations of a nonlinear system.
Therefore, the problems of nonlinear systems based on T-S
fuzzy models have been researched during the past 20 years,
for example, in [18],the authors proposed the problem of
non fragile H∞ filtering for T-S fuzzy system. The authors
proposed in [19], investigated problem for nonlinear spatially
distributed processes based on T-S fuzzy system and in [17].
The authors proposed robust H∞ control issue of T-S fuzzy
systems with input time-varying delays. Moreover, many
famous CSs, for instance Chen system, Rosslers system and
Lorenz system, which can be described by T-S fuzzy model.
Consequently, chaotic control based on T-S fuzzy system has
been studied extensively. In addition, since the convergence
rate of exponential asymptotic stability can be described, it is
faster than that of asymptotic stability.

Rapid development of modern communication, digital
technology and digital hardware technologies make the
digital controllers have paid attention to an increasing num-
ber of researchers. Digital controllers have many advan-
tages over analog controllers, such as higher reliability, low
installation cost and simpler installation. When closed-loop
systems are controlled by digital controllers, the systems
called sampled-data systems. For the sampled-data systems
control, the sampled-data control only needs sampled infor-
mation of this system at the controller sampling instants.
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Consequently, the amount of transmitted information will be
reduced and efficiency bandwidth utilization will be more
efficient. Meanwhile, the most important part of the sampling
control system is the sampling period, due to it will affect the
conservatism and efficiency of the sampling control system.
Such as, a small sampling period will limit operating con-
ditions i.e., bandwidth and limited communication capacity.
Thus, how to realize the control goal of the sampled-data
controller in the sampling period as long as possible is
meaningful and important topic. Recently, the TSFSD con-
trol is focused on controller problems for CSs [20]–[22]
with a larger sampling period by many researchers. In [20],
the sampling data control problem with input constraints
is investigated, a new time-varying Lyapunov functional is
constructed to obtain the criteria on the exponential stability
of the chaotic system. However, Jensen inequality is applied
to deal with the integral terms generated by the derivative
of the Lyapunov function, and the result obtained is still
relatively conservative. In view of this problem, in [21],
the conservatism of system and sampling period is improved
via applying the free-matrix-based time-dependent discontin-
uous Lyapunov approach of chaotic TSFSD control system
which proposed by [22]. It should be pointed out that the
approaches mentioned above ignore the main information
of the fuzzy membership functions (FMFs), which increases
conservatism of the system to a certain extent.

The existing results show that considering a membership-
function (MF)-dependent Lyapunov functional can further
reduce the conservatism of the system, which is obtained
in [24]. In addition, to take full advantage ofmore information
available from the FMFs and the actual sampling pattern,
similar to [23], we apply a switched technology in the study
of chaotic TSFSD control system, which might obtain a
larger sampling period and less conservative results for fuzzy
sampled-data control systems.

Inspired by the above discussions, the stabilization prob-
lem of chaotic TSFSD control system is investigated in
this paper. Firstly, different from [20] and [21], by using
FMFs-dependent Lyapunov scheme and a switched approach,
the error information of the FMFs between the chaotic system
and TSFSD controller is considered, therefore, the less con-
servatism and larger sampling period than [21] is obtained.
That is to say, in the actual sampling process, more available
infromation than those are established method in [20]–[22]
can be obtained. Furthermore,on the basis of [23], the chaotic
system is denoted by the T-S fuzzy system with input con-
straints, and by constructing a new FMFs-dependent Lya-
punov function, exponential stability of the chaotic TSFSD
control system is studied via a given attenuation rate. Finally,
the proposed controller designed method is applied to Lorenz
system to prove the effectiveness of this method.

II. PROBLEM STATEMENT AND PRELIMINARIES
In this section, consider a CS described as follow:

ẋ(t) = f (x(t), u(t)) (1)

where f (x(t), u(t)) is a known nonlinear continuous function
which satisfies f (0, 0) = 0. x(t) = [x1(t), x2(t), · · · , xn(t)]T ∈
<
n and u(t) = [u1(t), u2(t), · · ·

,um(t)]T ∈ <m denote, respectively, state vector and input
vector. By using the T-S fuzzy modeling, the CSs (1) can be
represented as follows:

Plant Rule i:

IF $1(t) isℵi1,$2(t) isℵi2, · · ·$ν(t) isℵiν,THEN

ẋ(t) = Aix(t)+ Biu(t) (2)

where $1(t),$2(t), · · · ,$ν(t) are the premise variables,
ℵi1,ℵi2, · · · ,ℵiν are the fuzzy sets and i ∈ ∅ = {1, 2 · · · , r}
where r is the number of fuzzy rules. Ai ∈ <n×n and
Bi ∈ <n×m are the known matrices.

By using the singleton fuzzifier, product inference engine,
and weighted average defuzzifier, the above system(2) can be
represented as:

ẋ(t) =
r∑
i=1

hi($ (t))[Aix(t)+ Biu(t)] (3)

where$ (t) = [$1(t),$2(t), · · · ,$ν(t)]T and hi($ (t)) rep-
resents the normalized membership functions and satisfying:

hi($ (t)) =

∏ν
j=1 ℵij($j(t))∑r

i=1
∏ν

j=1 ℵij($j(t))

hi($ (t)) ≥ 0
r∑
i=1

hi($ (t)) = 1 (4)

and ℵij($j(t)) denotes the grade of membership of $j(t)
in ℵij. In this paper, it is assumed that the control input signal
can be obtained by a zero-order holder (ZOH) function with
a sequence of hold times:

0 = t0 < t1 < · · · < tk < · · · < lim
k→+∞

tk = +∞ (5)

meanwhile, according to the approach of parallel distributed
compensation (PDC), the TSFSD controller of system (3) can
be designed with the same premise parts and same fuzzy sets
with the fuzzy model.

Controller Rule j:

IF $1(t) isℵj1,$2(t) isℵj2, · · ·$ν(t) isℵjν,THEN

u(t) = Kjx(tk ) tk ≤ t < tk+1 j ∈ ∅ (6)

where Kj ∈ <n×m is the gain matrix. Hence, the overall fuzzy
sampled-data controller is described as:

u(t) =
r∑
j=1

hj($ (tk ))Kjx(tk ) tk ≤ t < tk+1 j ∈ ∅ (7)

In this paper, sampling time sequence (5) is not required to
be periodic. For instance, the interval between tk and tk+1 are
variable and bounded and the interval can be described as:

0 ≤ h̄m ≤ tk+1 − tk = h̄k ≤ h̄M (8)

where h̄m = t − tk . For all t ≥ 0, h̄m and h̄M represent the
upper and the lower bounds of sampling interval, respectively.
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Substituting (7) into (3) the following closed-loop system
can be represented as:

ẋ(t) =
r∑
i=1

r∑
j=1

hi($ (t))hj($ (tk ))[Aix(t)+ BiKjx(tk )]

tk ≤ t < tk+1 (9)

In practical applications, due to the limited power of the
actuator and the control system is always limited by the
inputs. Hence, this paper assumes that the input signal is
bounded and it satisfies:

‖u(t)‖ ≤ û ∀t ≥ 0 (10)

where û represents the maximum input. But, obviously,
the globally exponential stabilization of system (9) cannot
be achieved under the above situation. In order to realize the
globally asymptotically stable of system (9), in this paper,
we will design a TSFSD controller (7) and use a LKF depends
on the FMFs such that system (9) under such situations is
globally asymptotically exponentially stable for any initial
condition x(0) ∈ ε(Pi, ρ), that is, system (9) is globally
asymptotically exponentially stable(GAES) if there exist two
constants γ > 0 and δ > 0 such that

‖x(t)‖ ≤ δe−γ t , ∀t ≥ 0 (11)

At the end of this section, some essential lemmas will be
introduced.
Lemma 1 ( [20]): The inequality

r∑
i=1

hi($ (t))
r∑
j=1

hj($ (tk ))Wij < 0

holds with tk ≤ t < tk+1 and exist symmetric matrices
Wij. If | $ (t) − $ (tk ) |≤ %i, for scalars %i > 0 and there
exist positive definite matrices Uij, Vij, and any appropriate
dimensional matrices Nij = NT

ji ,Ni(j+r) = NT
(j+r)i for any

i, j ∈ ∅ such that

Zij + Zji ≤ Nij + Nji (12)

Wij − 2Zij +
r∑
s=1

%s(Z+is + Z+sj ) ≤ Ni(j+r) + N(j+r)i (13)[
Y11 Y12
∗ Y11

]
< 0 (14)

where

Zij = Uij − Vij

Z+ij = Uij + Vij

Y11 =

N11 · · · N1r
...
. . .

...

Nr1 · · · Nrr

 , Y11 =

N1(r+1) · · · N1(2r)
...

. . .
...

Nr(r+1) · · · Nr(2r)


Lemma 2 ( [17]): For tk ≤ t < tk+1 and system (9),

the following inequality holds:

‖x(t)‖2 ≤ λ‖x(tk )‖2 (15)

where λ = 3(1 + h̄2Mλ1λ2)e
3h̄2Mλ3 and λ1 = maxi∈∅{‖Bi‖},

λ2 = maxi∈∅{‖Ki‖} and λ3 = maxi∈∅{‖Ai‖}.

III. MAIN RESULTS
In this section, we will use a new sampling data control
method which using an FMF-dependent LKF to exponen-
tially stabilize the fuzzy system with an input saturation
constraint. For the sake of simplicity, the following notions
are given.

ξ (t) = [xT (t) ẋT (t) xT (tk )]T ,

eι = [0n,(ι−1)n In 0n,(3−ι)n], (ι = 1, 2, 3),

χh =

r∑
i=1

hi($ (t))χi, χ̇h =
r∑
i=1

ḣi($ (t))χi,

τk = (tk+1 − tk ), τ (t) = (t − tk ).

By the following theorem, system (9) under such situations
is GAES for any initial condition x(0) ∈ ε(Pi, ρ).
Theorem 1: For given positive scalars α and ρ, if there exist

positive symmetric matrices Pi,M11,i,Z , symmetric matrices

Fi,Ui =
[
F11,i F12,i
∗ F22,i

]
, Mi =

[
M11,i M12,i
∗ M22,i

]
,

and any appropriate dimensional matrices W ,H ,Nι, (ι =
1, 2, 3), i, j ∈ ∅, satisfying the following LMIs:

Ṗh ≤ 0, U̇h ≤ 0, Ḟh ≤ 0, Ṁh ≤ 0 (16)[
�(τk , 0)

τk
2 F̃

∗ −Z

]
< 0 (17)

�(τk , τk ) e−αh̄M
√
τ kW e−αh̄M

√
τ kH

τk
2 F̃

∗ −Ui 0 0
∗ ∗ −M11,i 0
∗ ∗ ∗ −Z

 < 0 (18)

[
û2I Kj
∗ ρ−1Pi

]
≥ 0 (19)

where

�(τk , 0) = Sym{e1PieT2 + e
−2αh̄MW T (e1 − e3)T

+ e−2αh̄MHT (e1 − e3)T − e−2αh̄M (e1 − e3)

×M12,ieT3 } + 2αe1PieT1 + τke2Uie
T
2

+
τ 2k

4
e2ZeT2 + τk{[e1 e3]Fi[e1 e3]

T
}

+ τk{[e2 e3]Mi[e2 e3]T } + Sym{(e1N1 + e2N2

+ e3N3)(AieT1 + BiKθ,je
T
3 − e

T
2 )}

�(τk , τk ) = Sym{e1PieT2 + e
−2αh̄MW T (e1 − e3)T

+ e−2αh̄MHT (e1 − e3)T − e−2αh̄M (e1 − e3)

×M12,ieT3 } + 2αe1PieT1 +
τ 2k

4
e2ZeT2 − τk

× e−2αh̄M e3M22,ieT3 + (2αh̄M − 1)τk{[e1 e3]

×Fi[e1 e3]T } + Sym{(e1N1 + e2N2 + e3N3)

× (AieT1 + BiKθ,je
T
3 − e

T
2 )}

F̃ = [F11,i 0 F12,i]T
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then the system (9) will be GAES for under initial condi-
tion x(0) ∈ ε(Pi, ρ).

Proof: Construct the following FMF-dependent LKF:

V (t) =
4∑
l=1

Vl(t), (l = 1, 2, 3, 4) (20)

where

V1(t) =
r∑
i=1

hi($ (t))xT (t)Pix(t)

V2(t) = (τk − τ (t))τ (t)
r∑
i=1

hi($ (t))
[
x(t)
x(tk )

]T
Fi

[
x(t)
x(tk )

]

V3(t) = (τk − τ (t))
r∑
i=1

hi($ (t))

×

∫ t

tk
e2α(s−t)ẋT (s)Uiẋ(s)ds

V4(t) = (τk − τ (t))
r∑
i=1

hi($ (t))

×

∫ t

tk
e2α(s−t)

[
ẋ(s)
x(tk )

]T
Mi

[
ẋ(s)
x(tk )

]
ds.

Then we have:

lim
t→tk

Vl(t) = Vl(tk ), l = 1 (21)

and

lim
t→tk+

Vl(t)= lim
t→tk−

Vl(t)= lim
t→tk

Vl(t)=0, l=2, 3, 4. (22)

Since, limt→tkV (t) = V (tk ), thus, LKF (20) is continuous.
Letting the time derivative of V (t) along the trajectory of

the system (9) yields:

V̇ (t)+2αV (t)=
4∑
l=1

(V̇l(t)+2αVl(t)), (l=1, 2, 3, 4) (23)

where

V̇1(t)+ 2αV1(t) = 2xT (t)Phẋ(t)+ xT (t)Ṗhx(t)

+ 2αxT (t)Phx(t)

V̇2(t)+ 2αV2(t) = −τ (t)
[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]
+ (τk − τ (t))

[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]
+ (τk − τ (t))τ (t)

[
x(t)
x(tk )

]T
Ḟh

[
x(t)
x(tk )

]
+ 2(τk − τ (t))τ (t)ξT (t)F̃ ẋ(t)

+ 2(τk − τ (t))τ (t)
[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]
V̇3(t)+ 2αV3(t) = (τk − τ (t))

∫ t

tk
e2α(s−t)ẋT (s)U̇hẋ(s)ds

+ (τk − τ (t))(ẋT (t)Uhẋ(t))

−

∫ t

tk
e2α(s−t)ẋT (s)Uhẋ(s)ds

V̇4(t)+ 2αV4(t) = −
∫ t

tk
e2α(s−t)

[
ẋ(s)
x(tk )

]T
Mh

[
ẋ(s)
x(tk )

]
ds

+ (τk − τ (t))

×

∫ t

tk
e2α(s−t)

[
ẋ(s)
x(tk )

]T
Ṁh

[
ẋ(s)
x(tk )

]
ds

+ (τk − τ (t))
[
ẋ(t)
x(tk )

]T
Mh

[
ẋ(t)
x(tk )

]
.

(24)

For matrix Z > 0, we have:

2(τk − τ (t))τ (t)ξT (t)F̃ ẋ(t)

≤
τ 2k

4
(ξT (t)F̃Z−1F̃T ξ (t)+ ẋT (t)Zẋ(t)) (25)

and due to M11,i > 0 according to the Schur complement,
we can obtain: [

M11,i In
∗ M−111,i

]
≥ 0. (26)

For any appropriate dimensional matrices H , it is calculated
that: ∫ t

tk

[
ẋ(s)
Hξ (t)

]T [M11,i In
∗ M−111,i

] [
ẋ(s)
Hξ (t)

]
ds ≥ 0 (27)

thus, we have:

−

∫ t

tk
ẋT (s)M11,iẋ(s)ds ≤ τ (t)(Hξ (t))TM

−1
11,iHξ (t)

+ 2(Hξ (t))T (x(t)− x(tk )). (28)

Similarly, for any appropriate dimensional matrices W ,
we have:

−

∫ t

tk
ẋT (s)Uiẋ(s)ds ≤ τ (t)(W ξ (t))TU

−1
i W ξ (t)

+ 2(W ξ (t))T (x(t)− x(tk )). (29)

based on the above inequalities and τk ∈ (0, h̄M ], we obtain:

V̇2(t)+ 2αV2(t) ≤ −τ (t)
[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]

+ (τk − τ (t))
[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]

+ (τk − τ (t))τ (t)
[
x(t)
x(tk )

]T
Ḟh

[
x(t)
x(tk )

]

+ 2(τk − τ (t))τ (t)
[
x(t)
x(tk )

]T
Fh

[
x(t)
x(tk )

]
+
τ 2k

4
(ξT (t)F̃Z−1F̃T ξ (t)+ ẋT (t)Zẋ(t))

(30)
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V̇3(t)+ 2αV3(t) ≤ (τk − τ (t))
∫ t

tk
e−2αh̄M ẋT (s)U̇hẋ(s)ds

+ (τk − τ (t))(ẋT (t)Uhẋ(t))

+ e−2αh̄M τ (t)(W ξ (t))TU−1i W ξ (t)

+ 2(W ξ (t))T (x(t)− x(tk )) (31)

V̇4(t)+ 2αV4(t) ≤ −
∫ t

tk
e2α(s−t)

[
ẋ(s)
x(tk )

]T
Mh

[
ẋ(s)
x(tk )

]
ds

+ (τk − τ (t))
[
ẋ(t)
x(tk )

]T
Mh

[
ẋ(t)
x(tk )

]
+ e−2αh̄M τ (t)(Hξ (t))TM−111,iHξ (t)

+ 2(Hξ (t))T (x(t)− x(tk ))

− 2e−2αh̄M (x(t)− x(tk ))TM12,hx(tk )

− τ (t)e−2αh̄M xT (tk )M22,hx(tk ). (32)

Now,we will consider how to ensure Ṗh ≤ 0, U̇h ≤ 0, Ḟh ≤
0, Ṁh ≤ 0, similar with [17] and due to

∑r
i=1 hi($ (t)) = 1,

we have that:

Ṗh =
r∑
i=1

ḣi($ (t))Pi =
r−1∑
q=1

ḣq($ (t))(Pq − Pr ) (33)

U̇h =
r∑
i=1

ḣi($ (t))Ui =
r−1∑
q=1

ḣq($ (t))(Uq − Ur ) (34)

Ḟh =
r∑
i=1

ḣi($ (t))Fi =
r−1∑
q=1

ḣq($ (t))(Fq − Fr ) (35)

Ṁh =

r∑
i=1

ḣi($ (t))Mi =

r−1∑
q=1

ḣq($ (t))(Mq −Mr ) (36)

where ḣq($ (t)) is the time derivative for FMFs of the qth rule,
and it is positive or negative over time.

In order to ensure Ṗh ≤ 0, U̇h ≤ 0, Ḟh ≤ 0, Ṁh ≤ 0, based
on switching approach, we have:

if ḣq($ (t)) < 0
⇒ (Pq − Pr ) > 0, (Uq − Ur ) > 0,
(Fq − Fr ) > 0, (Mq −Mr ) > 0
if ḣq($ (t)) ≥ 0
⇒ (Pq − Pr ) ≤ 0, (Uq − Ur ) ≤ 0,
(Fq − Fr ) ≤ 0, (Mq −Mr ) ≤ 0

(37)

where, there are 2r−1 possible cases in (37) and suppose that:

Rθ = {θ : The possible permutations of $̇ (t)

for θ ∈ ∅̂} (38)

Sθ = {θ : The possible constraints of Pi,Ui,Fi,Mi

for θ ∈ ∅̂} (39)

where, θ ∈ ∅̂ = {1, 2 · · · , 2r−1} and (37) can be presented
as:

if Rθ , then Sθ . (40)

On the other hand, if the FMF-dependent matrices
Ph,Uh,Fh and Mh satisfy the rule (40), than we can obtain
Ṗh ≤ 0, U̇h ≤ 0, Ḟh ≤ 0, Ṁh ≤ 0.
Based on the rule (40), a new TSFSD controller with the

switched technology can be presented as:

uθ (t) =
r∑
j=1

hj($ (tk ))Kθ,jx(tk ) (41)

then the final TSFSD controller (7) can be shown:

u(t) :


u1(t) = K1,hx(tk )
u2(t) = K2,hx(tk )
...

u2r−1 (t) = K2r−1,hx(tk )

(42)

For any appropriately dimensioned matrices Nι,
(ι = 1, 2, 3) we have:

0 = 2
r∑
i=1

r∑
j=1

hi($ (t))hj($ (tk ))[xT (t)N1 + ẋT (t)N2

+ xT (tk )N3][−ẋ(t)+ Aix(t)+ BiKθ,jx(tk )]. (43)

It follows from (23)−(43) that:

V̇ (t)+ 2αV (t)

≤

r∑
i=1

r∑
j=1

hi($ (t))hj($ (tk ))ξT (t)4(τk ,τ (t))ξ (t). (44)

where

4(τk ,τ (t)) =
(τk − τ (t))

τk
4(τk ,0) +

τ (t)
τk
4(τk ,τk )

4(τk ,0) = �(τk , 0)+
τ 2k

4
F̃Z−1F̃T

4(τk ,τk ) = �(τk , τk )+
τ 2k

4
F̃Z−1F̃T

+ e−2αh̄M τ (t)W TU−1i W

+ e−2αh̄M τ (t)HTM−111,iH

due to (τk−τ (t))
τk

+
τ (t)
τk
= 1, according to the definition of

convex combination,4(τk−τ (t)) < 0 if and only if4(τk ,0) < 0
and4(τk ,τk ) < 0 hold. Applying Schur complement, we have:

V̇ (t)+ 2αV (t) ≤ 0, tk ≤ t < tk+1 (45)

which implies for natural numbers k ≥ 0, we have:

V (t) > V (tk+1) > 0, tk ≤ t < tk+1 (46)

Integrating the preceding inequality (45) for t ∈ (t, tk ], It is
clear that we have:

V (t) ≤ e−2α(t−tk )V (tk )

≤ e−2α(t−tk−1)V (tk−1)

≤ · · ·

≤ e−2αtV (0). (47)
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By using Lemma 2 and (46), we have that for t ∈ (t, tk ]:

‖x(t)‖2 ≤ λ‖x(tk )‖2

=
λ

ηmin(Pi)
ηmin(Pi)‖x(tk )‖2

≤
λ

ηmin(Pi)
xT (tk )Pix(tk )

=
λ

ηmin(Pi)
V (tk )

≤
λ

ηmin(Pi)
e−2αtkV (0)

=
λ

ηmin(Pi)
e−2αte−2α(t−tk )V (0)

≤ e2αh̄M
λ

ηmin(Pi)
e−2αtV (0) (48)

it means whatever initial condition x(0) ∈ ε(Pi, ρ), we have:

‖x(t)‖ ≤ eαh̄M

√
λ

ηmin(Pi)
e−αt . (49)

For any natural numbers t and k satisfy tk ≤ t < tk+1. Hence,
we can see that:

uT (t)u(t) ≤
r∑
j=1

hj($ (tk ))xT (tk )KT
θ,jKθ,jx(tk )

tk ≤ t < tk+1 j ∈ ∅. (50)

Moreover, based on (20) and (47), we obtain:

xT (tk )Pix(tk ) = V (tk ) ≤ V (0) = xT (0)Pix(0). (51)

By using Schur complement, (19) can be expressed as follow:

û−2KT
θ,jKθ,j ≤ ρ

−1Pi. (52)

Thus, for any initial condition x(0) ∈ ε(Pi, ρ),

uT (t)u(t) ≤ û2. (53)

It is clear that input constraint condition (10) is satisfied. This
completes the proof.

Theorem 2: For given positive scalars α, ρ, ε1 and ε2,
if there exist positive symmetric matrices P̄i, M̄11,i, Z̄ , sym-
metric matrices

F̄i, Ūi =
[
F̄11,i F̄12,i
∗ F̄22,i

]
, M̄i =

[
M̄11,i M̄12,i
∗ M̄22,i

]
,

and any appropriate dimensional matrices W̄ , H̄ , Ȳθ,j, i, j ∈
∅, and appropriate dimensional nonsingular matrix N , satis-
fying the following LMIs:

˙̄Pi ≤ 0, ˙̄Uh ≤ 0, ˙̄Fh ≤ 0, ˙̄Mh ≤ 0 (54)[
�̄(τk , 0)

τk

2
F̄

∗ −Z̄

]
< 0 (55)

�̄(τk , τk ) e−αh̄M
√
τ kW̄ e−αh̄M

√
τ k H̄

τk

2
F̄

∗ −Ūi 0 0
∗ ∗ −M̄11,i 0
∗ ∗ ∗ −Z̄

 < 0 (56)

[
û2I Ȳθ,j
∗ ρ−1P̄i

]
≥ 0 (57)

where

�̄(τk , 0) = Sym{e1P̄ieT2 + e
−2αh̄M W̄ T (e1 − e3)T

+ e−2αh̄M H̄T (e1 − e3)T − e−2αh̄M (e1 − e3)

× M̄12,ieT3 } + 2αe1P̄ieT1 +τke2Ūie
T
2 +

τ 2k

4
e2Z̄ eT2

+ τk{[e1 e3]F̄i[e1 e3]T }+τk{[e2 e3]M̄i[e2 e3]T }

+ Sym{(e1 + ε1e2 + ε2e3)(AiNeT1 +BiȲθ,je
T
3

−NeT2 )}

�̄(τk , τk ) = Sym{e1P̄ieT2 + e
−2αh̄M W̄ T (e1 − e3)T

+ e−2αh̄M H̄T(e1−e3)T−e−2αh̄M(e1−e3)M̄12,ieT3}

+ 2αe1P̄ieT1 +
τ 2k

4
e2Z̄ eT2 − τke

−2αh̄M e3M̄22,ieT3

+ (2αh̄M − 1)τk{[e1 e3]F̄i[e1 e3]T }

+ Sym{(e1 + ε1e2 + ε2e3)(AiNeT1 + BiȲθ,je
T
3

−NeT2 )}

F̄ = [NTF11,iN 0 NTF12,iN ]T

Kθ,j = Ȳθ,jN−1

then the system (9) will be GAES for any initial condition
x(0) ∈ ε(P̄i, ρ).

Proof: Define

P̄i = NTPiN , Ūi = NTUiN , Z̄i = NTZiN

F̄i = diag{NT , NT
}Fidiag{N , N }

M̄i = diag{NT , NT
}Midiag{N , N }

H̄ = NTHdiag{N , N , N }

W̄ = NTWdiag{N , N , N }

N1 = N−1,N2 = ε1N−1,N3 = ε2N−1.

Pre- and post-multiplying (44) by diag{NT , NT , NT
} and

diag{N , N , N }, respectively, we have (55) and (56). Pre-
and post- multiply (19) by diag{I , NT

} and diag{I , N },
respectively, we obtain (57). This completes the proof.
Corollary 1: Assume the | $ (t) −$ (tk ) |≤ %i, for given

positive scalars α, ρ, ε1 and ε2, if there exist positive sym-
metric matrices P̄i, M̄11,i, Z̄ ,U1ij,V1ij,U2ij,V2ij, symmetric
matrices

F̄i, Ūi =
[
F̄11,i F̄12,i
∗ F̄22,i

]
, M̄i =

[
M̄11,i M̄12,i
∗ M̄22,i

]
,

and appropriate dimensional nonsingular matrix N , and
any appropriate dimensional matrices W̄ , H̄ , Ȳθ,j,Nij =

NT
ji ,Ni(j+r) = NT

(j+r)i, i, j ∈ ∅, satisfying the following
conditions:

˙̄Pi ≤ 0, ˙̄Uh ≤ 0, ˙̄Fh ≤ 0, ˙̄Mh ≤ 0 (58)

Z`ij + Z`ji ≤ N`ij + N`ji (59)

4`ij−2Z`ij+
r∑
s=1

%s(Z+`is + Z+`sj)

≤ N`i(j+r) + N`(j+r)i (60)
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[
Y11 Y12
∗ Y11

]
< 0 (61)[

û2I Ȳθ,j
∗ ρ−1P̄i

]
≥0 (62)

where

Z`ij = U`ij − V`ij, Z+`ij = U`ij + V`ij, (` = 1, 2)

Y11 =

N11 · · · N1r
...
. . .

...

Nr1 · · · Nrr

 ,
Y11 =

N1(r+1) · · · N1(2r)
...

. . .
...

Nr(r+1) · · · Nr(2r)


41ij =

[
�̄(τk , 0)

τk

2
F̄

∗ −Z̄

]
<0

42ij =


�̄(τk , τk ) e−αh̄M

√
τ kW̄ e−αh̄M

√
τ k H̄

τk
2 F̄

∗ −Ūi 0 0
∗ ∗ −M̄11,i 0
∗ ∗ ∗ −Z̄

<0

Then the system (9) will be GAES for any initial condition
x(0) ∈ ε(P̄i, ρ).
Remark 1: The above controller gain matrix

Kθ,j = Ȳθ,jN−1,

41ij =

[
�̄(τk , 0)

τk
2 F̄

∗ −Z̄

]
and

42ij =


�̄(τk , τk ) e−αh̄M

√
τ kW̄ e−αh̄M

√
τ k H̄

τk
2 F̄

∗ −Ūi 0 0
∗ ∗ −M̄11,i 0
∗ ∗ ∗ −Z̄

 ,
are the same as Theorem 2.

IV. SIMULATION
In this section, gives a numerical examples to demonstrate
that the proposed method effectiveness. Consider the follow-
ing chaotic Lorenz system with an input term:

ẋ1(t) = −ax1(t)+ ax2(t)+ u(t)
ẋ2(t) = cx1(t)− x2(t)− x1(t)x3(t)
ẋ3(t) = x1(t)x2(t)− bx3(t)

(63)

Note that x1(t) ∈ [−d, d], and the Lorenz system (63) can be
expressed by using the T-S fuzzy modeling method as follow:

Rule1 : IFx1(t) is ζ1,THENẋ(t) = A1x(t)+ B1u(t)

Rule2 : IFx1(t) is ζ2,THENẋ(t) = A2x(t)+ B2u(t)

with

A1 =

−a a 0
c −1 −d
0 d −b

 ,A2 =
−a a 0
c −1 d
0 −d −b

 ,

B1 =

10
0

 ,B2 =
10
0

 ,
where a = 10, b = 8

3 , c = 28, d = 25, and the FMFs are
h1($ (t)) = 1

2 (1 +
x1(t)
d ) and h2($ (t)) = 1 − h1($ (t)).

The given initial condition is x(0) = (−0.3, 0.1, 0.2)T .
For given %1 = 0.12 and %2 = 1, by using Corol-
lary 1 when ε1 = 0.15 and ε2 = 1.3 under the con-
straint S1 : {P1 > P2,U1 > U2,F1 > F2,M1 >

M2} we have h = 0.0697, 0.0696, 0.0694, 0.0692, 0.0690
under α = 0.1, 0.2, 0.3, 0.4, 0.5 respectively. Meanwhile,
for the constraint S2 : {P1 ≤ P2,U1 ≤ U2,F1 ≤
F2,M1 ≤ M2} when ε1 = 0.15 and ε2 = 1.25 we
can get h = 0.0717, 0.0716, 0.0714, 0.0712, 0.0711 under
α = 0.1, 0.2, 0.3, 0.4, 0.5 respectively. Similar to Algo-
rithm 1 of Ref.23, we can obtain the maximum sampling
period h = 0.0697, 0.0696, 0.0694, 0.0692, 0.0690 for dif-
ferent α. In Table 1, a detailed comparison the maximum
sampling period between Corollary 1 and the results of [20]
and [21], can be shown. Meanwhile, under the possible per-
mutations of ḣ1($ (t)), which include ḣ1($ (t)) < 0 and
ḣ1($ (t)) ≥ 0 and correspond to S1 and S2 respectively,
we can get corresponding control gains as follow:

K1,1 =
[
−7.1648 −26.2767 −10.4339

]
K1,2 =

[
5.3898 2.3505 −14.5889

]
K2,1 =

[
−5.3049 −25.0191 −9.3138

]
K2,2 =

[
7.3954 2.8378 −13.0551

]
TABLE 1. Maximum sampling period h under constant sample for
different α.

FIGURE 1. State response of system (63).

The Figure 1 shows state response curves of system(63),
which indicates the sampled-data controller designed in this
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FIGURE 2. Input response of system (63).

FIGURE 3. State response of dh1($ (t))/dt .

paper can effectively stabilize chaotic systems. The curve
of control input u(t) is shown in Figure 2, and input sat-
uration constraint û = 20 can be satisfied in Figure 2.
In the figure 3,we can get that the controller is u1(t) during
the simulation time interval [0,A]s,and switch to u2(t) in the
simulation time interval [A,B]s.Then, it switch to u1(t) again
in [B,0.8]s.

V. CONCLUSION
In this paper, a TSFSD controller has been investigated to
get the exponential stability of a class of CSs which are
represented by T-S fuzzy scheme with input constraints via
a switched technology. By employing a switched approach
and FMFs-dependent Lyapunov functional for stabilization
of Lorenz system, we can get less conservatism and a large
sampling period to prove the merits and effectiveness of
proposed scheme. Nevertheless, the results proposed in this
paper are still somewhat conservative, since the type-2 fuzzy
set can solve the problem that the membership function of
the classical fuzzy set is too accurate or difficult to determine,
the fuzzy system in this paper can be replaced with the type-2

fuzzy system in the future work to model more uncertainties
and further reduce the conservatism of the system. On the
other hand, due to the problem of time-delay exists widely
in nonlinear systems, and it is one of the reasons which lead-
ing to the unstability of nonlinear systems. Thus, it is great
practical significance to study the stability of nonlinear time-
delay(NTD) systems. In the future, we will use this approach
to study on stability of NTD Systems. Moreover, input sat-
uration is a common constraint behavior in the practical
chaotic systems, which will cause instability of the system.
Inspired by [25], chaotic synchronization control under input
saturation will be another research direction of our future
work.
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