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ABSTRACT Specular reflection algorithm (SRA) was a single population meta-heuristic algorithm inspired
by the physical function of mirror. However, similar to most of meta-heuristic algorithms, it had the
disadvantages of weak population diversity, stagnation in local optimal and low convergence rate. In order to
overcome these shortcomings, a chaotic multi-specular reflection optimization algorithm considering shared
nodes (CMSRAS) was proposed by the combination of population strategy with shared node, improved
Tent chaos strategy and Gaussian mutation strategy. Initially, a single population SRA was extended to the
multi-population with shared node and the population was initialized by improved Tent chaos sequence to
improve the quality of the initial solution and the population diversity, and to enhance the global search
ability. Meanwhile, to strengthen the local search ability and the convergence accuracy, the Gaussian
mutation and improved Tent chaotic disturbance strategy were introduced into SRA. And then the influence
law and sensitivity analysis of the CMSRAS algorithm between the initial setting parameters were obtained
based on the response surface method and the Sobol’s method. Finally, compared with both 12 state-of-
the-art algorithms and 8 well-known advanced algorithms, the performance of CMSRAS was evaluated on
a comprehensive set of 32 benchmark problems. In addition, CMSRAS was applied to solve the complex
optimization problems of engineering structure. The results demonstrated that proposed CMSRAS algorithm
outperformed most competitive algorithms and efficiently solve the real-life global optimization problems.

INDEX TERMS Specular reflection algorithm, chaotic multi-specular reflection optimization algorithm,
sharing nodes, sensitivity analysis, Tent chaos, Gaussian mutation, real-life global optimization problems.

I. INTRODUCTION
Nowadays, with the continuous development of science and
technology, engineering design is developing in the direc-
tion of lightweight, green intelligent manufacturing, high
reliability etc. Therefore, the optimal design of engineering
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structures has become the focus of attention of many schol-
ars. However, many engineering structural optimization prob-
lems are generally continuous, nonlinear, multi-dimensional
and complex constraints. Traditional numerical optimization
methods have low computational efficiency and low preci-
sion, so it is difficult to find global optimal solutions that
meet the structural performance requirements. Due to the
low computational efficiency and low accuracy of traditional
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numerical optimization methods, it is difficult to find the
global optimal solution to meet the requirements of structural
performance.

In order to solve such complex engineering structure
optimization design problems, humans simulate the behav-
ior of natural biological groups from a biological point of
view, and many metaheuristic swarm intelligence optimiza-
tion algorithms are emerged and have been successfully
applied to solve the complex optimization design problems
of various engineering structures. Genetic algorithm (GA)
was a robust stochastic global search optimization algorithm
based on natural selection and natural genetics. Genetic
algorithm (GA) was used to solve the shell structure opti-
mization problem [1], flexure hinge mechanism optimiza-
tion problem [2], path planning problem [3], scheduling
problem [4] and the air conditioning fuzzy controller opti-
mization problem [5], respectively. PSO, as a swarm intelli-
gent optimization algorithm simulating the foraging behavior
of birds, was widely used in solving design optimization
problems of engineering structures [6], [7], BP neural net-
work optimization problem [8], electromagnetics optimiza-
tion problem [9], feature selection [10], and flexible job-shop
scheduling optimization problem [11], respectively. Differ-
ential evolution algorithm (DE) was one of the most popular
meta-heuristic algorithms with the characteristics of simple
structure, fast convergence and strong robustness [12]. Based
on the DE, the LIDDE was proposed to solve the social
networks problem [13]. The memory-based global differ-
ential evolution (MGDE) algorithm was proposed to solve
the dynamic economic dispatch problem [14]. The economic
load dispatch (ELD) problem was efficiently solved by the
ADE-MMS method [15]. The EFDE algorithm was used to
solve the dynamic economic emission dispatch (DEED) prob-
lem [16]. The Firefly Algorithm (FA) mimicked the social
behavior of fireflies based on their flashing characteristics
and was used to solve the optimization problems of hybrid
continuous/discrete structure [17] and the tracking architec-
ture [18]. CS, which mimicked the brood parasitism behavior
of cuckoos, combined with Levy flight, was a new type
of intelligent optimization proposed by Gandomi AH et al.
and widely used to solve structural nonlinear constrained
optimization problems [19] and the discrete size optimization
of composite steel-concrete box girders [20]. Yang X et al.
proposed a BA based on the echolocation behavior of bats,
which was applied to solve eight nonlinear engineering opti-
mization problems, and achieved good optimization design
results [21]. To solve the engineering combination optimiza-
tion problems, simulated annealing algorithm (SA), simulat-
ing the physical annealing process of solid material, was put
forward by Kirkpatrick et al. [22], [23]. Artificial bee colony
(ABC) algorithm was inspired by the intelligent behavior of
honey bee swarm to optimize he multivariable functions [24].
Based on the law of gravity and mass interactions, gravita-
tional search algorithm (GSA) was proposed to solve vari-
ous nonlinear functions [25]. By mimicking the leadership
hierarchy and hunting mechanism of grey wolves, grey wolf

optimizer (GWO) was used to solve the classical engineer-
ing design problems [26]. Multi-Verse Optimizer (MVO)
was inspired by the concepts of white hole, black hole, and
wormhole to deal with both challenging test and real engi-
neering problems [27]. Moth-Flame Optimization (MFO)
algorithmmimicked the navigationmethod ofmoths in nature
called transverse orientation [28]. Whale Optimization Algo-
rithm (WOA) mimicked the social behavior of humpback
whales which inspired by the bubble-net hunting strategy
to solve structural design problem [29]. Based on a math-
ematical model based on sine and cosine functions, Sine
Cosine Algorithm (SCA) was proposed to solve optimiza-
tion problems [30]. By inspired the social interaction of
dragonflies in navigating, searching for foods, and avoiding
enemies, the dragonfly algorithm (DA) was used to solve
optimization problems [31]. Based on the intelligent behavior
of crows, a crow search algorithm (CSA) was successful to
solve some classic engineering problems [32]. Salp swarm
algorithm (SSA) was inspired by the swarming behavior of
salps when navigating and foraging in oceans to efficiently
solve engineering design problems [33]. Inspired by the
behaviors of searching for prey, encircling, and attacking
prey for spotted hyenas, Spotted Hyena Optimizer (SHO)
was applied to deal with engineering design problems [34].
Seagull Optimization Algorithm (SOA) mimicked the migra-
tion and attacking behaviors of a seagull in nature to solve
large-scale industrial engineering problems [35]. A butterfly
optimization algorithm (BOA) was proposed, which mim-
icked the butterfly’s food search and mating behavior and
was used to solve three classic engineering problems (spring
design welding beam design and gear train design) [36].
By the cooperative behavior and chasing style of Harris
hawks in nature, Harris Hawks Optimizer (HHO) was used
to solve several real-world engineering problems [37]. A new
slime mould algorithm (SMA) based on the oscillation mode
of slime mould in nature for solving the optimizing engineer-
ing problems [38]. Based upon the gradient-based Newton’s
method and utilize the GSR and LEO, gradient-based opti-
mizer (GBO) was proposed in solving complex real-world
engineering problems [39]. The heap-based optimizer (HBO)
was proposed by the concept of CRH, which built on three
pillars: the interaction between the subordinates and their
immediate boss, the interaction between the colleagues, and
self-contribution of the employees [40]. The Social Engi-
neering Optimizer (SEO) algorithm was an effective meta-
heuristic algorithm inspired by social engineering to solve
some optimization problems [41]. The Turbulent Flow of
Water-based Optimization (TFWO) algorithm was a state-of-
the-art optimization algorithm, which mimicked whirlpools
created in turbulent flow of water [42]. The Barnacles Mat-
ing Optimizer (BMO) algorithm inspired by the mating
behavior of barnacles was proposed to solve optimization
problems [43].

Nevertheless, on the one hand, there were differences
between the proposed meta-heuristic algorithms, and these
algorithms had the common characteristics: exploration and

VOLUME 9, 2021 43051



B. Ma et al.: CMSRAS: Novel Chaotic Multi-Specular Reflection Optimization Algorithm Considering Shared Nodes

exploitation behavior[44], [45]. The exploration stage was to
search for the optimal solution in the global space randomly.
Based on the exploration stage, the exploitation stage was to
search for the accurate solution and to improve the accuracy
of the optimal solution. However, there was often a certain
contradiction between the two stages, how to balance the
relationship between the two stages was a relatively difficult
problem. On the other hand, another common characteris-
tic of these popular meta-heuristic algorithms was that they
couldn’t guarantee that the global optimum could be found
for all optimization problems which was confirmed by No
Free Lunch Theorem (NFL) [46].

In order to be able to handle optimization issues, based
on the physical function of mirror, a new specular reflection
algorithm (SRA) was proposed by Qi. When the object was
hidden, the object could be found by the mirror reflecting
lights, and then the object was observed and displayed in
the mirror. It was a non-population algorithm so that only
a single solution was calculated in each iteration to search
for the new solution, which could improve the computational
efficiency. Compared with DE and MDE algorithm, SRA
had unique advantages, with fewer set parameters and higher
solution accuracy, which can also better deal with the com-
plex engineering structure optimization problems [47]. SRA
was used in the robust optimization design and reliability
robust optimization design of crane girder structure, and it
was proved that the algorithm can effectively deal with the
structure robust optimization design [48]. Compared with
PSO, FOA and SA, SRA was an effective and superior algo-
rithm, but for solving high dimensional, multi-peak complex
functions, it was easy to fall into local optima, and the con-
vergence accuracy of SRA was lower [49]. At present, there
is little research on SRA. Compared some traditional algo-
rithms, it has advantages of fast convergence rate and higher
solution accuracy. However, similar to other meta-heuristic
algorithms, SRA has the disadvantages of single population,
jumping into local optimum, low robustness, weak ergodic-
ity etc. How to improve the performance of metaheuristic
swarm intelligence optimization algorithms has been a hot
issue problem by the way to the convergence accuracy, global
search ability, the ability to resist local optimization etc. One
way is to improve the performance of meta-heuristic algo-
rithms by using shared concepts. To solve the problem of pre-
mature convergence frequently appearing in ABC algorithm
and convergence slowly ofABC,ABC algorithmwith sharing
factor was proposed. The results showed that this algorithm
had higher convergence property compared with ABC algo-
rithm [50]. In order to improve the convergence accuracy
and late search ability of crow search algorithm, a shar-
ing mechanism was introduced into crow search algorithm,
shared crow algorithm using multi-segment perturbation was
proposed. The results showed that the comprehensive perfor-
mance of this algorithm was better than other meta-heuristic
algorithms [51]. A multi-subpopulation based on symbiosis
and non-uniform Gaussian mutation salp swarm algorithm
(MSNSSA) was proposed to the overcome the disadvantages

of slow convergence rate and low precision in salp swarm
algorithm (SSA) [52]. Another way is to improve the per-
formance of meta-heuristic algorithm by using chaos the-
ory and Gaussian mutation. The ABC algorithm based on
self-adaptive Tent chaos was proposed to improve the per-
formance of ABC algorithm, and the results show that it had
a better performance compared with ABC algorithm [53].
Chaos optimization algorithm based on Tent map was pro-
posed with a fast search rate [54]. The gravitational search
algorithm based on improved Tent chaos (ITC-GSA) was put
forward, which could effectively overcome the shortcomings
of the GSA’s vulnerability to premature convergence and
local optimization, and improve the algorithm’s convergence
speed and optimization accuracy [55]. A new improved popu-
lation migration algorithm was proposed by adding Gaussian
mutation and the steepest descent algorithms, and the simula-
tion results demonstrated that the convergence rate and global
convergence ability of population migration algorithm was
improved [56].

Currently, to the best of our knowledge, there is no work
proposed in literatures to improve the exploitation and the
exploration of SRA. Therefore, in this paper, a novel chaotic
multi-specular reflection optimization algorithm considering
shared nodes (CMSRAS) was proposed by the combination
of population strategy with shared node, improved Tent chaos
strategy and Gaussian mutation strategy, respectively. The
main contributions of this paper were summarized as follows:

(a) a novel chaotic multi-specular reflection optimiza-
tion algorithm considering shared nodes (CMSRAS) was
proposed.

(b) Combined with the RSM method and Sobol’s method,
the influence law and sensitivity analysis of the CMSRAS
algorithm were attained.

The rest of this paper is organized as follows: SRA algo-
rithm was described in deal in section 2. The proposed
CMSRAS algorithm, the pseudocode and flow chart of
CMSRAS algorithm, and computational complexity analysis
of CMSRAS algorithm were described in deal in section 3,
respectively. In section 4, the influence of algorithm param-
eters on the performance of CMSRAS algorithm and its sen-
sitivity analysis were obtained. In section 5, the performance
of CMSRAS algorithm was evaluated compared with other
competitive meta-heuristic algorithms. In the last section,
conclusions and prospects were presented.

II. DESCRIPTION OF SRA ALGORITHM
According to the physical laws of mirrors reflection, the SRA
algorithm was proposed by Qi et al. [47]–[49]. The physical
model of SRA was shown in Fig. 1. It was observed that
SRA consists of eye, mirror and object, respectively. Through
the reflection behavior and reversing function of the mir-
ror, the search range of the solution was expanded to achieve
the purpose of searching for the global optimal solution. For
n dimensional minimum optimization problem, the detailed
steps of SRA were obtained as follows:
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FIGURE 1. Physical model of SRA.

Step 1: In the independent variable feasible region, ran-
domly generated three groups of initialization solution Xi =

[x1i , x
2
i , · · · , x

n
i ], i = 1, 2, 3, and maximum number of iter-

ations Max_I, search step factor c and convergence iteration
accuracy ζ were determined, respectively.
Step 2: Evaluate of initial fitness value f (Xi), and then sort

it, when f (X1) ≤ f (X2) ≤ f (X3), let X1 = X eye, X2 = Xmirror ,
X3 = Xobject .
Step 3: Updated the optimal solution position xnNew_1 and

xnNew_2 by (1), respectively.x
n
New_1 = xneye + c · r

(
xneye − x

n
object

)
xnNew_2 = xneye + c · r

(
xneye − x

n
mirror − x

n
object

) (1)

where c was search step factor and r was random number.
Step 4: Updated the new optimal solution xnNew by (2).x

n
New = xDNew_1 if f

(
xDNew_1

)
≤ f

(
xDNew_2

)
xnNew = xDNew_2 if f

(
xDNew_1

)
≥ f

(
xDNew_2

) (2)

Step 5: If it met the constraints of ζ or Max_I, output the
global optimum xnNew otherwise go to step 2, and continue to
calculate the global optimal optimum. The flow chart of SRA
was shown in Fig. 2.

III. THE PROPOSED CMSRAS ALGORITHM
SRA is an efficient and general random search optimization
algorithm with high global search capability. However, it has
the disadvantages of single population, slow convergence in
the later stage, easily fall into local optimum. In order to over-
come the shortcomings of SRA, the CMSRAS algorithm is
proposed based on the multi-population strategy with shared
node, improved Tent chaos strategy and Gaussian mutation
strategy, respectively.

A. IMPROVEMENT STRATEGIES
(I) Multi-population strategy with shared node

FIGURE 2. The flow chart of SRA.

SRAhas a single population andweak population diversity,
which easily leads to low ability of jumping out of local opti-
mum and global optimum search. To enrich the population
diversity of SRA, the single SRA model is modified into a
multi-specular reflection optimization algorithmmodel based
on a shared node, as shown in Fig. 3. The same as SRA is
that its main components are eyes, suspicious targets, mirrors
and target. Inversely, in the CMSRAS model, the popula-
tion of eyes, mirrors, and suspicious targets are expanded,
respectively.

FIGURE 3. Physical model of CMSRAS.
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FIGURE 4. Information sharing of CMSRAS.

FIGURE 5. Shared node selection.

FIGURE 6. The iterative process of CMSRAS by starting with the shared
node.

A shared node is obtained by the selecting the suspicious
targets according to the survival of the fittest, and to improve
the efficiency of the algorithm. The specific selection process
of shared nodes is shown in Fig. 4 to Fig. 6. And then a

shared node is obtained by the selecting the suspicious targets
according to the survival of the fittest, and to improve the
efficiency of the algorithm. The specific selection process
of shared nodes is shown in Fig. 4 to Fig. 6. In Fig. 4,
the number of eyes is n, and it is the same as the num-
ber of mirrors. Different eyes can find the different target
objects through the reflection function of different mirrors.
Suspicious targets are made up of the different target objects,
which are close to the real target objects. The number of
suspicious targets is also n. The specular reflection rings are
composed of eyes, mirrors and suspicious targets. Eyes can
use the specular reflection ring to continuously search for
the target, through the reflection and reversing behavior of
the mirrors. However, this search method has the disadvan-
tages of a certain blind selectivity and low efficiency and
stability, because it is unable to accurately determine which
suspicious target is closest to the real target. In order to
further improve the efficiency of CMSRAS algorithm and
ensure that each search is in the best direction, eyes and
mirrors should have self-learning experiences (i.e. searching
information such as the best viewing angle, environmental
visibility, lighting conditions, mirror size, mirror reflection
path, etc.) and share them with each other. And then through
the way of information sharing between eyes and mirrors, the
optimal location of eyes and mirrors is selected to determine
the best suspected target, namely shared node. In Fig. 5, the
number of suspicious targets is n, which are obtained by
the Fig. 4. According to the law of survival of the fittest,
shared node is determined by the way of the exchange and
learning among n suspect targets. And the specular reflec-
tion rings with shared node are composed of shared node,
eyes and mirrors, respectively. In Fig. 6, when the share
node is determined, and then the specular reflection rings
with shared node are also obtained. The number of specular
reflection rings with shared node is n, and eyes can use the
specular reflection rings with shared node to continuously
search for the global optimal solution, through the reflection
and reversing behavior of the mirrors. In the search process,
the specular reflection rings with shared node are contin-
uously updated, namely eyes, mirrors and shared node are
continuously updated. The detailed steps were obtained as
follows:
Step 1: The population number of the specular reflection

ring n, the maximum iterations m and iterative precision ξ is
defined, respectively.
Step 2: Randomly search for 2n + 1 initial variable value

in the feasible region xi(i= 1, 2, · · · , 2n+1).
Step 3: Calculate the fitness value of the objective func-

tion for each feasible solution f (xi) , (i= 1, 2, · · · , 2n+1).
According to the fitness value f (xi), select the opti-
mal fitness value as a shared node, the median fit-
ness value as eye(i)(i= 1, 2, · · · , n) and the worst fitness
value as Mirror(i)(i= 1, 2, · · · , n) for n specular reflec-
tion rings. Meanwhile, the shared node and determination
rules of specular reflection ring are shown in Table 1 in
detail.
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TABLE 1. The shared node and determination rules of specular reflection ring.

TABLE 2. The updated rules of specular reflection rings and shared node.

Step 4: Based on the shared node, (1) is modified by (3).
And then new solutions xnNew_1 and x

n
New_2 are obtained by (3)

and (4), respectively.

XnNew_1 = xnSharednode + c1r1
(
xnMirror − x

n
eye

)
+c2r2

(
xnShared node − x

n
Mirror

)
+c3r3

(
xnShared node − x

n
eye

)
(3)

XnNew_2 = xnSharednode + c1r1
(
xnMirror − x

n
eye

)
+c2r2

(
xnShared node − x

n
Mirror

)
+c3r3

(
xnShared node − x

n
eye

)
(4)

where c1, c2 and c3 is search step size coefficient, respec-
tively. r1, r2 and r3 is random number at [−1, 1].
Step 5:According to (5), two new specular reflection rings

are selected for iterative calculation.
XnNew = XnNew1

if f
(
XnNew1

)
< f

(
XnNew2

)
XnNew = XnNew2

if f
(
XnNew1

)
> f

(
XnNew2

)
XnNew = XnNew2

= XnNew1
if f

(
XnNew1

)
= f

(
XnNew2

) (5)

Step 6: The updated rules of specular reflection rings and
shared node is shown in Table 2. According to the Table 2,
specular reflection rings are updated accurately and effi-
ciently.

The simplified model and iteration process of SRA and
CMSRAS algorithm are described, as shown in Fig. 7 and
Fig. 8, respectively. In Fig. 7, the SRA algorithm model is
composed of eye, mirror and suspected object, respectively.
The specular reflection ring is composed of eye, mirror and
suspected target, and the eye can use the reflection and
reversing function of the mirror to continuously search for
the final target by the specular reflection ring. Based on the

multi-population strategy with shared node, the SRA model
is extended to the CMSRAS model. In the CMSRAS model,
the population number of eyes, mirrors, and suspected targets
are expanded, respectively. The equivalent suspected target
is determined by the selection of suspected targets, namely
shared node. The specular reflection ring is also modified
by the specular reflection rings with shared node which are
composed of shared node, eyes and mirrors, respectively.
Eyes can efficiently find the final object by the way of the
specular reflection rings with shared node. In Fig. 8, through
the initial calculation of all fitness values, eyes, mirrors and
shared node are defined by the worst solution, near-optimal
solution and optimal solution, respectively. The reflection
rings are composed of shared node, eyes and mirrors (i.e. the
worst solution, near-optimal solution and optimal solution).
It shows that the iteration process of CMSRAS algorithm is
more complex than SRA. In this way, a group of n initial
reflection rings with shared node is generated. In addition,
the shared node and reflection ring are updated in each itera-
tion. In the same way, a final optimal solution can be searched
after n iterations.

Compared with SRA, CMSRAS algorithm has the follow-
ing advantages: (a) CMSRAS algorithm mainly consists of
three behaviors: the selection behavior of mirror reflection
path, a shared node andmirror reversing, respectively. (b) The
selection behavior of mirror reflection path is used to fully
enhance the ergodicity of CMSRAS algorithm. (c) The selec-
tion behavior of a shared node to increase the diversity of the
population. (d) The reversing behavior of multiple mirrors
can refine the local optimum and improve the search ability of
the optimal solution, and to improve the global convergence
efficiency and accuracy of the algorithm and avoid falling into
the local optimum.

(II) Population initialization based on improved Tent chaos
strategy
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FIGURE 7. Simplified model of CMSRAS.

FIGURE 8. The iterative process of CMSRAS.

Based on the multi-population strategy with shared node,
the population diversity of CMSRAS algorithm is enriched.
Chaos is a kind of nonlinear phenomenon in nature, and
CMSRAS algorithm searches for global optimal solutions in
chaotic space.

Because the Tent chaotic sequence has the characteristics
of randomness, property ergodicity and regularity, therefore,
in order to further improve the population diversity and the
ability to jump out of local optimal and global search ability
of CMSRAS algorithm, in this part, population is initialized

43056 VOLUME 9, 2021



B. Ma et al.: CMSRAS: Novel Chaotic Multi-Specular Reflection Optimization Algorithm Considering Shared Nodes

by the way of improved Tent chaos strategy. The form of
chaotic mapping has a great influence on the optimization
performance of the algorithm [53]. Compared with Logistic
chaotic map, the Tent chaotic map has more uniform ergod-
icity and faster search speed [54]. The expression for the Tent
chaotic map is expressed by (6).

xi+1 =

{
2xi 0 ≤ x ≤ 0.5
2(1− xi) 0.5 < x ≤ 1

(6)

By the Bernoulli shift method and (6), xi+1 is obtained as
shown in (7).

xi+1 = (2xi)mod1 (7)

Due to the existence of small period and unstable periodic
points in Tent chaotic map, in order to ensure the random-
ness, ergodicity and regularity of Tent chaotic map, avoid
falling into small period or unstable periodic point, (6) can
be improved by the rand(0, 1)× 1/n, as shown in (8) [55].

xi+1 =

{
2xi + rand(0, 1)× 1

n 0 ≤ x ≤ 0.5
2 (1− xi)+ rand(0, 1)× 1

n 0.5 < x ≤ 1
(8)

By the Bernoulli shift method and (8), xi+1 is obtained as
shown in (9).

xi+1 = (2xi)mod1+ rand(0, 1)×
1
n

(9)

where n is the population number of specular reflection ring.
The steps of population initialization based on improved

Tent chaos strategy as follows:
Step 1: The initial value x0 is generated randomly in [0,1],

and let i = 0.
Step 2: set the maximum number of iterations is max _i.

And according to (8), loop iteration is calculated for i times,
chaotic sequence xd is obtained.
Step 3: If i < max _i, save the xd .
(III) Improved Tent chaotic disturbance strategy
In order to further improve the ability of jumping out

of local optimum and the convergence precision of global
optimization, the improved Tent chaotic disturbance strat-
egy is introduced into CMSRAS algorithm. And then spe-
cific steps of improved Tent chaotic disturbance are as
follows:
Step 1: Chaotic sequence xd is obtained in (II) section.
Step 2: According to (10), xd is carried into the search

space of the corresponding variable.

xnewd = min(xnewd )+
(
max(xnewd

)
−min(xnewd ))xd (10)

where min(xnewd ) and max(xnewd ) is the maximum and mini-
mum of xnewd , respectively.
Step 3: Perturbation search for individuals by (11).

x
′new
= (x ′ + xnew)/2 (11)

where x ′ is disturbed individuals, xnew is chaotic disturbance
quantity, and x

′new is individual after chaotic disturbance,
respectively.

(IV) Gaussian mutation strategy
In the CMSRAS algorithm, the position update mainly

depends on the interaction between groups, and the individual
has no mutation mechanism. Therefore, the individuals easily
fall into the local optimum, which leads the algorithm to
premature convergence, reduced population diversity and low
optimization accuracy. In order to improve the ability of indi-
vidual variation, the Gaussian mutation strategy is introduced
into the CMSRAS algorithm. TheGaussianmutation is to add
a random number that obeys the normal distributionN (µ, σ 2)
to replace the original parameter value [56], as shown in (12).

x
′new
= xnew(1+ N (0, 1)) (12)

where xnew is the original parameter value, N (0, 1) is random
number with a standard normal distribution, and x

′new is the
parameter value after Gaussian mutation.

The Gaussian mutation based on normal distribution can
ensure the individual to search in the local neighborhood
of the individual, and the local search ability is greatly
improved, which can improve the ability and robustness of
the CMSRAS algorithm and avoid the local optimum.

B. PSEUDOCODE AND FLOW CHART OF CMSRAS
ALGORITHM
The pseudocode and flow chart of the proposed CMSRAS
algorithm are reported in Algorithm 1 and Fig. 9,
respectively.

Algorithm 1 Pseudo Code of CMSRAS
Initialize the parameters: specular reflection ring n,
max_iteration. variable dimension Dim
Initialize the population xi (i = 1, 2, · · · , 2n+ 1) by (9)
and (10)
Specular reflection ring (shared node, eyes, mirrors, respec-
tively.) is obtained by f (xi).
While (k ≤ max_iteration)

For each specular reflection ring in population do
Updated the positions of specular reflection ring by (3)
and (4)

End for
Updated fitness fi and calculated mean fitness fave

For each specular reflection ring in population do
If (fi < fave)

Update specular reflection ring by Eq. (12)
Else
Update specular reflection ring by Eq. (11)
End if

For each specular reflection ring in population do
Update specular reflection ring by Eq. (5)

End for
End for

k = k + 1
End while
Return the best solution found
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FIGURE 9. The flow chart of proposed CMSRAS algorithm.

C. COMPUTATIONAL COMPLEXITY ANALYSIS OF CMSRAS
ALGORITHM
Note that the computational complexity of the CMSRAS
algorithm mainly depends on three parts: initialization, defi-
nition of the specular reflection rings and specular reflection
rings update. Among them,N denotes the number of specular
reflection rings, D denotes the dimension of functions, and
T denotes the maximum number of iterations. The computa-
tional complexity of initialization is O((2×N + 1)×D), and
the computational complexity of definition of the specular
reflection rings is O(2 × N + 1), and the computational
complexity of specular reflection rings update isO((N×D)×
(N + 1)). Therefore, the total complexity of the CMSRAS
algorithm isO((2×N+1)×(1+D))+O(T×N×D×(N+1)).

IV. CHANGE TREND AND SENSITIVITY ANALYSIS OF
PARAMETERS IN CMSRAS ALGORITHM
Because there are many parameters in the multi mirror
optimization algorithm, such as the population number,
the design variable dimension, step size factors, etc., whether
these parameters are set reasonably or not determines the
performance of the CMSRAS algorithm. However, there
is a recessive relationship between these parameters and
the performance of the algorithm. In order to study the
influence of the parameters on the performance of the

CMSRAS algorithm, it is necessary to convert the implicit
relationship into explicit relationship. Response surface anal-
ysis method (RSM) is a popular method that can real-
ize the conversion of implicit relationship into explicit
relationship [57], [58].

In this paper, by selecting the step size factors c1, c2 and c3,
the number of mirror populations n and the design variable
dimension D are selected as factor indexes, respectively.
Meanwhile, the average iteration times N , convergence time
T and optimal solution are taken as the objective factors,
respectively.

The selected test function is shown in (13), and the image
is shown in Fig. 10. And then set 0.1 ≤ c1 ≤ 1.7, 0.1 ≤ c2 ≤
1.7, 0.1 ≤ c3 ≤ 1.7, 10 ≤ n ≤ 50, n ∈ N+, 10 ≤ D ≤
100,D ∈ N+, respectively. At the same time, the indepen-
dently calculation times are set to 30, the maximum iteration
times are 500 and the iteration accuracy is 0.

FIGURE 10. The test function.

Based on the RSM, the orthogonal test analysis results are
obtained, as shown in Table 3. It is found that the accuracy
of all optimal solutions has reached 0. Therefore, only the
relationship between c1, c2, c3, n, D and N , T is analyzed,
respectively. Explicit objective functions of average conver-
gence time and average number of iterations are determined,
as shown in (14) and (15), respectively.

f (x) =
∑D

i=1
x2i (13)

T = 2.27150− 2.06974× c1 − 2.14435

× c2 − 1.11918× c3 − 6.08949E − 003

×D++ 0.35613×n+ 0.35613× c1
× c2 + 0.34417×c1 × c3 + 0.010766× c1
×D+ 0.018506× c1 × n+ 0.45426×c2
× c3 + 9.3963E − 003×c2 × D+ 0.024198× c2
× n− 2.12222E − 003× c3 × D+ 0.015033× c3
× n+ 4.90213E − 004× n× D+ 0.64025×c21
+ 0.55815× c22 + 0.079309× c23 + 1.45701E

− 004×D2
− 6.75825E − 004× n2 (14)

N = 5778.28124− 531.97259× c1 − 684.7207
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TABLE 3. The orthogonal test analysis results.

× c2 − 1266.86679× c3 − 5.41298

×D−167.60062×n+ 73.24348× c1 × c2
+ 177.51289×c1 × c3 − 0.85833× c1 × D

+ 5.8× c1 × n+ 291.43232×c2 × c3
− 1.15556×c2 × D+ 8.57187× c2
× n− 1.36018× c3 × D+ 21.29896× c3 × n

+ 0.14044× n× D+ 406.58302×c21
+ 378.65336× c22 + 130.07723× c23
+ 0.024677×D2

+ 1.25472× n2 (15)

According to (14) and (15), the change trends of average
convergence time T and average number of iterations N with
c1, c2, c3, n and D can be determined respectively, as shown
in Fig. 11 and 12.
As n and D is constant, it can be seen in Fig. 11(a), 11(b)

and 11(c) that T decreases rapidly and then increases slowly
with the increase of c1 and c2, but decreases rapidly with the
increase of c3. In Fig. 11(a), when 0 ≤ c1 ≤ 0.9, 0 ≤c2 ≤
0.8, 0 ≤ c3 ≤ 0.95, T decreases with the increase of
c1 and the decrease rate vc11 becomes smaller and smaller.
When 0 ≤ c1 ≤ 0.3, 0 ≤c2 ≤ 1.7, 0 ≤ c3 ≤ 1.7, T
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FIGURE 11. Change trend of average convergence time T with (a) c1, (b) c2, (c) c3, (d) D, (e) n.

decreases with the increase of c1, and the decreasing rate
v′c11 becomes smaller and smaller and v′c11 < vc11. However,
when 0.5 ≤ c1 ≤ 0.9, 1.3 ≤c2 ≤ 1.7, 0.4 ≤c3 ≤ 1.7, T
increases with the increase of c1 and the change rate vc11 is
getting bigger and bigger. In Fig. 11(b), when 0 ≤ c1 ≤
0.9, 0 ≤c2 ≤ 0.6, 0 ≤ c3 ≤ 0.8, T decreases with the

increase of c2 and the decrease rate v′c21 becomes smaller
and smaller. However, when 1.5 ≤ c1 ≤ 1.7, 0.1 ≤c2 ≤
0.9, 1.4 ≤c3 ≤ 1.7, T increases with the increase of c2 and
the change rate vc21 is getting faster and faster. In Fig. 11(c),
when 0 ≤ c1 ≤ 0.9, 0 ≤c2 ≤ 0.9, 0 ≤ c3 ≤ 0.9, T decreases
with the increase of c3 and the decrease rate vc31 becomes
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FIGURE 12. Change trend of average number of iteration N with (a) c1, (b) c2, (c) c3, (d) D, (e) n.

larger and larger. However, when 0.9 ≤ c1 ≤ 1.7, 0.9 ≤c2 ≤
1.7, 0.1 ≤c3 ≤ 0.9, T increases with the increase of c3 and
the change rate vc31 becomes larger and larger. In Fig. 11(d)
and 11(e), when c1, c2 and c3 is constant, T increases with
the increase of n and D, and the decrease rate vn1 and vD1
remain nearly constant and vn1 > vD1. When n and D is

constant, it can be seen in Fig. 12(a), 12(b) and 12(c) that N
decreases slowly and then increases rapidly with the increase
of c1 and c2, but decreases rapidly with the increase of c3.
In Fig. 12(a), when 0 ≤ c1 ≤ 0.5, 0 ≤c2 ≤ 1.4, 0 ≤
c3 ≤ 6, N decreases with the increase of c1 and the decrease
rate vc11 becomes smaller and smaller. However, when
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FIGURE 13. First order effects (a) and total effects (b) of average convergence time T using Sobol’s method of sensitivity analysis.

0.5 ≤ c1 ≤ 0.9, 0 ≤c2 ≤ 1.7, 1.5 ≤c3 ≤ 1.7, T
increases with the increase of c1, and the increasing rate v′c12
becomes larger and larger. In Fig. 12(b), when 0 ≤ c1 ≤
1.7, 0 ≤c2 ≤ 0.5, 0 ≤ c3 ≤ 0.6, N decreases with the
increase of c2 and the decrease rate v′c22 becomes smaller
and smaller. However, when 0 ≤ c1 ≤ 1.7, 0.1 ≤c2 ≤
0.9, 1.5 ≤c3 ≤ 1.7, N increases with the increase of c2 and
the increase rate v′c22 is getting faster and faster. In Fig. 12(c),
when 0 ≤ c1 ≤ 1.7, 0 ≤c2 ≤ 1.7, 0.1 ≤c3 ≤ 0.9, N
increases with the increase of c3 and the increase rate v′c32
becomes uniformly. However, when 0 ≤ c1 ≤ 1.7, 0 ≤c2 ≤
1.7, 0 ≤ c3 ≤ 0.3, N decreases with the increase of c3
and the decrease rate v′c32 becomes smaller and smaller.
In Fig. 12(d) and 12(e), when c1, c2 and c3 is constant,
it shows that N decreases rapidly with the increase of D
but decreases rapidly and then slowly with the increase
of n.

All in all, these results show that the reasonable parameter
setting plays a crucial role in the performance of CMSRAS
algorithm.

Parameter sensitivity analysis is helpful to set the param-
eters reasonably and ensure the performance of CMSRAS
algorithm. Sobol’s method is a global sensitivity analysis
method based on variance.

In practical application, Sobol’s method is relatively easy
to implement by using Monte Carlo simulation method. The
first order and total sensitivity indexs of Sobol’s method are
relatively easy to obtain. The detailed calculation steps are
shown in Ref. [59].

Therefore, in this paper, Sobol’s method is used to deter-
mine the sensitivity of setting parameters of CMSRAS
algorithm.

It supposes that the parameters c1, c2, c3, n and D obey
uniform distribution and 0.1 ≤ c1 ≤ 1.7, 0.1 ≤ c2 ≤
1.7, 0.1 ≤ c3 ≤ 1.7, 10 ≤ n ≤ 50, 10 ≤ D ≤ 100
and the simulation times by Monte Carlo method are 20000,
respectively.

According to (14) and (15), the first-order effect sensitiv-
ity coefficient and total effect sensitivity coefficient of the
setting parameters to the average convergence time and the
average number of iterations are calculated respectively, and
the results are shown in Fig. 13 and Fig. 14.

It can be seen from Fig. 13(a) that the first-order effect
sensitivity coefficient of the average convergence time in c1,
c2, c3, D and n is 0.0074, 0.0065, 0.001, 0.0495, 0.9307,
respectively. The result shows that n andD are more sensitive
to the average convergence time, followed by c1, c2, and
c3. Similarly, it can be seen from Fig. 14(a) that the first-
order effect sensitivity coefficient of the average number of
iterations in c1, c2, c3, D and n is 0.1179, 0.1015, 0.0049,
0.0027, 0.7259, respectively. The results show that n and c1
are more sensitive to the average convergence time, followed
by c3, c2, and D. It can be seen from Fig. 13(b) that the
total effect sensitivity coefficient of the average convergence
time in c1, c2, c3, D and n is 0.0092, 0.0090, 0.0012, 0.0520,
0.9339, respectively. The result shows that n and D are more
sensitive to the average convergence time, followed by c1,
c2 and c3. Similarly, it can be seen from Fig. 14(b) that the
total effect sensitivity coefficient of t the average number of
iterations in c1, c2, c3, D and n is 0.1240, 0.1153, 0.0420,
0.0068, 0.7602, respectively. The results show that n and c1
are more sensitive to the average convergence time, followed
by c2, c3 and D.

In summary, these results indicated that c1, D and n are
more sensitive to the performance of CMSRAS algorithm.

V. PERFORMANCE EVALUATION OF CMSRAS
ALGORITHM
In this section, we compared the CMSRAS with some
competitive meta-heuristic algorithms by 32 benchmark
functions. The experiments were run on the operating
system of Windows 10, the CPU of Intel (R) Xeon (R)
Gold5118 CPU@2.3Hz 2.29Hz and the memory of 64G.
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FIGURE 14. First order effects (a) and total effects (b) of average number of iteration N using Sobol’s method of sensitivity analysis.

TABLE 4. Setting parameters of the algorithm.

TABLE 5. Description of unimodal test functions.

All the algorithm codes are written in M file by MATLAB
R2019a version.

A. BENCHMARK FUNCTIONS SET AND COMPARED
ALGORITHM
In order to verify the performance of the CMSRAS algo-
rithm proposed in this paper, some diverse subsets of bench-
mark functions are selected as shown in Tables 4-7, which

include unimodal functions (F1-F7), multimodal functions
(F8-F13), fixed-dimension unimodal functions (F14-F27) and
fixed-dimension multimodal functions (F28-F32), respec-
tively. These functions are widely used to test the var-
ious characteristics of the proposed algorithm, such as
the ability of fast convergence ability, global convergence,
avoiding the local optimum and premature convergence,
respectively. In Tables 4-7, Dim is the dimension of
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TABLE 6. Description of multimodal test functions.

TABLE 7. Description of fixed-dimension multimodal test functions.

benchmark functions, and Range is the definition of bench-
mark functions and fmin is the global optimum of bench-
mark functions, respectively. The results and performance
of the proposed CMSRAS algorithm is compared with
some well-known meta-heuristic algorithms including both
traditional meta-heuristic algorithms: PSO [6], CS [19],
DA [31], GWO [26], MFO [28], HHO [37], MVO [27],
SMA [38], SCA [30], SOA [35], WOA [29], SRA [47]–[49]
and advanced meta-heuristic algorithms: TAPSO [61],
MPSO [62], IPSO [63], I-GWO [64], AGPSO1 [60],
AGPSO2 [60], AGPSO3 [60], GWOCS [65]. The parameter
setup of all traditional and advanced meta-heuristic algo-
rithms is detailed in Table 8. The parameters of all algorithms
are set by more commonly-used or popular parameters in
literatures.

In order to ensure the fairness of competitive exper-
iments, all the algorithms were carried out under the
same experimental conditions. In this paper, the popula-
tion and the maximum iterations of all algorithms were
set to 30 and 2000, respectively. In addition, for the pur-
pose of avoiding the error caused by random factors, all
the algorithms were independently run by 30 times for
all tested benchmark functions, and at the same time,
the average value (AVG) and standard deviation (STD)
were selected as the evaluation index of the experimental
results.

TABLE 8. Description of fixed-dimension unimodal test functions.

B. QUALITATIVE ANALYSIS OF CMSRAS ALGORITHM
In order to demonstrate the convergence analysis of the
CMSRAS algorithm, the search history, the trajectory of
mirrors in the 1st dimension, the average fitness of mirrors
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FIGURE 15. Qualitative results of unimodal problems.

and the convergence curve are selected as the evaluation index
in the 2D environment as shown in Fig. 15 and Fig. 16,
respectively. The search history shows the location and distri-
bution of mirrors during the iteration process. The trajectory
of the 1st mirror shows the value of the first variable in each
iteration. The average fitness indicates the average objective
value of all mirrors in each iteration. The convergence curve
indicates the optimal objective value of all mirrors in the
iteration process.

From the search history in Fig. 15 and Fig. 16, it shows that
the mirrors are similarly gathered near the optimal solution.
Meanwhile, the optimal solution is precisely searched in the
search area by the frequently reversing and rapidly reflecting
behavior of the mirror. For unimodal functions, the distribu-
tion of mirrors is relatively discrete, and the phenomenon of
local optimum aggregation is not obvious. However, for mul-
timodal functions, the distribution of mirrors is mainly con-
centrated in multiple regions with local optimum, which fully
demonstrates that mirrors can realize the tradeoff between
multiple local optimums.

As it can be seen in Fig. 15 and Fig. 16, the trajectory of 1st
mirrors indicates that the preliminary exploratory behavior
of mirrors. Through the larger oscillation in the initial stage
and the smaller oscillation in the later stage, mirrors can

improve the convergence speed and the search accuracy of
the optimal solution [66]. In the initial stage, the space search
is larger than that in the later stage, and even at 60% of the
exploration space. Compared with the unimodal functions,
the position of mirrors fluctuates greatly in the late stage
for the multimodal functions, and varies with the value of
the benchmark functions. These results show that mirrors
are more versatile and have higher robustness in different
functional functions.

From the average convergence curve in Fig. 15 and Fig. 16,
the results show that the average convergence curve of
the mirror decreases first rapidly and then slowly with the
increase of iterations, and the amplitude of oscillation attenu-
ation is relatively small. Thus, the ability of fast convergence
in the early stage and accurate search in the later stage are
ensured.

According to the convergence curve in Fig. 15 and Fig. 16,
it is obvious that CMSRAS can reveal an accelerated in the
iteration stage, the ability of shifting from exploration to
exploitation is higher and the rate of convergence is faster.

C. EXPLOITATION COMPETENCE ANALYSIS
(I) CMSRAS compared with SRA
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FIGURE 16. Qualitative results of multimodal problems.

Unimodal functions can be well used to test the exploita-
tion ability of algorithms. Therefore, in this section, in order
to compare performance of CMSRAS with basic SRA more

comprehensively, the exploitation ability test was carried out.
In different dimensions of search space and population size,
the performance of both CMSRAS and SRA is performed
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TABLE 9. Results on unimodal benchmark functions by different population size.

TABLE 10. Results on unimodal benchmark functions by different dimensions.

by the 12 unimodal benchmark functions (F1-F7 and F28-
F32), respectively. In this experiment, the maximum number
of iterations and calculated times was set to 2000 and 30,
respectively. The experiment is divided into two parts: in
the first part, for F1-F7 benchmark functions, the dimension
of search space was set to 30 and the population size of
CMSRAS was set to 10, 30, 50, respectively. Meanwhile,
the population size of CMSRASwas set to 30, and the dimen-
sion of search space was set to 30, 100, 200, respectively.
In the second part, for F28-F32 benchmark functions, under
a fixed dimension, the population size of CMSRAS was set
to 10, 30, 50, respectively. The average optimum (AVG) and

standard deviation (STD) of the attained results over 30 times
independent runs as shown in Table 9-11, respectively. The
convergence curves of unimodal benchmark functions by
the different population sizes and dimensions are shown
in Fig. 17 and 18, respectively.

As it can be seen from Table 9 and 11, as the population
increases, for F1, F3, F5, F28, F29, F30, F31 and F32, CMSRAS
obtains the global optimum and the STD is respectively
smaller. In addition, for F1-F7 and F28-F32, the AVG and
STD obtained by CMSRAS are getting better and better.
However, the AVG and STD obtained by SRA are worse than
that of CMSRAS, and it is easy to fall into local optimum.
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TABLE 11. Results on fixed dimension unimodal benchmark functions by different population size.

FIGURE 17. The convergence curves of unimodal benchmark functions by different population sizes.

The unimodal benchmark functions are more challenging to
be addressed as the dimension of search space increases.
As per results in Table 10, as the dimension increases, for
F1, F3 and F5, CMSRAS can obtain the global optimum

and the STD is 0. Meanwhile, for F1-F7, the AVG and STD
of CMSRAS is getting worse and worse but better than
that of SRA with the increase of the dimension of search
space.
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FIGURE 18. The convergence curves of unimodal benchmark functions by different dimensions.
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FIGURE 18. (Continued.) The convergence curves of unimodal benchmark functions by different dimensions.

As it can be seen in Fig. 17 and 18, for all unimodal
benchmark functions, the convergence rate of CMSRAS is
faster than that of SRA. With the increase of population size,
the convergence rate of CMSRAS is gradually increased.
Inversely, as the dimension of search space increases, the con-
vergence rate of CMSRAS is gradually decreased for most of
unimodal benchmark functions. The results of convergence
curves show that SRA is more easily to fall into local opti-
mum than CMSRAS.

To sum up, the exploitation ability of CMSRAS is supe-
rior to that of SRA, whether in low dimensions or in high

dimensions. That may be because the combination of popu-
lation strategy with shared node, improved tent chaotic muta-
tion strategy and Gaussian mutation strategy increases the
population diversity, making CMSRAS more likely to jump
out of the local optimum and obtain a better solution with a
fast convergence rate.

(II) CMSRAS compared with traditional and advanced
algorithms

In this section, in order to evaluate performance of
CMSRAS compared with other algorithms more com-
prehensively, the exploitation ability test was performed
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TABLE 12. Comparison results of unimodal functions with traditional algorithms.

by the 12 unimodal benchmark functions (F1-F7 and
F28-F32), respectively. In this test, the maximum num-
ber of iterations, the dimension of search space and the
population size were set to 2000, 30 and 30 respec-
tively. The average optimum (AVG) and standard devia-
tion (STD) the attained results over 30 times independent
runs as shown in Table 12-15, respectively. The conver-
gence curves of unimodal benchmark functions by tradi-
tional and advanced algorithms are shown in Fig. 21 and 22,
respectively.

As it can be seen in Table 12 and 14, for F1, the CMSRAS,
HHO, SMA and SOA can obtain the global optimumwith the
best STD, and the AVG and STD of CMSRAS are superior to
PSO, CS, DA, GWO, MFO, MVO, SCA and WOA, respec-
tively. For F2, SMA can obtain the global optimum is superior
to other traditional algorithms.Meanwhile, the AVG and STD
of CMSRAS are superior to PSO, CS, DA, GWO, MFO,
MVO, HHO and SOA, respectively. For F3, both CMSRAS
and SMA can obtain the global optimum with the best STD,
which is superior to PSO, CS, DA, GWO,MFO, MVO, SCA,
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TABLE 13. Comparison results of unimodal functions with advanced algorithms.

HHO, WOA and SOA, respectively. For F5 and F32, both
CMSRAS and CS can obtain the global optimum with the
best STD, which is superior to other algorithms. For F7,
the HHO can obtain the best results, and the AVG and STD of
CMSRAS is superior to PSO, DA, GWO, MFO, MVO, SCA
and WOA, respectively. For F4 and F5, CMSRAS can attain
the best results compared with other algorithms. For F28 and
F29, CMSRAS, PSO and CS can attain the global optimum
with the best STD, which is superior to other algorithms. For
F30, the global optimum is obtained by CMSRAS, GWO,
HHO, SMA, SOA and WOA. For F31, the AVG and STD of
SMA are ranked first. As per results in Table 13 and 15, for
F1, F2, F3, F4 and F7, the results of CMSRAS are optimal.
For F28, F29 and F31, the AVG and STD of CMSRAS are
the smallest in parallel compared with other algorithms, but
that is better than GWOCS. For F30, CMSRAS, I-GWO and
GWOCS can attain the best results and that is better than
other algorithms. For F31, the AVG and STD of CMSRAS are
the smallest in parallel compared with other algorithms, but

that is better than I-GWO, AGPSO1, AGPSO2, AGPSO3 and
GWOCS, respectively.

As it can be seen in Fig. 21 and 22, it is visually observed
that CMSRAS has the fastest convergence rate than other
competitive algorithms in F3, F4, F5, F6, F7, F28, F29 and
F31, respectively. All in all, compared with traditional and
advanced algorithms, CMSRAS has an advantage in uni-
modal functions.

D. EXPLORATION COMPETENCE ANALYSIS
(I) CMSRAS compared with SRA

The ability to exploit and avoid falling into local opti-
mum is often evaluated by multimodal functions. In this
section, in order to compare performance of CMSRAS with
basic SRA more comprehensively, the experiments were per-
formed by the 20 multimodal benchmark functions (F8-F27).
In this experiment, the maximum number of iterations and
calculated times was set to 2000 and 30, respectively. The
experiments were divided into two parts: in the first part, for
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TABLE 14. Comparison results of fixed dimension unimodal functions with traditional algorithms.

TABLE 15. Comparison results of fixed dimension unimodal functions with advanced algorithms.

F8-F13 benchmark functions, the population size of
CMSRAS was set to 10, 30, 50, respectively. and then
the dimension of search space was set to 30, 100, 200,

respectively. In the second part, for F14-F27 benchmark
functions, under a fixed dimension, the population size of
CMSRAS was set to 10, 30, 50, respectively. The AVG
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FIGURE 19. The convergence curves of multimodal benchmark functions by different dimensions.
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FIGURE 19. (Continued.) The convergence curves of multimodal benchmark functions by different dimensions.

TABLE 16. Results on multimodal benchmark functions by different population size.

and STD of the attained results over 30 times independent
runs as shown in Table 16-18, respectively. The convergence
curves of multimodal benchmark functions by different pop-
ulation sizes and dimensions are shown in Fig. 19 and 20,
respectively.

The data in Table 16 and 18 demonstrates that CMSRAS
obtains the global optimum with lowest STD in F9, F11, F14,
F16, F17, F18, F19, F20, F21, F22, F23, F26 and F27, respectively.
However, SRA can attain the global optimum in F16, F17 and
F19, the STD of SRA is less than CMSRAS.

As the population increases, the AVG and STD obtained
by CMSRAS are getting better and better in F8, F12, F13
and F15, respectively. These results show that CMSRAS can
still exhibit significant advantages compared to SRA, such as
ranking first among other multimodal benchmark functions
other than F16 and F27.
As per results in Table 17, with the increase of the dimen-

sion of search space, for F9 and F11, CMSRAS can obtain
the global optimum and the STD is 0. Meanwhile, for F12
and F13, the AVG and STD of CMSRAS is getting worse and
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FIGURE 20. The convergence curves of multimodal benchmark functions by different population sizes.
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FIGURE 21. The convergence curves of unimodal benchmark functions by traditional algorithms.

TABLE 17. Results on multimodal benchmark functions by different dimensions.

worse but better than that of SRA with the increase of the
dimension of search space. Especially for F8-F13, the AVG
and STD of CMSRAS is better than SRA. In other words,

the ability of both exploration and avoiding falling into the
local optimum of CMSRAS is superior to SRA. That may be
because the reversing behavior and disturbance behavior of
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FIGURE 22. The convergence curves of unimodal benchmark functions by advanced algorithms.

multiple mirrors can refine the local optimum and improve
the search ability of the optimal solution, and to improve the
global convergence efficiency and accuracy of the algorithm
and avoid falling into the local optimum.

As it can be seen in Fig. 19 and 20, for F8-F27, the conver-
gence rate of CMSRAS is faster than that of SRA. With the
increase of population size, the convergence rate of CMSRAS
is gradually increased. That may be because the population
diversity of CMSRAS is enriched by the selection behavior
of a shared node. As the dimension of search space increases,
the convergence rate of CMSRAS is gradually decreased. The
results of convergence curves show that SRA is more easily
to fall into local optimum than CMSRAS.

In conclusion, for high-dimensional multimodal functions,
CMSRAS is obviously better than SRA in terms of in
terms of the ability to exploit and avoid falling into local
optimum.

(II) CMSRAS compared with traditional and advanced
algorithms

In this section, in order to compare performance of
CMSRAS with other algorithms more comprehensively,
the experiments were performed by the 20multimodal bench-
mark functions (F8-F27) to evaluate the ability of exploration
and avoiding the local optimum. Initially, the maximum num-
ber of iterations, the dimensions and the population size were
set to 2000, 30 and 30 respectively. The AVG and STD of
the attained results over 30 times independent runs as shown
in Table 19-22. The convergence curves ofmultimodal bench-
mark functions by the traditional and advanced algorithms are
shown in Fig. 23 and 24, respectively.

Compared with traditional and advanced algorithms,
the data in Table 19-22 represents that CMSRAS is still
competitive in multimodal benchmark functions. As it can be
seen in Table 19 and 21, for F9, F10, F11, F14, F16, F19, F24,
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TABLE 18. Results on fixed dimension multimodal benchmark functions by different population size.

F25, F26 and F27, the AVG and STD of CMSRAS were the
smallest in parallel compared with other algorithms, but that
was better than most traditional algorithms. For F12, F13, F20,
F21, F22 and F23, it shows that the results of CMSRAS are
optimal, which indicates that CMSRAS can still maintain its
advantages compared to the traditional algorithms and reflect
CMSRAS’s capability to avoid local optimum solutions.

As per results in Table 20 and 22, for F9, F10, F11, F12,
F13, F18, F20, F21, F22 and F23, compared with other advanced
algorithms, the AVG and STD of CMSRAS was ranked first.
For F16, F17, F19, F25, F24 and F27, the AVG and STD of
CMSRASwas equal to or close to other advanced algorithms.
However, for F8, the AVG of CMSRAS was inferior to
I-GWO and GWOCS, but the STD of CMSRASwas superior
to all advanced algorithms. In addition, for F15, the AVG of
CMSRAS was better than TAPSO, MPSO, IPSO, AGPSO1,
AGPSO2 and GWOCS, but that was worse than I-GWO
and AGPSO3. The STD of CMSRAS was superior to other
advanced algorithms except I-GWO. For F14, the AVG and
STD of both CMSRAS and I-GWO were better than other
advanced algorithms.

Compared with traditional algorithms, Fig. 23 shows
that CMSRAS can find a superior solution at a relatively

fast convergence tendency in multimodal functions such as
F8-F15, F16-F19, F21-F25 and F27. In addition, in Fig. 24,
it shows that CMSRAS also can find a superior solution at a
relatively fast convergence tendency in multimodal functions
such as F9-F19, F21-F25 and F27.
To sum up, CMSRAS can achieve superior faster thanmost

of other counterparts, thus well coordinating the ability of
exploration and exploration, and CMSRAS can avoid falling
into local optimum with fast convergence.

E. SIGNIFICANCE OF SUPERIOR ANALYSIS
There are often some shortcomings in evaluating the per-
formance of CMSRAS algorithm based on the AVG and
STD. In order to accurately evaluate the performance of the
CMSRAS algorithm, a statistical test is needed to determine
whether there are statistically significant differences between
the CMSRAS algorithm and other competitive algorithms.
In this section, the Wilcoxon rank-sum test with 5% degree
is carefully performed on the results of 30 independent
runs [67]. Table 23 shows the obtained p-value, h-value and
z-value of the Wilcoxon rank-sum test with 5% significance.
The term of NaN means that both algorithms are successful
in determining optimal points of a specific function in all the
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TABLE 19. Comparison results of multimodal functions with traditional algorithms.

TABLE 20. Comparison results of multimodal functions with advanced algorithms.

runs and the statistical Wilcoxon test is not applicable. And
the non-parametric Friedman’s test [68] was utilized. The
average rank of the results of the algorithms on 32 benchmark
functions is shown in Table 24. As it can be seen from
Table 23, for F1, CMSRAS is significantly better than other

competitive algorithms, except HHO, SMA, SOA. For F2,
CMSRAS is significantly better than all competitive algo-
rithms. For F3 and F4, CMSRAS is significantly better com-
pared to other algorithms, except SMA. For F5, CMSRAS is
significantly superior to other algorithms, except CS, TAPSO,
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TABLE 21. Comparison results of fixed dimension multimodal functions with traditional algorithms.
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TABLE 22. Comparison results of fixed-dimension multimodal functions with advanced algorithms.

43082 VOLUME 9, 2021



B. Ma et al.: CMSRAS: Novel Chaotic Multi-Specular Reflection Optimization Algorithm Considering Shared Nodes

FIGURE 23. The convergence curves of multimodal benchmark functions by traditional algorithms.
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FIGURE 24. The convergence curves of multimodal benchmark functions by advanced algorithms.
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MPSO, IPSO, AGPSO1, AGPSO2 and AGPSO3. For F6,
CMSRAS is significantly superior to most other algorithms,
but inferior to TAPSO, MPSO, IPSO and AGPSO3. For
F7, CMSRAS is significantly better than most other algo-
rithms, but less than SMA and SOA. For F8, CMSRAS
is significantly less than MFO. For F9-F11, CMSRAS is
not significantly better compared to HHO, SMA, SOA and
GWOCS. For F12, CMSRAS is not significantly better com-
pared with MPSO, IPSO and AGPSO3. For F13, CMSRAS is
significantly better compared with other competitors, expect
MPSO, IPSO and TAPSO. For F14 and F16, CMSRAS is not
significantly superior to CS, HHO, SMA and I-GWO. For
F15, CMSRAS is significantly better compared with other
competitors, expect GWOCS. For F17 and F19, CMSRAS is
significantly superior to other competitors, except CS, PSO,
MFO, I-GWO and GWOCS. For F18 and F24, CMSRAS
is not significantly better compared to PSO, CS, TAPSO,
MPSO, IPSO, I-GWO, AGPSO1, AGPSO2 and AGPSO3.
For F20, CMSRAS is not significantly superior to DA, MFO
and MVO. For F21, CMSRAS is not significantly better
compared to CS and I-GWO. CMSRAS is not significantly
superior to PSO, CS and I-GWO on F22 and F23. CMSRAS is
not significantly superior to PSO, CS MFO, TAPSO, MPSO,
IPSO, AGPSO1, AGPSO2, AGPSO3, I-GWO and GWOCS
on F25 and F27. CMSRAS is significantly better compared
to DA, GWO, MFO, HHO, SMA, MVO, SCA, SOA, WOA
and GWOCS on F28 and F29. CMSRAS is not significantly
better compared to HHO, MVO, I-GWO and GWOCS on
F30 and F31. For F26, CMSRAS is significantly better com-
pared to other competitors, except GWO, MFO, HHO, SMA,
WOA, SOA, I-GWO and GWOCS. For F32, CMSRAS is
significantly better compared to PSO, DA, GWO, MFO,
HHO,MVO, SMA, SCA,WOA, SOA, I-GWO andGWOCS.
Therefore, the statistical results of p-value, h-value and
z-value detected that the solutions of CMSRAS are signifi-
cantly better than those realized by other competitive algo-
rithms in most cases. As it can be seen from in Table 24,
the results show that CMSARS is ranked first compared to
other competitive algorithms for 32 benchmark functions.
Accordingly, CMSRAS has the best performance among
all these competitive algorithms from a statistical point
of view.

F. AVERAGE TIME-CONSUMING ANALYSIS
In the section, for 32 benchmark functions, CMSRAS
algorithm was compared with other 13 competitive algo-
rithms in the average time-consuming experiment men-
tioned above. Under the same lab environment, the average
time-consuming experiment was obtained by running inde-
pendently 30 times for each benchmark function, and the
results of the average time-consuming were shown in Table
25. As can be observed from the data in Table 25, the compu-
tation of CMSRAS took a relatively longer time than SRA.
This may be due to the enlargement of the population and
the addition of some mutation strategy. However, it can be

FIGURE 25. Simplified model of the crane box girder.

seen from the experimental results that CMSRAS is signif-
icantly better than SRA and some competitive algorithms
in most cases. Therefore, the improved strategies introduced
into SRA are worth it. In addition, CMSRAS can still outper-
form some algorithms while taking less time, such as DA,
SMA, and IGWO. Generally, even if it is relatively time-
consuming, CMSRAS still has better advantages over other
algorithms.

VI. ENNGINEERING STRUCTURE OPTIMIZATION CASES
A. CASE I
Cranes are widely used in industrial and mining enterprises,
ports, construction sites, aerospace, energy construction and
other aspects. As the main load-bearing structure (subject
to lifting loads, self-weight, external load, etc.), a box-
shaped welded structure is generally adopted, and the sim-
plified structure model and the definition and value of design
parameters are described, as shown in Fig. 25 and Table 26,
respectively.

a) Design variable selection and objective function deter-
mination
x1, x2, x3 and x4 are selected as optimization design vari-

ables andwritten in vector form as follows:X = [x1x2x3x4]T .
In general, the minimum cross section area of the beam is
selected as the optimization objective function, as shown
in (16).

minf (X) = x1x3 + x2x4 (16)

b) Determining constraints
The design of the crane box girder should satisfy the

requirements of strength, stability and stiffness (3S), respec-
tively. Therefore, the constraint conditions can be obtained
from the aspects of 3S and geometric dimension.

(1) Strength constraint

g1 (X) =
3S
4

[
F1 + 7.8× 10−5(x1x3 + x2x4)

3x1x2x4 + x21x3

+
F2

3x1x2x3 + x22x4

]
− 140 ≤ 0 (17)
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TABLE 23. Results of wilcoxon’s rank-sum test on 32 benchmark functions.
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TABLE 23. (Continued.) Results of wilcoxon’s rank-sum test on 32 benchmark functions.
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TABLE 23. (Continued.) Results of wilcoxon’s rank-sum test on 32 benchmark functions.
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TABLE 23. (Continued.) Results of wilcoxon’s rank-sum test on 32 benchmark functions.

TABLE 24. Results of friedman test of 32 benchmark functions.

(2) Stiffness constraint
The mid-span deflection of the main beam shall be less

than its allowable deflection, as shown in (18).

g2 (X) =
F1S3

1.68× 106
(
3x21x2x4 + x

3
1x3
) − L

700
≤ 0 (18)

(3) Stability constraint
In order to ensure the local stability of the flange plate

of the main girder without the need for stiffening plate and
reduce the manufacturing cost and avoid the stress concentra-
tion caused by too many welds during the processing of the
main girder, a longitudinal stiffened plate should be added to
the web. Therefore, local stability conditions are satisfied as

shown in (19) and (20).

g3 (X) =
x2
x4
− 60 ≤ 0 (19)

g4 (X) =
x1
x3
− 160 ≤ 0 (20)

(4) Geometric constraint
In order to reduce the complexity of the welding process,

the thickness of the plate should be less than 5mm. Therefore,
the geometric size should meet the geometric constraints,
as shown in (21) and (22).

g5 (X) = 5− x3 ≤ 0 (21)

g6 (X) = 5− x4 ≤ 0 (22)
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TABLE 25. The average time-consumingof algorithms on 32 benchmark functions.

TABLE 26. Design parameters of the crane box girder.

where 700 mm≤ x1 ≤ 800 mm, 350 mm≤ x2 ≤ 400 mm,
5 mm≤ x3 ≤10 mm, 5 mm≤ x4 ≤10 mm. CMSRAS
algorithm code is compiled by the MATLAB R2019a, and
set the population number as 10, the number of iterations as
500, and independently calculation times as 20, respectively.
The statistical optimization results of the crane box girder are
obtained, as shown in Table 27. The results show that the opti-
mal cross-section area, average cross-section area and worst
cross-section area of the crane box girder is 5903.30929mm2,
5903.3094 mm2, 5903.3435 mm2, respectively. In addition,
from the standard deviation and the average iteration time,
it shows that the CMSRAS algorithm can efficiently and
stably obtain the reasonable optimal design parameters of the
crane box girder.

Compared with other methods in literatures, the results
of before and after optimization is described as shown

FIGURE 26. Optimal convergence curve of the crane box girder.

in Table 28, and optimal convergence curve of the crane
box girder is shown in Fig. 26. These results indicate that
CMSRAS algorithm can obtain the best solutions in this engi-
neering problem, reflecting the applicability of CMSRAS to
engineering problems.

B. CASE II
The case II is an optimization design problem for a cylindrical
pressure vessel with mixed variables (discrete and continuous
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TABLE 27. Statistical optimization results of the crane box girder.

TABLE 28. Comparison and analysis of the best solutions with other references.

FIGURE 27. Simplified model of cylindrical pressure vessel.

variables), The simplified model of cylindrical pressure ves-
sel is shown in Fig. 27 and Table 29, respectively. It is
made of rolled steel plate to form a cylinder. Both ends of
the cylinder are sealed by welding two forged hemispherical
heads. The design requirements for cylindrical pressure ves-
sels with operating pressure of 3000 psi andminimumvolume
of 750 ft3 must be in accordance with ASME specifications
for boilers and pressure vessels.

The optimization design goal is to minimize the manu-
facturing cost of cylindrical pressure vessels. The objective
function and relevant constraints are determined in Ref. [72].
The objective function of the optimal design of cylindrical
pressure vessels is shown in (23) and the constraints are
shown in (24) ∼ (27).

minf (t1, t2,R, l) = 0.6224t1Rl + 1.7781t2R2

+ 3.1661t21 l + 19.84t22R (23)

s.t.

g1 = −t1 + 0.0193R ≤ 0 (24)

g2 = −t2 + 0.00954R ≤ 0 (25)

g3 = −πR2l −
4
3
πR3 + 1.296× 106 ≤ 0 (26)

g4 = l − 240 ≤ 0 (27)

FIGURE 28. Optimal convergence curve of cylindrical pressure vessel.

TABLE 29. Definition and value range of design parameters.

CMSRAS algorithm code is compiled by the MATLAB
R2019a, and set the population number as 50, the number of
iterations as 1000, and independently calculation times as 20,
respectively. The statistical analysis of optimization results
is shown in Table 30 and the iterative convergence curve
of the objective function is shown in Fig. 28. Comparison
and analysis of the best solutions with other references is
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TABLE 30. Statistical results of the MSRAS optimization runs executed for cylindrical pressure vessel.

TABLE 31. Comparison and analysis of the best solutions with other references.

shown in Table 31. The results show that the best solution
of CMSRAS algorithm is better than other references and
CMSRAS algorithm has high efficiency and stability to solve
the optimization problem of cylindrical pressure vessel.

Therefore, through the above two cases, the results show
that the CMSRAS algorithm can better deal with the continu-
ous and discrete nonlinear constrained optimization problems
of complex structures. It is an efficient and stable swarm intel-
ligence optimization algorithm, and has a broad application
prospects in the optimization design of complex mechanical
structures.

VII. CONCLUSION
In this paper, in order to improve the performance of basic
SRA algorithm, a chaotic multi-specular reflection optimiza-
tion algorithm considering shared nodes (CMSRAS) is pro-
posed on the combination of population strategy with shared
nodes, improved Tent chaos strategy and Gaussian mutation
strategy.

Initially, the influence rule and sensitivity analysis of the
performance of CMSRAS algorithm are obtained by the
combination of the Sobol’s method and RSM method. These
results indicated that c1, D and n are more sensitive to the
performance of CMSRAS algorithm. In addition, to compre-
hensively evaluate the performance of CMSRAS algorithm,
the qualitative analysis of CMSRASwas implemented. Then,
32 benchmark functions were used to evaluate the perfor-
mance of CMSRAS algorithm, and Wilcoxon sign-rank test
and Freidman test were applied to estimate the effectiveness
of CMSRAS algorithm more scientifically and reasonably.
The experimental results indicate that CMSRAS can main-
tain a superior balance between exploitation and exploration.
From the statistical analysis results, CMSRAS is superior to
other optimization algorithms. Two mechanical constrained
engineering problems were applied to demonstrate the abil-
ity to solve real-world problems. The results show that the
CMSRAS algorithm can effectively solve real-world opti-
mization problems.

The proposed CMSRAS algorithm can have better perfor-
mance attributed to the following viewpoints:

(a) The sharing mechanism was introduced into population
strategy to enrich the population diversity and improve the
searching efficiency.

(b) The search mechanism can be made more stable by
introducing shared nodes into the mirror reflection ring.

(c) Both the improved Tent chaos strategy and Gaussian
mutation strategy can alleviate the stagnation problems of the
basic SRA to improve the performance of basic SRA.

In future works, on the one hand, CMSRAS algo-
rithm can be extended to multi-objective version to solve
multi-objective optimization problems. On the other hand,
it also can hybridize with other intelligent optimization
algorithms.
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