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ABSTRACT In this paper, we investigate the usage of a nonlinear energy harvester at a full-duplex
(FD) relay, which can harvest the energy from radio frequency (RF) signals transmitted from the source.
We mathematically derive the exact closed-form expressions of outage probability (OP), throughput, and
average symbol error rate (ASER) of the nonlinear energy harvester-wireless information and power
transfer-FD relaying (N-WIPT-FDR) system over Rayleigh fading channels. Unlike linear energy harvester,
nonlinear energy harvester results in more computational complexity. Furthermore, it makes the outage floor
happen faster even when self-interference cancellation (SIC) techniques are effectively applied due to the
saturation power threshold of the nonlinear energy harvester. The combination of nonlinear energy harvester
characteristic and residual self-interference (RSI) has significant impacts on the OP, throughput, and ASER
of the considered N-WIPT-FDR system. On the other hand, there is an optimal energy harvesting (EH) time
duration, which minimizes the OP. This optimal value depends on the transmission power of the source and
the saturation power threshold of the nonlinear energy harvester. Monte-Carlo simulations are conducted to
validate the derived mathematical expressions.

INDEX TERMS Nonlinear energy harvesting, full-duplex relay, self-interference cancellation, decode-and-
forward, outage probability, throughput, average symbol error rate.

I. INTRODUCTION
In recent years, green communication has emerged as
a promising technique for future wireless networks such
as the fifth-generation (5G) and beyond [1]. In green
communication-oriented systems, various energy efficiency
solutions such as using the low power consumption devices,
radio frequency (RF) energy harvesting (EH), and sleepmode
are applied to save the energy consumption [1], [2]. Among
those, RF-EH has become a reality with the appearance
of some commercial products and standards [3]. Therefore,
exploiting the RF-EH technique to prolong the operation life-
time of wireless devices has been popular in both researches

The associate editor coordinating the review of this manuscript and
approving it for publication was Deyu Zhang.

and experiments as energy and information can be simultane-
ously transmitted and received through RF signals [4].

Besides the RF-EH technique, the in-band full-duplex (FD)
transmission technique is a new transmission method that
has been recently proposed for wireless communication sys-
tems to solve the issue of lacking wireless spectrum. Com-
pared with the traditional half-duplex (HD) transmission,
FD transmission can double the spectral efficiency because
FD devices can simultaneously transmit and receive signals at
the same time and on the same frequency band [5]–[7]. How-
ever, a major issue of FD transmission is the self-interference
(SI) from the transmitting antenna to the receiving antenna of
FD device. Fortunately, recent studies and experiments have
reported that the SI can be reduced up to 110 dB by using
several self-interference cancellation (SIC) solutions such
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antenna designs, analog and digital signal processing [8], [9].
When effective SIC solutions are deployed so that FD devices
can successfully decode the desired signal from the received
signals.

Combining wireless information and power trans-
fer (WIPT) and FD techniques into wireless communication
systems with FD relay has been considered in many works
such as [10]–[18]. In WIPT-FD relaying (FDR) systems,
either relay harvests the energy from source [11], [13], [14],
[16] or both source and relay harvest the energy from power
beacon (PB) [12], [15], [17]. In these works, the closed-form
expressions of outage probability (OP), throughput, symbol
error probability (SEP), and ergodic capacity were derived,
taking into account the impacts of various parameters such
as residual self-interference (RSI), EH time duration, and
data transmission rate [12], [14], [15], [17]. Their results
demonstrated that the RSI significantly impacts the OP and
SEP of WIPT-FDR systems. Notably, although linear energy
harvester is used at FD relay, the OP and SEP reach the
floors in high signal-to-noise ratio (SNR) due to the RSI.
Furthermore, the optimal EH time duration can improve the
throughput of WIPT-FDR systems compared with traditional
WIPT-HDR systems [14].

Manymethods have been proposed to enhance the through-
put, OP, and SEP performance of WIPT-FDR systems.
Specifically, in [10], a new throughput-oriented scheduling
scheme was developed for a WIPT-FDR system with mul-
tiple users over Rician fading channels. It was shown that
the proposed throughput-oriented scheduling scheme could
help the WIPT-FDR system reach the highest throughput.
A WIPT-FDR system with spatial modulation (SM) and
physical-layer network coding was investigated in [18]. The
authors showed that the bit-error-rate (BER) performance of
the FD-SM system could be better than that of the conven-
tional HD-SM system if the quality of SIC is enhanced, and
the spectral efficiency requirement increases. The authors
of [16] proposed an optimization problem with a non-convex
form to minimize the power consumption of FD secure com-
munications in cellular networks with downlinkWIPT. It was
demonstrated that the proposed FD secure scheme is more
power-efficient than the conventional one.

Recently, besides mathematical analysis, optimization
methods and experimental measurements have been intro-
duced to improve the performance of WIPT-FDR sys-
tems [19]–[23]. By optimizing the time switching (TS) ratio
in WIPT-FDR systems, the OP is significantly reduced and
the throughput is greatly enhanced. On the other hand, non-
linear energy harvester was been investigated in WIPT-FDR
systems [24], [25]. Specifically, in the that closed-form
expression for optimal TS cannot be achieved due to the com-
plexity in calculation, some useful methods can be applied to
increase the throughput and energy efficiency of WIPT-FDR
systems [24]. In addition, beamforming is a good solution to
improve the amount of harvested energy at FDR [25].

As discussed above, there have been many works inves-
tigating the benefits of both EH and FD techniques in

WIPT-FDR systems through mathematical analyses or sim-
ulations. Although linear energy harvester has been widely
used in the literature, recent reports such as [26]–[29] demon-
strated that it might be impractical. In fact, there are var-
ious factors causing the nonlinear characteristic of energy
harvester such as diode and saturation nonlinearities. Non-
linearity is the intrinsic property of diode. Meanwhile, the
saturation nonlinearities were confirmed by experiments
on energy harvesting circuits [3]. Therefore, the output
power of energy harvester in practice is often a nonlinear
function of the amount of harvested energy. Specifically,
the recent reports in [30], [31] demonstrated that nonlinear
energy harvester caused saturated floor even for half-duplex
relay (HDR) systems. In addition, the spectral efficiency
and energy efficiency of nonlinear energy harvesting systems
could be improved by optimizing the time switching ratio [30]
and the bit error probability could be reduced via coopera-
tive communications [31]. However, various scenarios using
nonlinear energy harvester in wireless communication sys-
tems have not still been investigated, especially in terms of
mathematical analysis. Motivated by this observation, in this
paper, we exploit nonlinear energy harvester at the FD relay of
a WIPT-FDR system (hereafter referred to as N-WIPT-FDR
system). The contributions of this paper are as follows:
• We investigate a wireless relaying system where
new techniques for future wireless networks such as
energy harvesting, full-duplex transmission are applied.
We observe that the usage of nonlinear energy harvester
makes mathematical analysis much more complex in
comparison with that in the case of using linear energy
harvester. Consequently, most of previous works often
derived expression of only one metric such as OP or
throughput.

• We calculate the exact signal-to-interference-plus-noise
ratio (SINR) of the considered N-WIPT-FDR system
under the effect of the saturation power threshold of non-
linear energy harvester and the RSI induced by FD trans-
mission. Based on this result, we successfully derive the
exact closed-form expressions of the OP, throughput,
and average symbol error rate (ASER) of the considered
N-WIPT-FDR system over Rayleigh fading channels.
From these expressions, we can easily derive the OP,
throughput and ASER expressions of other relevant sys-
tems such as linear WIPT-FDR (L-WIPT-FDR) system
by setting the saturation power threshold to extremely
large value, N-WIPT-HD relay (HDR) system and
L-WIPT-HDR system by setting RSI equals to zero and
two time slots for signal transmissions, i.e., source to
relay and relay to destination. All analysis expressions
are validated by Monte-Carlo simulations.

• Based on the derived expressions, the performance of the
considered N-WIPT-FDR system is investigated inten-
sively. Numerical results indicate that the saturation
power threshold causes the floor of OP, ASER even
when the RSI is small. Moreover, the joint impact of
the saturation power threshold and the RSI significantly
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FIGURE 1. Block diagram of the considered N-WIPT-FDR system.

affects the OP, throughput, and ASER of the consid-
ered system. Specifically, the throughput cannot reach
the target value due to the influences of the saturation
power threshold, RSI, and time switching ratio. On the
other hand, there is an optimal time switching ratio that
minimizes the OP, ASER andmaximizes the throughput.
This value depends on the transmission power of the
source, the saturation power threshold, and the RSI.

The rest of this paper is organized as follows. Section II
presents in detail the system and signal models of the con-
sidered N-WIPT-FDR system. Section III mathematically
derives the exact closed-form expressions of OP and through-
put of the considered system. Section IV provides several
numerical results obtained from these derived expressions.
Finally, Section V concludes the paper.

II. SYSTEM MODEL
Fig. 1 demonstrates the system model of the considered
N-WIPT-FDR system where the source (S) and destination
(D) are single-antenna devices operating in half-duplex (HD)
mode while relay (R) is a double-antenna device operating in
FD mode. One antenna of R is used for transmitting signals,
and the other is used for receiving signals. Additionally,
since R employs a nonlinear energy harvester to harvest the
energy from RF signals transmitted from S, the transmission
power of R only depends on the transmission power of S
up to a certain saturation power threshold of the energy
harvester [27]. Notice that in the relay systems, amplified-
and-forward (AF) and decode-and-forward (DF) are two pop-
ular relaying protocols. Although AF protocol is simpler than
DF protocol, DF relay can achieve better performance in com-
parison to that of AF relay [32]. In this paper, the considered
N-WIPT-FDR system are effected by various negative factors
such as the RSI and the saturation power threshold. Therefore,
we choose DF protocol for our analysis.

The operation of the considered N-WIPT-FDR system lasts
in two separate time durations, as illustrated in Fig. 2. The
first time duration of αT is used for EH. The second time
duration of (1 − α)T is used for information transmission,
where α and T are respectively the time switching ratio and
the transmission block duration. Since R receives signals
from S and simultaneously transmits signals to D, the SI
from the transmitting antenna and to the receiving antennas
of R appears. It should be noted that in realistic scenarios,

FIGURE 2. (a) Two time durations used in the considered N-WIPT-FDR
system, (b) The relation between the input power and the output power
of the relay equipped with nonlinear energy harvester.

R can use a shared antenna for both transmitting and receiving
signals. However, using separate antennas for transmitting
and receiving such as in the considered N-WIPT-FDR system
significantly enhances the efficiency of SIC at FD devices
because various solutions for SIC in antenna domain such
as isolation, antenna directionality, and cross-polarization can
be easily deployed for separate antennas [6], [9], [33].

In the EH time duration αT , the harvested energy at R with
nonlinear energy harvester (denoted by ENEH) is computed
as [27]

ENEH =

{
ηαTPS|hSR|2, PS|hSR|2 ≤ Pth
ηαTPth, PS|hSR|2 > Pth

(1)

where η, 0 6 η 6 1, is the energy conversion efficiency of
the nonlinear energy harvester;PS is the average transmission
power of S; hSR is the channel from the transmitting antenna
of S to the receiving antenna of R; Pth is the saturation power
threshold.

Next, R uses all harvested energy for forwarding data.
Mathematically, the transmission power of R used in the time
duration (1− α)T is given by

PR =
ENEH

(1− α)T
=

{
ηαPS|hSR|2

1−α , PS|hSR|2 ≤ Pth,
ηαPth
1−α , PS|hSR|2 > Pth.

(2)

During (1 − α)T , since R simultaneously transmits and
receives signals simultaneously and on the same frequency
band, the SI appears. Therefore, the received signal at R is
expressed as

yR = hSR
√
PSxS + h̃RR

√
PRxR + nR, (3)

where xS and xR are the transmitted signals of S and R,
respectively; PR is the average transmission power of R;
h̃RR is the SI channel from the transmitting antenna to the
receiving antenna of R; nR is the Gaussian noise with zero
mean and variance of σ 2

R, i.e., nR ∼ CN (0, σ 2
R).

It is obvious from (3) that, the average SI power is cal-
culated as E{|h̃RR|2}PR, where E is the expectation opera-
tor. This SI power may be much higher than the power of
desired signals. Thus, we should apply all SIC techniques
at R to decrease the SI power. Specifically, several solutions
in antenna domain such as cross-polarization, antenna direc-
tionality, and isolation are used first. Thanks to the usage
of separate antennas, these solutions in the antenna domain
can effectively reduce the SI power up to 30 dB [8], [9].
Then, the SI suppression in analog and digital domains is
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carried out by using suitable circuits and algorithms. These
techniques can mitigate SI up to 50 dB in the analog domain
and 60 dB in the digital domain [8], [33], [34]. Overall, after
applying all SIC methods, FD devices can cancel the SI up to
110 dB [8], [33], [34], making FD communication systems
become feasibly in realistic scenarios. On the other hand,
the residual self-interference (RSI) after all SIC techniques
(denoted by IR) become Gaussian variable with zero mean
and variance of γRSI [35]–[37], where γRSI is

γRSI =

{
kηαPS
1−α , PS ≤ Pth,
kηαPth
1−α , PS > Pth,

(4)

with k is the RSI level due to imperfect SIC.
Now, the received signal at R can be rewritten as

yR = hSR
√
PSxS + IR + nR. (5)

Then, R decodes the received signal and recodes this signal
for forwarding. The received signals at D is presented as

yD = hRD
√
PRxR + nD, (6)

where hRD is the channel from the transmitting antenna of
R to the receiving antenna of D; nD ∼ CN (0, σ 2

D) is the
Gaussian noise at D.

From (5) and (6), the SINRs at R and D are, respectively,
calculated as

γR =
|hSR|2 PS
γRSI + σ

2
R

= 8|hSR|2, (7)

γD =
|hRD|2 PR

σ 2
D

=


ηαPS|hSR|2|hRD|2

σ 2D(1−α)
, PS|hSR|2 ≤ Pth

ηαPth|hRD|2

σ 2D(1−α)
, PS|hSR|2 > Pth

=

{
9|hSR|2|hRD|2, PS|hSR|2 ≤ Pth
2|hRD|2, PS|hSR|2 > Pth.

(8)

where 8 = PS
γRSI+σ

2
R
, 9 = ηαPS

σ 2D(1−α)
, and 2 = ηαPth

σ 2D(1−α)
.

III. PERFORMANCE ANALYSIS
A. OUTAGE PROBABILITY
In this subsection, we mathematically derive the closed-form
expression of the OP of the considered N-WIPT-FDR system.
The OP is defined as the probability that the instantaneous
data transmission rate of the considered N-WIPT-FDR sys-
tem is lower than a pre-data transmission rate. Since a time
duration αT is used for EH, the OP is given by

OP = Pr{(1− α) log2(1+ γe2e) < R}
= Pr{γe2e < 2

R
1−α − 1}, (9)

where γe2e and R are respectively the end-to-end SINR and
pre-data transmission rate. Since the DF protocol is deployed
at FD relay, γe2e is expressed as

γe2e = min{γR, γD}, (10)

where γR and γD are respectively given by (7) and (8).
Let γth = 2

R
1−α − 1 be the SINR threshold. Then, (9)

becomes
OP = Pr{γe2e < γth}. (11)

Combining of (10) and (11), we can see that the outage
occurs when the received SINRs at R (γR) or D (γD) falls
below a threshold γth. Mathematically, (11) can be rewritten
as

OP = Pr{γR < γth} + Pr{γR ≥ γth, γD < γth}. (12)

Replacing γR and γD in (7) and (8) into (12), we can present
(12) as
OP = Pr{8|hSR|2 < γth}︸ ︷︷ ︸

J1

+ Pr{8|hSR|2 ≥ γth, 9|hSR|2|hRD|2 < γth,2|hRD|2 ≥ γth}︸ ︷︷ ︸
J2

+ Pr{8|hSR|2 ≥ γth,2|hRD|2 < γth}︸ ︷︷ ︸
J3

. (13)

Based on (13), the OP of the considered N-WIPT-FDR
system is derived in the following Theorem 1.
Theorem 1: The exact closed-form expression of theOP of

the considered N-WIPT-FDR system is computed as in (14),
as shown at the bottom of the page, where �1 = E{|hSR|2}
and �2 = E{|hRD|2} are respectively the average gains of S
– R and R – D channels; φn = cos

(
(2n−1)π

2N

)
; u = 1

2

[(
2
9
−

γth
8

)
φn +

2
9
+

γth
8

]
; N is the complexity-accuracy trade-off

parameter [38].
Proof: To derive the OP expression of the considered N-

WIPT-FDR system, we need to compute three probabilities
J1, J2, and J3 in (13). For the convenience in calculating these
probabilities, we firstly derive the cumulative distribution
function (CDF, denoted by F(.)), and the probability density
function (PDF, denoted by f (.)) of the instantaneous average
channel gain |h|2 (i.e., |hSR|2 and |hRD|2 in this paper) which
follows Rayleigh fading distribution. The PDF and CDF of
|h|2 are given by

F|h|2 (x) = Pr{|h|2 < x} = 1− exp
(
−

x
�

)
, x > 0, (15)

f|h|2 (x) =
1
�
exp

(
−

x
�

)
, x > 0. (16)

where � = E{|h|2} is the average channel gain.

OP =


1− exp

(
−

γth
8�1
−

γth
2�2

)
, γth >

82
9
,

1− exp
(
−

2
9�1
−

γth
2�2

)
−

π
2 N�1

(
2
9
−

γth
8

) N∑
n=1

√
1− φ2n exp

(
−

u
�1
−

γth
9�2 u

)
, γth ≤

82
9
,

(14)
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Now, the probability J1 is calculated as

J1 = Pr{8|hSR|2 < γth} = Pr{|hSR|2 <
γth

8
}

= 1− exp
(
−

γth

8�1

)
. (17)

Similarly, we compute J2 as

J2 = Pr{8|hSR|2 ≥ γth, 9|hSR|2|hRD|2 < γth,2|hRD|2 ≥ γth}

= Pr
{
|hSR|2 ≥

γth

8
,
γth

2
≤ |hRD|2 <

γth

9|hSR|2

}
. (18)

To calculate J2 in (18), we consider two cases, i.e.,
γth >

82
9

and γth ≤ 82
9

.
For the first case, the expression γth > 82

9
is equivalent

to γth
8

> 2
9
. From the definitions of 8, 2 and 9 after

(8), we have 2
9
=

Pth
PS

. Therefore, γth
8

> 2
9

becomes
γth
8
>

Pth
PS

. Based on this result and the condition |hSR|2 ≥
γth
8
,

we obtain |hSR|2 ≥
γth
8
>

Pth
PS

. This expression is equivalent
to |hSR|2 PS > Pth. Notice that the expression |hSR|2 PS >
Pth is the second condition in (8). When this condition is
satisfied, the SINR at D is γD = 2|hRD|2, not9|hSR|2|hRD|2.
Therefore, we have Pr{9|hSR|2|hRD|2 < γth} = 0, leading
to J2 = 0.
For the second case γth ≤ 82

9
, by applying similar meth-

ods above, we obtain γth
8
≤ |hSR|2 ≤ 2

9
. Therefore, (18) can

be rewritten as

J2 = Pr
{
γth

8
≤ |hSR|2 ≤

2

9
,
γth

2
≤ |hRD|2 <

γth

9|hSR|2

}
.

(19)

Using the PDF expression in (16) for |hSR|2 and |hRD|2,
we have

J2 =
∫ 2

9

γth
8

1
�1

exp
(
−

x
�1

)
dx
∫ γth

9x

γth
2

1
�2

exp
(
−

y
�2

)
dy.

(20)

The second integral in (20) can be easily solved, i.e.,∫ γth
9x

γth
2

1
�2

exp
(
−

y
�2

)
dy = exp

(
−

γth

2�2

)
− exp

(
−

γth

9�2x

)
. (21)

Then, J2 becomes

J2 =
1
�1

∫ 2
9

γth
8

exp
(
−

x
�1
−

γth

2�2

)
dx

−
1
�1

∫ 2
9

γth
8

exp
(
−

x
�1
−

γth

9�2x

)
dx. (22)

The first integral in (22) can be simply computed as

1
�1

∫ 2
9

γth
8

exp
(
−

x
�1
−

γth

2�2

)
dx

= exp
(
−

γth

8�1
−

γth

2�2

)
− exp

(
−

2

9�1
−

γth

2�2

)
.

(23)

For the second integral in (22), applying [38, Eq. (25.4.30)],
we have

1
�1

∫ 2
9

γth
8

exp
(
−

x
�1
−

γth

9�2 x

)
dx

=
π

2 N�1

(2
9
−
γth

8

) N∑
n=1

√
1− φ2n

× exp
(
−

1
2�1

[(2
9
−
γth

8

)
φn +

2

9
+
γth

8

])
× exp

(
−

γth

1
29�2

[(
2
9
−

γth
8

)
φn +

2
9
+

γth
8

])

=
π

2 N�1

(2
9
−
γth

8

) N∑
n=1

√
1− φ2n exp

(
−

u
�1
−

γth

9�2u

)
,

(24)

where u, N , φn are defined in Theorem 1.
Finally, we obtain J2 in (25), shown on the bottom of next

page.
Since two random variables in J3, i.e., |hSR|2 and |hRD|2,

are independent, the integral J3 is now calculated as

J3 = Pr{8|hSR|2 ≥ γth,2|hRD|2 < γth}

=

(
1− Pr

{
|hSR|2 ≤

γth

8

} )
Pr
{
|hRD|2 <

γth

2

}
= exp

(
−

γth

8�1

)
− exp

(
−

γth

8�1
−

γth

2�2

)
. (26)

Replacing J1, J2, and J3 in (17), (25), and (26) into (13),
we obtain the OP expression of the considered N-WIPT-FDR
system as (14) in Theorem 1. The proof is complete.

B. THROUGHPUT
Besides OP, throughput is a crucial parameter for eval-
uating system performance. In subsection, we derive the
closed-form expression of the throughput of the considered
N-WIPT-FDR system.
Theorem 2: The throughput (denoted by Tput) of the con-

sidered N-WIPT-FDR system is given by (27), as shown
at the bottom of the next page, where R is the pre-data
transmission rate of the considered system.

J2 =


0, γth >

82
9

exp
(
−

γth
8�1
−

γth
2�2

)
− exp

(
−

2
9�1
−

γth
2�2

)
−

π
2 N�1

(
2
9
−

γth
8

) N∑
n=1

√
1− φ2n exp

(
−

u
�1
−

γth
9�2 u

)
, γth ≤

82
9
.

(25)
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Proof: For the considered N-WIPT-FDR system, since a
portion of time α is used for EH, the remaining portion of time
used for data exchange is only 1− α. Thus, the throughput is
expressed as

Tput = R(1− α)(1− OP), (28)

where OP is the outage probability of the considered
N-WIPT-FDR system given in (14). Replacing the OP in (14)
into (28), we obtain the exact closed-form expression of the
throughput as in (27). The proof is complete.

C. AVERAGE SYMBOL ERROR RATE
The ASER the considered N-WIPT-FDR system can be given
by [39]

ASER = aE{Q(
√
bγe2e)}

=
a
√
2π

∞∫
0

F
( t2
b

)
exp

(
−
t2

2

)
dt, (29)

where (a, b) is a pair whose values depend on the modulation
types, e.g., (a, b) = (2, 1) for 4-quadrature amplitude mod-
ulation (4-QAM); (a, b) = (1, 2) for the binary phase-shift

keying (BPSK) modulation; Q(x) = 1
√
2π

∞∫
x
e−t

2/2dt is

the Gaussian function. For the convenience in calculation,
we change variable, i.e., x = t2

b , then (29) is rewritten as

ASER =
a
√
b

2
√
2π

∞∫
0

exp(−bx/2)
√
x

F(x)dx. (30)

From (30), the ASERs of the considered N-WIPT-FDR
system is given in the following Theorem 3.

Theorem 3: Under the impacts of nonlinear energy har-
vester and residual self-interference, the ASER of the
considered N-WIPT-FDR system is expressed as (31),
as shown at the bottom of the page, where M is
the complexity-accuracy trade-off parameter for calculat-
ing ASER; φm = cos

(
(2m−1)π

2M

)
; w =

82(1+φm)
29 ;

V = 1
2

[
2(1+φn)

9
+

w(1−φn)
8

]
.

Proof: To derive the ASER of the considered
N-WIPT-FDR system from (30), we have to obtain the CDF
of γe2e, which is defined as

F(x) = Pr{γe2e < x}. (32)

We can see that (32) is similar to (11). Thus, we can
easily obtain F(x) from OP expression by replacing γth by x.
Consequently, F(x) is given by (33), as shown at the bottom
of the page, where v = 1

2

[(
2
9
−

x
8

)
φn +

2
9
+

x
8

]
=

1
2

[
2(1+φn)

9
+

x(1−φn)
8

]
.

Then, ASER is computed as (34), as shown at the bottom of
the next page. Now, (34) is rewritten as (35), as shown at the
bottom of the next page. For simplicity, we reorganize (35) as
(36), as shown at the bottom of the next page. The first line
of (36) is calculated by using [40, Eq. (3.361.1)], i.e.,

∞∫
0

1
√
x
exp

(
−
bx
2

)
dx =

√
2π
b
, (37)

∞∫
0

1
√
x
exp

(
−
bx
2
−

x
8�1

−
x

2�2

)
dx

=

√
π

b
2 +

1
8�1
+

1
2�2

. (38)

Tput =


R(1− α) exp

(
−

γth
8�1
−

γth
2�2

)
, γth >

82
9
,

R(1− α)
[
exp

(
−

2
9�1
−

γth
2�2

)
+

π
2 N�1

(
2
9
−

γth
8

) N∑
n=1

√
1− φ2n exp

(
−

u
�1
−

γth
9�2 u

)]
, γth ≤

82
9
,

(27)

ASER =
a
√
b

2
√
2π

[√
2π
b
−

√
π

b
2 +

1
8�1
+

1
2�2

+
π82

2M9

M∑
m=1

√
1− φ2m
w

exp
(
−
bw
2

)(
exp

(
−

w
8�1

−
w
2�2

)
− exp

(
−

w
2�2

−
2

9�1

))

−
π282

4MN9�1

M∑
m=1

N∑
n=1

√
(1− φ2m)(1− φ2n )

w

(2
9
−
w
8

)
exp

(
−
bw
2
−

V
�1
−

w
9�2V

)]
(31)

F(x) =


1− exp

(
−

x
8�1
−

x
2�2

)
, x > 82

9
,

1− exp
(
−

2
9�1
−

x
2�2

)
−

π
2N�1

(
2
9
−

x
8

) N∑
n=1

√
1− φ2n exp

(
−

v
�1
−

x
9�2v

)
, x ≤ 82

9
,

(33)
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The second line of (36) is solved as (39), as shown at
the bottom of the page by using [38, Eq. (25.4.30)], where
M , φm, and v are defined in Theorem 3. Finally, the last line of
(36) is calculated by also using [38, Eq. (25.4.30)] to get (40).

82
9∫

0

1
√
x

(2
9
−

x
8

)
exp

(
−
bx
2
−

v
�1
−

x
9�2 v

)
dx

=
π82

2M9

M∑
m=1

√
1− φ2m
w

(2
9
−
w
8

)
× exp

(
−
bw
2
−

V
�1
−

w
9�2V

)
. (40)

Replacing (37), (38), (39), and (40) into (36), we obtain the
ASER of the considered N-WIPT-FDR system as (31). The
proof is complete.

IV. NUMERICAL RESULTS
In this section, we use the expressions of OP and throughput
in the previous section to analyze the system performance.
The impacts of various parameters such as the saturation
power threshold Pth, the time switching ratio α, the RSI level
k , and the data transmission rateR on the OP and throughput
are deeply investigated. Monte-Carlo simulations are con-
ducted to validate our mathematical analysis. In all results,
we set the average SNR as the ratio of the transmission power

ASER =
a
√
b

2
√
2π

[ 82
9∫

0

exp(−bx/2)
√
x

(
1− exp

(
−

2

9�1
−

x
2�2

)
−

π

2N�1

(2
9
−

x
8

) N∑
n=1

√
1− φ2n exp

(
−

v
�1
−

x
9�2v

))

+

∞∫
82
9

exp(−bx/2)
√
x

(
1− exp

(
−

x
8�1

−
x

2�2

))]
. (34)

ASER =
a
√
b

2
√
2π

[ ∞∫
0

1
√
x
exp

(
−
bx
2

)
dx −

82
9∫

0

1
√
x
exp

(
−
bx
2
−

2

9�1
−

x
2�2

)
dx

−
π

2N�1

N∑
n=1

√
1− φ2n

82
9∫

0

1
√
x

(2
9
−

x
8

)
exp

(
−
bx
2
−

v
�1
−

x
9�2v

)
dx

−

( ∞∫
0

1
√
x
exp

(
−
bx
2
−

x
8�1

−
x

2�2

)
−

82
9∫

0

1
√
x
exp

(
−
bx
2
−

x
8�1

−
x

2�2

))]
. (35)

ASER =
a
√
b

2
√
2π

[ ∞∫
0

1
√
x
exp

(
−
bx
2

)
dx −

∞∫
0

1
√
x
exp

(
−
bx
2
−

x
8�1

−
x

2�2

)
dx

+

82
9∫

0

1
√
x
exp

(
−
bx
2

)(
exp

(
−

x
8�1

−
x

2�2

)
− exp

(
−

2

9�1
−

x
2�2

))
dx

−
π

2N�1

N∑
n=1

√
1− φ2n

82
9∫

0

1
√
x

(2
9
−

x
8

)
exp

(
−
bx
2
−

v
�1
−

x
9�2v

)
dx
]
. (36)

82
9∫

0

1
√
x
exp

(
−
bx
2

)(
exp

(
−

x
8�1

−
x

2�2

)
− exp

(
−

2

9�1
−

x
2�2

))
dx

=
π82

2M9

M∑
m=1

√
1− φ2m
w

exp
(
−
bw
2

)(
exp

(
−

w
8�1

−
w
2�2

)
− exp

(
−

w
2�2

−
2

9�1

))
. (39)
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TABLE 1. Parameter settings used in evaluating the system performance.

of S to the variance of Gaussian noise, i.e., SNR = PS/σ 2,
where σ 2

= σ 2
R = σ 2

D. It is worth noticing that with the
parameter settings, the terms 8 and 9 can be presented via

SNR as 8 = PS
γRSI+σ

2
R
=

PS/σ 2R
(γRSI/σ 2R)+1

=
SNR

(γRSI/σ 2R)+1
and

9 =
ηαPS

σ 2D(1−α)
=

ηαPS/σ 2D
1−α =

ηαSNR
1−α . In addition, using the

first case of (4) (i.e., PS ≤ Pth), 8 can be represented as
8 =

SNR(1−α)
kηαSNR+1−α . As the result, the impacts of the average

SNR on the OP, throughput, and ASER of the considered
N-WIPT-FDR system are implicitly the impacts of source’s
transmission power. The energy conversion efficiency is
η = 0.85. In addition, we also simulate the performance
of the WIPT-FDR system with a linear harvester to compare
with that of the N-WIPT-FDR system. For clarity, the param-
eter settings for evaluating the system performance are sum-
marized in Table 1.
Fig. 3 plots the OP of the considered N-WIPT-FDR system

as a function of the average SNR. We also provide the per-
formance of N-WIPT-FDR and L-WIPT-FDR systems with
AF protocol. Herein, various saturation power threshold is
investigated, i.e., Pth/σ 2

= 5, 10, 20, 30 dB. The RSI level is
k = −30 dB and the time switching ratio is α = 0.5.
We set R = 0.5 bit/s/Hz for Fig. 3. The analysis curves
are plotted using (14) while markers denote Monte-Carlo
simulation results. It is obvious that nonlinear energy har-
vester has a strong effect on the OP of the considered N-
WIPT-FDR system. The combined influence of nonlinear
energy harvester and the RSI induced by FD transmission
causes saturated floor of OP. In particular, the outage floors
OP = 3 × 10−1 and OP = 10−1 corresponding with
Pth/σ 2

= 5 dB and Pth/σ 2
= 10 dB, respectively, occur

at SNR = 25 dB. Therefore, based on this observation,
we should use low transmission power of source (SNR <

25 dB) to avoid the waste of energy. For higher saturation
power threshold, the outage floor is lower, i.e., OP ≈ 10−2

and OP ≈ 10−3 corresponding with Pth/σ 2
= 20 dB and

Pth/σ 2
= 30 dB, respectively. Furthermore, when SNR < 35

dB, the OP of N-WIPT-FDR system with Pth/σ 2
= 30 dB is

similar to that of L-WIPT-FDR system. However, for higher
SNR, e.g., SNR ≥ 35 dB, the OP of N-WIPT-FDR sys-

FIGURE 3. The OP of the considered N-WIPT-FDR system versus the
average SNR for various saturation power threshold, i.e., Pth/σ

2 = 10,20,
30,50 dB, the RSI level k = −30 dB, the EH time duration α = 0.5 and the
pre-data transmission rate R = 0.5 bit/s/Hz.

FIGURE 4. The OP of the considered N-WIPT-FDR system for different
data transmission rates with Pth/σ

2 = 30 dB.

tem is saturated while the OP of the L-WIPT-FDR system
still reduces. It is also noted that, due to the effect of RSI,
the OP of L-WIPT-FDR system also goes to outage floor in
high SNR regime, but this outage floor is lower than that of
N-WIPT-FDR system. On the other hand, due to the noise
amplification in AF protocol, the DF-based relay systems
offer better performance compared with that of AF-based
relay system, especially in low SNR regime. In high SNR
regime, due to the error floors are appears, the performance
of both AF and DF protocols are similar.

Fig. 4 illustrates the effect of data transmission rates
on the OP of the considered N-WIPT-FDR system with
Pth/σ 2

= 30 dB. Other parameters for obtaining Fig. 4 are
similar to those used in Fig. 3. As can be seen from Fig. 4,
a higher data transmission rate leads to higher OP. In partic-
ular, for low data transmission rate, e.g., R = 0.5 bit/s/Hz,
the OP of N-WIPT-FDR system can reach 10−3 at SNR =
50 dB. Meanwhile, it is 4 × 10−3 at SNR = 50 dB for
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FIGURE 5. The OP of the considered N-WIPT-FDR system versus the time
switching ratio α for different values of SNR, Pth/σ

2 = 40 dB.

R = 1 bit/s/Hz. When the data transmission rate increases,
the OP also increases. For example, for R = 2 bit/s/Hz,
the OP is only approximately 10−2 at SNR = 50 dB. On the
other hand, when the transmission power of the source is less
than the saturation power threshold of nonlinear harvester
(SNR < 30 dB), the OPs of N-WIPT-FDR and L-WIPT-FDR
systems are similar. Otherwise, the OP of the N-WIPT-FDR
system is significantly higher than that of the L-WIPT-FDR
system due to the nonlinear characteristic of the harvested
energy.

Fig. 5 considers the OP of N-WIPT-FDR system versus the
time switching ratio α for different values of SNR. We see
that the impact of α on the OP is remarkably different for
each value of SNR. Furthermore, for a certain SNR, there
is an optimal value of α that minimizes the OP of the
N-WIPT-FDR system, and this value is decreased with the
increase of SNR. Specifically, the optimal α corresponding to
SNR = 20, 30, and 40 dB are 0.5, 0.45, and 0.35, respectively.
The L-WIPT-FDR system behaves similarly. It is because
these SNRs (20, 30, 40 dB) are not higher than the saturation
power threshold (40 dB). However, when SNR = 50 dB,
the optimal α is 0.4 for the N-WIPT-FDR system but is 0.2 for
L-WIPT-FDR system. These results significantly reflect the
characteristics of N-WIPT-FDR and L-WIPT-FDR systems
as the SNR ismuch higher than the saturation power threshold
nonlinear energy harvester, i.e.,PS|hSR|2 � Pth. In summary,
when we increase the source’s transmission power, the opti-
mal α of the L-WIPT-FDR system is decreased. However, for
the considered N-WIPT-FDR system, besides depending on
the source’s transmission power, the optimal α also depends
on the saturation power threshold of the nonlinear energy
harvester.

Fig. 6 investigates the effect of RSI level on the OP of the
considered N-WIPT-FDR system. To clearly show the effect
of the RSI level, we choose Pth/σ 2

= 50 dB. For this value
of the saturation power threshold, the OPs of N-WIPT-FDR
and L-WIPT-FDR systems are almost similar. We can see

FIGURE 6. The effect of RSI level on the OP of the considered
N-WIPT-FDR system for Pth/σ

2 = 50 dB.

FIGURE 7. The throughput of the considered N-WIPT-FDR system for
different data transmission rates, k = −30 dB, Pth/σ

2 = 30 dB.

in Fig. 6 that the RSI level has a great effect on the OP
of the N-WIPT-FDR system. Specifically, when k = −5
and −10 dB, the OP slowly decreases and reaches the error
floor quickly with OP = 5 × 10−1 and 2 × 10−1, respec-
tively, at SNR = 30 dB. When the RSI level is lower, e.g.,
k = −20 dB, OP still goes to the error floor but with signifi-
cantly lower value, i.e., at SNR = 40 dB, OP = 2.6 × 10−2

for k = −20 dB while OP = 2 × 10−1 for k = −10 dB.
When the RSI level is even smaller, e.g., k = −30 dB, the OP
rapidly decreases as SNR increases. Also, the OP does not
go to the error floor in the considered SNR range. These
results demonstrate the importance of SIC techniques to FD
communication. Therefore, more efforts need to be put on
SIC at FD devices to enhance FD communication systems’
performance, making them technically feasible.

Fig. 7 illustrates the throughput of the considered
N-WIPT-FDR system for different data transmission rates,
k = −30 dB, Pth/σ 2

= 30 dB. Other parameters used to
obtain Fig. 7 are similar to those used in Fig. 3. Because
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FIGURE 8. The effect of time switching ratio α on the throughput of the
considered N-WIPT-FDR system, k = −30 dB, Pth/σ

2 = 30 dB,
R = 1 bit/s/Hz.

only half of a symbol period is used for EH (α = 0.5),
the throughput of the N-WIPT-FDR system cannot reach
the target throughput. For examples, when R = 1 and
R = 2 bit/s/Hz, the throughput of N-WIPT-FDR system
respectively reaches 0.5 and 1 bit/s/Hz at SNR = 40 dB.
When higher data transmission rate is used, e.g.,
R = 3 bit/s/Hz, the throughput is only 1.4 bit/s/Hz at
SNR = 50 dB. Especially, whenR = 4 bit/s/Hz, the through-
put is 1.5 bit/s/Hz. To sum up, for low data transmission rates
(R = 1, 2 bit/s/Hz), the considered N-WIPT-FDR system
can reach half of the target throughput. However, for a high
data transmission rate (R = 3, 4 bit/s/Hz), the considered
system cannot reach half of the target throughput. Another
observation is that the difference between the throughput of
N-WIPT-FDR and L-WIPT-FDR systems is significant at
high data transmission rates (R = 3, 4 bit/s/Hz). For wireless
systems, we want to get high throughput but low OP. Thus,
we need to choose suitable values of the system parameters
such as R and α to achieve this target. We see that with high
data transmission rates, the OP is also high (refer to Fig. 4).
Therefore, we should use low data transmission rates for the
considered N-WIPT-FDR system to obtain both low OP and
high throughput.

Fig. 8 investigates the throughput of the considered
N-WIPT-FDR system for different values of time switch-
ing ratio α. Herein, we use Pth/σ 2

= 30 dB to clearly
show the impact of the nonlinear harvester on the throughput
in high SNR regime. We see that the throughput of both
N-WIPT-FDR and L-WIPT-FDR systems increases when
α decreases. This result is reasonable because when α is
smaller, the EH time duration is shorter; thus, more time for
data transmission is available, resulting in higher through-
put. It is also noted that, although we want to get higher
throughput of the N-WIPT-FDR system, we should not use
small α because small α means the EH time duration is
very short, making the relay cannot harvest enough energy

FIGURE 9. The ASERs of the considered N-WIPT-FDR system for two
modulation schemes and two RSI levels in comparison with the ASERs of
N-WIPT-HDR system, Pth/σ

2 = 20 dB.

for data transmission. Consequently, the end-to-end SINR is
low. In this case, the OP of the N-WIPT-FDR system is very
high because the destination cannot successfully decode the
received signals. To sum up, there is a trade-off between the
OP performance and throughput; therefore, we should use a
suitable value of α that can balance the OP and throughput
of N-WIPT-FDR system. On the other hand, when α = 0.9,
the throughput of the N-WIPT-FDR system is higher than
that of the L-WIPT-FDR system when SNR > 35 dB. This
feature is due to the linear and nonlinear characteristics of
the energy harvester. Particularly, the transmission power of
the FD relay in the L-WIPT-FDR system increases with the
transmission power of the source, leading to high RSI at the
FD relay. Meanwhile, the FD relay’s transmission power in
the N-WIPT-FDR system is saturated when SNR > 35 dB,
then the value of RSI is also saturated. Therefore, in high
SNR regime, the RSI power of the N-WIPT-FDR system
is lower than that of the L-WIPT-FDR system, resulting in
higher throughput.

Fig. 9 shows the ASERs of the considered N-WIPT-FDR
system for two modulation schemes, i.e., BPSK ((a, b) =
(1, 2)) and 4-QAM ((a, b) = (2, 1)) and two RSI levels
(k = −30,−20 dB) in comparison with the ASERs of
N-WIPT-HDR system. We use (31) to obtain the analysis
curves of ASERs of the considered N-WIPT-FDR system.
It is obvious that for the considered N-WIPT-FDR system,
the ASERs with k = −30 dB and k = −20 dB are
similar. However, they are different for L-WIPT-FDR system.
Specifically, when 4-QAM is used, ASERs of N-WIPT-FDR
system reach the error floor of 10−2 for both k = −30 dB and
k = −20 dB. Meanwhile, ASERs of L-WIPT-FDR system
reach the error floors of 10−3 and 7×10−3 when k = −30 dB
and k = −20 dB, respectively. Furthermore, ASER of L-
WIPT-FDR system with k = −30 dB avoids the error floor
in the investigated SNR range. On the other hand, since N-
WIPT-FDR system and L-WIPT-FDR system are affected by
RSI due to FD mode, the ASERs of them are, respectively,
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higher than those ofN-WIPT-HDR system and L-WIPT-HDR
system.1 Additionally, N-WIPT-HDR system is also affected
by the saturation power threshold. Thus, the ASERs of N-
WIPT-HDR system reach the error floor in high SNR regime.
In particularly, ASER of L-WIPT-FDR system may be lower
or higher than that of N-WIPT-HDR system, depending on
the RSI level and transmission power of source. For exam-
ple, in the case of k = −30 dB, when SNR < 30 dB,
ASERs of L-WIPT-FDR system are higher than those of
N-WIPT-HDR system. However, when SNR > 30 dB,
ASERs of L-WIPT-FDR system are lower than those of
N-WIPT-HDR system. These features clearly indicate a
great impact of nonlinear energy harvester on the perfor-
mance of N-WIPT-HDR and N-WIPT-FDR system. There-
fore, more efforts to reduce the RSI level and nonlinear-
ity in energy harvester should be made in the future to
improve the performance of the considered N-WIPT-FDR
system.

V. CONCLUSION
Although energy harvesting in FD communication systems
has been widely studied, most of the works had focused on
linear energy harvester. Meanwhile, nonlinear energy har-
vester is more practical for wireless communication systems.
In this paper, we investigate the case where the FD relay
is equipped with nonlinear energy harvester. We success-
fully derived the exact closed-form expressions of outage
probability, throughput, and average symbol error rate of a
N-WIPT-FDR system over Rayleigh fading channels. These
expressions can be used for analyzing the performance of
relevant systems such as L-WIPT-FDR, L-WIPT-HDR, and
N-WIPT-HDR systems. We compared the performance of
N-WIPT-FDR system with that of L-WIPT-FDR system,
N-WIPT-HDR system, and L-WIPT-HDR system in various
scenarios. Numerical results showed that the OP, through-
put, and ASER of the N-WIPT-FDR system were greatly
affected by the saturation power threshold of nonlinear energy
harvester, the RSI induced by FD transmission, and the EH
time duration. Under the joint impact of the saturation power
threshold and RSI, the OP, throughput, and ASER of the con-
sidered N-WIPT-FDR system reached the floors in the high
SNR regime. Moreover, there is an optimal time switching
ratio, which minimizes the OP of the N-WIPT-FDR system.
This optimal value depends on the source’s transmission
power and the nonlinear energy harvester’s saturation power
threshold. Therefore, by choosing a suitable time switching
ratio, we can improve the OP and throughput performance of
the N-WIPT-FDR system.

1Notice that for HDR system, αT time units is used for EH at relay,
(1 − α)T/2 time units is used for transmitting signal from S to R and
(1−α)T/2 time units is used for transmitting signal from R to D. As a result,
the transmission power at relay in the case of HDR is expressed as

PR =
ENEH

(1− α)T/2
=

 2ηαPS|hSR|
2

1−α , PS|hSR|2 ≤ Pth,
2ηαPth
1−α , PS|hSR|2 > Pth.

(41)
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