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ABSTRACT Block pulse functions (BPFs) are piecewise constant and not sufficiently smooth. Therefore,
their accuracy is limited when it comes to identifying the parameters of fractional order systems (FOSs).
This in turn means that BPFs are incapable of offering highly accurate parameter identification results.
However, using a great number of BPFs would significantly increase the dimension of the operational
matrix and thereby adds to the computational complexity and burden. To overcome this problem, we present
here a hybrid function method for identifying FOSs. The method utilizes a hybrid of Bernoulli polynomials
and block pulse functions (HBPBPFs) as the base functions to approximate input and output signals. The
fractional integral operational matrix of HBPBPFs is derived and used to convert an FOS to an algebraic
system. The parameters of the FOS are successfully identified by minimizing the mean square error between
the output of the true system and that of the algebraic representation of the FOS. The simulation experiment
verifies that our proposed HBPBPFs method is effective and can generate more accurate identification results

than existing BPFs methods.

INDEX TERMS Bernoulli polynomials, block pulse functions, fractional order system, operational matrix,

parameter identification.

I. INTRODUCTION

Due to their inherent global property and historical
dependence, fractional order models (FOMs) or fractional
differential equations (FDEs) exhibit great advantages in
describing the dynamic behaviors of real-world systems such
as viscoelastic systems [1], the electrical characteristics of a
solid oxide fuel cell (SOFC) [2], lithium-ion batteries [3],
and anomalous diffusion [4]. Therefore, many researchers
have been working on methods for building FOMs for real-
world systems by using various identification methods and
controlling FOSs [5]-[8].

A number of methods have been proposed for FOS
identification. These methods can be roughly divided into
two classes: frequency domain methods and time domain
methods. For frequency domain methods, D. Valério et al.
extended the traditional Levy’s method to identify an FOS
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transfer function with commensurate orders [9], and the idea
has been adopted to identify arbitrary fractional systems
from a frequency response [10]. In [11], a variable damping
least squares algorithm was adopted to investigate frequency
response based identification of FOSs. In [12], a set member-
ship algorithm was used to identify the coefficients and orders
of FOSs with the unknown but bounded noise in frequency
domain. In [13], [14], a frequency domain subspace method,
which was expressed by a state space model, was proposed to
identify FOSs. Several time domain methods have been pro-
posed for FOS identification, including a simplified refined
instrumental variable (SRIV) method [15], a recursive error
prediction approach [16], and a modulating function method
[17]-[19]. In [20], [21], a BPFs-based method was proposed
to identify the parameters of FOSs. In this method, the frac-
tional integral operational matrix of BPFs is derived, and the
FOS to be identified is converted to an algebraic system. In
this way, it avoids the complex and costly computations of
the fractional derivatives of input and output signals. While
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the BPFs method is simple and effective, it suffers from at
least one important limitation. Specifically, BPFs are piece-
wise constant and are therefore not sufficiently smooth. This
means that using a smaller number of BPFs would compro-
mise the identification accuracy and using a larger number
of BPFs would lead to greatly increased dimension of the
operational matrix and thus more complex computation.

To overcome the limitation of the BPFs method, a new
hybrid functions based identification method is proposed in
this paper. The method incorporates a hybrid of Bernoulli
polynomials and block pulse functions as the base functions
to approximate input and output signals. The fractional inte-
gral operational matrix of the hybrid functions is derived and
then used to convert the FOS to be identified to an algebraic
system. The parameter and order are simultaneously identi-
fied by minimizing the mean square error between the output
of the true system and that of the algebraic system. Since
the hybrid functions are piecewise polynomial, they are more
smooth than BPFs. Therefore, the proposed method offers
higher identification accuracy than the BPFs method when
the same number of base functions are used.

The remainder of the paper is structured as follows. Some
basics about fractional calculus are given in Section II
Section III elaborates on the HBPBPFs-based identification
method. Section IV gives the error analysis. Numerical sim-
ulations are presented in Section V. Finally, conclusions are
presented in Section VI.

Il. BASIC KNOWLEDGE
A. DEFINITION OF FRACTIONAL INTEGRAL AND
DERIVATIVE
Unlike integer calculus, fractional calculus comes with non-
unique definitions. Among the most frequently used defi-
nitions for fractional calculus are Riemann-Liouville (R-L)
definition, Griinwald-Letnikov (G-L) definition, and Caputo
definition. In this paper, the R-L fractional integral definition
and the Caputo fractional derivative definition are used. The
definition details are as follows:

Definition 1: The R-L fractional integral definition of a
continuous f (t) is expressed as [22]

1 ! a—1
o / (1 — D ()dr,

where a > 0 is called the integral order, and a is the lower
limit of the integral.

Definition 2: The Caputo fractional derivative definition
of order o (n — 1 < o < n) is expressed as [22]

o _ 1 ! n—a—1,(n)
D) = o [ = o

where a« > 0 is the order of the derivative, and n is the
smallest integer greater than o.

The Caputo derivative and R-L fractional integral of a
function f(¢) are related to each other as follows:

I%f(t) =

n—1 k
OO =10 - YO0,

k=0
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and under zero initial conditions, in particular, their relation
can be expressed as

1*“D°f 1) =f ().

B. HYBRID OF BERNOULLI POLYNOMIALS AND BLOCK
PULSE FUNCTIONS
The BPFs are a set of piecewise orthogonal functions defined
on the interval [0,T) as

1 i1 T <t i T

9 I < -
bi(1) = N T N (1)
0, otherwise,

wherei=1,2,...,N, and N is the number of BPFs.
The Bernoulli polynomials are a special kind of generating

function. The Bernoulli polynomials §,,(t) of order m are
defined as [23]

S0 =Y (’Z) emit,

k=0
where ¢, (k =0, 1, ..., m) is called Bernoulli numbers, and
it is defined through power series of function ﬁ as

t 2, ik PR— 12
= ck—=1—=-+ ck—— |t] <2m.
e —1 kX:(:) K 2 ;:(:) %opr !

The term 1 — % is moved to the left side. Since - — 1+ 5
is odd for ¢ € R, the Bernoulli numbers ;41 = 0 for k € N.
The first five Bernoulli numbers and Bernoulli polynomials
are listed as follows:

1 1 1 1

:1, = —=, = —, = ——, = —,
0 =7 2Te “T T3 TR
1 1
o =1, s=1-3 &HHO=r-1+g,
3 1 1
B =0 =241, )=t*—20+>——.
3(1) > + 5 4(1) + 30
Definition 3: The HBPBPFs yu,(t) m = 1,2,...,N,
m=0,1,2,..., M) are a set of piecewise functions defined
on the interval [0,T) as [24]
sy aan, "lre oy
—t—n+1), —T<t<—
Yam@®) =4 T N N ()
0, otherwise,

where n is the number of the elementary BPFs and m is the
order of Bernoulli polynomials.

C. FUNCTION APPROXIMATION USING HBPBPFS

An absolutely integrable function f(t) € [0,T) can be
expanded onto HBPBPFs as
o o
FO=Y"" tam¥am(), 3)

n=1m=0
where
(F@), Yam(®))

nm = 7~ 4
(). Vam(©) @
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The symbol (-, -) in (4) is the inner product. Truncating (3) to
a finite term, the function f(¢) can be approximated as

N M
FOEID" ttamyam®) = YY),
n=1 m=0
where
Y = (1105 - -+ s 1M K200 + - - » M -+ -+ ANOs -+ - » NM] TS
and
Y1) = [y10(®), ..., vim (@), Y20@), ..., vam (@), - . .,
o), -, yam(O1T.

D. FRACTIONAL INTEGRAL OPERATIONAL MATRIX OF
HBPBPFS

Definition 4:  [20] The fractional integral of the BPFs
vector O(t), i.e.,

t
199(1) = %/ﬂ (t — 1) ' d(r)dr

can be written in a matrix form as
I°®(r) = Fr y Y (1), 5)

where . is an N order square matrix and is called the
fractional integral operational matrix of BPFs.

Definition 5: The fractional integral of the HBPBPF's vec-
tor Y(t), i.e.,

1 t
1°7(t) = —/ t — 0 'r(r)de
I'(er) Jo
can be written in a matrix form as
19Y(1) = P§ Y (1), (6)

where P¢, . is an s order square matrix and is called the
fractional integral operational matrix of HBPBPFs.
P¢, . can be obtained by expanding HBPBPFs onto the

SXS§

following BPFs:
T(t) = Wexs®(1) (s=NM + 1)), @)

where ®(t) = [¢1(t), p2(2), - - - ,qﬁs(t)]T is the BPFs vec-
tor, and the matrix Wy, is called the transition matrix
from HBPBPFs to BPFs. In general, for arbitrary N and
M, the matrix Wy is a block-diagonal matrix and can be
expressed as

A 0 O 0
0O A O 0
Wons = 0 0 4 0 ,
0O 0 O " :
0O 0 O 0o A
where A = (wE,T))(M+1)><(M+1) is an M + 1 order square

matrix, and its element w, ;" is

k+1 (l _ l)k-‘rl]

m) _ "L (m\ ekl
' =D (k) k + DM + 1)

k=0
with1 <i <M.
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Using the transition matrix W, one can obtain
170 (t) = I (Wyns P(1)) = Wy s (17 (1))
= \I’sxsFa(D(t)- (8)

From (7), it can be known that ®(¢t) = \IlS_XlST(t), and by
substituting this equation into (8), one has

197 (1) = Wy o FOU LY (1),

SXS§
Therefore, the fractional integral operational matrix of the
HBPBPFs can be expressed as

= W FOW]

o
P SXS§*

§XS§

Ill. PARAMETER IDENTIFICATION OF FOSS USING AN
HBPBPFS OPERATIONAL MATRIX

Consider an FOS described by the fractional differential
equation

> aiD%y(t) =Y bDPiu(r), )
i=1 j=1

where u(t) and y(¢) represent the input and output signals of
the system, (a;, bj) € R, a; and B; are arbitrary real positive
numbers that satisfy o] <oy < <o, f1 < P2 < -+ <

Bm, and B, < .
Performing «,, order fractional integration on both sides of
system (9), one can get

n—1 m

D @l iy(t) + any(t) = Y bil* Piu(r).  (10)
i=1 j=1
¥(t) and u(t) are expanded onto HBPBPFs as follows:
yO) =YY @), u@t)=UTY@).

Then, the fractional integral of y(¢) and u(¢) can be expressed
as

IOln—Dt,'y(t) — YT(IU(n—ai’Y‘([)) = YTPan—aiT(t)’ (1 1)
and
1= Pu(ty = UTA=Pr (o) = UTP P (). (12)

(11) and (12) are substituted into system (10), which can be
written as

YV and + ap_ P~ =1 4 ... 4 a P~ Y (1)
= UT (kPP 4 by PPt g
+ b PPy (1), (13)

Let

H = a,] 4+ a,_ (P %=1 4 ... 4 q P,
E = mean_lgm + bm_lpan_ﬂm—l 4.+ blPan_ﬂl_

Eliminating the Y'(¢) in (13), one can get
YT =UTEH
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Accordingly, the output y(¢) can be written as
y(0) = UTEH™'Y(1). (14)

Remark 1: Equation (14) is the HBPBPFs operational
matrix representation of FOS (9). It is an algebraic rep-
resentation. An advantage of this representation is that it
eliminates the need for fractional integration of input and
output signals. Instead, it only involves algebraic computa-
tion, which means much less computational complexity. Fur-
thermore, the matrices H™, E contain the system parameters
a;, bj and the fractional orders a;, Bj, which makes it possible
to identify both coefficients and orders.

Let & = [G1,-,an b1, by &1, - ,&n,ﬁ1,~-~ ,
;ém] be the estimation of the true parameters 6* =
lay, -+, an, b1, - ,bmsor, -+ ,0n, B1,--, Bul. For a
specific estimation of system parameters, the corresponding
output is given by

() = UTEA™'Y1).

If  is as close as 6%, then Y(t) will also be as close as y(r).
More specifically, if & — 6*, then $(r) — y(¢). Observing
this, one can get the optimal estimation 6* by minimizing
the mean square error between the true output y(¢) and the
estimated output y(¢), i.e.,
é* 1 - I 2
= argmin Z[y(kh) — Yk~ (15)
k=1
where & is the sampling interval, and L is the number of
the data. The optimization problem (15) can be solved using
a well-developed optimization tool, for example, the inter-
point method. For the sake of simplification, the fmincon
function in MATLAB optimization toolbox is adopted. The
principle of parameter identification of the fractional system
using the proposed method is shown in Fig. 1.

Step responses

0 5 10 15 20
time(s)

FIGURE 1. Step responses for Example 1 without noise.

IV. ERROR BOUNDS

In this section, we obtain the error bounds of best approxima-
tion for the HBPBPFs. The following theorem is established
in terms of a Sobolev norm. Assuming that y*)(¢) is continu-
ous and bounded on [0, T'], one has

L’ >0, Vrel0.T], ‘y(k)(t)‘ <L,
where k is a nonnegative integer.
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Definition 6: [26] The Sobolev norm is defined on the
interval (a, b) for u > 0 by

Kb 3
1 f Ny = (Z / lf(")(x)lzdx)
k=074
" 2
= (Z (FARIE)) ||iz(a,,,)) :

k=0

wheref(k)(x) denotes the kth derivative of f (x).
The symbol |f| HEM(0,T)> which was introduced in [26], is
expanded by

“ 2

k)2
v o,my = > W

k=min(u,M+1)

Lemma 1: [26] Assuming that f € HM(0, 1), if Puf =
M
> cmPBm is the best approximation of f, then
m=0

If — PMf||L2(0,1) < CM—MWHM:M(QJ),

where ¢ depends on [, and n > 0.

Theorem 1: Suppose that y, : (%1 T, ¥ — R (n=
1,2,...,N) is a function in H“(%{VT, 5 T). Fort € (0, T),
consider the function F,y, 0, 7) — R such that
(Foyn)(@) = yn(l%(t 4+ (n — 1)T)), then for 0 < I < u, one
has

2
Foy)® — N2 0 .
H( n¥n) L2(0,T) In L2554, AT
Proof: For 0 <1 < u, one has
2
F )
”( nYn) L20.7)
T 2
= [ || ar
0
T ; 1 2
= / Y=t + 0 —DT)| dt
0 N

n
_1 _ AR AN G &
u=—t+m—1DT) N v, ()| Ndu
N %T
= N2 O 2
n L2 ary

]

Theorem 2: Assuming that function y(t) € HM(0,T) is

expanded onto HBPBPFs as y(t) = YTY(t), and YT Y (1) is

the best approximation of y(t), then the error is bounded as
follows:

o cL'\T
120.7)  (MN)*’
where N is the number of BPFs, M is the order of Bernoulli
polynomials, and u > 0, M > pn — 1.
Proof: Forn = 1,2,...,N, we consider the function
yo t (AT 2T) — R such that y,(r) = y(t) for all

OB
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tMe (% T, ]%T). For simplicity, we denote that Pyy, =
> WumYam(t). By using Theorem 1, one has
m=0

[y - yoro|

N
= Z Yn
n=1
N
= N7 IFayn — PuEayl2 1

n=1

L2(0,T)
M

- Z Mnm ynm(t)

L2 T BT

CZN—]M—Q/,L

N

DS [ E® ]

k=min(u, M+l) n=1

>y

k=min(u,M+1) n=1
I
— 2y Z N2 Hy(k)
k=min(u, M+l)

S Y NS T ”yun

12(0,T)

(k)

L2 T A T)

12(0,T)

L2(0,T)
< AEMTAHNT2L2T

Therefore,

CL \/_
(MN)*

OB

1
LZ(O,T) (16)

O

Theorem 3: Suppose that function y(t) € H™(0,T) is

expanded onto BPFs as y(t) = KY®(t). Then the error is
bounded as follows:

cL "JT
L2(0, T) Nk
where p > 0, and N > n — 1.

Proof: Suppose that the function y(¢) is expanded onto
BPFs as

[y - KT

N
W6 =Y ki) = KT0() = Pyy(t).
i=1
Then, from Lemma 1, one has
Ily(@) = PxyOliZ 0.7,

m

< 02N72;4 Z

k=min{u,N+1}

”y(k) ”22(0’7‘)

AN P01

<
< ANTHLT.
Therefore,

cL'\T
Iy(#) = PNyl 20,1y < NE (17)
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Theorem 4. Suppose y(t) € H*(0, T). Then

1 L'T
1%(1) = 1%(Y T (« <———"
117 y(2) ( 20,1 (@) (N~
where u > 0 and o > 1.
Proof:

17%y(6) = 1Y T YO 20,7

< ”L/t(z — ) y(x) = YT (1)dr
S T@ Jo

L2(0,T)
T
< H / (T — % (o(0) — YT Y (1))d
() L2(0,T)
< — —y'r
F(a)/o Hy(r) © L2(0.T)
< (1)
INC)) Hy L2(0.T)
1T
" I(a) (MN)*®
0
Theorem 5: Suppose y(t) € H*(0, T). Then
1 cL'NT
T
17%y(t) = I*(K" @)l 20,7y < T@ N*
where u > 0 and o > 1.
Proof:
11%y(t) — 1“(Kch(t)>||Lz<o‘r>
t
” / (t — 0 () — KT ()
['(a) L2(0,T)
T
< ” / (T — 0% (y(0) — KT ®(0))d
() L2(0,T)
< — —KTo
F(a)/o Hy(t) ©) L2(0,T)
< N—H Hy(m
() 12(0,7)
_ 1 cL'T
" I(x) N#*°
0

Remark 2: From Theorem 2 and Theorem 4, we can see
that ||y(t) — YTY@)|| — 0 and |I1%y(t) — I*(YTY @) — 0
when NM — oo. The larger the value of NM, the more accu-
rate the approximation for YTY(t) to y(t) and I*(YTY (1)) to
I19y(t). Accordingly, the identified output y(t) is closer to the
real output y*(t).

Remark 3: From Theorem 3 and Theorem 5, we can see
that the error of BPFs depends on N. Because (NM)* is
larger than N*, the approximation error caused by HBPBPF's
is smaller than that by BPFs when the number of BPFs is
the same. Accordingly, the identification results obtained by
HBPBPFs are more accurate than those by BPFs.
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V. EXPERIMENT RESULTS

In this section, we use the derived HBPBPFs operational
matrix of the fractional order integration to identify FOSs in
order to demonstrate the better effectiveness and accuracy of
the proposed method than the BPFs method. We also provide
two types of error criteria to represent the good performance.
One is the relative error €1 and the other is the mean square
error ;. They are defined as

_6—6"
6% 1

k]

€2

1 & )
7 D _y(kh) = k)P,
k=1

where y(¢) is the output of the true system, J(¢) is the output
of the identified system, 6* is the vector of true parameters,
and 6 is the vector of identified parameters.

A. EXAMPLE 1
Consider an FOS as follows:

arD*'y(t) + axD*2y(t) = b1 DP u(r). (18)

The parameter vector of system (18) is 6* = [ay, a2, b1; a1,
052,/31], where a) = 1,a2 = 1,b1 = 1,0{1 = 0, oy = 1.7,
and B; = 0. All these parameters are supposed to be unknown
and need to be identified.

First, the case that the system output is not corrupted
by noise is tested. A unit step signal as the input signal is
selected to excite the system, and then the output signal is
recorded. In the experiment, the number of elementary BPFs
N is set to 40 and 100, respectively, the order of Bernoulli
polynomials M = 1, T is set to 20, and the sampling interval
is h = 0.01s. In the optimization process, the optimization
initial condition is [1 1 1], where the dimension of
optimization initial condition vector is the same as the number
of identified parameters. Table 1 lists the identification results
obtained using our proposed method and the BPFs method.
Obviously, with the increase in the N value, our proposed
method generates decreased relative error and mean square
error, and when the N value stays the same, offers more
accurate identification results than the BPFs method. A more
straightforward illustration of this finding is given by Fig. 1
and Fig. 2, showing the step responses and the Bode diagrams
of the true system and those of the identified systems. It can
be seen that the identified output of our proposed method y(¢)
is closer to the real output y(¢) than that of the BPFs method.

Second, the case that the system output is corrupted by
noise is tested. Two different white noises, one with an SNR
of 5 and the other with an SNR of 10, are considered. The
value of N is set to 40, and M = 1. A Monte Carlo simulation
is completed by executing 50 identifications independently.
The mean value of the 50 identification results is regarded
as the final identification result, as listed in Table 2. It can
be seen that the identification results are satisfactory even
though the output is corrupted by noise. Furthermore, our
proposed method offers more accurate results than the BPFs
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TABLE 1. Identification results for Example 1 without noise.

N = 40 N =100

Parameter ~ True  pyppppps  BPFs ~ HBPBPFs  BPFs
a1 1 1.0012 1.0054 1.0000 1.0005
as 1 0.9987 0.9913 1.0013 1.0016
by 1 1.0005 1.0035 0.9992 0.9984
o 0 0.0141 0.0156 0.0137 0.0139
o2 17 1.7078 1.7052 1.7086 1.7087
81 0 0.0139 0.0151 0.0135 0.0132
€1 - 878E-03 1.02E-02 8.68E-03  8.70E-03
. - 5.65E-06 122E-03 2.16E-07  1.96E-03

Time(s) ; 852 027 1798 0.72

T ey . R R
R U S (I R (I (1 10! 10° 10° 10t
Frequency(rad/sec)

FIGURE 2. Bode diagrams for Example 1 without noise.

TABLE 2. Identification results for Example 1 with noise.

SNR=5dB(Mean)
HBPBPFs BPFs

SNR=10dB(Mean)
HBPBPFs BPFs

Parameter  True

a1 1 0.9996 1.0031 1.0004 1.0046
az 1 1.0028 0.9931 1.0010 0.9935
by 1 0.9974 1.0033 0.9987 1.0020
a1 0 0.0153 0.0179 0.0146 0.0164
az 1.7 1.7060 1.7001 1.7067 1.7042
B1 0 0.0147 0.0179 0.0141 0.0156
€ - 0.0092 0.0110 0.0088 0.0101
€2 - 3.67E-05 1.11E-04 247E-05  6.93E-05
Time - 10.8(h)  12.74(s)  10.5()  11.98(s)

— True system
— HBPBPFs

Step responses

I11 11.05 llvll 11.15

10 15 20
Time(s)

0.0 L
0

ot

FIGURE 3. Step responses for Example 1 with SNR = 5dB.

method. Again, a more straightforward illustration of this
finding is given by Fig. 3 and Fig. 4, showing the step
responses and Bode diagrams of the true system and those
of the identified systems with SNR = 5dB. We can see that
the identified output of our proposed method is closer to the
real output than that of the BPFs method.
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Magnitute(dB)

Phase(deg)

130)

~180 L 4 L vl n L n n
00 109 102 10t 100 10 102 100 10
Frequency(rad/sec)

FIGURE 4. Bode diagrams for Example 1 with SNR = 5dB.

High- ! Mid- ! Low-
frequency | frequency
region | region

imaginary part

real part

FIGURE 5. Impedance spectra of the lithium-ion battery [3].

B. EXAMPLE 2: MODELING OF LITHIUM-ION BATTERIES
As a new secondary clean and renewable energy, lithium-
ion batteries have been used widely in electric vehicles due
to their high specific energy, long service life, and low self-
discharge rate [3]. The state of charge (SOC) indicates how
much energy is remaining with a battery. The accuracy of
SOC estimation is a key problem in battery management
systems (BMSs). Therefore, proper estimation of battery
power can effectively predict and control the driving distance
of electric vehicles and helps to extend the service life of
batteries. Accurate estimation of SOC is the first consider-
ation to make when developing power batteries. However,
SOC cannot be measured directly, but indirectly by measured
variables such as current and terminal voltage. Here, we build
a fractional order model between current and terminal voltage
so that our proposed method can be used to estimate the SOC
of lithium-ion batteries.

Fig. 5 shows a common lithium-ion electrochemical
impedance spectrogram [3]. From this spectrogram, a frac-
tional order SOC model can be easily obtained, which can be
expressed as [3]

Ua(s) — Uocv(s) Ry n Ry
1(s) 1+ R Cys* 1 4+ RyCysh
1
—— 4+ Ryp.
+ Wev + Ro

According to the electrochemical principle and Fig. 5, we
propose a fractional order model for lithium-ion batteries
based on Randles circuit [27], where the fractional differ-
ential orders are within (0, 1). Fig.6 shows the fractional
equivalent impedance circuit of Randles circuit. The elec-
tronic component CPE in Fig.6 represents a fractional order
impedance component such as the constant phase element.
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FIGURE 6. Schematic of fractional equivalent circuit model.
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FIGURE 7. The output of the true system, HBPBPFs identified system and
BPFs identified system for Example 2.

Based on what we know from the electrochemical principle,
the impedance of CPE can be expressed in the following
transfer function equation:

Zere(S) = oo
where C is the parameter of model element, ocpg is the order,
CPE represents the ideal capacitor if acpr = 1 and the

resistor if «cpg = 0. Then, the Warburg element’s transfer
function is given as

Zy(s) =

’

Wpsep
where Zy is the impedance of the Warburg element, Wp is the
coefficient of the element, and «p is the order. The transfer
function of the fractional impedance model of lithium-ion
batteries can be expressed as

Uy(s) — U
a(s) — Uocv (s) (19)
1(s)
. RiWps*? + 1
T WpseD + Ry CWpsep+acrE 4 (CseCPE
where Ry is the pure resistance, and R; is the charge transfer
resistance. Letting U(s) = I(s) and Y (s) = Uy(s) — Uocv (s),
equation (19) can be written as a fractional differential equa-
tion:

+Ro.  (20)

WpD*Py(t) + CDPEy(t) + Ry CWpD*PTCPE (1)
= u(t) + (Ro + R))WpD*Pu(t)
+ RoCD*PEu(t) + RoR1 CWpD*PT*PEy(t),  (21)
where the parameter to be estimated is as follows:

0=[Ry Ri C Wp acpe apl.
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TABLE 3. Identification results of Example 2.

Method Ro Ry C Wp QCPE ap €2
HBPBPFs  0.0199 0.9768 36.9961  23.1733  0.2270  0.4933  7.24E-08
BPFs 0.0211  0.9654 403271  25.2628 0.4952  0.2165  3.56E-06
The proposed method is used to identify model (21). The [4] H. Sun, W. Chen, C. Li, and Y. Chen, “Fractional differential models

number of elementary BPFs to be used N is set to 50, the
order of Bernoulli polynomials M is setto 1, T is equal to 10,
and & = 0.05s. In the optimization process, the optimization
initial condition is [1 1 1], where the dimension of the
optimization initial condition vector is the same as the number
of identified parameters. The sinusoidal input signal u(t) =
sin(?) is applied to excite the system, and the parameter 0 is
estimated using the proposed method and the BPFs method.
Table 3 shows the identification results. We can see that the
mean square error generated by the HBPBPFs method is
smaller than that by the BPFs method. This suggests that
the system (21) modeled by the HBPBPFs method is more
accurate than that by the BPFs method. Fig. 7 gives the
sinusoidal response of the true system and the HBPBPFs
identified system.

VI. CONCLUSION

In this paper, we propose a method based on the fractional
integral operational matrix of HBPBPFs to investigate the
FOS identification problem, in which the orders and param-
eters are unknown. This HBPBPFs-based method is different
from existing BPFs methods in that it comprises of polyno-
mial functions that are piecewise smooth on each subinterval.
This uniqueness enables the proposed method to approximate
signals more accurately than BPFs-based methods if the same
number of elemental BPFs are used. The proposed method
utilizes the fractional integral operational matrix of HBPBPFs
to convert an FOS to an algebraic system, which simplifies
the computation of fractional derivatives of input and output
signals and allows for estimating both the coefficients and
orders of the FOS. Therefore, we conclude that the proposed
method is more accurate than BPFs-based methods. This
conclusion is experimentally verified by several simulation
examples. However, the fractional integral operational matrix
of HBPBPFs involves the complex operation of matrix inver-
sion, the proposed method’s computation time is too high, so
the proposed method cannot be employed in online system
identification studies. For future research works, we will use
the proposed method to identify FOSs with time delays.
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