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ABSTRACT This paper is concerned with the stochastic stabilization problem for nonlinear systems by
G-Brownian motion with feedback control based on discrete-time state observations with a time delay.
By constructing an auxiliary system, which is a continuous-time stochastic system driven by G-Brownian
motion, we establish a sufficient criterion in terms of the observation gap t and the time delay tp to ensure
the quasi-surely exponential stability of the stochastic controlled system. Moreover, implementation of the
control strategy is provided. Finally, an example is given to demonstrate the theoretical result.

INDEX TERMS Discrete-time state observations, G-Brownian motion, quasi-surely exponential stability,

time delay.

I. INTRODUCTION

It has been known that noise can be used to stabilize a given
unstable system or make a stable system even more stable.
On this topic of stochastic stabilization, the pioneering work
is due to Khasminskii [1] who stabilized a linear system by
using two white noise sources. Then the theory was developed
to deal with stochastic stabilization and destabilization of
nonlinear systems [2], [3], a class of functional systems [4]
and hybrid systems [5], [6]. It is noted that the stochastic feed-
back controls in these papers depend on continuous-time state
observations, which are expensive and impractical. To tackle
this drawback, Mao proposed a new feedback control based
on discrete-time state observations in 2013 [7] and later
studied the almost sure exponential stabilization for linear
and nonlinear systems by discrete-time stochastic feedback
control [8]. However, delays often occur due in particular to
the measurement and transport phenomena in many control
applications. That is, there always exists a time lag between
the time when the state observation is made and the time when
the feedback control reaches the system. It is therefore more
realistic to consider the effect of time delay when designing

The associate editor coordinating the review of this manuscript and

approving it for publication was Feiqi Deng

68176

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

the discrete-time feedback control. So far, there only exist
a small number of literatures on this problem, see [9], [10]
for moment exponential stabilization of hybrid stochastic
differential equations and [11] for almost surely exponential
stabilization of nonlinear stochastic differential equations.
But all of the results are derived in the classical framework,
that is, the expectation is linear.

On the other hand, due to the powerful applications in many
real world problems, such as the model uncertainty, risk mea-
sures and the superhedging in finance, the G-expectation and
G-Brownian motion theory has made a significant progress
since Peng initiated it in 2007 [12]. Under the G-framework,
Peng [13] introduced the stochastic differential equations
driven by G-Brownian motion (G-SDE:s, in short). Since then,
some interesting works on the properties of the G-SDEs have
been reported; for more details, one can see e.g. [14]-[23]
and the references therein. In particular, an emphasis has
been placed on the stability analysis and stabilization. Zhang
and Chen [15] proved when a quasi-surely exponentially
stable linear system was disturbed by G-Brownian motion,
the stochastic perturbed system preserved this nice property.
In [17], the authors considered the moment exponential sta-
bility and quasi-sure stability of G-SDEs with Lyapunov-type
conditions. Ren et al. [22] designed feedback control based
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on discrete-time state observations in the drift part to sta-
bilize a class of stochastic differential equations driven by
G-Brownian motion. G-Brownian motion with discrete-time
stochastic feedback control was presented to stabilize a given
unstable system quasi-sure exponentially in [23]. However,
to our best knowledge, there is little literature on stochastic
stabilization of nonlinear systems via discrete-time feedback
control with a time delay under the G-expectation framework.

In this study, we aim to explore the stochastic stabilization
for an unstable nonlinear system via discrete-time feedback
control with a time delay induced by G-Brownian motion.
It should be mentioned that our work is not a simple gener-
alization of the existing results (see, e.g., [9], [10]). Firstly,
the discrete-time feedback controls with a time delay were
designed in the drift part of hybrid stochastic systems and
the moment exponential stability criteria were established
in [9], [10]. While here the discrete-time feedback control
with a time delay induced by G-Brownian motion can be con-
sidered as the diffusion part of the controlled system and the
quasi-surely exponential stability will be discussed. More-
over, due to the nonlinearity of the G-expectation, we have
to employ a new approach. Besides, under the G-expectation
framework, several new G-analysis techniques have to be
employed to developed our theory. It should also be pointed
out that the analysis in this paper becomes much more com-
plicated because of the difficulties arisen from dealing with
the observation duration t and the time delay tp compared
with [23].

All of the points made above show the motivation and
innovations of our study. The rest of this paper is organized
as follows. In Section 2, we give some notations, defini-
tions, useful propositions and the G-Ito formula for later use.
In Section 3, after stating the problem, the main results are
established. Section 4 covers the method for designing the
control function and an illustrate example. Finally, this article
is concluded in Section 5.

Il. PRELIMINARIES

In this section, we first recall some facts in the framework
of G-expectation, the readers can refer to Peng [24] for more
details.

We denote by (x,y) = xTy the scalar product and
x| = VxTx the Euclidean norm of the n-dimensional
Euclidean space R”.

Let €2 be the space of all R-valued continuous functions w
with wg = 0. B(2) denotes the Borel o-algebra of 2. For
every w € , let By(w) := w(t) be the canonical process. For
t > 0,let 2 = {wsn. : © € Q}. Define

Lip(S2) := {oBints - Ba):in>1, g€ CLip(R”)}

and

Lip(Q) := | Lip().

>0
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Then we can further define the related G-expectation on
Liy(£2) by

Elg(B,,. B, — B, .... B, — B;, )]
= E[‘/’(Bn s B[z, ey Btnfl)]’
where I_El/f(xl, X)) = I_E[<p(x1, co s Xp—1, By, — By, ).
Gla) = %(&Zoﬁ‘ — gza_) is a sublinear and monotonic

function, where WS Rand 0 < gz < &2 < 400. Under

the G-expectation E, the {B;, t > 0} is said to be G-Brownian
motion. Furthermore, I_E(B%) =52, —I_E(—B%) =2

Definition 1: ( [25]) According to the representation theo-
rem of G-expectation, IE can be constructed as follows

E[X]= sup EF[X], X € LL(%),
PePg

where Pg is a weakly compact family of martingale measures
on (£2, B(R2)). As to Pg, we naturally define the associated
Choquet capacity

C(A) := sup PA), A € B(Q).
PePg

Definition 2: ( [25]) A set O € B(2) is said to be polar
if C(O) = 0 and a property is said to hold quasi-surely
(g.s., in short) if it holds outside a polar set.

Proposition 1: ([24]) For any n € ./\/l%;(O, T), we have

T
E / n(t)dB(t) = 0
0
and

_ T 2 _ T _ T
B[ / ndBn)| =& / n*()d(B), < &°E / n2(t)dt,
0 0 0

where (B) is the quadratic variation of B.
Proposition 2: ([14]) Letn € M%;(O, T), then

_ u 2 _ t
E( sup / n(u)dB, ) < 452]E/ nz(u)du
s<ust'Js K
and

E ( sup / “ned )

hold forany 0 <z < T.
Lemma 1: ([24], G-1to formula) Let X = (X!, ..., X") be
an n-dimensional process on [0, 7] with the form

t
) <5*t —9E / n?(u)du

N

13 t t
X/ =X(‘)’~|—/ a;’ds—i—/ n:d(B)S—i—/ B, dB;,
0 0 0

where a¥, " € ML(0, T)and B¥ € ME(0,T),v =1,...,n.
Then foreacht € [0, T] and ® € Cl'z([O, T]x R™), we have

®(t, X,) — (0, Xo)
n t
= Z / 3y (s, X;)BY dBs
v=1 0
t
+ f [8,®(s, X,) + By D(s, X,)ar’Ids
0
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Let us proceed to give some extra notations for later
use. For t > 0, let C([—7,0]; R") the family of con-
tinuous functions ¢ [-7,0] — R" with the norm
I 1l = sup_; <o £ )] Denote by L& (S, C([—7, 0]; R™)
the family of B(€2;)-measurable C([—7, 0]; R")-valued ran-
dom variables £ such that E||£]|2 < +o0.

Ill. MAIN RESULTS
Consider the following unstable system

dx(1) = f(x(1))dt,

with initial data x(0) = xp € R”, where f : R" — R".
We aim to use the feedback control based on discrete-time
state observations with a time delay induced by G-Brownian
motion g(x(8;))d(B); + o (x(8;))dB; to stabilize the system,
where §; = [%]‘L’ — 19, of which 7 is the duration between
two consecutive state observations and 7g stands for the lag
time. Therefore, the controlled system becomes

1 =0, ey

dx(r) = f(x(2))dt + g(x(8))d (B): + 0 (x(8,))dB;  (2)

with initial date xo = & € Lé(Q,, C([—19, 0]; R™)), where
g, 0 :R" — R". Let us impose the following assumption.

Assumption 1: Assume that the functions f,g and o
are continuous functions, and there exist three positive
constants K1, K> and K3 such that

F&x) —fO)I < Kilx —yl,
lgx) — g < Ka|x —yl,
lo(x) —o )| < K3lx —yl,

for all (x, y) € R" x R". Moreover, for the purpose of stability
analysis, let £(0) = g(0) = o(0) = 0.
It is known that under Assumption 1, the equation (2) has a
unique solution x(¢) on ¢t > —1p and I§l|x(t)|2 < oo (see [19]).
To achieve the stabilization goal, we need an auxiliary
system

dy(t) = f(y(@))dt + g((1))d (B); + o (y(1))dB;,
¥(0) = yo € LE(Qy).

It has been showed in [17] that equation (3) has a unique
solution and its second moment is finite.

The key technique employed in this paper is to compare
the discrete-time delay feedback controlled system (2) with
the continuous system (3). It will be shown that if system (3)
is quasi-surely exponentially stable, then system (2) is also
quasi-surely exponentially stable if T and 7o are small enough.
To ensure the quasi-surely exponential stability of system (3),
we introduce the following notations and impose another
assumption.

3
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Denote by V € C>!(R" x R, R, ) the family of nonneg-
ative functions V(x, t) defined on R" x R such that they
are continuously twice differentiable in x and once in ¢. For
V e C2I(R" x Ry, Ry), we define LV : R" x R, — Rby

LV (x,1) == Vi(x, 1) + (Va(x, 1), f(x))
+G((Valx, 1), 28(x)) + (Vi (x, Do (x), 0(x))),

where
aVi(x,t) oV(x,1t)
V ,t = s V. , 1 :(
1) at x(. 1) 0x; )n><1
Ve, 1) (32 V(x,t))
X, 1) =|—— .
o axiax]‘ nxn

Assumption 2: Assume that there exist a function V €
C>!'(R" x Ry; R,) and constants ¢ > 0,¢; > ¢; > 0 and
¢ €R,c3 >0, c3 > ¢y, such that
Vix,t) < cilx|9,
c2 Vix, 1),

cilx]? <
LV(x,t) <

and
G(—|Vi(x, o (0)|?) < —c3V2(x, 1).

Lemma 2: Let Assumptions 1 and 2 hold. Suppose
0 € (0, 1) is sufficiently small such that

p=60g<1, y:=60(1—-0)c3—c3)>0.
Then the solution y(¢) := y(¢; 0, y(0)) of equation (3) satisfies

Ely)P < ME|y0)|Pe™"",

[4

where M = g—i

Proof: Obviously, the result holds for y(0) = 0. Thus,
we only need to consider the case that yy # 0, then we have
¥(t) # 0 quasi-sure for all + > 0 (see [26]). Without loss of
generality, we may as well assume yy is deterministic. Other-
wise, we can use the property of the conditional expectation.
Let U(y, 1) = (V(y, 1))?, then the G-Itd formula implies that
fort > 0,

EU((), 1)
= U((0),0)+E / [y e UG(s). ) + P LUGs), )]s
' )
It follows from Assumption 2 that
LU, 1) = 0V 0.0 (Vit. 0+ (000,700}
+6(6V* 0 D[ (Vi 1), 2800)
+ (VDo (), 00)) |

—6(1 =0V 20, DIV, N0 0)I?)
<oVPl(x, DLV (y, 1)

+0(1 — VI (y, DG(=|Vy(y, o »)I*)
< 8(c2 — (1 =)V (v, 1)
=—yUQ,1).
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Substituting this into (4) yields
e""EU (1), 1) < U(30), 0).

Therefore, we can further derive from Assumption 2 that for
allr > 0,

» cry? —yt —yt

B = () 0P = MyOFe "

We complete the proof.
Lemma 3: Under Assumption 1,1let0 < p < 1 and x(¢) :=
x(t; 0, &) be the solution of (2). Then

B( sup Ixt+w—xF) < Hiwo. p.0lEI ()

0<u<tg

for all ¢+ > 0, where
Hi(to,p. 1) = |:67:()(K127:0 + K25%7) + 4K252)
% 2K +2&2K2+62K32)(l+r0)]p/ 2_
Proof: According to the method of conditional expecta-

tion, we only need to show the lemma for deterministic initial
data & € C([—70, 0]; R™). By the G-It6 formula, we have

t
X = xol +2 /0 (x(s), f(x(s))dS
t
+2 / (¥(5), 0 (x(5,)))dBs
0

t
+ [ [0, sw@om + lowenPa.
We can derive from Assumption 1 that

- t —_
Elx(0)]* < |xol? + 2K / Elx(s)|ds
0

t -
+(26%K + 5%K3) f ( sup Elx(u)lz)ds-
0]

—19<u<s

Observe that

sup  Elx)® < &> + sup Elxu)?.

—Tp<u<t O<u<t
Consequently,

sup  Epx(u)?

—To<u<t

<201 + 2K, + 2K257 + K352)

t -
X / ( sup E|x(u)|2)ds.
0 —T0<u<s

The Gronwall inequality shows that

_ -2 2-2
sup  Elx(u)|® < 2||&||2e®K1T2K0"+K5000 ()
—to<u<t

According to Proposition 2, we also derive that

IE:( sup |x(t+u)—x(t)|2>

0<u<rty
1410 _ t+7o _
< 31 / Elf (x(s))*ds + 3610 / E|g(x(8,))[*ds
t t
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t+19 _
+1252/ E|o (x(8,))|*ds
t

< 3(K?to + K36ty + 4K357)

410 _
x / ( sup E|x(u)|2)ds
t —19<u<s

< 610(K 210 + K350 + 4K25 )1 |1?
« o@K1+252Ka467K3)(1+10) (7)

Therefore, a simple application of the Holder inequality
yields

I_E( sup |x(t +u) — x(t)lp)

0<u<ty
< [610(1(1210 + K257 + 4K2572)
S2p 1 s2p2 p/2
« ¢2K1+257 K2 457K )(t+r0)] 1€ 11P

= Hi(z, p, DI

The proof is complete.

Theorem 1: Let Assumptions 1 and 2 hold. Then there
exists a domain D C Ri_, such that for all (z, 79) € D, the
solution x(¢; 0, £) of equation (2) satisfies

i log(|x(z; 0, £)I)
im sup ————— <

t—00

0, g.s. (8)

for all initial date & € Lé(Q,, C([—10, 0]; R™)).

Proof: Likewise, we only consider the case of determin-
istic £ € C([—1o, 0]; R"™). Due to the techniques used in the
proof, we need some extra data xp = {x(0), 279 < 6 <
—19} for the system (2) and we may as well set x(6) = y(0)
for all =219 < 6 < —1p. To make it clearer, we divide the
proof into three steps.

Step L. Let h = [Tt—o] + 1. For any ¢ > 0, there exists an
integer n > O such that nt <t < (n+ D)t. If n > h, then
8; = nt — 19 > 0. Therefore, it follows from Assumption 1,
Propositions 1 and 2 that

Elx(r) — x(8,)|?
t
F(x(s))ds

nTt—tg

t
L3R f o (x(8,))dB

T—10

_ 2 -
< 3E +3E

1 2
/ 8(x(85))d (B)s
nt—rp
2

t
E|x(s)|*ds

nTt—Tp

+[3K36%(r — nt + 10) + 3K557] f

nt—ry

< 3K{(r — nt + 10)

t

Elx(8,)ds
t

< 6K2(r + 10) Elx(s) — x(8,)1*ds

nt—ry

+[6K3(t + 10) + 3K35*(t + 10) + 3K357]

t
X / E[x(8,)|%ds. )
nT—1
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Note that
t _ h (n—k+D7 _
[ EwGopas= Y [ BGoras
nt—rg k=0 (n—k)t

Elx((n — k)t — ). (10)

Il
E

k
Substitute (10) into (9) yields

Il
=)

Elx(r) — x(8,)*
t
< 6K2(r + 10) E|x(s) — x(8,)|*ds

nt—rg

+T[6KP (T + 10) + 3K364( + 10)

h
+3K36%1 Y Elx((n — k)t — 1),
k=0

It follows from the Gronwall inequality that

h
Elx(t) — x(8)1* < Ha(10,7) Y Elx((n — k)t —10)],  (11)
k=0

where

Hy(o, 7) := T[6K{(T + 10) + 3K36* (T + 10) + 3K§57]
« KT (T+10)*
On the other hand, if 0 < n < h — 1, we have
Elx(t) — x(8)I*
< 31E( /0 t f(x(s))ds‘z + 31E( /0 g8 (B)

2
s

2

t
+3E‘ / o (x(8,))dB,
0
t -
< 3K}t / E|[x(s)|>ds
0

t
+3[K36% + K367 / E|[x(8;)|*ds
0

t
E|x(s) — x(8,)|*ds

nT—1g

+[6K2(t + 10) + 3K35*(t + 10) + 3K357]

t —_
x / E|[x(8,)|ds.
nTt—1o

< 6K (t + 10)

We can similarly obtain the estimate (11). Therefore, (11)
holds for any nt <t < (n+ 1)t.

Step II. For any ¢+ > 0, we can choose n > 0 such that
nt <t < (m+ 1)t, then

t
/ PSE|x(s) — x(85)|*ds

0
t -
= / PSE|x(s) — x(8,)|%ds

T

=l (- _
+) f ePSE|x(s) — x(8,)|ds
=0 (n—l-Dt

68180

IA

t h
Ha(70, 7) / ) Elx((n — k)T — w0)lds
nt k=0

+ Hs (79, T)

n—l (—Dr
X Z/ ePs
1=0 Y (

n—Il—1)t

n—I[—1

Z Elx(kt — 10)|*ds
k=n—I—1—h
=:Ij1 +Ip2.

For the term 1;;, we have

h T
111 = Ha(1g, 7) Z eP* / PEx((n — k)T — 10)|ds
k=0 nt—kt

h T
= Ha (1o, r)zeﬂk / PSR |x(8)|%ds. (12)

k=0 nt—kt

t—k
t—k

Similarly,
I1p = Ha(7o, 7)

n—1 -t 5
X ePs
Z /(n—l— It

=0

n—I—1

Z Elx(kt — t0)|2ds
k=n—I—1—h

n—1 h

= Hy(t,7) ) )

1=0 k=0

(n—Il—k)t _
X f P Elx((n— 1 — 1 — k)t — 10)|ds
(

n—Il—1-k)t
n—l h (n—1—k)t _
= Hy(rp. 7)) Y " / ePE|x(8,)|ds.
=0 k=0 (n—I—1—k)t

(13)
Combining (12) with (13), we get

t
/ PSE|x(s) — x(85)|*ds
0

h t—kt
< Ha(r, 7) ) _ " / P Rlx(8,)Pds
k=0 —kt
h
< Hy(r, 7) ) _ "
k=0

t 0
x [ / ePSE|x(85)2ds + / eﬁ‘YElx(Ss)lzds}
0 —kt

hDBT _ r
< (e )%, T) X/ P E|x(8y)|ds
0

- efr —1
T
+o+ n)ePhT g 2.

Letting 8 — 0, we obtain

t
/ Elx(s) — x(85)|ds
0

IA

t
_ 1
Haro. )+ [ [ BlxRds+ 5+ myle ]
H (1o, T)(h + 1)
t
- = 1

x[2ner? [ errR g o wel?]

0

A
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[ 22K +2K>52+K35%)

I
+—r+r]
2K+ 2kt 4 KIo? T2

x Hy(to, T)(h + D)€

= Hi(t, 10, &% (14)

By the G-It6 formula, we have
lx(1) — y(0)?
t
=2 /o (x(s) — ¥(s), f(x(s)) — f(¥(s)))ds

t
2 /0 (x(s) — ¥(5), 0(x(85) — o (3(s)))dBy
t
> /0 (x(5) — y(5), g(x(8s) — g((s), )d (B)s
t
+ /0 o (x(85) — o (¥(s), )| *d (B)s.
Then it follows from Assumption 1 that

Elx(t) — y(t)|?
t
< 2K, / Elx(s) — ()| ds
0

t
+K35? [ Blxd) - y(o)Pds
0
t —_
+2Ky52 fo Bl(s) — ()] x(8s) — y(s)]ds
t
< (2K; + K»5%) f Elx(s) — y(s)|* ds
0
t
+(K25% + K352 / Elx(85) — y(s)|%ds
0 -
< (K1 +3K0° + 2635%) [ Bl —y(0)Pds
0
t -
+2(K267 + K367) / E|x(8;) — x(s5)|%ds.
0

According to the Gronwall inequality and inequality 14,
we have

Elx(r) — y(1)|?
< 2Kx& +K362)H3(r ro,r)||sn2

+2(K25% 4 K362)(2K1 + 3K252 + 3K55 )€ ||

« o@Ki1+3K25743K36 )’/ H(zp, T)(h+ 1)
0

22K +2K>52+K352)s

T+ 70
) [2K1 +2K,62 + K352 2 ]
< X e(2K|+3K2&2+3K3262)s ds
[2(1(2&2 + K262 Hs(t, 10, 1)
+2(K252 + K362)(2K) + 3K252
% K1 +3K524+3K36%)t

y ((r + o)t
2

IA

+3K357)

Hy(tg, T)(h 4 1)e@K1+3K:57+3K36%)r
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2tHy(t0, T)(h + 1)
2K + 2K252 + K352
=: Hy(t, h, 70, D€]I.

=2 2-2
e(4K1 +5K>0 +4K3U )l‘)] ”é: ”2

Step III. For sufficiently small ¢ > 0, let
O, =y llogMe™"),

where y, M are defined in Lemma 2. Choose k such that

O, — T - B, -1
e 0§k< 5 0
T T

It follows from Lemma 2 that

+ 1.

Elx(kt + o))
< Elytkt + )l + Elx(kt + 10) — y(kt + 1)1
< (Me7F+ 4 [Hy(x 0, ke + 7)) ) 1811

By elementary inequality and Lemma 3, we get

]E( sup |x(kt + 10 + u)|p)
0<u<tg
< Elx(kt + )l
—HE( sup |x(kt + 10 4+ u) — x(kt + ‘L’0)|p>
0<u<ty
< (MeFH 4 [Hy(x, p, 0, K + 70)]

P
2

+ Hi(mo, kt + 1)) €1
= (o + [Ha(x. b 70,0, + 1)1 + Hi(w0, 0, +0)) €I
(15)
Obviously, there exists a subset D C Ri such that
W(e, p) = & + [Hy(x, h. 10, O + )17 + Hy (10, O + 1)
<1 (16)

for any (t, t9) € D. Therefore, we have

I_E||x,;r+2m||p = I_E( sup

—19<u<0

(k + 270 + u)|p)
< e MNP,
where A =kt +2tpand A = A~} log(\IJ_l(s, p)). Similarly,
Ellxiall? < e 2617, k=1,2, -
Note that

fE( sup |x(t)|2)

0<t<A

01 +48] [ seatonas|

IA

+4B( sup | / ¢(x(5,))d (B)s

O<t<A

)

+4IE sup ‘/ o (x(8;
O<t<A

/)

4||§||2+4K12A/ Elx(s)|3ds
0

IA
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A
+aria?a +16k300 [ BixGolds
0
< 4IE1° + 4KTA + K357 A + 4K3567)
A
X / sup E|x(u)|2ds
0 -—to=uss

8(KZA + K2G52A + 4K25?)

2K +2K»62 + K362
« 2K +2K2&2+K3262)A“$H2

=: Hs(z, 10)|IE]|.

By using Holder inequality, we get

< 4)&1° +

_ p
B( sup [x()P) < HE (@ w)lEI”
0<t<A

Repeating the above procedure, we have

Xl

E( sup
kA<t<(k+1)A

p _
< H: (t, 1)E|x¢a |l
P _
< H(t,10)e AEIEIP, k=1,2,---.

An application of the Markov’s inequality (see [17]) yields

C( sup |x(t)|Pze*%“A)
kA<t<(k+1)A

4 1 —
< HZ(t, t0)e 2 AE|g |12

fork =0, 1, - - -. Consequently, we get

]

Z (C( sup

1
()P > e*f“A) < +oo.
k=1 kA<t<(k+1)A

Therefore, it follows from the Borel-Cantelli lemma under
sublinear expectation (see [27]) that
S losxO) _ &

lim su <

, .S.
t—00 t Zp 1

The desired result is obtained.

IV. AN EXAMPLE

Before giving a specific example to demonstrate the effec-
tiveness of our theory, let us first clear and summary the
implementation as the following two steps:

o Under Assumptions 1 and 2, choose a constantd € (0, 1)
and define p, y, M as in Lemma 2.

o Choose another constant ¢ € (0, 1) and compute ®,.
If we fix the time lag 7o, then we can get the upper bound
7, for the observation duration 7 by solving the equation

£ + [Ha(t, h, 10, Op + )17 + Hy (10, O¢ +7) = 1.
(17)

Then the controlled G-SDE (2) is exponentially stable
quasi-surely as long as the states are observed frequently
enough in the sense that T < 7.
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Example 1: For an unstable system
dx(t) = 0.05x(t)dt

with initial date x(0) = 1. We aim to design the linear
discrete-time feedback control with a time delay induced by
G-Brownian motion —x(8;)d (B); + 0.6x(8;)dB; to make the
stochastic controlled system

dx(t) = 0.05x(t)dt — x(8;)d (B); + 0.6x(5;)dB;  (18)

quasi-surely exponentially stable, where B; is one-dimensional
G-Brownian motion and By ~ N(O, [%, 1]). Obviously,
Assumption 1 is satisfied with

Ki =0.05, K =1, K3 =0.6.

We take the Lyapunov function V(x,7) = x> and hence
Assumption 2 holds with

Ccl = C_l = 1, q= 2, Cc) = —0.27, c3 = 0.36.

We choose 6 = 0.49, thenp = 0.98 and y = 0.44. We further
choose ¢ = 0.95 and it is easy to compute ®, = 0.1158.
Equation (17) becomes

[Ha(z, h, 19, 0.1158 4 7:)]177 + Hi(70,0.1158 + ) = 0.05,

which has the unique positive root 7, = 1.84 x 10~ if the
time delay o = 1 x 1072, Therefore, for the feedback time
delay 7p = 1 x 1073, the stochastic controlled system (18) is
exponentially stable quasi-surely as long as T < 1.84 x 1074,

By the Euler-Maruyama method, the numerical simulation
of the upper expectation E|X(¢)| and the lower expectation
E|X(t)| of the solution to stochastic system (18) with 79 =
107> and r = 107 is plotted in Figure 1, where we use
the algorithm from [28] to approximate the G-expectation.
We observe from Figure 1 that E|X ()| is stable, then the solu-
tion to (18) is quasi surely stable. The computer simulation
supports our theoretical results clearly.

351

251

FIGURE 1. The computer simulation of the upper expectation

a(t) = E|X(t)| and the lower expectation b(t) = £|X(t)| of the solution to
the G-SDDE (18) with 7o = 10> and = = 10~ using the Euler-Maruyama
method.
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V. CONCLUSION

In this paper, we have proved that an unstable nonlinear sys-
tem can be stabilized by G-Brownian motion with feedback
control based on discrete-time state observations with a time
delay. Sufficient conditions in terms of the observation gap ©
and the time delay 7y have been developed to guarantee the
quasi-surely exponential stability of the stochastic controlled
system. An example has been given to show the implementa-
tion and illustrate the theoretical results.
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