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ABSTRACT In this paper we define and study rank metric codes endowed with a Hermitian form. We analyze
the duality for I »-linear matrix codes in the ambient space (F,2)n,, and for both I »-additive codes and
IF jon-linear codes in the ambient space ]F’;Zm. Similarly, as in the Euclidean case we establish a relationship
between the duality of these families of codes. For this we introduce the concept of ¢”-duality between
bases of I o over F > and prove that a g"-self dual basis exists if and only if m is an odd integer. We obtain
connections on the dual codes in F”,, and (F2),,m with the corresponding inner products. In particular,
we study Hermitian linear complementary dual, Hermitian self-dual and Hermitian self-orthogonal codes
in F”,, and (F,2)nm. Furthermore, we present connections between Hermitian F »-additive codes and

Euclidean I »-additive codes in ]ng,n.

INDEX TERMS Rank metric codes, additive rank metric codes, Hermitian rank metric codes.

I. INTRODUCTION

Rank metric codes were introduced by Delsarte (1978) as a
g-analogue of coding theory [13]. Due to their applications
in cryptography and in network error correction ( [30], [31]),
there is a great interest in studying their general properties
and their connections with other topics [1], [4], [9]-[11], [24],
[26], [27], [29].

In the matrix representation linear rank metric codes are
Fo-linear subspaces of the ambient space V. = (Fg)y m,
where Q is a prime power and the weight of an element
A € (Fo)n,m is defined as the rank of the matrix. In the vector
representation, rank metric codes are Fgm-linear subspaces
of the ambient space U = F”,,,, where the weight of a vector
Ve F’ém is defined as the maximal number of coordinates of
v which are linearly independent over Fg.

It is well known that using an invertible isometry Apg
U — V, any Fgn-linear code C < U can be considered as
an Fp-linear matrix code C < V, called the code associated to
the code C, which shares the same rank properties as C (see
Definition 3). However, conversely given an [Fp-linear code
C in V, we only obtain [Fp-linearity, i.e. an Fp-additive rank
metric code C in the space U. Therefore, the Hermitian forms
we define on V and U are over Fp. Furthermore, we define
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a Hermitian form on U over Fgn and show their relationship
with those defined over Fg.

Classical additive codes of length n over F4 are subgroups
under addition of [F; and were first introduced in [5] because
of their connection to quantum codes. Specifically the authors
in [5] transform the problem of finding quantum error-
correcting codes into the problem of finding additive codes
over [F4 which are self-orthogonal with respect to a certain
trace inner product. The author of [8] classified additive codes
over [y that are self-dual with respect to the Hermitian trace
inner product, which in quantum information theory corre-
spond to ternary quantum error-correcting codes. Additive
codes were generalized and studied in [3], [16], [19], [20].

Additive codes and self-duality are also considered in the
ambient space of matrices endowed with the rank metric
(see, for example, [22], [25], [26]). They have potential
applications not only in network coding, combinatorics and
cryptography but also in code-based cryptography (and hence
post-quantum cryptography).

Duality in coding theory is an interesting notion with many
applications. Recently codes having trivial intersections with
their duals, in particular linear complementary dual codes, are
shown to be interesting also for some side-channel attacks in
cryptography [6].

The paper is structured as follows. In Section 2 we collect
preliminaries on o-sesquilinear forms, Hermitian forms and
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Euclidean forms. In Section 3 we define Hermitian I > -linear
rank metric codes in the ambient space (qu)n, m and analyze
some properties such as the MacWilliams Identities. The
main contributions of our paper are given in Sections 4 and 5.
We obtain some connections on additive codes and their dual
codes in the ambient spaces ]Fsz and (F2),,m together with
corresponding Hermitian inner products. In Section 4 we
define Hermitian F o -linear and F-additive rank metric
codes in the ambient space F”, . In order to analyze the
duality of these families of cocfes we introduce the concept
of g"-duality for two bases of Fn over F .. We prove
that a ¢"-self-dual basis exists if and only if m is an odd
integer. Additionally, we establish a relationship between
the theory of the duality for the spaces (]qu)n,m and ]FZM
(see Theorem 3). Due to this result, the MacWillams Iden-
tities are valid for Hermitian codes of F”, . We state results
on Hermitian linear complementary dual codes, self-dual
codes and self-orthogonal codes. Finally, in Section 5 we
present connections between Hermitian F 2-additive codes
and Euclidean F »-additive codes in ]Fsz-

Il. BASIC FACTS ON o-SESQUILINEAR, EUCLIDEAN AND
HERMITIAN FORMS
Let K be a finite field, IF an extension of K, o € Aut(K)
and V a finite-dimensional F-vector space. A o-sesquilinear
form on V over Kis amap (-,-) : V x V — K such that
ifx,y,ze Vanda € K, then (x +y,z) = {x,z) + (), 2),
(x,y+2) = (x, ) + (x,2), {ex, y) = a(x,y) and (x, ay) =
o(a){x,y). In addition, if ord(c) = 2 and o({x,y)) =
(y, x), then the form is called a Hermitian form. In the case
ord(c) = 1 and (x, y) = (y, x) the form is called a Euclidean
form. A o-sesquilinear form with the property that (x, y) =
0 < (y, x) = 01is called reflexive. Clearly, Hermitian and
Euclidean forms are reflexive. A o -sesquilinear form is called
non-degenerate if (x, y) = 0 for all y € V implies x = 0.
For any FF-linear vector subspace W < V, the dual space
of W with respect to a reflexive o-sesquilinear form (-, -),
denoted by W, is

Wt={Qpev: (v W) =0}

In this case we say that W is self-orthogonal if W € W+
and self-dual if W = W+ It is well known that if (-, -) is
non-degenerate and reflexive, then dimg(W') = dimg(V) —
dimg(W) and (WH+ = w.

The radical of a reflexive o-sesquilinear form (-, -) on V is
the F-vector space

rad((-, ")) ={xeV: (x,y)=0forally € V}.

Clearly a reflexive o-sesquilinear form is non-degenerate if
and only if its radical is trivial.

IftB=1{Bi,...,Bn}isabasisof V over Kandif (-, -)isa
o-sesquilinear form on V, then

(.3 = ) _xiBin Y yiby)
i=1 j=1
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=Y x> (B B)oG)
i=1 j=1

= xGpo(y),
where X = (x1, ..., Xu), Yy =01, -..,ym) € K" and o (y) :=
(01, ..., 0(m) € K" The matrix Gg = (B, Bj)) €
(K),, is called the Gram matrix of (-, -) with respect to the
basis B.

Symmetric matrices A € (K),, and B € (K),, are said to be
conjunctive if there exists a non-singular matrix P € GL,,(K)
such that B = P'AP. Two Euclidean forms are equivalent if
and only if their Gram matrices are conjunctive. We shall use
the following well-known lemma.

Lemma 1: Let char(K) be an odd integer and let A €
(K be a non-singular symmetric matrix. Then A and I,,, are
conjunctive or A and J = diag(1, ..., 1, a) are conjunctive,
where a is an arbitrary non-square in K.

Proof: 1If char(K) is odd, then there are exactly two
equivalence classes of non-degenerate Euclidean forms on
K™, represented by the matrices I,,, and J (see [2]). U
It is well known that if K is the field of fixed points of o and
ord(o') = 2, then (K : K¢) = 2. Therefore |K| = |Ko|? = ¢°
for some g prime power and o(x) = x4 for all x € K. Let
K = Fgp and let x* := x7 be the conjugate of x € F.
For a matrix A € (F ), write A for the matrix obtained
from A by conjugation of each entry. We define the conjugate
of A, denoted by A*, as the transpose of the matrix A@D e,
A* = (A@)'. A matrix A € (Fy2)m is Hermitian if A* = A.

It is easy to verify that (-, -) is Hermitian if and only if its
Gram matrix Gg is Hermitian. Therefore there exists an one-
to-one correspondence between the set of Hermitian matrices
in (qu )m and the set of Hermitian forms on V. Notice that
(-, -) is a non-degenerate Hermitian form if and only if its
Gram matrix Gg is non-singular in (qu)m and Hermitian.

Hermitian matrices A € (qu)m and B € (qu)m are said
to be conjunctive if there exists a non-singular matrix P €
GLm(]qu) such that B = P*AP. Two Hermitian forms are
equivalent if and only if their Gram matrices are conjunctive.

The following lemma is crucial for the proof of Theorem 2.

Lemma2: 1) LetA € (qu)m. Then A*A is a Hermitian

matrix with det(A*A) = det(A)4+! =: N]qu/]F (det(A)).

2) Let A € (qu)m be a non-singular Hermiti;n matrix.

Then A and I, are conjunctive.

Proof:

1) LetA = (ay) € (qu)m. Since

m
> sen@) [ dl,q

o eSym(m) i=1

det(A?) =

q

m
= Z sgn(o) l_[ i, (i)

o eSym(m) i=1

= [det(A)]?,

we have det(A*) = det(AD) = [det(A)]4.
2) See [18, Lemma 2.3].
O
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Iil. HERMITIAN qu-LINEAR RANK METRIC CODES

Let (qu)n, m be the qu -vector space of matrices over ]qu of
type (n, m). On (]qu )n.m We define the so-called rank metric
distance by d(A, B) := rank(A — B) for A, B € (Iqu)n,m.

A t-dimensional qu-subspace C < (]qu),,,m endowed
with the metric d is called an qu-linear rank metric code
with minimum distance d(C) := min{d(A,B) | A # B €
C}. Clearly, the minimum distance of a code C # {0} is
also

d(C) := min{rank(A) : A € C, A # 0}.

The trace Hermitian inner product of two matrices A =
(a;j) € (qu)n,m and B = (b;) € (]qu)n’m, is defined
by (A, B)y = Tr(A(B' )@), where Tr denotes the trace of
the matrix and B’ the transpose of B. It is easy to ver-
ify that (-, -)y is a non-degenerate Hermitian form. The
dual of the code C < (]qu)n,m with respect to this form
is denoted by C*#. Since (-,-)y is non-degenerate and
reflexive, we have dimg , Ccty = nm — dimg , (C) and
(Cctayts = .

A Hermitian rank metric ¥ »-linear code is a rank metric
code C < (qu)n,m equipped with the Hermitian form (-, -) .

The ordinary trace inner product of two matrices A =
(aij) € Eplpm and B = (byj) € (Fy2)nm, is defined
by (A,B)y = Tr(A(B")) and the dual of the code C <
(qu)n,m with respect to this Euclidean form is denoted
by C1£.

Remark 1: Throughout the paper, we always assume 2 <
n<m.

Similarly, as in classical coding theory, the rank distribu-
tion of C is the collection Ay(C), ..., A,(C), where A;(C) :=
H{A € C : rank(A) = i}| fori € {0, ..., n}.

In [13] Delsarte established a bound for the minimum
rank distance of a code similar to the Singleton bound for
Hamming distance:

Theorem 1: (Rank Singleton bound) Let C < (qu)n,m be
an I >-linear code of dimension t with minimum distance d.
Then we have

d<n—t/m+1.

Rank metric codes meeting the Singleton bound are called
Maximum Rank Distance (MRD) codes. Delsarte was the first
who proved in [13] the existence of qu-linear MRD codes.

Using the MacWilliams Identities for the Euclidean form
we can prove the following lemma.

Lemma 3: Let C and D be two t-dimensional rank metric
codes in (Fg),,m with the same rank distribution. Then CcLe
and DYE have the same rank distribution.

Proof:  Let (Ai(C))o<i<n and (A;i(D))o<i<n be the
rank distribution of C and D, respectively and let
Ai(C) = A(D) for all i € {0,...,n}. For any inte-
ger 0 < r < n we have Y[ J["]AC) =

0 (S [BCH) + BC)) - Asume

Bj(C**) = B{(D**)
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forj < r. Then

3 [” N ’}A,-(D)

i=0
r—1 n—i
=0 [ J.] j(D4E) + B, (CHE)
j=o "/
and we have B,(C1£) = B,.(D1E). O

Remark 2: Let C < (qu)n,m be an qu—linear rank code.

Since C and C'? have the same rank distribution and CH =
(CDYLE we get by Lemma 3 that CYF and C# have the same
rank distribution.
By the previous remark the MacWilliams Identities are also
valid for Hermitian rank metric codes. We state this direct
consequence in the following corollary, which would be use-
ful for some applications.

Corollary 1: (Hermitian MacWilliams Identities) Let C <
(qu Jn.m be an qu-linear Hermitian rank code of dimension
t. Let (Ai)o<i<n and (Bi)o<i<n be the rank distribution of C
and C*H, respectively. For any integer 0 < r < n, we
have

n—r r

3 [” - ’}Aiw) -y [’: :’.]Bj(cif').
i=0 j=0

Re;mrk 3: Note that if C < (qu;,,’ m s an MRD code, then
by Remark 2 we have that C# is also an MRD code.

IV. HERMITIAN FF_,-ADDITIVE AND qu,,, -LINEAR RANK
METRIC CODES

The field F2» may be viewed as an m-dimensional vector
space over ]qu. The rank of a vector v = (vi,...,v,) €
]FZZ’” is defined as the maximum number of coordinates in
v that are linearly independent over F, ie. rank(v) :=
dimp , (v1,...,v,). Then we have a rank metric distance
given by d(v, u) = rank(v —u) forv,u € FZ”’" A ]qum-linear
subspace C < ", of dimension k endowed with this metric
is called a Iqum-lqinear rank metric [n, k] code.

On the other hand, a ]qu-additive code C C IFZZM of
dimension ¢ over qu endowed with the rank metric is called
a qu—additive rank metric [nm,t] code. In this case the
dimension of C over ]qum is defined as the number k£ such
that (¢*™)¥ = |C|. Note that k is not necessarily an integer
andk = L.

The minimum distance of a rank metric code C # {0},
denoted by d(C), is the smallest rank distance between any
pair of distinct codewords. If C < F”,, is an F-additive
code of dimension ¢ over qu with minimum distance d, then
d <n—t/m+ 1. Inparticular if C < F",, is an F 2 -linear
code of dimension k, thend < n —k + 1. ]qu-additive or
[F om-linear rank metric codes meeting this bound are equally
called Maximum Rank Distance (MRD) codes.
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we denote by

2m

Given a vector v = (vf,...,Vv,) € FZ
Mi(v) € (]Fqu)k’n the matrix

Vi v Vi
[1] 2 [1] 2 [1] 2
q q q
v v v,
My(v) = ! 2 ) " , (D
[k—1] 2 [k—1] 2 [k—1] 2
vy v, ¢ ey, 1

where [i]qz = (qz)i.

Gabidulin showed in [14] that if vy, ..., v, are linearly
independent over F 2, then the F . -linear code C < F7,,
generated by the matrix My(vy, ..., v,) is a k-dimensional
MRD code and we call it the Gabidulin code Gy (v) generated
by Mi(vi, ..., v).

In ]FZZ’” we can define two different inner products: The
ordinary Hermitian inner product (-, -); and the trace inner
product (-, -) 7. More precisely we have.

Definition 1: Forv = (vi,...,v), u = (uy, ..
FZZm we define

D oy = Y5 viu!
inner product)

n m
2) (vyu)pg = Tr]Fqu/]qu <Z viu? ) € F (trace Her-
=
mitian inner product). l
Lemma 4: The following facts hold.
1) The map (-, -)y is a Hermitian non-degenerate form.

2) If m is a odd integer, then the map (-, -)ry is a Her-
mitian non-degenerate form. Otherwise, (-, )ty IS a

S ly) €

€ ]Fqu (ordinary Hermitian

Euclidean form.
Proof:

1) Let o : Fpp —> F_ be the automorphism of F .
defined by o(a) := " forall « € F,» and o the

extension of o over the field F 2n. It is easy to verify
that (-, -)y is a o-sesquilinear non-degenerate form.
Moreover ¢ is the Frobenius automorphism of F gom
over qu, which is an involution.

2) Without difficulty we see that (.,-)7y is a
o-sesquilinear form, where o : qu — F » is the
automorphism of F > defined by o () := " for all
o € F 2. We prove that (-, -) 7 is also non-degenerate.
Letu € F",, and (v, u)yy = O forallv € ]FZZ"" Sup-
pose that u # 0 with u; # 0 forasome j € {1, ..., n}.
Then we have that u]qm # 0. Since Tr]Fqu /Fp is a

non-zero map and F 2, = {zuj‘? : z € Fpon), there
: q" q"

exists zu; € Iqum sucl; that TrFqu /F (zuj ) # 0. Let

v e Fy,, withv; = zu!" and v; = O for all i # j. Then,

(v, u)yry = TrFqu /F > (zuqu) = 0, a contradiction.
On the other hand, if m is an odd integer, then for all
x € F,» we have x0"4 = x4@"'=D = xa@=Ds = 1,
where s € N, since m — 1 is even and ¢> — 1|¢" ' — 1.
Hence o (o) = a?" = o foralla € qu and ord(c) =
2. As (v,u)tyg = o({u, v)7y) the form is Hermitian.
In the case that m is even, then ord(c) = 1.

O
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A Hermitian qu—additive code (Hermitian ]qum—linear
code) is an qu-additive (]qum -linear) rank metric code C <
Fsz equipped with the Hermitian form (-, )7y ((-, -)g)-

We denoted by C7# and C# the dual code of C with respect
to the trace Hermitian inner product and to the ordinary
Hermitian inner product respectively.

Lemma 5: Let C be a subset of ]FZZ’"' Then we have

1) C isan F2-vector subspace of C Lru,

2) If C is an qu—additive code, then dimp 2(ClTH) =
nm — diquz (C). Similarly, if C is an ¥ ow-linear code,
then dimg ,,, (C*) = n — dimg ,,, (C).

3) IfCisan ]qum—linear code, then C+H# = C11H,

Proof: The proof of part 1 and part 2 is immediate. By
part 1 we have that C*# C CL7H_ On the other hand, by part
2 we have

diquz(ciH) =m- diquZm(clH) = m(n — dimg,, (C))

= mn — dimg , (C) = dimg , (C*™),

so part 3 follows. O

Remark 4: 1) Note that the map (-, -) qum X

]Fqu — qu defined as {(a, b) := Tr]FqM /F 2 (ab?") is
a non-degenerated o -sesquilinear form, where o (a) =
a?" forall a € F 2. Therefore, if BB is a basis of F on
over K » and Gp is the Gram matrix of (-, -), then Gp
is nonsingular in (qu)m. In particular, if m is an odd

integer, then the map (-, -) is a Hermitian form, since

o) = a?" = af for all @ € qu. For m an even
integer, (-, -) is a Euclidean form.

2) Moreover, note that if v. = (V1,...,W), U =
(U1, ..., uy) € IFZzw then

n

v, )y = s, 8, (Vo w)m) = ) (viu ).

Definition 2: Let B = {ﬁl,...,ﬁmi 1and B =
{Bl, -, By} be two bases of Fom over Fpo. If (B, Bj) =
L (ﬂ;ﬁjff'") = 8 forall i,j € {1,...,m), then the
bases B and BB are said to be ¢"-dual to each other. Moreover,
abasis B= {1, ..., Bm} of Fom over ¥ 2 is called a g™ -self-
dual basis if Tre o,, /v, (BB ) = 8. foralli,j € {1,...,m).

Remember that bases B = {Bi,..., B8y} and B* =
{B}, ..., By} are said dual if TrFqu/qu (B Bj) = &j; for all
i,j € {1,...,m}. In the case that Trp ,, /7 ,(B;B8)) = §;; for
all i,j € {1,...,m} we say that B is self-dual. It is well
known that any basis B of Fn over F has a dual basis
B* which is unique. This result also holds for ¢"-duality.
In fact, if B = {Bi,..., Bn} is a basis of qum over qu,
then the unique dual basis B' = {B{, ..., B,,} to the basis
B = (BT, ..., B }is ¢"-dual to B.

Lemma 6: Let B = {B1, ..., B} be a basis oquzm over
F 2, Gp the Gram matrix of the o -sesquilinear form (a, b) :=
TrFqu /F 2 (ab?") with respect to the basis B, where o () =
at” foralla € qu and let M (v) € (]qum)k,,, the matrix (1)
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for all vectors v = (vq, ...,
we have:
1) Gp = Myu(B)*Myu(B).
2) The basis B = {B1, ..., Bm} is a q"-self-dual basis of
F om over F 2 if and only if My (B)*M,,(B) = I, where
= (ﬂ]a‘-'aﬂm) EF;an
3) [detMu(BNIT = (—1)"~" det(M,(B)).
Proof:
1) Let S := M,(B)*M,,(B). If we denote the entry of
matrix S at position (i, j) by s;;, then

=112 " [k 1,2
Sij = (,3 3 )
Z 5

= Z(ﬂ?mﬁj)[k_llqz

k=1
= Trr /7,2 (B B

2) The statement follows from part 1.
3) From the proof of Lemma 2 we know that

[det(Mu (BN = det (M, (B«

vp) € Fsz and 1 < k < n. Then

) . Furthermore

det (Mm(E)@Z))
B By B ¥
_ : : : : )
—1 —1
B (m—1],2 ﬂim 12 o ’E:n 12
Bi B2 e Bm
and
det(M,,(B))
B1 B2 e B
(il e gl
B [m—11,2 ﬂém—llqz r[nm—llqz

By swapping the last row of (2) (m — 1)-times, we get
det (Mm(E)Wz)) = (=1)"! det(M,(B)).
O

Let B = {B1,..., Bm} be a basis of Fon over F > and

v=©Wl,...,v) € F”ZW Ifv; = Z)wﬂj, where A;; € Fp

and 1 < i < n, the assoczated matrzx of v with respect
to the basis B, is defined as Ag(v) = (Aj)um € (qu)n,m.
Note v = Big(w)!, for all v = (vi,...,v,) € F* |
where B := (B1,...,Bm) € ]FZ’Zm. Therefore Ag(v)4") =
hggm (M), The map F7,,, 3 v — A5(0) € Fplum
is an invertible qu-linear transformation and an invertible
isometry i.e. d(v, u) = d(Ag(v), Ag(u)) for all v, u € Fsz-
Lemma7: Let B = {B1,..., Bn} and B = {By, ..., B,,}
be two q"-self-dual bases of F jom over F . If a = i, xiB,

VOLUME 9, 2021

b = Z]mlyjﬁj € Fom, whet;ﬂe X1y xm), 015, Ym) €
]sz, then (a, by = >} xky{ -
Proof:
(a, b) thﬂn ZYJ,BJ
m m m .
=35 = Sl
i=1 j=1 k=1
O

It is well known that a dual basis of I 2n over > always
ex1ts but a self-dual basis exits if and only if ¢* is even or both
¢* and m are odd (see [21]). With respect to the existence of
a g"-dual basis we have the following result.

Theorem 2: There exists a ¢ -self-dual basis of Fom over
F 2 if and only if m is an odd integer.

Proof: Let m be an odd integer and let A =
{ay, ..., a;;} be a basis of Iqum over Fq2. Moreover, let
G 4 be the Gram matrix with respect to the basis A of the
o- sesquilinear form {(a,b) := Trp onlF, , (ab? ™), where
o) = " foralla € F B By Remark 4 (1) we know that
G 4 is anonsingular Hermltlan matrix in (F 2),,. Therefore by
Lemma 2 (2) there exists a nonsingular matrix H = (hj)m €
(F,2)m such that H*GAH = I. Define p; = Yo aihy

forj = 1,...,m. We can prove tlEt B = {ﬁl,...,ﬁm}
is a basis of F on over F 2> and M, (B) = M,,(A)H, where
A= (ar,...,an) € F o and B := (B, ..., Bm) € B
By Lemma 6 (1) we know that G4 = M,,(A)*M,(A),
therefore
(Mn(B))*Myu(B) = H*(Myu(A))* My (A)H
= H*G4H = I,,.

Hence by Lemma 6 (2), B is a ¢"-self-dual basis.

On the other hand, let m be an even integer and let char(IF qz)
be an odd integer. Suppose that there exists a ¢"-self-dual
basis B ={B1,..., Bm}. f A = {1, ..., o} is also a basis
of Fon over F 2 and g; = Yo «sij, where s € F 2, for

je{l,...,m}, then we have
qm
8ij = Trr o, /7 ,(BiB; )
q q
m m
qm q”l
= ZZSkiTr]Fqu/qu (Olkal )Slj .
k=1 I=1
Since x?" = x for all x IS qu, we have

Si = gl skiTr]Fqu /Ep (ockot;[m)slj. Therefore 1,, =
S'GAS, where S = (sj)m € GLm(IE‘ 2). Thus det(G4) €
(F* )2 By Lemma 1 and Remark 4 (1), we can also argue in
the reverse direction. Hence there exists a ¢"-self-dual basis
B if and only if there exists a basis .4 such that det(G 4) €
(IE‘ ©)2.By Lemma 6 (1) we have G4 = M, (A)*M,,(A).
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Therefore by Lemma 2 (1),
[det(M,,(A))]9"+!. We know that
[det(M,u (A7 = (—1)"" det(M,,(A))

= — det(M,(A))
# det(M,,(A)),
ie.y:= det(M,,(A)) 4 qu. If there exits x € IF;Z such that

m+1
y = x2, then

we have det(Gy) =

+1 1

m m m—1
y=07")" =0T el
a contradiction.

Finally, let m be an even integer and let char(F2) be an
even integer. Then for all basis B = {81, ..., B} of ]qum
over I > we have that the entries of the main diagonal of the
Gram matrix Gg are zero. Indeed, let x; := ,B?mﬂ for all
i = 1,...,m. Since xq - 1, we have that x; € Fyn
Therefore Tr]p R (x,) = 2x = 0. Asm s an even mteger

thenF 2 isa subfield of IF;m. Hence for the transitive property
of the trace we have

Trrrqz,,,/qu2 (xi) = Trg /F (Trrqz,,l JE (X)) = 0.

g

Definition 3: If C < F", is a Hermitian F2-additive

or qum -linear rank metric code, then we define the qu -linear

Hermitian code associated to the code C with respect to the
basis B as

A(C) = {Ap(v) : v e C} = (Fp)nm.
Since Ap is an invertible isometry, then d(C) = d(Ag(C))
and A;(Ap(C)) = A;/C) for i = 1,...,n. Moreover, A
is an invertible z-linear transformation, therefore we have
drrn]F P Ap(C)) = drm[g ,(C) for all F 2" -additive rank metric
code’C. n particular, (frm]F 2()\B(C)) = m - dimp 2m(C) =
dlm]qu (C)foranF P -linear rank metric code C.

Remark 5: Using A we can see that every F p-additive
code or qum-linear code can be seen as an qu-linear matrix
code In general not every Fp-linear matrix code C <

F2)nm arises from an F pn-linear code, for example when

gm - tA(C)foralli = 1 , n. However, there is always
an F »-additive code C < FZ o such that Ag(C) =

An interesting question is how Az behaves in relation to
the duality defined with the Hermitian form. Indeed, if we
can prove that there is an invertible isometry ¢ : ngm —
(F 2)n.m such that p(C+7) = A5(C)*#, then the Hermitian
[F,2-additive codes satisfy the MacWilliams Identities (in
particular the F »n-linear codes). The reason is that, in this
case, we have B;(C17) = Bij(p(Ct™)) = B(Ag(C)*#)
for all i = 0,...,n and since A;(C) = A;(Ag(C)) for all
i =0,...,n, we would be able to apply Corollary 1, which
is valid for qu -linear matrix codes. Theorem 3 (1) shows
that for an odd integer m given a basis B of F . over F 2,
the map v —> A (v) where BB’ is a basis g"-dual to B is the
desired invertible isometry. In fact, if m is an odd integer, then
A (CH1H) = A(C)*H.

m
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Proposition 1: Let B and B’ be ¢"-dual bases of Fom over

]qu andv,u € IFZZm

1) If mis an odd integer, then (v, u)ty =: TrFqu/]qu((v,
) = (Ap(v), \g(W)H.

2) If mis an even integer, then (v, u)ty =: TrFqu /qu((v,
un) = (Ap(v), Ag(W))E.

Proof: Let B = {B1,...,Bm} and B" = {B],..., B}

be two g"-dual bases of F o over Fo. Let v, u € ]FZZV" such

that (x;;) = A (v) and (y;j) = Ag(u) ie. v = ijzr x,-jﬂ]f and

wi =y Vik Bk
Then by Remark 4 (2) and Lemma 7 we have

Vo) g = Teg g, /8, (Vo)) = D (vi )
i=1

=33 s =Te (e ) (s ).

i=1 =1

If m is an odd integer, then (Ag(u) ) (Ag(u)’)q. For m an

even integer we have (AB(u) ) = ).

O

The following result was independently established in [15],

[17], [27] for Euclidean rank metric codes and dual bases.

Now we show a version for Hermitian rank metric codes and
q"-dual bases.

Theorem 3: Let C < Fsz be an qu -additive code, B and

B’ ¢"-dual bases of Fom over F 2. Then the following hold:
1) If mis an odd integer, then
dp(CH1) < A (CHT1) = Ap(C) .

In particular, if C < IF”Z,,, is an F ow-linear code,
we have

Ap(CHTY = A (CHM) = Ag(C)H1.
2) If mis an even integer, then
Ap(CHY < A (CHT1) = Ag(C)E.

In particular, if C < F”? 2 is an F pw-linear code,
we have

2 (CH1) = A (CH1M) = hp(C) .
Proof: Let B = {B1,...,Bn} and B' = {B],..., B}
be two ¢™-dual bases of F on over F 2. By Lemma 5 (1) it is

clear that A/ (C Lry < B/(ClTH ) for all F 2" -additive code
C. Suppose Ag/(v) € Ag(CL) and Ap(u) e x5(C), where
v € C1m and u € C. By Proposition 1 (1) we have

AW, Agw)g = (v, u)tw = 0.

Therefore )LB/(CLTH) < )LB(C)LH. By Lemma 5 (2)
we have dimg, Ag(CLmy = dimg,, (Ag(C)*H). Hence
A (CH1) = Ap(C)H.
Similarly, by Proposition 1 (2) we have
Ap W), Apw)E = (v, u)yrn = 0.
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Therefore A (CL7H) < Ap(C)*E. Since
dimg,, (AB(C)*E) = nm — dimg,, 15(C)
= nm — dim]Fq2 (&)
= dimg,, A (C7"),

we have Ag (CL) = Ag(C)LE.

In particular, if C is an qum -linear code, then by Lemma 5
(3) we have A (C1H) = Ag/(CL7). Hence parts 1 and 2 are
complete. 0

Corollary 2: Let (A;)o<i<n and (B;)o<i<n be the rank dis-
tribution of an ¥ p-additive (F jn-linear) rank metric code
C < IFZZ," and Crm (CLH), respectively. For any integer
0 <r <n, we have

~[n—i IC| ~[n—j
I O N [
i=0 j=0

which we call the Hermitian MacWilliams Identities.

Proof: Let m be an odd integer. By Theorem 3 (1) we
have B;(C*™) = Bi(Ap (C*™))
= B,-()LB(C)J-H) for all i = O0,...,n. Moreover A;(C) =
Ai(Ag(C)) for all i = O,...,n, therefore by Corollary 1
we are done. On the other hand, let m be an even integer.
By Theorem 3 (2) we have B;(C17) = B;(Ag(CL7TH)) =
Bi(Ag(C)LE) for all i = 0,...,n But Bi(Ag(C)*E) =
Bi(Ap(C ) by Remark 2. Again by Corollary 1 the sentence
follows. O

Example 1: A classical linear code C < K" is called
linear complementary dual, or shortly an LCD code, if K" =
C@®CLE [23]. Classical LCD codes are of particular interest
because the class of LCD codes is asymptotically good [23]
and achieves the Gilbert-Varshamov bound [28]. Further-
more the codes play a crucial role in information protection
[6]. A Fyn-linear rank metric code C < F", is called a
rank Hermitian LCD code (rank metric code with Hermitian
complementary dual) if C® CH = IE‘;Zm. In [12] the authors
investigate and characterize ideals in the group algebra KG
which have complementary duals, i.e., ideals C in KG that
satisfy KG = C @ C1£. Similarly as in the Euclidean case,
we can prove that C < F",, is a Hermitian LCD code if
and only if GG* is nonsingular, where G € (]Fqu)k‘n is a
generator matrix of C. Additionally, we say that an ¥ > -linear
rank metric matrix code C < (]qu)n,m is a rank Hermitian
LCD code if C ® CHH = (]qu Jn.m- If m is an odd integer and
B = {Bi1, ..., Bu} is a g"-self-dual basis, then, by applying
Theorem 3 (1), we see that C < F", is a rank Hermitian
LCD code if and only if .g(C) is a rank Hermitian LCD code.
Moreover, by Lemma 6 (1), My,(BY*M,,(B) = I,,. Therefore
Gr(B) is an MRD LCD code.

Example 2: Let o € qum. Then the map Y, : Iqum —
Fom defined by Yo (x) = ax for all x € Fpon is an ¥ »-linear
transformation. We have that the associated basis of Y, with
respect to the basis B is A\g(aB). Moreover we can prove that
Tr]qum /Fp (@) = Tr(AB(aE)) forall a € qum, actually this
is a usual alternative definition for the trace of an element o
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(see [7]). Let m be an odd integer and let B = {1, ..., Bm}
a q"-self-dual basis. We know that if C < F;”Zm then I, €

A5(C) < B € C. Therefore, if C := G\(B), by Theorem 3
(1) we have

Be CH I, € A\g(CH) = Ag(C)"#
< Tr(rig(@B)) =0
— TrFqu/]qu (a ) =0

foralla € ]Fqu. Hence B & Gi(B)* andI,, & Ag(G\(B))*#
i.e. G1(B) and Ap(G\(B)) are not self-orthogonal codes.

In the rest of this section we present a connection of cer-
tain Hermitian LCD, Hermitian self-dual and Hermitian self-
orthogonal codes in the ambient spaces FZ and (F2)n,m-
We start with a simple lemma.

Lemma 8: Let C < ", be an I pon-linear code. Then we
have the following:

1) C is Hermitian LCD if and only if C is trace Hermitian

LCD.

2) C is Hermitian self-dual if and only if C is trace Her-
mitian self-dual.

3) C is Hermitian self-orthogonal if and only if C is trace
Hermitian self-orthogonal.

Proof: The results follow immediately using Lemma 5
item 3. (|
Now we give our connection for m is odd.

Theorem 4: Let m > 1 be an odd integer. Let C < F", be
an I pn-linear code. Let B be an q"-self dual basis of F on
over I . Then the following hold:

1) Ap(C) is Hermitian LCD <= C is Hermitian LCD

<= C is trace Hermitian LCD.

2) Ag(C) is Hermitian self-dual <= C is Hermitian
self-dual <= C is trace Hermitian self-dual.

3) Ag(C) is Hermitian self-orthogonal <= C is Her-
mitian self-orthogonal <= C is trace Hermitian
self-orthogonal.

Proof: As Bis g"-self-dual basis of Fom overF 2, using
Theorem 3 we have

AB(CHTY = Ap(C)H

2m

Hence we obtain that
AB(C)HH N AR(C)=hp (CLH> AAB(C)=Ag (CLH n C) .

This completes the proof that Ag(C) is Hermitian LCD
(respectively Hermitian self-dual and Hermitian self-
orthogonal) if and only if C is Hermitian LCD (resp. Her-
mitian self-dual and Hermitian self-orthogonal). The part
corresponding to trace Hermitian follows from Lemma 8. [J

V. CONNECTIONS WITH EUCLIDEAN

F_»-ADDITIVE CODES

In this section we present connections between Hermi-
tian I »-additive codes and Euclidean F >-additive codes in
]FZZm. The following result is elementary but crucial for this
section.
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Lemma 9: Let C be an qu -additive rank metric codes in
F",,.. Then C'9") is an [ 2-additive rank metric code and C

and CY") have the same rank distribution.
Proof: A{(C) = Ai(xg(C)) = A;(Ap(C)"), for all
i = 0,...,n Since Ag(C)9") = Aggm(CY"), we have
Ai(C) = Ailggn(C) = AG.p(CT) = A(CYD),

foralli=0,...,n.

O
Remark 6: If C and D are two F pw-linear rank metric
codes in F",, with the same rank distribution, then C and

DYE have the same rank distribution. Indeed, if Aj(C) =
Ai(D) for all i = 0,...,n, then A;(Ag(C)) = Ai(Ag(D)).
By Lemma 3 we have Bi(Ag(C)*E) = Bi(Ag(D)*£) for all
i=0,...,n Since \g(C")"E and C''E have the same rank
distribution for all qum-linear code C' < IE‘;Zm, we have
Bi(C+E) = By(D'E) for alli = 0,...,n. On the other
hand, by Lemma 9 we have that C and C 4" have the same
rank distribution. Moreover C1# = (CY")LE. Therefore
CYE and C# have the same rank distribution. Hence the
MacWilliams Identities are valid for ¥ pw-linear Hermitian
rank metric codes as the Corollary 2 also shows.

In order to establish similar results to those given in
Lemma 3, Remark 2 and Remark 6, for qu—additive codes
in F*, ., we define a new inner product, the trace Euclidean
product (-, -)7E.

Definition 4: We define the trace Euclidean inner product
ofv=(1,...,v) € ng’” andu = (uy, ..., u,) € IFsz as

n
(v, ”)TE = Trqum/]qu Z villj | € qu.
The trace Euclidean pir(_)éluct (-, -)TE gives rise to a non-
degenerated Euclidean form. Moreover, we have the follow-
ing result, whose proof is similar to that of Theorem 3.
Theorem 5: Let C < ]FZZm be an qu -additive code, B and
B* dual bases of Fom over F 2. The following hold:

Ap+(CTF) < Ap+(CH7) = Ap(C)*E.
In particular, if C < IFZZ,,, isan qum -linear code, we have

Ap+(CHE) = Ap(CTTE) = Ap(C) .
Corollary 3: Let C and D be two rank ¥ »-additive rank

metric codes in ¥",  with the same rank distribution. Then

CL7E and DLTE have the same rank distribution.

Proof: Let Aj(C) = A;y(D) foralli = 0,...,n. Then
Ai(Ap(C)) = Ai(C) = Ai(D) = A;(Ag(D)). Therefore by
Lemma 3 we have Bi(AB(C)J-E) = Bi(AB(D)J-E). Moreover,
by Theorem 5 we have B;(C"E) = B;(Ag:(CE)) =
Bi(Ag(C)*E) for all i = 0,...,n. Similarly B;(D'E) =
Bi(Ag(D)‘E) foralli=0,...,n.

O

Remark 7: Let C < ]FZZ'” an F »-additive code. Since

C and CY") have the same rank distribution and C1m =
(CYYYLE | then by Corollary 3, CYE and CL™ have
the same rank distribution. In particular, the MacWilliams
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Identities are valid for Fp-linear Hermitian rank metric
codes as we already know from Corollary 2.

VI. CONCLUSION
In this paper we study F »-additive and F 2n-linear codes
in the ambient spaces ]FZZ”’ and (IF;2)n,m endowed with Her-
mitian forms and suitable rank metrics. We extend many
results for such codes in the literature obtained for Euclidean
forms to Hermitian forms. In order to study the dual codes
with respect to Hermitian forms, we introduce the concept
of a ¢"-self dual basis of Fon over F > and we completely
characterize them. We obtain many connections in between
these codes in the ambient spaces ]FZZ,,, and (qu)n,m and
their Hermitian duals. As consequences, we obtain results
on Hermitian LCD, self-dual and self-orthogonal codes in
both of these ambient spaces. Furthermore we obtain Hermi-
tian MacWilliams Identities for IF 2-additive and F 2n-linear
codes endowed with Hermitian form in these ambient spaces.
For future studies, it would be interesting to construct opti-
mal Hermitian LCD and self-dual codes in F”,,, and (F2)n,m
with the corresponding rank metrics systematically for non-
trivial parameters. These codes have potential applications in
many areas including network coding, symmetric cryptogra-
phy, and code-based cryptography. Hence it is worth finding
fast decoding algorithms for these codes. Also it natural to
expect designs of countermeasure protocols for side-channel
attacks on cryptographic systems using these rank metric
codes, which require further investigation.
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