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ABSTRACT This study aims to build a novel tracking control algorithm using a finite-time disturbance
observer which obtains fast convergence within a predetermined amount of time and strong stability for a
class of second-order nonlinear systems. Firstly, a nonlinear sliding mode manifold with fast finite-time
convergence is introduced. Then, according to the designed manifold for the guarantee of finite-time
convergence and robustness stabilization, a nonlinear control algorithm based on theory of finite-time control
is developed. Specifically, the information of the lumped uncertainty was achieved by a new finite-time
Disturbance Observer (DO). Thanks to the synthetic advantages of the above techniques, the designed
controller marked with powerful features including a practical design, fast convergence rate, high precision,
a convergence of the control errors in finite-time, along with impressive small chattering in the control
actions. Furthermore, the control proposal also eliminates the necessity of the upper boundary of the
uncertainties affecting the system and its finite settling time can be estimated in advance by designating
the appropriate design parameters. The finite-time stability of the proposed DO, sliding surface, and control
algorithm has been fully confirmed by Lyapunov principle. Trajectory tracking simulation for a 3-DOF
manipulator and trajectory tracking experiment for a Maglev System (MLS) has been performed under
different operating conditions using MATLAB/SIMULINK to testify the effectiveness and feasibility of
the suggested strategy.

INDEX TERMS Dual layers adaptive law, nonsingular fast terminal sliding mode control, finite-time
disturbance observer, robotic manipulators, maglev systems.

I. INTRODUCTION
The nature of all physical systems is nonlinear. For example,
Maglev Systems (MLSs) have unstable characteristics and
are described by high nonlinear differential equations, robot
manipulators with the presence of friction at the joint actuator,
uncertain dynamics, noise sensor, or external disturbances,
and many other nonlinear systems in technology. Each non-
linear system is widely applied in different fields. They can be
mentioned as follows. Robots play an important role in manu-
facturing to improve the productivity and quality of products.
Robots perform rescue missions, explore the ocean as well
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as appear in daily life with humans. Robots are required to
operate reliably, safely, with high performance. MLSs have
been successfully used for many applications in industry, mil-
itary, transportation, and so on. For example, rocket-guiding
projects, frictionless bearings, magnetic bearings, high-speed
trains, wafer distribution systems, contactless melting, vibra-
tion isolation systems, micro-robotics, gyroscopes, and so on.
Or the applications of other nonlinear systems such as heli-
copters, underwater vehicles, drones, inverted pendulums,
etc. Therefore, developing advanced solutions to increase
safety, quality, and reliability for nonlinear systems is a chal-
lenge for researchers. Especially, there is always the presence
of disturbances, uncertain components, and even faults that
affect the system. Consequently, the control methodologies
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have been suggested [1]–[6]. The control algorithm can be
classified into two categories, including active and passive
control system. For example, they can be mentioned such
as active Fault-Tolerant Controller (FTC) [2]–[4] and passive
FTC [1], [5], [6].

For the passive control system, the system is constructed
without estimating disturbances and uncertainties. Therefore,
performance depends on strong characteristics to deal with
external disturbances or uncertainties. Numerous approaches
have been designed to manipulate nonlinear systems. The
passive controllers have fast response with external distur-
bances and uncertainties. Due to the dependence on the
robustness of the control method, the ability to deal with
highly uncertain terms may be limited when it is not strong
enough. Therefore, the applicability to real systems may be
limited.

Unlike the passive method, the output forces of the active
controller are continuously tuned according to estimation
response of uncertain terms. That information will come from
an observer such as High Gain Observer (HGO) [7], [8],
SlidingModeObserver (SMO) [9], Neural NetworkObserver
NNO [10], [11], Disturbance Observers (DO) [12], [13], non-
linear observers [14], or High Order Sliding Mode Observer
(HOSMO) [15], [16]. Therefore, performance will depend
on the accuracy of the information. The active controllers
with exact provided data will have performed better than
passive systems as compensation from online control recon-
figuration. Consequently, they are more appropriate for robot
applications. However, if the data is not provided correctly,
the system will run into instability and destruction. Accord-
ingly, the design of the active controllers combined with an
observer that remains a significant challenge for scientists.

Sliding Mode Control (SMC) is high robustness to pertur-
bations or uncertainties. Unfortunately, SMC has three major
defects: 1) serious chattering; 2) slow transient performance;
3) the requirement of the upper-bound values of uncertain
components. For the first defect, researchers have paid great
attention to developing effective techniques as [17], [18],
High-Order SMC (HOSMC) [19]–[24]. HOSMC seems to
be an effective technique for designing an integrated control
system with an observer [25]. To eliminate/reduce chattering
using HOSMC is the first uses continuous control signals by
calculating the integral of the discontinuous control signal.
According to this calculation, a continuous compensation
component is then added to the control loop to degrade the
impact of total uncertainty. However, the sliding gain of
HOSMC is selected the same as the sliding gain of SMC.
Moreover, convergence stability in finite-time cannot be guar-
anteed with a traditional HOSMC.

Obviously, active control algorithms will provide higher
tracking accuracy than that of passive controllers if the esti-
mated information exactly offers to the control loop. As a
result, approximate methods have been developed to approx-
imate unknown components affecting the system, they can
refer to as Neural Network (NN) and Fuzzy Logic Sys-
tem (FLS) [26], [27], respectively. Feed-Forward Neural

Network (FFNN) methods have been established to nonlinear
systems in [28], [29]. In [30], approximations with FLS have
been applied to build control methods and observers for those
objects or used a Radial Basis Function NN (RBFNN) to
approximate/estimate the dynamics of the robot manipula-
tors in [23]. Fundamentally, intelligent learning methods can
have a good estimate only when the unidentified function
being estimated regarding the control signal and/or the system
states. However, these manners usually generate big estima-
tion errors like exterior disturbance. An effective alternative
is to add an observer for approximate of the unidentified
functions. By studying this trend, the result is that many
types of observers have been developed in the literature.
The approach of these observer-control methods is conducted
as follows, 1) an observer is built to approximately obtain
the unknown models of exterior disturbance or uncertainty
components; 2) Then, these models are added to the dynamic
model of the controlled objects. As a result, the controlled
system can be achieved the exact dynamic model. Another
reason to use a combination of observer and sliding mode
controller is based on the stable condition of SMC, the gain
values of the reaching law in SMC should be assigned bigger
than the upper-boundary values of total uncertainties [31].
Unfortunately, large gain values will make chattering happen
seriously which should be overcome in a real system. For this
problem, the effects of total uncertainties on the system must
be reduced to the lowest possible level. Therefore, DO is often
incorporated into SMC methods for offsetting the effects
of total uncertainties and it also contributes to cut down
the chattering phenomena [32]–[35]. However, the finite-
time or fixed-time convergence of DO has not guaranteed
or mentioned yet in those studies. Accordingly, the require-
ment is that the observer must have a finite-time conver-
gence to avoid delay in supplying information to the control
system. In addition, several observer-based control methods
can provide convergence in a finite time. Unfortunately, their
effectiveness has not been verified by experimental results
such as [1] or [30]. This is also our motivation to propose
a finite-time DO and its effectiveness will be fully verified
by experiments under different conditions.

For the second defect, to enhance the transient and dynamic
performance of SMC, the Fast Terminal SMC (FTSMC)
or Global FTSMC (GFTSMC) have been proposed. These
might guarantee the control errors of the system approaching
zero value in a faster period of time along with finite-time
convergence [36]. FTSMC has been of great interest to scien-
tists and have been widely applied in practice. For example,
global FTSMC schemes have been proposed for second-order
systems or robot manipulators [37]–[41]. The control meth-
ods are developed based on Terminal SMC (TSMC) which
provides the effective control performance in finite-time for
nonlinear systems such as the finite-time control [42], Inte-
gral TSMC (ITSMC) [43], or Non-Singular Fast ITSMC
(NFITSMC) [44].

For the last defect, many control algorithms based on
SMC and FTSMC have been suggested using adaptive
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laws to achieve efficiency in a simple way. By using the
adaptive rules, the control parameters can be optimally
adjusted to correspond to the effects of total uncertain-
ties [45]–[47], [48]–[50]. Moreover, several intelligent cal-
culating manners combined with SMC as NNs [51]–[53] and
FLSs [54]–[56] have been recommended. Those can arbi-
trarily approximate any nonlinear components of the system.
However, the use of thesemethods has a certain complexity as
they increase the calculation in controlling design. Therefore,
the adaptive methods are considered suitable for practical
applications.

This study aims to build a novel tracking control algorithm
using a finite-time disturbance observer which obtains fast
convergence within a predetermined amount of time and
strong stability for a class of second-order nonlinear systems.
The proposed controller marked with powerful features and
important contributions as follows:

1) A new adaptive DO with finite-time convergence has
been developed to avoid delay in the information deliv-
ery of uncertain terms to the closed-loop system. This
observer is developed based on HOSMO and dual lay-
ers adaptive rule. Therefore, it can significantly reduce
chattering phenomena and remove the requirement of
the upper bound of the lumped uncertainties.

2) The proposed control system has a practical design,
fast convergence rate, high precision, a convergence of
the control errors in finite-time, fast transient response
along with impressive small chattering phenomena in
control torque.

3) The proposed method is highly applicable in tracking
control of a class of second-order nonlinear systems
to follow the desired path despite the influences of
uncertain dynamics or exterior disturbances.

4) The control parameters can be optimally adjusted to
correspond to the effects of total uncertainties and the
finite settling time of the control algorithm can be
estimated in advance by designating the appropriate
design parameters.

5) The Finite-time stability and robustness of the proposed
DO, sliding surface, and control algorithm has been
fully confirmed by Lyapunov principle, simulation for
a 3-DOF manipulator, and trajectory tracking experi-
ment for an MLS under different operating conditions.

The organization of our paper is as follows: Following
the introduction in section 1 is the problem formulation.
Section 3 describes the process of synthesizing controllers,
analyzing stability, and proofs. Trajectory tracking simula-
tion for a 3-DOF manipulator which is designed accord-
ing to [57], [58] and trajectory tracking experimental for a
MLS [59] have been performed under different operating
conditions using MATLAB/SIMULINK along with discus-
sions in comparing the performance of the proposed con-
troller with other methods to investigate the powerful features
of the design method in section 4. Finally, this work is closed
with the conclusions.

II. FORMULATION OF THE PROBLEM AND
PRELIMINARIES
A. MODELING OF THE NONLINEAR SYSTEMS
A class of second-order nonlinear systems is depicted in state
space by: {

ẋ1 = x2
ẋ2 = a (x) u+ b (x)+6 (t) ,

(1)

where x1, x2 are state variables, a (x) and b (x) indicate
dynamic nonlinear smooth functions that have the corre-
sponding expression as b (x) = bn (x)+δb (x)with b (0) = 0,
and a (x) u = a (x) ud + a (x) δu. The term δb (x) is an
uncertain term. u is the real control signal, ud is the designed
control signal, and δu is an uncertainty of the input signal,
while 6 (t) indicates the lumped disturbance.

Entire uncertain terms are defined as the following
function:

1(x, 6, t) = δb (x)+ a (x) δu+6 (t) . (2)

With Eq. (2), a full model of a class of second-order
nonlinear systems is rearranged without loss of generality,
as follows:{

ẋ1 = x2
ẋ2 = a (x) ud + bn (x)+1(x, 6, t) .

(3)

Remark 1: For more convenience and duplication, entire
uncertain terms will be handled as the lumped uncertainty.
Because the lumped uncertainty has finite energy, therefore,
it always has a bound value as the following assumptions [60]:
Assumption 1: The lumped uncertainty is bounded by:

|1(x, 6, t)| < 1̄, (4)

where 1̄ is an upper bound value of the lumped uncertainty
which is a positive constant.
Assumption 2: The first derivative of the lumped uncer-

tainty is also bounded by:∣∣1̇ (x, 6, t)∣∣ < 1∗, (5)

where 1∗ an unknown positive constant.
It is noted that the assumptions presented in Eqs. (4) and (5)

are widely applied in the control design approach that appears
in a lot of previous research in the literature [1], [61].With the
above assumptions, the Lipschitz condition is supposed to be
practically satisfied in the bounded region of state space.

With the above problem statement, this study constructs
a novel tracking control algorithm using a finite-time
DO which obtains fast convergence within a predeter-
mined amount of time and strong stability for a class of
second-order nonlinear systems. The proposed controller
should achieve the following control objectives, such as non-
singular, chattering reduction, fast stabilization in finite-time,
and improved control performance compared to the existing
finite-time control algorithms.
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B. PRELIMINARY CONCEPTS
Consider the following system:

ẋ (t) = f (t, x) , x (0) = x0, (6)

where x ∈ Rn, f (x): 1 is nonlinear function that is on open
neighborhood1 ⊆ Rn of the origin, and f (0) = 0. The origin
is assumed to be an equilibrium point of the system (6).
Definition 1: The origin point of the system (6) is called to

be a globally finite-time stable if it is globally asymptotically
stable with bounded time function T (x0), i.e., there exists
Tmax > 0 such that T (x0) satisfies the term T (x0) < Tmax.
Lemma 1 [41]: Consider a differential equation:

q̇ = −
2α0

1+ e−η0(|q|−ε0)
q−

2β0
1+ eµ0(|q|−ε0)

sig(q)ω0 , (7)

where α0, β0, η0, µ0 are the designated positive constants,
0 < ω0 < 1, ε0 =

(
β0
/
α0
)1/(1−ω0), and sig(q)ω0 =

|q|ω0 sgn (q). Accordingly, the dynamic (7) is declared as
finite-time stabilization with respect to the initial term q (0)
and the settling time T0 is given by:

T0 <
ln (|q (0)|)− ln (ε0)

α0
+

1
β0 (1− δ0)

|ε0|
1−ω0 . (8)

Lemma 2 [62]: Consider a differential equation:

q̇ = −α0sig(q)η0 − β0sig(q)µ0 , (9)

where α0, β0 are the selected positive constants, sig(q)γi =
|q|γi sgn (q), η0 =

(ϕ0+1)
2 +

(ϕ0−1) sgn(|q|−1)
2 , µ0 =

(ϕ0+λ0)
2 +

(ϕ0−λ0) sgn(|q|−1)
2 , ϕ0 > 1, and 0 < λ0 < 1. Therefore,

dynamic (9) is acknowledged as finite-time stabilization with
respect to the initial term q (0) and the settling time T0 is given
by:

T0<
1

(α0+β0) (ϕ0 − 1)
+

1
β0 (1−λ0)

ln
(
1+

α0

β0

)
. (10)

III. CONTROL DESIGN AND STABILITY INVESTIGATION
This section presents tracking control of a class of
second-order nonlinear systemswhich ensures fast finite-time
stability and high tracking performance. The control design
procedure is carried out in the following main steps. First,
a new DO is proposed based on a combination of DO,
HOSMO, and dual layers adaptive rule. The proposed
observer can provide a finite-time convergence to avoid
delay in the information delivery of uncertain terms to the
closed-loop system. Second, the finite-time sliding surface is
designed to achieve fast finite-time convergence and improve
dynamic performance. Finally, a new finite-time control
based on the proposed DO and finite-time sliding surface,
which can guarantee convergence of the control errors in
finite-time, is proposed.

A. DESIGN OF THE PROPOSED DISTURBANCE OBSERVER
υ̃ = υ − x2
υ̇ = a (x) ud + bn (x)+ 1̂

−
2α3

1+ e−η3(|υ̃|−ε3)
υ̃ −

2β3
1+ eµ3(|υ̃|−ε3)

sig(υ̃)ω3 ,

(11)

where υ indicates an approximated value of x2. Additionally,
α3, β3, η3, µ3 are the designated positive constants, 0 <

ω3 < 1, and ε3 =
(
β3
/
α3
)1/(1−ω3). The term of 1̂ approxi-

mated value of the lumped uncertainty and the corresponding
updating rule is designed as follows:
$ = ˙̃υ +

2α3
1+ e−η3(|υ̃|−ε3)

υ̃ +
2β3

1+ eµ3(|υ̃|−ε3)
sig(υ̃)ω3

˙̂
1 = −

2α4
1+ e−η4(|$ |−ε4)

$ −
2β4

1+ eµ4(|$ |−ε4)
sig($)ω4

−1∗ (t) sgn ($) ,
(12)

where α4, β4, η4, µ4 are the designated positive constants,
0 < ω4 < 1, ε4 =

(
β4
/
α4
)1/(1−ω4), and 1∗ (t) is an

adaptation gain value.
Theorem 1:We consider the dynamical system (3) if a DO

is proposed as Eq. (11) and its corresponding updating rule as
Eq. (12) to approximate the lumped uncertainty along with
the term 1∗ (t) >

∣∣1̇ (x, 6, t)∣∣ then DO’s approximation
error will reach zero in finite-time.
The Validity of Theorem 1:
Taking the first derivative of the term υ̃ based on Eqs. (11)

- (12) obtains:

˙̃υ = υ̇ − ẋ2

= 1̂−1−
2α3

1+ e−η3(|υ̃|−ε3)
υ̃ −

2β3
1+ eµ3(|υ̃|−ε3)

sig(υ̃)ω3 .

(13)

Substituting Eq. (13) into Eq. (12) then taking time deriva-
tive of the obtained result, we achieve:

$ = 1̂−1

$̇ = −1̇ −1∗ (t) sgn ($)

−
2α4

1+ e−η4(|$ |−ε4)
$ −

2β4
1+ eµ4(|$ |−ε4)

sig($)ω4 .

(14)

Defining a Lyapunov functionV1 = 0.5$ 2 and calculating
its time derivative along with the result in Eq. (14) as follows:

V̇1 = $$̇

= $


−1̇−

2α4
1+ e−η4(|$ |−ε4)

$

−
2β4

1+ eµ4(|$ |−ε4)
|$ |ω4 sgn ($)

−1∗ (t) sgn ($)


= −1̇$ −1∗ (t) |$ | −

2α4
1+ e−η4(|$ |−ε4)

$ 2

−
2β4

1+ eµ4(|$ |−ε4)
|$ |ω4+1

6 −
(
1∗ (t)−

∣∣1̇∣∣) |$ | − 2α4
1+ e−η4(|$ |−ε4)

$ 2

−
2β4

1+ eµ4(|$ |−ε4)
|$ |ω4+1

6 −
2α4

1+ e−η4(|$ |−ε4)
$ 2
−

2β4
1+ eµ4(|$ |−ε4)

|$ |ω4+1

6 0. (15)
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Since the condition V1 > 0 and V̇1 6 0 is guaranteed.
Accordingly, the slidingmode surface$ selected for DOwill
reach zero in finite-time, i.e.,$ = 0.
We define 1̃ = 1̂−1 as DO’s approximation error from

Eq. (14) as follows:

1̃ = 1̂−1 = $. (16)

Once $ = 0 then 1̃ = $ = 0. Obviously, the proposed
DO can approximate the lumped uncertainty in finite-time.

This completes the evidence.
To guarantee the stability condition for the system (3),

the design parameter of 1∗ (t) is chosen according to
Assumption 2. However, the choice of this parameter is not
easy in practice because of the existence of uncertain compo-
nents affecting the system. To overcome that problem and to
eliminate the requirement of the foreseeable knowledge of all
uncertain terms, we can apply the approximation or adaptive
techniques to obtain the approximation values. Therefore,
the value 1∗ (t) in this paper is obtained with the dual layers
adaptive law as in [63,64]:

1̇∗ (t) = − (10 +11) sgn (ψ)

1̇1 (t) =

{
1d |ψ | , |ψ | > ψ0

0, |ψ | 6 ψ0

(17)

in which

ψ = 1∗ (t)−
|ξ |

k0
− k1

ξ̇ = ρfal
(
−1∗ (t) sgn ($)− ξ, κ, θ

)
fal (9, κ, θ) =

 |9|
κ sgn (9) , |9| > θ

9

θ1−κ
, |9| 6 θ,

(18)

where 10,1d , ρ > 0 and 0 < k0, k1, κ, θ . An approxima-
tion value of −1∗ (t) sgn ($) can be achieved by the fal (·)
function filter in real-time.

B. DESIGN OF THE PROPOSED FINITE-TIME
SLIDING MODE SURFACE
Let xr =

[
x1r , . . . , xnr

]T
∈ Rn be the vector of the

prescribed reference path. Therefore, xe = x1 − xr is the
positional control error and ẋe = ẋ1−ẋr is the velocity control
error.

From the positional control error, we design a finite-time
sliding mode surface based on Lemma 1 as:

s = ẋe +
2α1

1+ e−η1(|xe|−ε1)
xe +

2β1
1+ eµ1(|xe|−ε1)

sig(xe)ω1 ,

(19)

where s ∈ Rn×1 is the sliding mode surface, α1, β1, η1, µ1
are the design positive constants, 0 < ω1 < 1, ε1 =(
β1
/
α1
)1/(1−ω1), and sig(xe)ω1 = |xe|ω1 sgn (xe).

Once the system states run in the sliding motion phase,
they must be satisfied condition [65], i.e., s = 0. Therefore,
we consider equation (19) in case of s = 0 as follows:

ẋe = −
2α1

1+e−η1(|xe|−ε1)
xe −

2β1
1+eµ1(|xe|−ε1)

sig(xe)ω1 . (20)

Theorem 1: Let us investigate the dynamics (20) with
the equilibrium point, xe = 0, and the state variables of
the dynamic (20), xe = 0, within the finite time Ts <
ln(|xe(0)|)−ln(ε1)

α1
+

1
β1(1−δ1)

|ε1|
1−ω1 .

Remark 2: The role of each nonlinear term in dynamic
(20) is determined as follows: the first nonlinear term plays a
major role in stage xe (0)→ |xe| = ε1; the second nonlinear
term plays a major role in stage |xe| = ε1→ xe = 0.
Proof of the Correctness of Statement in Theorem 1:
By combining both phases and based on Remark 1,

the finite settling time of the sliding motion is calculated by:

Ts <

xe(0)∫
ε1

1
α1 |xe|

d (|xe|)+

ε1∫
0

1

β1|xe|δ1
d (|xe|)

<
ln (|xe (0)|)− ln (ε1)

α1
+

1
β1 (1− δ1)

|ε1|
1−ω1 . (21)

This completes the evidence.

C. CONTROL DESIGN SYNTHESIS OF THE
CONTROL PROPOSAL
This subsection presents a novel tracking control algorithm
which is devised based on the designed DO in Eq. (11) and
the proposed sliding mode surface in Eq. (19) to achieve high
control performance for the system (3).

To achieve the effective control input, Eq. (19) is firstly
differentiated with respect to time as:

ṡ = ẍe +
2α1

1+ e−η1(|xe|−ε1)
ẋe

+
2α1η1ẋe sgn (xe) e−η1(|xe|−ε1)(

1+ e−η1(|xe|−ε1)
)2 xe

+
2β1ω1

1+ eµ1(|xe|−ε1)
|xe|ω1−1ẋe

−
2β1µ1ẋeeµ1(|xe|−ε1)(
1+ eµ1(|xe|−ε1)

)2 |xe|ω1 . (22)

With ẍe = ẋ2− ẍr , the dynamic (22) can then rewrite along
with the system (3) as:

ṡ = a (x) ud + bn (x)+1(x, 6, t)− ẍr

+
2α1

1+ e−η1(|xe|−ε1)
ẋe +

2α1η1ẋe sgn (xe) e−η1(|xe|−ε1)(
1+ e−η1(|xe|−ε1)

)2 xe

+
2β1ω1

1+eµ1(|xe|−ε1)
|xe|ω1−1ẋe −

2β1µ1ẋeeµ1(|xe|−ε1)(
1+eµ1(|xe|−ε1)

)2 |xe|ω1 .
(23)

Finally, the control signals are formed as:

ud = −
1

a (x)

(
ueq + ur

)
, (24)

where the term of ueq, guarantees the pathway of the con-
trol errors on the sliding surface (19) and handles the
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FIGURE 1. Diagram of the proposed control algorithm.

lumped uncertainty. ueq is constructed from DO (11) and
dynamic (23) as:

ueq = bn (x)+ 1̂− ẍr +
2α1

1+ e−η1(|xe|−ε1)
ẋe

+
2α1η1ẋe sgn (xe) e−η1(|xe|−ε1)(

1+ e−η1(|xe|−ε1)
)2 xe

+
2β1ω1

1+ eµ1(|xe|−ε1)
|xe|ω1−1ẋe

−
2β1µ1ẋeeµ1(|xe|−ε1)(
1+ eµ1(|xe|−ε1)

)2 |xe|ω1 . (25)

To handle the remaining influences from the term 1̃ and
to provide a fast convergence for the system trajectory in
approaching the proposed sliding mode surface, the reaching
control law is suggested in the below expression:

ur = α2sig(s)η2 + β2sig(s)µ2 , (26)

where α2, β2 are the design positive constants, sig(s)γi =
|s|γi sgn (s), η2 =

(ϕ2+1)
2 +

(ϕ2−1) sgn(|s|−1)
2 , µ2 =

(ϕ2+λ2)
2 +

(ϕ2−λ2) sgn(|s|−1)
2 , ϕ2 > 1, and 0 < λ2 < 1.

Proof of Stability of the Control Proposal:
Utilizing the control input signals (24) - (26) to the expres-

sion in Eq. (23) offers:

ṡ = −ur − 1̃. (27)

The following Lyapunov candidate V2 = s2 is considered
to verify correctness of the suggested control input (24) and
its time derivative is calculated as:

V̇2 = 2sṡ

= 2s
(
−ur − 1̃

)
= 2s

(
−α2|s|η2 sgn (s)− β2|s|µ2 sgn (s)− 1̃

)
= −2α2|s|η2+1 − 2β2|s|µ2+1 − 21̃s. (28)

As concluded in the stability analysis of the proposed DO,
DO can estimate the lumped uncertainty in finite-time. It is

means that there exists a finite-time T̄ such that 1̃ = 0 for
t > T̄ , then,

V̇2 = −2α2|s|η2+1 − 2β2|s|µ2+1

= −2α2V
η2+1
2

2 − 2β2V
µ2+1

2
2 . (29)

Based on Lemma 2, the proposed sliding mode surface will
be converged to zero in finite-time Tr and the convergence
time Tr is bounded by:

Tr <
1

(α2 + β2) (ϕ2 − 1)
+

1
β2 (1−λ2)

ln
(
1+

α2

β2

)
. (30)

Therefore, the total convergence time for the system (3)
can be defined as

T = Tr + Ts

<
1

(α2 + β2) (ϕ2 − 1)
+

1
β2 (1− λ2)

ln
(
1+

α2

β2

)
+

ln (|xe (0)|)− ln (ε1)
α1

+
1

β1 (1− δ1)
|ε1|

1−ω1 .

(31)

This completes the evidence.
BlockDiagram of the designed control system is illustrated

in Fig. 1.

IV. SIMULATION RESULTS AND DISCUSSION
Trajectory tracking simulation for a 3-DOF robotic manip-
ulator which is designed according to [57] and trajectory
tracking experimental for an MLS [59] have been performed
using MATLAB/SIMULINK along with discussions in com-
paring the performance of the proposed controller with other
similar methods as non-singular FTSMC (NFTSMC) [66]
and NFTSMC [41] to validate the superior performance of
the proposed algorithm.
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A. COMPUTER SIMULATION FOR TRAJECTORY TRACKING
CONTROL OF AN UNCERTAIN 3-DOF ROBOTIC
MANIPULATOR
A 3-DOF robotic manipulator has been performed for all
simulation investigations by using MATLAB/SIMULINK
and SOLIDWORKS. The kinematic description and dynamic
calculation of the robot are based on [57, 58]. All the mechan-
ical components of this robot were firstly designed by using
SOLIDWORKS software. Those were then introduced into
the SOLIDWORKS assembly environment to add the coor-
dinate system, complete construction of the robot, and find
the direction of gravitational force. Next, using the Simscape
Multibody Link Tool of the SOLIDWORKS to export an
XML file and STEP files. The XML file contains essential
parameters of the robot’s mechanical components, including
mass, inertia moment, the center ofmass, as well as all param-
eters of the coordinate system of the assembly environment.
STEP files contain the 3-D computer-aided design (CAD)
model of the mechanical components. Finally, whole files are
embedded into theMATLAB/SIMULINK environment using
Simscape Multibody Link. As a result, the achieved robot
model will be completely like the actual dynamic model. The
lumped uncertainty including unknown dynamic model, dis-
turbance, and friction are also assumed to impact the system
for testing control performance, as follows.

Consider the modelling of the robot dynamic explained in
joint space by:

M (p) p̈+ C (p, ṗ) ṗ+ G (p)+ Fr (ṗ) = τ − τd (t) , (32)

where p ∈ R3×1, ṗ ∈ R3×1, and p̈ ∈ R3×1 are correspond-
ing to the vector of position, velocity, and acceleration in joint
space.M (p) ∈ R3×3, C (p, ṗ) ∈ R3×3, andG (p) ∈ R3×1 are
corresponding to the matrix of mass, Coriolis and centrifugal
forces, and gravitational force. τ ∈ R3×1, Fr (ṗ) ∈ R3×1,
and τd (t) ∈ R3×1 are corresponding to the vector of the
control torque, friction force, and the lumped disturbance.

In fact, it is not easy to achieve a precise dynamic model
of the robot. Therefore, we assume that:

M (p) = M̂ (p)+ dM (p)
C (p, ṗ) = Ĉ (p, ṗ)+ dC (p, ṗ)
G (p) = Ĝ (p)+ dG (p) ,

(33)

where M̂ (p) ∈ R3×3, Ĉ (p, ṗ) ∈ R3×3, and Ĝ (p) ∈ R3×1 are
corresponding to estimation values of the real values ofM (p),
C (p, ṗ), and G (p). dM (p) ∈ R3×3, dC (p, ṗ) ∈ R3×3, and
dG (p) ∈ R3×1 are uncertain dynamics.
We set x =

[
xT1 , x

T
2

]T
=
[
pT , ṗT

]T and u = τ ; accord-
ingly, the modelling of the robot dynamic (32) is depicted in
state space by:{

ẋ1 = x2
ẋ2 = a (x) u+ b (x)+1(x, d, t) ,

(34)

where b (x) = −M̂−1 (p)
(
Ĉ (p, ṗ) ṗ+ Ĝ (p)

)
indicates the

nominal of the robot, a (x) = M̂−1 (p) stands for a smooth

function, while

1(x, d, t) = −M̂−1 (p)
(
Fr (ṗ)+ dM (p) p̈
+dC (p, ṗ) ṗ+ dG (p)+ τd (t)

)
indicates the lumped uncertainty.
Eq. (34) has a form of a second-order nonlinear system.

Therefore, the proposedmethod can be directly applied to this
robot.
We assume that the unknown dynamic models are assigned

as dM (p) = 0.2M (p), dC (p, ṗ) = 0.2C (p, ṗ), and
dG (p) = 0.2G (p) for all cases of the simulation.
The friction and external disturbance were also modeled in

the corresponding equations, as follows:

Fr (ṗ) =

 0.1sgn (ṗ1)+ 2ṗ1
0.1sgn (ṗ2)+ 2ṗ2
0.1sgn (ṗ3)+ 2ṗ3

 (N .m) (35)

and

τd (t) =

 4 sin(t)
5 sin(t)
6 sin(t)

 (N .m) . (36)

3D description of a 3-DOF robotic manipulator using
SOLIDWORKS is illustrated in Fig. 2.

FIGURE 2. 3D description of a 3-DOF robotic manipulator using
SOLIDWORKS.

The parameters of the robot system are set as follows.
The corresponding mass of each link is m1 = 33.429 (kg),
m2 = 34.129 (kg), andm3 = 15.612 (kg); the corresponding
length of each link is l1 = 0.25 (m), l2 = 0.7 (m), and
l3 = 0.6 (m); the corresponding center of mass of each
link is

[
lc1x , lc1y, lc1z

]T
=

[
0, 0,−74.610× 10−3

]T
(m),[

lc2x , lc2y, lc2z
]T

= [0.3477, 0, 0]T (m), and[
lc3x , lc3y, lc3z

]T
= [0.3142, 0, 0]T (m); the corre-

sponding inertia of each link is
[
I1xx , I1yy, I1zz

]T
=

[0.7486, 0.5518, 0.5570]T
(
kg.m2

)
,
[
I2xx , I2yy, I2zz

]T
=

[0.3080, 2.4655, 2.3938]T
(
kg.m2

)
, and

[
I3xx , I3yy, I3zz

]T
=

[0.0446, 0.7092, 0.7207]T
(
kg.m2

)
.
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FIGURE 3. Assumed value of the lumped uncertainty and its approximation value at each Joint.

The robot’s end-effector position is driven to follow the
reference trajectory, as follows:

x = 0.85− 0.01t
y = 0.2+ 0.2 sin(0.5t)
z = 0.7+ 0.2 cos(0.5t)

(m) . (37)

The control inputs of NFTSMC based [66] and NFTSMC
based on [41] are synthesized for a 3-DOF robotic manipula-
tor as:

s = ẋe + α5xe + β5sig(xe)ω5

ud = −
1

a (x)

(
bn (x)+

(
α5 + β5ω5|xe|ω5−1

)
ẋe

+35s+
(
1∗5 + v5

)
sgn (s)− ẍr

)
(38)

and

s = ẋe +
2α6

1+ e−η6(|xe|−ε6)
xe +

2β6
1+ eµ6(|xe|−ε6)

sig(xe)ω6

ud = −
1

a (x)



bn (x)+
2α6

1+ e−η6(|xe|−ε6)
ẋe

+
2α6η6ẋe sgn (xe) e−η6(|xe|−ε6)(

1+ e−η6(|xe|−ε6)
)2 xe

+
2β6ω6

1+ eµ6(|xe|−ε6)
|xe|ω6−1ẋe

−
2β6µ6ẋeeµ6(|xe|−ε6)(
1+ eµ6(|xe|−ε6)

)2 |xe|ω6
+36s+

(
1∗6 + v6

)
sgn (s)− ẍr


.

(39)

TABLE 1. Control parameter selection of control algorithms.

where xe = x − xr , α5, α6, β5, β6, η6, µ6 are the design
positive constants, 0 < ω5, ω6 < 1, ε6 =

(
β6
/
α6
)1/(1−ω6).(

1∗5 + v5
)
and

(
1∗6 + v6

)
are positive constants.

Control parameter selection of the three control algorithms
in a computer simulation is reported in Table 1.

First, we investigate the effectiveness of the proposed
observer in approximating the lumped uncertainty. As shown
in Fig. 3, the proposed DO has exactly approximated the
assumed value of the lumped uncertainty in both amplitude
and frequency. And it is especially important that the DO has
convergence in finite-time. Consequently, it provides timely
and accurate information about the uncertain components to
the control system and this contributes to enhanced perfor-
mance and reduces the dynamic computation burden.

Second, we consider the effectiveness of the proposed
controller in trajectory tracking from the control performance
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FIGURE 4. The real trajectory of the end effector position by tracking a specified path in 3-dimensional space (XYZ).

FIGURE 5. The error comparison between the trajectory of the end
effector position versus reference trajectory along the X-axis.

including tracking accuracy and convergence rate shown
in Figs. 4 - 7. Judging from Figs. 4 - 7, it can be seen that
all three control systems provide a high tracking accuracy
with a rapid convergence rate in finite-time when all three
methods are advanced control methods based on NFTSMC.

FIGURE 6. The error comparison between the trajectory of the end
effector position versus reference trajectory along the Y-axis.

NFTSMC2 in Eq. (39) was developed based on NFTSMC1 in
Eq. (38). Therefore, NFTSMC2 has a little faster convergence
rate and a little higher accuracy than those of NFTSMC1.
Especially, the proposed controller was developed based on
the NFTSMC2 combined with DO. Obviously, active control
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FIGURE 7. The error comparison between the trajectory of the end
effector position versus reference trajectory along the Z-axis.

algorithms will provide higher tracking accuracy than that of
passive controllers if the estimated information exactly offers
to the control loop. As a result, the proposed control system
has the highest tracking accuracy and the fastest convergence
rate among the three control algorithms.

Third, a comparison of chattering behavior among the
three different control methods was shown in Fig. 8. Oscil-
lation phenomena appearing in both the NFTSMC1 and
NFTSMC2 controller is very serious. They seem to have
the same amplitude and frequency when applied same the
sliding value (1∗5 = 13, v5 = 0.1 and 1∗6 = 13, v6 =
0.1 ). In contrast, oscillation phenomena did not significantly
appear in the control inputs of the proposed system. The
proposed controller provided smooth control signals.

Final, by applying the dual layers adaptive algorithm in
DO, the necessity of an upper bound of the lumped uncer-
tainty was declined. It is observed from Fig. 9, the adaptation
gain values are proportional to the variation of indeterminate
components. It is not like regular adaptation approaches that
only have an increase to attain the upper limit value of the
lumped uncertainty.

B. EXPERIMENTAL PROCESS FOR TRAJECTORY TRACKING
CONTROL OF AN UNCERTAIN MLS
Let us consider MLS displayed in Fig. 10. MLS’s nonlinear
model has been described in our published paper [67]:

ḧ = g−
0̂

h2
u2 +1(h, t) , (40)

where h is the position of the metal sphere, g is the accel-
eration due to the gravity, and 0̂ is approximation value of
the real value 0. The real value 0 = σK 2

/
m, m is a mass

FIGURE 8. Comparison of chattering behavior among the three different control methods and their control
signals.
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FIGURE 9. Adaptation gain value of 1∗
(
t
)

at each Joint.

of the metal sphere, K is a relationship coefficient between
the current flowing in winding i and the control voltage
u, σ is a constant depending on the characteristics of the
electromagnet, and 1(h, t) is the lumped uncertainty.

We set x = [x1, x2]T =
[
h, ḣ

]T , a (x) = −0̂/h2, b (x) =
g, and

√
ud = u; accordingly, the modelling of MLS (40) is

transferred in state space as:{
ẋ1 = x2
ẋ2 = a (x) ud + b (x)+1(x, t) .

(41)

Eq. (41) has a form of a second-order nonlinear system.
Therefore, the proposedmethod can be directly applied to this
MLS.

MLS in experiment is shown in Fig. 11. The sys-
tem includes number 1) a mechanical component; number

2) analogue control interface; number 3) feedback SCSI
adapter box; number 4) a PCI1711 I/O card.

The essential tools for implementation of the control algo-
rithm were stated our published paper [67]. We set the sys-
tem (38) with the nominal parameters according to [68] as
m = 0.02 (kg), σ = 2.48315625 × 10−5

(
Nm2

/
A2
)
,

0̂ = 1.36884 × 10−3
(
N .m2

/
kg.V 2

)
, g = 9.81

(
m
/
s2
)
,

and K = 1.05
(
A
/
V
)
.

To verify the proposed controller performance by using
experimental results, experiments for an MLS were per-
formed under different operating conditions that include the
following cases:
Case 1: An external disturbance is assumed as:

d (t) = 2 sin
(
π t
/
5
) (

m
/
s2
)
. (42)

The metal sphere is controlled to track the following refer-
ence trajectory:

hr = 15+ 2.5 sin
(
π t
/
10
)
(mm) . (43)

Case 2: An external disturbance of a different value is
assumed as:

d (t) = 1 sin
(
π t
/
10
)
+ 0.8 sin

(
π t
/
5
)

+ 0.8 sin
(
2π t

/
5
) (

m
/
s2
)
. (44)

The metal sphere is controlled to track the following refer-
ence trajectory:

hr = 15+ 2.5 cos
(
7π t

/
50
)

(mm) . (45)

We have the initial value of h0 = 26 (mm), hr min =

12.5 (mm), ud max < 4.5 (V ), and 0 = 1.34557 × 10−3

(according to the experimental results in [68]). Accordingly,
the following suitable assumption of the lumped uncertainty

FIGURE 10. Description of a magnetic levitation system according to [59].
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FIGURE 11. Setting up of the experimental system.

FIGURE 12. Position tracking performance of the metal sphere under three different control systems.

is described as:

∣∣1̇ (h, t)∣∣ 6
∣∣∣0 − 0̂∣∣∣
h2min

u2d max = 3. (46)

The control inputs of NFTSMC1 based on [66] and
NFTSMC2 based on [41] are synthesized for an uncertain

MLS as:
s = ẋe + α7xe + β7sig(xe)ω7

u =

√√√√h2

0̂

(
g− ḧr +

(
α7 + β7ω7|xe|ω7−1

)
ẋe

+37s+
(
1∗7 + v7

)
sgn (s)

)
(47)
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FIGURE 13. The error comparison between the trajectory of the metal sphere and reference trajectory.

FIGURE 14. The response of the output voltage under three different control systems.

and



s = ẋe +
2α8

1+ e−η8(|xe|−ε8)
xe +

2β8
1+ eµ8(|xe|−ε8)

sig(xe)ω8

u =

√√√√√√√√√√√√√√√√√√
h2

0̂



g− ḧr +
2α8

1+ e−η8(|xe|−ε8)
ẋe

+
2α8η8ẋe sgn (xe) e−η8(|xe|−ε8)(

1+ e−η8(|xe|−ε8)
)2 xe

+
2β8ω8

1+ eµ8(|xe|−ε8)
|xe|ω8−1ẋe

−
2β8µ8ẋeeµ8(|xe|−ε8)(
1+ eµ8(|xe|−ε6)

)2 |xe|ω8
+38s+

(
1∗8 + v8

)
sgn (s)


,

(48)

TABLE 2. Control parameter selection of control algorithms.

where xe = h − hr , α7, α8, β7, β8, η8, µ8 are the design
positive constants, 0 < ω7, ω8 < 1, ε8 =

(
β8
/
α8
)1/(1−ω8).(

1∗7 + v7
)
and

(
1∗8 + v8

)
are positive constants.

Control parameter selection of the three control algorithms
in the experimental example is reported in Table 2.
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FIGURE 15. Approximation value of the lumped uncertainty.

FIGURE 16. Adaptation gain value of 1∗
(
t
)
.

Investigation of the control performance under the three
control algorithms was performed in two stages:
Stage 1: When 0 < t < 20 (s), MLS only is checked

with the dynamical uncertain term without the influences of
exterior disturbances (d (t) = 0).
Stage 2: When t > 20 (s), an assumed disturbance is

added to MLS. Specifically, in both cases, the assumed value
of the external disturbance is respectively given in Eqs. (42)
and (44).

The tracking position of the metal sphere in both cases
is displayed in Fig. 12. In comparison with the desired tra-
jectory, the trajectory error of the metal sphere under each
control algorithm is exhibited in Fig. 12. Fig. 12 displays that
all three control methodologies offered high tracking preci-
sion with fast convergence in finite-time. Judging the tracking
error produced by the three control approaches in Fig. 13, it is

observed that NFTSMC1 and NFTSMC2 offered the similar
tracking errors. The accuracy from the position tracking of
both methods has been attained which is on the order of
10−3 ∼ 10−4 (m). And their convergence time has been
also attained T ≈ 0.3 (s). Nonetheless, NFTSMC2 has a
little faster convergence time than that of NFTSMC1. It is
noteworthy that the proposed control methodology has the
best performance in two terms including the tracking errors
(10−4 ∼ 10−5 (m)) and convergence time (T ≈ 0.2 (s))
among the three control approaches.

Fig. 14 shows the control input signals of three dif-
ferent control methods. The chattering is also clearly dis-
played in Fig. 14. In comparison of chattering phenomena
among the three control approaches, Chattering occurred in
the control signals of both NFTSMC1 and NFTSMC2 has
the same amplitude and frequency. Because NFTSMC1 and
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NFTSMC2 have applied the same sliding value (1∗7 =
5, v7 = 0.1 and 1∗8 = 5, v8 = 0.1) in the reaching
control law to dismiss the undesired influences of the lumped
uncertainty. Chattering still occurred in the control signal of
the designed control algorithm due to the characteristic of
MLS to keep the metal sphere suspended in the air. However,
the amplitude and frequency of the chattering was signifi-
cantly reduced.

Fig. 15 displays the approximated value of the lumped
uncertainty. As shown Fig. 15, DO has a fast convergence
in finite-time. Consequently, the convergence time of DO is
ensured to prevent delays in providing the necessary knowl-
edge of the lumped uncertainty to the control system.

The approximation value of1∗ (t) is illustrated in Fig. 16.
Fig. 16 indicates that the adaptation gain value is excellently
adapted according to alterations of the lumped uncertainty.
From simulated and experimental evaluation results, the con-
trol proposal proved to be the best of the three control meth-
ods in three aspects including accuracy in trajectory tracking,
fast finite-time convergence, and chattering alleviation.
Remark 3: The selection and achievement of the excellent

control parameters for all three control schemes shall be sub-
ject to the following conditions: first, shall be in accordance
with the conditions given in the paper; second, to ensure
fairness of comparison between all three control methods;
finally, the selection of the control parameters is carried out
by a series of repeated tests to obtain the best control perfor-
mance in terms of high tracking accuracy, rapid finite-time
convergence, and chattering phenomena decrease.

V. CONCLUSION
A novel tracking control algorithm using a finite-time dis-
turbance observer was designed in this paper which obtained
fast convergence within a predetermined amount of time
and strong stability for a class of second-order nonlinear
systems. Firstly, a nonlinear sliding mode manifold with fast
finite-time convergence was introduced. Then, according to
the designed manifold for the guarantee of finite-time conver-
gence and robustness stabilization, a nonlinear control algo-
rithm based on theory of finite-time control was developed.
Specifically, the information of the lumped uncertainty was
achieved by a new finite-time DO. The bounded value of the
convergence time of the sliding manifold, DO, as well as the
control system, were found from the theory of finite-time
stability and Lyapunov stability approach. Thanks to the
synthetic advantages of the above techniques, the designed
system marked with powerful features including a practical
design, fast convergence rate, high precision, a convergence
of the control errors in finite-time, along with impressive
small chattering in the control actions. The control proposal
also eliminates the necessity of the upper boundary of the
uncertainties affecting the system.

Our algorithm has proved to be the best of the three control
algorithms from simulated and experimental performance
in three aspects including accuracy in trajectory tracking,
fast finite-time convergence, and chattering alleviation. The

proposed method has proven highly effective and applicable
to a class of second-order nonlinear systems.

In the simulation for a robot system, although the achieved
dynamic model of this robot completely like the actual
dynamic model, the proposed method has not been applied
to actual robot systems. Therefore, our next goal is to verify
the effectiveness of the proposed method using a real robotic
system.
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