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ABSTRACT Switching control methods have great potential applications in flight control system design.
However, nonsmooth control commands at switching instants could lead to performance degradations or
bring in safety risks. This paper presents a smooth switching proportional-integral-derivative (PID) control
method for linear parameter-varying (LPV) systems to solve this issue. By introducing a transition parameter
subspace between any two neighboring LPV subsystems, the switched controller gains are designed to be
smoothly varied when the parameter trajectory passes through these subspaces, and the Lyapunov function
in the transition subspace is designed independently to make the algorithm less conservatism. The controller
synthesis condition is formulated as a linear matrix inequality (LMI) optimization problem using Finsler’s
lemma. The concept of average dwell-time (ADT) is employed to analyze the performance of the resulting
closed-loop system. The effectiveness of the ADT-based smooth switching control strategy is demonstrated
by applying it to the nonlinear longitudinal model of the F-16 aircraft, and the simulation results are compared
with the traditional ADT switching control method. The results show that the proposed method can achieve
a better transition performance with a simpler control structure.

INDEX TERMS Linear parameter-varying systems, proportional-integral-derivative control, average dwell

time, smooth-switching control, linear matrix inequalities.

I. INTRODUCTION

In the past decades, the linear parameter-varying (LPV) con-
trol technique has been paid great attention in the community
of control theory because it provides a theoretical basis for
the design of gain-scheduled control systems [1]—[4]. Taking
account of the high nonlinearity and time-variability in flight
dynamics, the LPV control approach has been extensively
applied to the design of flight control systems to reduce con-
servatism, and see [5]—[8] for instance. The commonly used
control structures for the LPV system include the state feed-
back control and the dynamic output feedback control. It is
easy to formulate the LPV state feedback control synthesis
problem to a convex linear matrix inequality (LMI) problem,
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but all the states of the system need to be measurable [9].
To bypass this issue, the LPV dynamic output feedback con-
trol can be used, for which the synthesis condition can be
rewritten as a set of LMIs by applying elimination lemma
[4], [10], [11]. However, a complex controller reconstruction
process must be considered after solving the LMI problem.
In addition, the resulting dynamic output feedback controller
generally has the same order as the generalized open-loop
plant, which consists of the controlled system and weighting
functions, and thus its order is relatively high. The issues
mentioned above motivate researchers to seek more practical
and simpler control structures for the LPV systems.

The classical proportional-integral-derivative (PID) con-
trol approach with the aid of interpolation is still commonly
used in the aviation industry due to its easy implementation.
However, the PID control method lacks theoretical guarantees
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for stability and performance for nonlinear systems, and
also the associated design process is often time-consuming.
In order to integrate the advantages of LPV control and
PID control, the analysis and synthesis of multivariable gain
scheduled PID control should be conducted using Lyapunov
theory [12]. The PID control is first reformulated as a static
output feedback control problem [13]. However, the synthesis
condition of this problem is a nonconvex bilinear matrix
inequality (BMI). Although some nonconvex optimization
problem solvers were used to obtain the feasible solution [14]
for LPV-PID control, they only suit for the low-order BMIs
due to the limitation of solving capabilities [15]. To avoid
solving the nonconvex BMI problem directly, the synthe-
sis condition was converted to an LMI problem by adding
some constraints, such as assuming the matrix variables are
diagonal block matrices [16]. But the shrink of the solution
space is inevitable because of the introduced constraint on the
structure of matrix variables. Another way is constructing an
iterative LMI problem by fixing matrix variables alternately
[17], [18], and sometimes it is difficult to obtain a feasible
initial solution. In this paper, an LMI synthesis condition with
full matrix variables is proposed for LPV-PID control, and it
is computationally less complicated than iterative methods.

On the other hand, because a flight control system involves
a large flight envelop, it is sometimes difficult to find a
single LPV controller to stabilize the system in the entire
parameter space. Thus, the switching LPV control method
was proposed [19], which consists of several LPV controllers,
each designed for a certain parameter subspace. The system
is switched depending on the current system parameters,
i.e., when the trajectory of the parameter hits the switching
surface and gets to the adjacent parameter subspace, the con-
troller for this subsystem is activated. The commonly used
switching LPV control methods include hysteresis switching
and switching with an average dwell time (ADT). Using the
characteristics of switching logic to design the Lyapunov
functions, the stability of the system can be guaranteed. These
methods were applied to the F-16 aircraft with a wide angle
of attack variation [5], [19], and the results demonstrated that
switching LPV control can improve the system performance
as well as the design flexibility. Since the switching LPV
control method was first proposed, it has been improved
continuously [20]-[23], for instance, considering the influ-
ence of parametric uncertainties, rejecting the disturbances,
optimizing the switching surfaces, etc.

However, the traditional switching LPV control only seeks
the stability and performance of the system under the con-
strained switching signal, and does not consider the transi-
tion performance at switching surfaces. The controllers are
simply assumed to be directly switched from one to another.
This type of switching will generate a nonsmooth control
command at switching surfaces, and will possibly lead to
actuator saturations, mechanical damages, and even safety
risks for aircraft. To obtain a better transition performance,
some smooth switching control methods are developed.
The interpolation-based smooth switching methods were
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proposed [24], [25], where overlapped parameter spaces were
constructed between adjacent subspaces, and LPV controllers
for these overlapped regions were obtained by linearly inter-
polating the control gains of the adjacent subspaces. Based
on the first-order interpolation, these methods were extended
to a higher-order differentiable control signal by introducing
a description of the ‘“smoothness™ of the controller in the
matrix norm [26]. However, for most interpolation methods,
the Lyapunov functions for the overlapped parameter spaces
are obtained by interpolating those of the adjacent subspaces,
and this increases the conservatism of the algorithm. On the
other hand, the changes of control input at switching surfaces
are limited by adding a soft constraint [7] or a bumpless
transfer constraint [27]. But these constraints also lead to
similar control gains for different subspaces, and thus the
performance in each subspace is not optimal. In this paper,
the interpolation method is used, but the Lyapunov function
in the overlapped subsystem (or the transition subsystem) is
designed independently.

Based on the above-mentioned background, in this paper,
we propose a smooth switching LPV-PID control design
method, which has a simple PID control structure and
achieves a smooth transition performance. The proposed
method is applied to the longitudinal motion control of air-
craft over a wide range of airspeed. The main contributions
of this paper can be summarized as follows:

1) The switching LPV controller is designed in a PID
structure to reduce the application complexity.

2) The switching surfaces are replaced by transition sub-
spaces to achieve the smooth control command, and the
independent Lyapunov functions are designed for each
transition subspace to reduce the conservatism.

3) The synthesis condition for smooth switching LPV-PID
control is formulated as an LMI problem with full
matrix variables to avoid solving the BMI problem.

This paper is organized as follows. The switching
LPV-PID control system and the control requirements are
first described in Section 2. Then, the formulation of the
closed-loop system and synthesis conditions are provided in
Section 3. The proposed method is applied to the longitudinal
autopilot system, and the nonlinear simulation results are
shown in Section 4. Section 5 concludes the paper.

The notation in this paper is fairly standard. R stands for
the set of real numbers. R™*" denotes the set of real m x n
matrices. Hermitian operator Her{-} is denoted as Her {A} =
A+AT for real matrices. M7 and M ~! represent the transpose
and inverse of a matrix, respectively. M > 0 (M > 0) denotes
a positive definite (semidefinite) matrix, and M < 0 (M < 0)
denotes a negative definite (semidefinite) matrix. R” stands
for an n -dimensional Euclidean space, and ||-|| denotes the
Euclidean norm of a vector. The space of square-integrable
functions is expressed as L, and its norm for w €

Ly is llwlly = /[o° wlOw)dt. diagiMy, M», ..., My}
denotes a block diagonal matrix with submatrices

My, M, ..., M,.
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Il. PROBLEM DESCRIPTION
A. DESCRIPTION OF THE LPV SYSTEM
Consider a smooth switching LPV-PID control system as

shown in Fig. 1, where the plant P(p) can be represented as
the following LPV model.

X A(p)  Bw(p)  Bu(p) X
2| =| C(p) Dul(p) Du(p) w (1
y Cy 0 0 u

where the vectors x € R", u € R,y € R%, and z €
R are the state, the control input, the measured output
and the performance output, respectively. The vector w =
[wd T ]T € R™ is the exogenous input including the dis-
turbance wq and the reference r, and the related input matrix
is partitioned accordingly, i.e., By (p) = [ Bwi(p)  Bu2(p) .

P(p)
u y

PID,(p) le"—

PID, ,(p) 4"/

PID (p) |¢—"o—

FIGURE 1. Generic framework of smooth switching LPV-PID control.

The vector of scheduling parameter p belongs to a compact
set P C R, and its time derivative is in a set V C R?, where
P _{:0 <pj§p]} Vv —{V </0]§V]}J—1 2.

The parameters are measurable in real time. To des1gn the
switching control system, assume the parameter space P is
divided into 2m — 1 subspaces along one parameter axis p,,

r e {l,2...,s}, where the subspaces can be represented as:

O ={pe®lp, <p <Py} i=12....m
®ll+1 ={,0€®|Pzr§/0r_ﬁl+lr}

i=1,2,...,m—1. 3)

In Fig. 2, a two-dimensional parameter space is shown as
an example. Between every two normal subspaces ®; and
®;41, there exists a transition subspace ®; ;11, which can
be regarded as an extension of a switching surface, and the
relations between these sets can be expressed as

P = (UL, 0) U (U5 @i )
Accordingly, the LPV system in (1) can be written in a
partitioned form

X Aj(p)  Bwj(p)  Buj(p) X
| = Cz,j(;o) Dzw,j(P) Dzu,j(p) w 4)
y Gy 0 0 u
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FIGURE 2. Partition of a two-dimensional parameter space along one
axis.

where the subscript j indicates the corresponding subspace,
ie,j = imeans p € O;, and j = (i,i + 1) means
P EBjitr.

For each partitioned subspace, a smooth switching
gain-scheduled PID controller is designed as follow.

dy
u = Kpj(p)y+ Kj j(p)x; + KD,,/'(P)GDEv (5)

where Gp is a matrix selecting the signals from the vector y,
the state of the integrator is

t
Xy = / (G,w — Gix)dt € R™, 6)
0

G, is a matrix extracting the reference signal r from the
vector w. The definition of smooth switching represents
that the control gains Kp (o), K j(p), Kpj(p) are con-
tinuous in the entire parameter space, i.e., Ky, l(p ) =
Ky i1 z)(p ) and Ky i(0ir) = Kiit1)(0ir)s Where K,
represents the control gains Kp, Kj, and Kp. The controllers
for ®; are local LPV controllers, which only take charge
of the stability and performance of the subsystems ®;. The
controller for the subspace ®;,y; not only plays a con-
trol role, but also has a smooth effect to make the con-
trol gains change continuously from ®; to ®;y1 or vice
versa.

Note that the structure of the designed PID controller is
slightly different from the typical PID controller. First, a more
general form of error, » — Gyx, is used instead of r-y, where
Gyx is a matrix extracting the corresponding tracking signal
from the state vector x. For example, if an ideal model is used,
the error between the ideal output and the measured output
involves the reference and states of the ideal model and the
plant. Then the expression G, w—Gyx can be used to represent
the tracking error. Second, for the convenience of designing
a multi-input multi-output controller, the output vector y is
used in the proportional term to provide more information to
the controller.

Remark 1: The output matrix Cy is assumed as a constant
matrix. On one hand, it is usually true in most real appli-
cations. On the other hand, this assumption eliminates the
need to obtain the derivative of Cy(p) for PID control design.
It should be pointed out that the output matrix Cy can be
assumed as a parameter-dependent matrix if PI control is
used.
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B. DESCRIPTION OF THE SWITCHING PROBLEM
To describe the switching logic, an index set of the subspaces
is defined as

Zy =1{jli=iie{l,2,...,m}orj=(i,i+ 1),
ie{l,2,....om—1}}. (D

A mapping o : [0,00) — Zj is defined to indicate the
activated subsystem. The value of ¢ depends on time and
subspaces where the parameter p is located.

As shown in Fig. 3, if the trajectory of parameter moves
from ©; to ©; ;1 and hits the surface p; ,, the value of o
changes from i to (i, i+ 1) and the controller for ©; ;4 is
activated. Then, if the trajectory of parameter continuously
changes through subspace ©; ; 11, the control gains begin to
smoothly change to the controller for ®;y1. The opposite
movement has the similar situation.

l(_)i,r £i+1,r
p()
[ 2
®i ®i,i+1 ®i+1
(a)
o(1)
i+l |F—-
ii+1
I
“p(1)

(b)

FIGURE 3. (a) Smooth switching region; (b) the corresponding value of o.

Before proposing the control objective, a definition of
weighted L, performance is given to characterize the system
performance.

Definition 2: [28] For § > 0 and y > 0, the system is
said to have a bounded weighted L,-gain y if the following
inequality holds for zero initial condition x(0) = 0.

/ e Pl ()z(t)dr < y? / w! (Ow(t)dt. 8)
0 0

The control objective of this work is to design a smooth
switching LPV-PID controller (5) for the open-loop sys-
tem (4), to satisfy following requirements.

1) The asymptotic stability of the closed-loop system can

be guaranteed.

2) The weighted L,-gains of the closed-loop system are

bounded.
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3) The controller gains can switch smoothly between nor-
mal and transitional subspaces.

4) The Lyapunov function for each subsystem is designed
to be independent to reduce the conservatism.

Ill. CONTROLLER SYNTHESIS
A. FORMULATION OF THE CLOSED-LOOP SYSTEM
In this section, to construct the closed-loop system, the
plant (4) and controller (5) are reformulated to an augmented
form. Moreover, the specific representation of the smooth
switching PID controller is provided.

The state of the plant x is combined with the state of the
integrator x; to construct an augmented state

=0 X

The state-space model of the augmented plant is given by the
following equation.

|| Ae)
z Cz,j(,o)

where

_ A; 0 _ )
A;(p){_’((‘;’l) O] Bu,j(p)=|: ”O(p )]

- B, -
By, j(p) = |: 'j(p)i|, Cj(p) =[Cej(p) O],

By j(p)

_ 9
Dzw,j(p) ©

S = o=

Bu,j(p)
Dzu,j(p)

Do j(p) = Dy j(p), Dy j(p) = Dy j(p)-

The smooth switching PID controller is also reformulated
as the following equation using the augmented state.

u = Ki(p)y
= Ki(0) [Cyi(p)  Dyjip)] [fv] )
where
_ i Cy,j 0
Cyj(p) = 0 I,
| GpCy jAj(p) 0O
) B 0
Dy j(p) = 0 ,
| GpCy jBy j(p)
Ki(p) = [Kp j(p). K1j(p). Kpj(p)] . (11)
with

Kpj(p) = (I — Kp j(p)GpCy By j(0) "' Kp j(p),
K1 j(p) = (I — Kp j(0)GpCy jBuj(0)) K1 j(0),
Kpj(p) = (I — Kp j(p)GpCy jBuj(p)) "' Kp j(p).

If the continuous function of control gain I_(j(p) is obtained,

the gains for PID controller in (5) can be formulated by
following expressions. Considering the continuity of system
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matrices Cy j and B, j(p), the smoothness of control gains can
be guaranteed.

Kp.j(p) = Kp j(p)I + GpCy B j(p)Kp j(p) ",
Kpj(p) = (I — Kp j(p)GpCy Bui(p))Kp j(p),
K; j(p) = (I — Kp j(p)GpCy By j(p)K] j(p), (12)

The control gain matrix I_{j(,o) is designed as

Kj(p) = Mj(0)X; (), (13)

where j = i or (i,i+ 1). The matrices X;j(p) and M;(p)
are introduced here to give an explicit expression of the
smooth switching control gain matrix. They will appear as
LMI variables in the control synthesis conditions and the
detailed derivation will be given later.

For normal subspaces ®;, we assume

Mi(p) = Mi(p) p € ©;, (14)

Xi(p) = Xi(p) p € 0O;. (15)

For transitional subspaces ®; ;;1, the matrices M; ;11(p)
and X; ;+1(p) are defined as a function of M;(p) and X;(p) to

smooth the gains of the controller. In our case, this function
is a linear function depending on the parameter p;-.

M; ir1(p) = a1Mi(p) + oM 1(p),
Xiir1(0) = a1 Xi(p) + a2Xiy1(p),

P €0, (16)
pEB®; i, (A7)
Pi+1,r—Pr

Pi+1,r—Pir
Combining the augmented open-loop LPV system (9) and

the reformulated controller (10), the switched closed-loop
system under a switching signal o can be expressed as the
following state-space model.

Xo = (Ae(p) + Buo(p)Ks(p)Cy.0(0)) X
Aco
+ (Bw.o(p) + Bu,o(0)Ks (p)Dy.(p)) W,
Beio
2= (Ceo(p) + Dauo (0)Ks (0)Cy 0 (p)) ¥
Celo
+ (Daw.s(P) + Dzus (P)Ks (0)Dy 5 (p)) w. (18)

D(‘/,(r

where o = oo =1— .

B. FORMULATION OF SYNTHESIS CONDITIONS
Before giving the synthesis condition of the smooth switching
LPV-PID controller, an ADT constraint is introduced for the
switching signal o to help analyzing the system performance
subsequently. Also, Finsler’s lemma is given below, which
plays an important role in our approach.

Definition 3 [29]: Let N4 (t1, t2) be the switching number
of switching signal o (¢) in an interval t, > #; > 0. If the
following inequality

h—n

Ny (t1, 1) < No + (19)

Ta
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holds for given Ng > 0 and 7, > 0, then the constants 7,
and Ny are called an average dwell time and a chatter bound,
respectively.

Lemma 4 (Finsler): [30] Let Z € R™ a symmetric
matrix, V. € R"™ such that rank(V) < m. The following
statements are equivalent:

1) There exists a matrix A € R"™*"
Z+AvV+viaT <o, (20)
2)
NI ZNy <0, 21
where Ny is a matrix whose columns form the bases of

the null space of V.

Before providing the synthesis condition, the criteria for
Lyapunov functions to guarantee the requirements defined
in Section 2.2 are first developed for the closed-loop sys-
tem (18).

Lemma 5: For the closed-loop system (18), if there exist
constants § > 0, u > 1, ¥y > 0 and a set of Lyapunov
functions Vj(p, t) for parameter subspaces ®;, j = i or
(i, i+ 1), such that

DVt € [th—1, tn) » p € 0;

. 1
Vi(p, 1) < —BVilp, 1) — ;sz+ ywiw, (22)
2)Vt € [ty, tyt1), P € Ojit1
_av. 17 T
Viig1(p, 1) < —=BViiy1(p, 1) yz z+ywiw, (23)

3)Volty) = iio(ty) =i i+1,p€ 6N O

Viiig1(p, tn) < uVi(p, 1), (24)
HVoty) =i i+1,0(,)=1ipcO;NO; it
Vi(p3 tn) S I‘LVi,i+l(p’ t;), (25)

where #,_1, t, and #,41 are switching instants, ¢, is the
instant before switching. Then, the closed-loop system for
any scheduling parameter p is asymptotically stable with the
weighted L,-gain performance yu™N0/2 guaranteed for any
switching signal o with ADT ¢, > Inp
Proof: According to the requirement (iv) in Section 2.2,

independent Lyapunov functions Vi(p, ¢) and V; ;1 (p, t) are
considered for corresponding ®; and ®; ;1 subspaces.

To analyze the stability of the system, let w = 0, and the
inequalities (22) and (23) can be written as

. 1
Vi(p, 1) < —BVi(p, 1) — ;sz <0, (26)

where j = i or (i, i + 1). This implies that the system stability
in parameter subspaces ®; and ®; ;| can be guaranteed.
Then, consider the stability of the switched system with a
switching signal ¢ under ADT constraints. Let initial time
to = O0and 4y < b < ... < t, as the switching time
instants, where n = N4 (0, ¢) is the number of switching. The
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Lyapunov function at time ¢ satisfies the following condition
in any of subsystems ©; or ©; ;1.

Vo(p, 1) < e PUV(p, 1), V1 € [ty tag1).  (27)

Combining with (24) and (25), the Lyapunov function at time
t satisfies

Vo(p, 1) < e PV (0, 1,) < ue PV, (p, 17)
< ... < plNeOD=Bly (p,0)

Inp
< 1Mo Py, (0, 0), (28)

where ¢, is the time instant before switching. For any switch-
ing signal with ADT satisfying 12—” — B < 0, the Lyapunov
function Vs (p, t) converges to zero when t — 00, and
therefore the system is asymptotically stable.

Next, to analyze the robust performance of the closed-loop
system, we integrate (22 ) and (23) and get the following
inequality

Vo(p, 1) < e PUmV, (p, 1)

t
- / e POD (DT, 1 € [y tap)), (29)

th

where (1) = %ZT(T)Z(‘L’) — ywl (t)w(t). According to (24)
and (25), from #p = O to an arbitrary time instant ¢, there is

t
Vo (p, 1) < pe PV (p, 1) — / e PO (n)de

In

S Me_ﬁ([_tn) I:g_,B(tn_tiz—l)VU(p’ tnfl)

t)‘l
- f e_ﬂ(t”_f)F(r)dri|
tn—1

t
- f e PO (1)dr

In

IA

: ,
wWe PV, (p,0) — M"/ e PO (0)dr — . ..
0

t
_MO/ e PO (1)dr
ll‘l
_ WNe@0 iy (5 0)
t
_/ e @0 =BU=D1 (1), (30)
0

Because V,(p,0) = 0, multiplying both sides of (30) by
uNo 0 yields

t
/ pNe O =BU=0(1)dr < — MOy (p 1) <0
0
31)

If the ADT constraint is satisfied, we have N, (0, t)Inpu <
NoIn u + Bt, and then (31) can be reconstructed as

t
H_NO/ e PTePU=T (1)z(v)d T
0
t
<y? / e PO (Ow(n)dr.  (32)
0

30984

Integrating both sides of (32) gives

(9] t
,LFNO/ / e PTe P T (0)z(v)dTdt
o Jo
o

oo
— M—Nof e_ﬁTZT(‘[)Z(‘L') (/ e—ﬁ(t—r)dt> dr
0 T

=uNyp /OO e Pl (v)a(ryde
0

y? /oo w! (T)w(r) (/OO e‘ﬂ“‘”dt> dt
0 T

v*/B fo ” wl (tyw(t)dr, (33)

IA

which implies that

/ Y P (e < (yMN°/2)2 / T owd.
0 0
(34)

Hence, the weighted L,-gain of the closed-loop system is
bounded by y uNo/2.

Remark 6: Consider the Lyapunov function Vi(p,t) =
T P;i(p)x. Substituting the closed-loop state-space matrices
into (22) yields the following inequality.

aPi .
Her{P;(p)Ac1,i(p)} + %p + BPi(p) %

B, iPi(p) _y
L[C e
+ y [DCTZ,,'(,O)] [Ceilp) Deip)] <0 (35)
where
Pi(p)Acsi(p) = Pi(p)Ai(p) + Pi(p)Bu,i(p)Ki(p)Cy.i(p).

(36)

Note that (35) is a BMI problem, because the term
Pi(p)Bu,i(p)I_(i(p)Cy,i(p) involves Lyapunov function matrix
Pi(p) and control gain matrix K;(p), both of which are
unknown in the control synthesis problem. Similar problems
also exist in other conditions of Lemma 5.

In following Theorem, using Finsler’s lemma, an LMI syn-
thesis condition of controller (10) for the closed-loop system
(18) under the ADT switching signal is presented.

Theorem 7: Consider the open-loop system in (9), if there
exist parameter dependent symmetric positive-definite matri-
ces Qi(p) € R(n+ni)><(n+ni) and Qi,i+1(p) c R(n+ni)x(n+ni)’
full matrices Mj(p) € R™*" and X;(p) € R®*%, and
given scalars 8 > 0, 4 > 1 and ¢ > 0, such that the
following optimization problem with y > 0 is solvable for
any scheduling parameter p.

miny, (37)

M <0 pe®;, (38)

Miiz1 <0 pe€®;jy, (39)
iQi,iJr](p) < Qi(p) = nQii+1(p)

P € Bir1 NO;, (40)
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(O3] * * *
AT

I, = B, (o) —vI * * ’
b3 Dy j(p)  —yl %
Dy Dyj(p) D4z Dyy

(41
where
@11 = Her{Aj(p)Qj(p) + Buj(0)M;(p)Cy j(p)}
00, ,
~ % ° + BQj(p),
0

@31 = C.j(0)Qj(p) + Dz j(0IMj(p)Cy ().
@41 = Cy,j(0)Q)(p) — Xj(p)Cy j(p) + eM] (p)B,, (),
D43 = eM] (p)DL, ;(p),

D44 = —eHer{X;(p)},

j=1i,ori, i+ 1isthe index of subspaces. The expressions of
M iv1(p) € R™*" and X; i11(p) € R are given in (16)
and ( 17). Then, the closed-loop system with the smooth
switching controller (5) is asymptotically stable with the
weighted L, -gain performance y /% guaranteed for any
switching signal o with ADT ¢, > 4 The smooth switch-
ing LPV-PID controller can be constructed by (13)and (12).

Proof: According to (38) and (39), there is X;(p) +
XjT(,o) > 0 guaranteed, which implies matrix X;(p) is non-
singular. For subsets p € ©;, rewrite (38) in the form of (20)
with

ng (Ai(p)Qi(p))
Y%
Z= o
- B0 R
C.i(p)Qi(p) Dyi(p)  —yI  x
Cy,i(0)0i(p) Dy i(p) 0 0
Bui(pMi(p)X (p)
0
V = — _1
Dy, i(0)Mi(p)X; (o)
-1

A = [Xi(p)Cy.i(p) 0 0 eXi(p) ] .

If Ny is chosen as

I 0 0 Bu(eM(pX ' (p)
Ny=|0 1 0 0 , (42)
0 0 I DuipMip)X ' (p)

according to Lemma 4, (38) is a sufficient condition for

Her(Qi(p)Aci1,i(0))

90; . * *
—EP—F,BQi(p) < 0. 43)
BZ}J(P) -yl *
Ce1,i(0)Qi(p) D i(p)  —yI

Then, multiply a diagonal matrix diag[P;(p), I, I] on both
sides of (43), where P;j(p) = Q;l(,o). By using Schur com-
plement lemma, and substituting the controller expression
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in (13) and closed-loop system matrices in (18), (35) can be
obtained, which is equivalent to (22) if a Lyapunov function
is defined as

Vi(p, 1) = X1 Pi(p)x.

Thus, from (38) we can obtain (22).

Similarly, if the Lyapunov function is defined as
Viig1(p, 1) = X Piiy1(p)x for p € ©; 41, from (39) we
can obtain (23).

For the parameters on switching surfaces p € ®; N ©; j11,
the (40) implies that

1
n iit1(0, 1) < Vilp, 1) < uViiz1(p, 1) (44)

Therefore, all the criteria in Lemma 5 are satisfied.

Remark 8: Different from existing results [24], [25], [31],
Theorem 7 only use the matrix variables M;(p) and X;(p) to
construct the controller, and the Lyapunov matrices Q;(p) and
Qi.i+1(p) are not involved. Thus, the Lyapunov functions for
subsystems ®; and ®; ;1 can be designed independently.

Remark 9: Note that the matrix A in Lemma 4 has no
constraints on its structure. While in Theorem 7, to obtain
a convex synthesis condition, A is assumed as a block matrix
only depending on the matrix variable X;(p). In other words,
the convex synthesis condition in Theorem 7 is obtained by
sacrificing part of the solution space. To make the solution
space shrink less, a given parameter ¢ is included to scale
X;(p) and explore more solution space. Consider a matrix Na
whose columns form the bases of the null space of A, where

1 ~T

10 0 ——Clp
Na=10o 1 o0 0
0 0 I 0

pre- and post-multiply Na and Ng on both sides of ( 38), and
we get NAZNT < 0 which implies

T * *
i Bl (p) 2 x | <0, (45)
CLi(p)Qi(p)  Dew,ilp) —vI
where
- 00; .
Y1 = Her (Ai(p)Qi(p)) — ot BQi(p)

1 _ _
— —Her [ €] (0)Cy.1(0)Qu(0)

Thus, the possibility of finding a feasible solution increases
when the value of ¢ decreases. .
Remark 10: In order to turn 3—Qf p to a practically valid
constraint, the method in [4] is used. The differential term
N X
in (38) and (39) can be treated as ) {v;, V;} 8%’;"), where the

i=1

S
notation ) {v;, v;} represents the combination of vertexes v;

i=1
and v; for each parameter.
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IV. APPLICATION TO FLIGHT CONTROL DESIGN

In this section, the longitudinal nonlinear model of F-16 air-
craft is used in simulation to demonstrate the effectiveness
of the proposed method. To achieve pitch-attitude hold and
speed hold simultaneously, the control system is separated
into two loops, one for attitude control and the other for
speed control. The corresponding smooth switching LPV-PID
controllers are designed for each loop.

A. LONGITUDINAL MODEL OF AIRCRAFT
The longitudinal motion of F-16 aircraft can be expressed as
following nonlinear equations.

. T D .
V=—cosa———gsin® —a),
mq mq
; L L8 eos@—a)+
0@ =— sino — = cos (0 —a ,
maV maV |V q
g =M/Jy,
6 =gq,
. 1
Pa = (Pe — Pa) (46)
Teng

where m, is the mass, g is the gravitational acceleration, V,
o, q, 8, p, are the airspeed, angle of attack, pitch rate, pitch
angle, and engine power. p. is the command of engine power
which is a function of throttle setting §,,. The dynamic model
of the engine power is assumed as a first-order system, and
Teng 18 the corresponding time constant which is a piecewise
function depend on p, and p.. T is the thrust force which is
a function of engine power p, [32]. Drag D, lift L and pitch
moment M can be expressed as

D = g¢SCp,
L =4SCyp,
M = GSeC,

where

Cp = —Cxy(a, ) cosa — < > CX (@) cosa

2V
. 8\ .
— Cz(a)sina +0.19 % sin o

-
— <2V> Z, () sinc,

Cr Cxo(a, Se)sina + (

ZV) Cx, (@) sino

— Czy(a)cosa +0.19 (é) cos

<2q"/> Czq(oz) cosa,

Cin = Cmy(e, 80) + <2V) Cmq(a)
+ (xc.g.,ref - xc.g.)CZ- 47

¢ is the wing mean aerodynamic chord, g is the dynamic
pressure, xc o = 0.3c is the longitudinal centre of gravity,
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Xe.g.,ref = 0.35¢ is the reference longitudinal center of grav-
ity, and S is the wing reference area. Cx,, Cz,, Cuy, Cxq,
Cy - Cm , are aerodynamic coefficients which can be obtained
in the table of [33]. Table 1. lists the mass and geometry
properties of F-16 aircraft.

TABLE 1. The mass and geometry properties of F-16 aircraft.

Jy(slug — ft2)  &(f) S (ft?)
55814 1.32 300

Parameter mg (Ib)

20500

Value

The above nonlinear aircraft model is difficult to be
expressed as an explicit LPV model. To solve this issue,
the gridding LPV modeling approach is used, which per-
forms Jacobian linearization on the nonlinear model at each
gridding point in the entire parameter space. If the grid-
ding points are dense enough, the resulting LPV model
can be considered as a good representation of the orig-
inal nonlinear system, and the controller designed based
on the LPV model can also guarantee the closed-loop sys-
tem performance [34]. The scheduling parameter for the
LPV model is selected as the airspeed because of its great
influence on the system dynamics. The entire parameter
space is set from 300 ft/s to 700 ft/s. It is partitioned into

three subsets ®; = {p € @|£1 S P S ,61,1}, B, =
[P €Olp, =p1 = ,52,1}, and O = {,0 € Olpi1 =

p1 < 2% Wlthp = 300, p1,1 = 480, p 21 = = 500,
02.1 = 700. The nonhnear model is linearized at ¢ every 30 ft/s
in ®; and ®,, and linearized at every 10 ft/s in ®1 ». Thus,
the LPV model of the aircraft can be expressed as

Xair = Aair,j(p)xair + Bair,j(p)uairs
Yair = Cair,jxairv (48)

This LPV model represents the perturbed dynamics of the
aircraft about the gridding equilibrium points. The state
Xgir, control input ug, and output y,, are actually the
small perturbations between the real and trimmed val-
ues. Without causing confusions, the notation of pertur-
bation is omitted here for concise representation. In (48),
the state x,;p = [V o g 60 pg]l’, the input uy, =
[8,;, (Se]T, the output is yu = [pa \% 9]T, and
T
Yair = [pa 14 9] .

The longitudinal model of rigid aircraft has a similar
expression when the dragD, lift L, and pitch moment M are
obtained. Thus, the LPV model in (48) can be used for other
fixed-wing aircraft.

B. WEIGHTED SYSTEM INTERCONNECTION

The block diagram of the entire flight control system is shown
in Fig.4, where the block ‘““plant” is the longitudinal model
of aircraft in (46). In this example, two autopilot systems are
designed for pitch-attitude hold and speed hold. According
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FIGURE 4. Flight control system interconnection.

to flight dynamics, the velocity is mainly controlled by the
throttle, and the pitch attitude is controlled by the elevator.

To design these two autopilot systems, we rewrite the
original linearized model given by (48) as two parts. One
is the open-loop plant for velocity control, and the other is
for attitude control. For the open-loop system for speed-hold,
we select the throttle setting d;, as the control input, and V
and p, as the states, because they are directly related to the
velocity. The states «, ¢, 6 are related to attitude, and they
are together with the deflection of elevator §, considered as
exogenous inputs. The LPV model of the velocity loop can
be represented as

o
v 1%
Yl = A 0) + Bt j0) | | + Bpur (o),
Pa Pa 0

e

% \%
MR

Similarly, for the open-loop system for pitch-attitude hold,
we select the elevator angle §, as the control input, the angle
of attack «, pitch rate g, and pitch angle 0 as states. The
airspeed V, engine power p, and throttle setting 8y, are con-
sidered as exogenous inputs. The expression of this open-loop
system is

a o \%
q | =ApjP) | g |+ Bwm2jP)| Pa
0 0 S
+Bpu2,j(p)89a
o
0=Cnilaql- (50)
0

For the rest of this paper, the expressions of (49) and (50)
are no longer given separately. We use the following general
form to represent them:

).Cp = Ap,j(p)xp + Bpw,j(P)Wp + Bpu,j(p)up,
y = Cpjxp. (@28

The generalized open-loop system in (9) is obtained

by connecting the aircraft model with the corresponding
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actuator, ideal model and weighting functions as shown
in Fig.4. The control commands are directly sent to the actua-
tors “Act 1”” and ““Act 2”’, which are considered as first-order
systems with time constant t = (.2 s for the throttle and
0.05 s for the elevator. The general state-space form for each
actuator can be written as

Xact = AactXacr + Bactl,
up = CactXact (52)

where Age; = —1/t, Baer = 1/7, Caer = 1, u is the control
command determined by the control algorithm, and u, is the
actual control input sent to the aircraft. As shown in Fig. 4,
U= 85’"”1 or 5;:””[, Up = 8¢ or 8.

Two ideal models, M; and M>, are included to achieve the
desired tracking performance for two autopilot systems. The
optimization objective is to minimize the error between the
ideal output and measurement output, which is similar as
the model reference adaptive control. The general state-space
form of each ideal model can be expressed as

Xm = AmXm + Bpr,
Ym = CpXm + Dyr, (53)

where r is the reference input, which is V, or 6, as shown
in Fig. 4. Here, the ideal model is considered as a second-
order system with the damping ratio { = 0.7, the natural
frequency w, = 1 rad/s in attitude control system, and
¢ =1, w, = 1rad/s in speed control system. The state-space
matrices can be written as

0 1 0
Ay = |: _wﬁ —2§a)nj| , Bm= |:U);%j| s

Cn=[1 0], Dy=0.

In order to obtain a better performance, weighting func-
tions are included for control synthesis. The weighting func-
tions W11 and W5 are used to restrict the output performance.
The general state-space form can be represented as

Xwl = Aw1xw1 + By1m — GY)

er = Cy1xw1 + Dy1(ym — GY), (54)
where G is the selection matrix which is G = [1 0]
in speed control system, and G = 1 in attitude control

system. The system matrices are obtained from the transfer

function Wy(s) = %ﬁrl) for attitude control system, and

Woi(s) = %zilﬂ) for speed control system.

The weighting functions W1, and W»; are included to place
arestriction on the integral of the tracking error, and thus limit
the steady-state error. This weighting function is assumed as

a constant, i.e.,
er = Dyoxy. (55)

In our case, the dynamics of the integral term for PID
controller is assumed as

X1 =ym — Gy. (56)
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TABLE 2. The constants for controller synthesis.

H B €
Speed control loop 1.2 0.01 0.001
Attitude control loop 1.2 0.01 0.1

The generalized open-loop system is thus given as (57),

shown at the bottom of the page, where x = [xpT xaTct an1
T T o — ] 71T
s xl] ’W_[WP r ] ’

Because the above expressions are a general expression
of velocity or attitude open-loop system, the smooth switch-
ing LPV-PID controllers can be constructed by using Theo-
rem 1 for both systems. For the synthesis of the controller,
the matrix variables are assumed parameter-dependent. Con-
sidering the computational complexity, first-order linear
functions are used in our case. The matrices M; o, M, 1, Xi o,
Xi1, Qio0> Qit> Oiit1,0, Qiit1,1, i = 1,2 are the new
variables to be solved. The first-order function is formulated
as,

Ri(p) =Rio+ p1R; 1- (58)

where R; o and R; ; represent the above matrix variables. The
control gains are calculated by (13) and (12).

C. NONLINEAR SIMULATIONS AND DISCUSSIONS
The proposed smooth switching LPV-PID control method
is compared with the traditional ADT switching LPV-PID
control method, for which the problem setup and syn-
thesis conditions are given in Appendix. Here, these two
methods are called “smooth switching” and “ADT switch-
ing” for short. For smooth switching, there are three
adjacent subspaces ®; = {pe O[300 ft/s< py; < 480 ft/s},
() {pe ©|500 ft/s< py <700 ft/s} and O
{pe ©1480 ft/s< p; < 500 ft/s}, where the gains of con-
troller switch smoothly in the transition subspace © . For
ADT switching, there are two adjacent subspaces ©®
{pe ©|300 ft/s< p; <490 ft/s}, ®2 = {p € O490 ft/s
p1 < 700 ft/s}, and the switching happens on the surface
o 490 ft/s. The constants for controller synthesis are
given in Table 2, and the optimized results of y are shown
in Table 3. It can be seen that these two methods achieve a
similar performance level in terms of the value of y.

Two nonlinear simulations with different reference signals
are conducted to further test the performance. In case 1,

IA

TABLE 3. The optimized parameter y for control loops.

Speed hold Attitude hold
Smooth switching 198.675 115.984
ADT switching 169.773 115.984

w
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=}

= = ADT switching LPV-PID

O === Smooth-switching LPV-PID
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FIGURE 5. Actual and ideal trajectories of the airspeed for case 1.

the velocity command increases from 470 ft/s to 520 ft/s
during the time period between 10 s and 30 s, and then
decreases from 520 ft/s to 470 ft/s between 50 s and 70 s.
The pitch angle command increases 10 degrees at 1 s, and
decreases 10 degrees at 44 s. According to the ideal velocity
trajectory shown in Fig. 5, switches occur at about 22 s and 67
s for the ADT switching method, and the transition processes
for the proposed smooth switching method are roughly from
18 s to 25 s and from 63 s to 70 s. The overall speed track-
ing performance for both methods are acceptable as shown
in Fig. 5.

In Fig. 6, the control input §;, for ADT switching control
has a big shaking at 22 s, which leads to the input saturation,
and at 67s, small oscillations and saturation can also be
observed. However, the control input §;;, for smooth switching
control changes smoothly, and does not cause the actuator
saturation. Note that the shaking of control inputs as shown in
ADT switching is caused by the discontinuous control gains.
To verify this, control gains are plotted as shown in Fig. 7 to
visualize their variations with respect to time. The values of
control gains for smooth switching vary continuously, while

AI’J(IO) Bpu,j(p)cact 0 0
. 0 Agct 0 0
=By GCPJ 0 ByiCn Ay
L _GCPJ 0 Cm 0
— [ _DWIGCPJ 0 Dy1Cn Cwi 0
S I 0 0 0 Dy
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0 Bpw,j(p) 0 0

0 0 0 But

0|x+ 0 Bn |w+| 0 |u

0 0 ByiDy 0

0 0 Dy, 0

[8 b WE)D m ] w, (57)
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FIGURE 6. Throttle settings of the aircraft for case 1.

°

Smooth K (1)
T
L Lo @
| ;
Smooth K ,(2)
28

ES
2

©-0.6

0 0 20 40 60 80 100

-3.6 -0.85
a

37 /ﬂl >

s i X 09 i

0-38 P~ L— a 1

= < /

39 095
0 20 40 60 80 100 0 20 40 60 80 100
Time(s) Time(s)
(@) (b)

o

Smooth K|
Smooth KU

SN

0 05
0 20 40 60 80 100 0 20 40 60 80 100
245 0.1
- o —_—
% — M I |
5 24 \ 5015 1 1
< ) <
235 -02
0 20 40 60 80 100 0 20 40 60 80 100
Time(s) Time(s)
(©) (d)

FIGURE 7. Variations of control gains for speed control loops in case 1.

those for ADT switching have discontinuous changes at 22 s
and 67 s. Although all the control gains have small values,
they can still lead to suddenly changed control commands
when multiplying with large output feedbacks and integral
of errors.

Fig. 8 gives a close look at the tracking errors. It shows that
ADT switching control method generates a smaller tracking
error. But when the speed command hits the switching sur-
faces, the big variation of the throttle will cause the actuator
saturation, and the error will increase. To avoid this issue and
simultaneously achieve an acceptable tracking performance,
the smooth switching control might be a better choice. In
addition, two overshoots in the velocity response around 5 s
and 50 s are shown in Fig. 5 because the pitch angle changes
at those instants, and the speed and pitch attitude autopilot
systems are coupled.
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FIGURE 8. Tracking errors of the airspeed for case 1.
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FIGURE 9. Actual and ideal trajectories of the pitch angle for case 1.

Fig. 9 shows the actual and ideal pitch angle trajectories.
Because the controllers have the same switching strategy as
the speed control loop, the switching also happens at 22 s and
67 s for ADT control. A small spike can be observed at 22
s for ADT switching, not for the smooth switching control.
Correspondingly, the control input §, oscillates at 22 s for
ADT switching, as shown in Fig. 10. But the smooth switch-
ing control method generates a much smoother control input
with smaller oscillations. The control gains for the attitude
control loop are also provided in Fig. 11, and the discontinuity
of the ADT switching control gains can be observed. The
tracking errors in Fig. 12 show that the ADT switching and
smooth switching have similar tracking performances.

The second nonlinear simulation is performed to test the
influence of the average dwell-time on the smooth switch-
ing performance. The reference signal of speed is designed
switching fast at the beginning, and the dwell-times are
shorter than the average dwell-time in this period. Then,
slower switches are designed to compensate for the average
dwell-time. As shown in Fig. 13, the switching times instants
are 13 s, 18 5,25 s, 28 s, 55 s, and 93 s. It can be seen that
the switching system can maintain the stability as long as
the overall average dwell time satisfies the requirement. The
reference signal for the attitude control loop is O degree, and
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FIGURE 10. Elevator deflections of the aircraft for case 1.
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FIGURE 12. Tracking errors of the pitch angle for case 1.

the actual attitude trajectory is shown in Fig. 14. When the
speed is changing, the attitude has some very small variations.
Itis because the influence of speed on the attitude control loop
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FIGURE 13. Actual and ideal trajectories of the airspeed for case 2.
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FIGURE 14. Actual and ideal trajectories of the pitch angle for case 2.

TABLE 4. The optimized parameter y for the speed control loop with
e =0.001.

M ,B Ta(s) Y
1.2 0.005 36.46 195.82
1.2 0.01 18.23 198.67
1.2 0.05 3.65 256.57
1.05 0.01 4.87 200.13
1.3 0.01 26.24 198.17

TABLE 5. The optimized parameter y for the attitude control loop with
e=0.1.

M B Ta(s) ol

1.2 0.005 36.46 108.17
1.2 0.01 18.23 115.98
1.2 0.05 3.65 infeasible
1.05 0.01 4.87 115.98
1.3 0.01 26.24 115.98

is considered as the disturbance when constructing the control
system.

Finally, different values of © and B are selected in con-
troller synthesis to discuss their influences on the optimized
parameter y. Each control loop has five cases studied, and
the value of ¢ is selected as 0.001 for the speed control and
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0.1 for the attitude control. The results are listed in Table 4
and Table 5. Comparing with u, 8 has a greater influence on
the optimization result, and a large B value may cause the
problem infeasible.

V. CONCLUSION

This paper presents a smooth switching gain scheduled
PID control strategy for LPV systems. The controller is
designed to have the smooth switching ability in the transi-
tion subspaces between neighboring LPV subsystems. The
constraints for multiple parameter-dependent Lyapunov func-
tions are derived for the closed-loop system with an ADT
switching signal to guarantee stability and weighted L;-
gain performance. Based on these constraints and applying
Finsler’s lemma, the synthesis condition is formulated as an
optimization problem subjected to LMI constraints. The pro-
posed control strategy is applied to F-16 aircraft. Comparing
with the traditional ADT switching, the proposed method
can achieve smooth control commands and transition perfor-
mance. In this way, the risk of saturation or mechanical wear
of actuators can be reduced. Note that the system parameters
are assumed to be accurate in this paper, and more compli-
cated situations will be studied further in our future work,
for example, control synthesis with external disturbances
and parametric uncertainties, etc. In addition, the proposed
method will be compared with other switching approaches,
such as adaptive mixing control, and we will also explore
the applicability of the proposed switching logic to adaptive
control of switched systems.

APPENDIX
The ADT switching LPV-PID controller has the same expres-
sion as (5), but without smoothing part that is given by (16)
and (17). The parameter space is divided into m parts as
shown in Fig. 15. The switching occurs when the parame-
ter trajectory hits a switching surface. The following is the
synthesis condition for ADT switching LPV-PID control.
Theorem 11: Consider the open-loop system in (4),
if there exist parameter dependent symmetric positive-definite
matrices Q;(p) € ROTMX+n) - fy]] matrices M;(p) €

P, 4

4>
£

FIGURE 15. Partition of the traditional ADT switching parameter space
along one axis.
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R™>"% and X;(p) € R"™*" scalars B > 0, u > 1, > 0
and y > 0, such that the following optimization problem
with LMI constraints

min y, (59)
I; <0,p €0, (60)

1
;Qi,i+1(l0) < 0i(p) = nQii+1(p), p € O; N Oy, (61)

is solvable for any scheduling parameter p, where i =
{1, 2, ..., m}is the index of subspaces. Then, the closed-loop

system with the switching controller (5) is asymptotically
stable for any switching signal o with ADT 7, > 1“7"

and the weighted L,-gain performance y 10/ guaranteed.

The switching LPV-PID controller can be constructed by
(13)and (12).
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