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ABSTRACT The Roman domination in a graph G is a variant of the classical domination, defined by means
of a so-called Roman domination function f : V (G) → {0, 1, 2} such that if f (v) = 0 then, the vertex v is
adjacent to at least one vertex wwith f (w) = 2. The weight f (G) of a Roman dominating function ofG is the
sum of the weights of all vertices of G, that is, f (G) =

∑
u∈V (G) f (u). The Roman domination number γR(G)

is theminimumweight of a Roman dominating function ofG. In this paper we propose algorithms to compute
this parameter involving the (min,+) powers of large matrices with high computational requirements
and the GPU (Graphics Processing Unit) allows us to accelerate such operations. Specific routines have
been developed to efficiently compute the (min,+) product on GPU architecture, taking advantage of its
computational power. These algorithms allow us to compute the Roman domination number of cylindrical
graphs Pm� Cn i.e., the Cartesian product of a path and a cycle, in casesm = 7, 8,9 n ≥ 3 andm ≥10, n ≡ 0
(mod 5). Moreover, we provide a lower bound for the remaining cases m ≥10, n 6≡ 0 (mod 5).

INDEX TERMS Cylindrical graphs, GPU platforms, (min,+) matrix multiplication, Roman domination.

I. INTRODUCTION
The efficient location of resources in a network is a
well-known optimization problem that is usually approached
by using graphs. The domination parameters in graphs play a
central role in such problems since they can represent a wide
variety of additional properties required in the distribution of
resources. A dominating set in a graph G is a vertex subset S
such that every vertex not in S has at least one neighbor in it.
The domination number of G is the cardinal of a minimum
dominating set. Applications of this parameter and some of
its variations to the optimal location of radio stations or land
surveying sensors can be found in [15]. Moreover, linear
algorithms using domination parameters for the resource allo-
cation in trees are studied in [16].

In this paper we focus on the Roman domination that
models a classical optimization problem (see [39]). The
Roman Emperor Constantine the Great, in the 4th century
AD, ordered that no legion be sent out of its usual place if
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such place was left unprotected. Therefore, a pair of legions
must be placed in some locations so that one of them could
be sent to an adjacent one. Meanwhile, locations with just
one legion just protect themselves. The goal is selecting the
appropriate locations to place either one or two legions in
order to minimize the needed forces.

Following this approach, the Roman domination in graphs
was introduced in [4]. A Roman dominating function in a
graph G is a function f : V (G) → {0, 1, 2} such that every
vertex v with f (v) = 0 is adjacent to at least a vertex w
satisfying f (w) = 2. The weight of a Roman dominating
function is f (G) =

∑
u∈V (G) f (u). The minimum weight of a

Roman dominating function of G is the Roman domination
number γR(G). We denote S fi = {v ∈ V (G) : f (v) = i}
(and we will omit f if there is no confusion). Therefore,
f (G) = |S f1 | + 2|S f2 |. We say that vertices in S1 just dominate
themselves while every vertex w ∈ S2 dominates itself and its
neighborhood N (w).
The Cartesian product of two graphs G� H is the

graph with vertex set V (G) × V (H ) such that two vertices
(g1, h1), (g2, h2) are adjacent in G� H if either g1 = g2
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and h1, h2 are adjacent in H , or g1, g2 are adjacent in G and
h1 = h2 (see [18]). The Roman domination number remains
unknown for general Cartesian product graphs while the
Roman domination number of particular cases of Cartesian
product of paths and cycles have been computed. The Roman
domination number of the Cartesian product of two paths has
been recently obtained in [36] meanwhile the problem is still
open for the Cartesian product of a path and a cycle and the
Cartesian product of two cycles. In both of them, solutions
for small cases have been provided by using an algorithmic
approach (see [33]).

Regarding the computational complexity of these prob-
lems, the computation of the domination number is
NP-complete in general graphs (see [10]). Moreover,
it remains NP-complete when restricted to bipartite or chordal
graphs and it is polynomial in a few graphs classes such as
trees or interval graphs (see [15]).

In a similar way, the computation of the Roman domination
number is also an NP-complete problem, even in bipartite,
planar or chordal graphs and it can be computed in linear time
in trees (see [4]). In the same paper, the authors also stated
that there is a 2 log n approximation algorithm for the Roman
domination number. More recently, a 2(1 + log(1 + 1))-
approximation algorithm, with1 the maximum degree of the
graph, has been presented in [32] to find a Roman domination
function with minimum weight.

The great interest to express graph algorithms in terms
of tropical algebra operations is well known [22]. From a
computational point of view, this approach involves several
challenges due to the high dimension of the matrices that take
part in such algorithms. This way, many works have focused
on taking advantage of the sparsity of the matrices and the
regularity of specific graphs to reduce the complexity of the
corresponding matrix computations [5], [6], [8]; the goals of
other works are the optimal computational implementations
of the primitive matrix operations related to this field to
exploit modern multicore and GPU platforms [17], [23], [41].

In this work, the study of the Roman domination in
graphs relies on the computation of matrix powers. It is
expressed as a (min,+) product sequence which starts
with sparse matrices which are filled as new products
are computed. Therefore, the best option is to compute
the matrix power with dense data structures. However,
it implies a very high computational complexity in terms of
run-time and memory requirements since the size of matrices
strongly increases with the dimensions of the cylindrical
graphs.

The cylinder Pm� Cn is the Cartesian product of the path
with m vertices Pm and the cycle with n vertices Cn, that is,
the graphwith vertex setV (Pm)×V (Cn) such that two vertices
(u1, v1), (u2, v2) are adjacent in Pm� Cn if u1 = u2 and v1, v2
are adjacent in Cn or u1, u2 are adjacent in Pm and v1 = v2.
As we have said, there is no general formula for the Roman
domination number in this graph family and just exact values
of γR(Pm� Cn) with 2 ≤ m ≤ 6 or 2 ≤ n ≤ 8 are known
(see [33]).

In this paper we provide an algorithm involving powers of
large matrices, that allows us to compute the exact values of
γR(P7� Cn) and γR(P8� Cn). To this end, we have developed
a GPU version of (min,+) powers of dense matrices relying
on the routineMatrixMult of [30].Moreover, graphs of higher
dimensions could be studied on GPUs with larger memory
capacity than used in the experimental study. Finally, we will
use a modification of the algorithm to obtain a lower bound
of γR(Pm� Cn), for m ≥ 9, that gives the exact value of this
parameter if n ≡ 0 (mod 5).

II. RELATED WORK
The Roman domination in graphs has been widely studied
since it was formally defined in 2004 (see [4]) and sev-
eral hundreds of papers about it can be found in literature.
We quote some references as an example: for instance, gen-
eral upper bounds of the Roman domination number in terms
of the number of vertices of the graphs were first obtained
in [2] and this problem has also been studied in [20], [27].

A different point of view is the study of the relationship
between the Roman domination number and other domina-
tion parameters, for instance with the domination number
in [7] or with variations of the Roman domination itself, such
as the Roman-{2}-domination in [28]. Moreover, the Roman
domination number can be defined in directed graphs and
in [14] the relationship between the domination number and
the Roman domination number in such graphs is considered.
The algorithmic point of view has also been studied, as an
example in [26] authors showed that the Roman domination
number of cographs and interval graphs can be computed in
linear time.

Furthermore, a number of variations of the original defini-
tion have recently been analyzed. As an example, the Italian
domination number is computed in some Cartesian prod-
uct graphs with algorithmic procedures in [9]; the sum and
the product of the double Roman domination numbers of
a graph and its complement are considered in [21]; the
Roman-{2}-bondage number is computed in [29] for some
graph families such as paths, cycles, complete bipartite
graphs, trees, unicyclic graphs and planar graphs; the total
double Roman domination number is studied in [37], where
some general upper bounds in terms of the number of vertices
and the maximum degree are obtained.

It is well-known that the domination properties are difficult
to handle in the Cartesian product graphs and computing such
parameters in them has attracted attention since the Vizing
Conjecture, which remains open, was formulated in 1968
(see [40]). As an example, the problem of computing the
domination number of the Cartesian product of two paths
was open for almost thirty years and it was finally solved
in [11], where authors provide the value of this parameter in
terms of the number of vertices of both paths. In previous
works, upper and lower bounds can be found, as in [3],
[12], [19]. Moreover, in [19], [38] the exact values of some
small cases were computed. This problem is still open in
other Cartesian products of two graphs involving paths,
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cycles or more general graphs. Also, some partial results
about the domination number of the Cartesian product of
k paths can be found in [12] and for the case of k cycles
in [24].

Among the techniques used to compute domination param-
eters in Cartesian product graphs, an algorithmic approach
using matrix powers has provided significant results in cases
involving paths and cycles. The final paper for the domi-
nation number of the Cartesian product of two paths [11]
uses this technique, which was presented in [25] for fascia-
graphs and rotagraphs, of which Cartesian products of paths
and cycles are particular cases. Later, in [34] the authors
followed these ideas to compute the domination number
of the Cartesian product of two cycles and the Cartesian
product of a path and cycle, but just in some small cases.
The same authors have adapted the technique to obtain the
Roman domination number of some Cartesian product graphs
involving small paths and/or cycles in [33]. Recently, in [36]
the Roman domination number of the Cartesian product of
two paths has been completely computed following the same
ideas.

III. PRELIMINARY RESULTS
In this section we present the needed tools to provide the algo-
rithms that we will use to compute the Roman domination
number in selected cylinders.

The first tool is the (min,+) matrix algebra over the
semi-ring P = (R∪ {∞},min,+,∞, 0) of tropical numbers
in the minimum convention (see [35]). The (min,+) matrix
multiplication

⊗
is defined by C = A

⊗
B, being the matrix

where for all i, j, ci,j = min
k
(ai,k + bk,j).

Moreover, the (min,+) product of a matrix A and α ∈
R ∪ {∞} is defined by (α

⊗
A)i,j = α + ai,j. Therefore,

(A
⊗

(α
⊗

B))i,j = min
k
(ai,k+(α

⊗
B)k,j) = min

k
(ai,k+(α+

bk,j)) = min
k
(α + (ai,k + bk,j)) = α + min

k
(ai,k + bk,j) =

α + (A
⊗

B)i,j. Hence A
⊗

(α
⊗

B) = α
⊗

(A
⊗

B).
The second ingredient that we need is the following result

(see [1]) that we quote from [25]. We just need the particular
case related to the tropical semi-ring.

Let G be a digraph with V (G) = {v1, v2, . . . , vs} together
with a labeling function ` which assigns an element of P to
every arc of G. A path of length k in G is a sequence of k
consecutive arcs Q = (vi0vi1 )(vi1vi2 ) . . . (vik−1vik ) and Q is a
closed path if vi0 = vik . The labeling ` can be easily extended
to paths

`(Q) = `(vi0vi1 )+ `(vi1vi2 )+ · · · + `(vik−1vik ).

Theorem 1: Let Skij be the set of all paths of length k from
vi to vj in G and let A(G) be the matrix defined by

A(G)ij =

{
`(vi, vj) if (vi, vj) is an arc of G,
∞ otherwise.

If A(G)k is the k-th (min,+) power of A(G), then

(A(G)k )ij = min{`(Q) : Q ∈ Skij}.

Finally, we will also use the following lemma about the
(min,+) matrix multiplication. It is a standard argument and
we include its proof here for the sake of completeness.
Lemma 2: Let A be a square matrix and suppose that there

exist natural numbers n0, a, b such that An0+a = b
⊗

An0
then, An+a = b

⊗
An, for every n ≥ n0.

Proof: We proceed by induction. By hypothesis,
An0+a = b

⊗
An0 . Let n ≥ n0 be such that An+a =

b
⊗

An then, A(n+1)+a = A
⊗

An+a = A
⊗

(b
⊗

An) =
b
⊗

(A
⊗

An) = b
⊗

An+1, as desired. �

IV. COMPUTATION OF γR (P7� Cn) AND γR (P8� Cn)
In this section we provide an algorithm to compute the exact
values of γR(Pm� Cn), for m = 7, 8, by using Theorem 1.
Our approach follows the ideas in [33], [36]. In the first paper,
authors compute the Roman domination number of Pm� Cn,
with m ≤ 6, and we use a modification of their algorithm,
following the techniques shown in the second reference to
compute the following two cases.
Our algorithm constructs a matrix for each value of m

and computes some (min,+) powers of it. The sizes of such
matrices grow exponentially withm and it is not expected that
it could compute cases much larger thanm = 8, even by using
additional computing resources. However, these small cases
play an important role in formulating a conjecture about the
behavior of the general case. Although it does not happen for
very small m, a regular behavior could appear as in the case
of the Cartesian product of two paths. This is the reason for
our interest to compute as many small cases as possible.

A. THEORETICAL RESULTS
First of all, we encode the vertex set of Pm� Cn. We say that
it has m rows and n columns, each row being a cycle with n
vertices and each column being a path with m vertices (see
Figure 1). The m rows are numerated from top to bottom and
the n columns from left to right. We will consider that the last
column is the previous column of the first one (and the first
column follows the last one).

FIGURE 1. The cylinder Pm� Cn.

Let f be a Roman dominating function of Pm� Cn, with
associated vertex partition Si={v∈V (Pm� Cn): f (v)= i}, for
i = 0, 1, 2. We assign a label to each vertex in the following
way.
• v = a if v ∈ S2,
• v = b if v ∈ S1,
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• v = c if v ∈ S0 and it has at least one neighbor in S2 in
its column or in the previous one,

• v = d if v ∈ S0 and it has no neighbor in S2 in its column
nor in the previous one.

Now each column is a word of length m in the alphabet
{a, b, c, d} and the function f can be uniquely identified with
a sequence of n consecutive words. Note that not any word
can appear associated to such functions because the definition
of the labeling implies that letter sequences ad, da are not
possible.
Remark 3: If a word associated to a Roman dominating

function contains any of the sequences ab, ba, bb, we can
replace them with ac, ca, ac respectively to obtain another
Roman dominating function with, at most, the same weight.

Bearing in mind these considerations, we pose the follow-
ing definition.
Definition 4: A correct word of length m in the alpha-

bet {a, b, c, d} is a sequence of m letters not containing
ad, da, ab, ba, bb.
Note that some correct words cannot appear together asso-

ciated to a Roman dominating function, again because of the
definition of the labeling. We now list the needed conditions
for a pair of correct words p = (p1, . . . pm) and q =
(q1, . . . qm) (we will denote words in bold font and their letter
in italic font), in order to make it possible that p can follow q.
Note that we also avoid combinations ab, ba, bb in the same
row (see Remark 3), in order to reduce the number of suitable
sequences of words.

1) conditions for the first row
• if q1 = a, then p1 = a or p1 = c
• if q1 = b, then

(
p1 = c and p2 = a

)
or p1 = d

• if q1 = c, then p1 = a or p1 = b or
(
p1 =

c and p2 = a
)
or p1 = d

• if q1 = d , then p1 = a
2) conditions for the intermediate rows 2 ≤ i ≤ m− 1

• if qi = a, then pi= a or pi= c
• if qi = b, then

(
pi = c and pi−1 = a

)
or
(
pi =

c and pi+1 = a
)
or p1 = d

• if qi = c, then pi = a or pi = b or
(
pi =

c and pi−1 = a
)
or
(
pi = c and pi+1 = a

)
or

p1 = d
• if qi = d , then pi = a

3) conditions for the last row
• if qm = a, then pm = a or pm = c
• if qm = b, then

(
pm = c and pm−1 = a

)
or pm = d

• if qm = c, then pm = a or pm = b or
(
pm =

c and pm−1 = a
)
or pm = d

• if qm = d , then pm = a
Remark 5: Denote by S the set of all the sequences

p1,p2 . . . pn of n correct words of length m such that p1
can follow pn and pi+1 can follow pi, for 1 ≤ i ≤ n − 1.
From Remark 3, the set RS of Roman dominating functions
associated to the sequences in S contains at least one function
with minimum weight.

In order to apply Theorem 1, we consider the digraph
G whose vertex set is V (G) = {correct words of length m
in the alphabet {a, b, c, d}}, and such that there is an arc from
the word q to the word p if p can follow q. Moreover,
we define the following labeling function ` which assigns
to every arc of G an element of the semi-ring of tropical
numbers P: `(q,p) = 2p(a) + p(b), where p(a) =number
of a′s in the word p and p(b) =number of b′s in the
word p.
Proposition 6: Let f ∈ RS be a Roman dominat-

ing function of Pm� Cn and let p1p2 . . . pn be the
sequence of correct words associated to f . Then, Q =

(p1p2)(p2p3) . . . (pn−1pn)(pnp1) is a closed path in the
digraph G such that `(Q) = f (Pm� Cn), the weight of f .

Proof: Clearly Q is a closed path in the digraph G,
because there is an arc from pi to pi+1 (for 1 ≤ i ≤ n−1) and
from pn to p1. Moreover, `(Q) = `(p1p2)+ `(p2p3)+ · · · +
`(pn−1pn)+`(pnp1) = (2p2(a)+p2(b))+(2p3(a)+p3(b))+
· · ·+(2pn(a)+pn(b))+(2p1(a)+p1(b)) = 2(p1(a)+p2(a)+
. . . pn(a)) + (p1(b) + p2(b) + . . . pn(b)) = 2|S f2 | + |S

f
1 | =

f (Pm� Cn). �
Corollary 7: Let A(G) be the matrix defined by

A(G)qp =

{
`(q,p) if (qp) is an arc of G,
∞ otherwise.

Then minp(A(G)n)pp = γR(Pm� Cn).
Proof: From Theorem 1 we know that (A(G)n)pp =

min{`(Q) : Q ∈ Snpp}, where Snpp is the set of all closed
paths of length n from p to p in G. Clearly, the closed path
Q = (pp2) . . . (pn−1pn)(pnp) belongs to Snpp if and only if the
sequence of words p,p2, . . .pn belong to the set S. There-
fore, from Remark 5 and Proposition 6, minp(A(G)n)pp =
minp(min{`(Q) : Q ∈ Snpp}) = minp(min{f (Pm� Cn) : f ∈
RS ,p is the first column}) = γR(Pm� Cn). �
The Corollary above allows us to compute the Roman

domination number of a cylinder Pm� Cn, where both m
and n are fixed. The recurrence argument for (min,+) matrix
powers shown in Lemma 2 gives the opportunity to compute
the Roman domination number of Pm� Cn, just fixing one of
the sizes but not both of them, as we show in the following
result.
Proposition 8: Let m be a natural number and consider

the digraph G and the matrix A(G) constructed above.
IfA(G)n0+α = β

⊗
A(G)n0 for natural numbers n0, α, β, then

γR(Pm� Cn+α)− γR(Pm� Cn) = β, for n ≥ n0.
Proof: If A(G)n0+α = β

⊗
A(G)n0 then, by using

Lemma 2 we obtain that A(G)n+α = β
⊗

A(G)n, for
n ≥ n0. Moreover, Corollary 7 gives γR(Pm� Cn+α) =
minp(A(G)n+α)pp = minp(β

⊗
A(G)n)pp = β +

minp(A(G)n)pp = β + γR(Pm� Cn). �
The unique solution of the finite difference equation

γR(Pm� Cn+α) − γR(Pm� Cn) = β, n ≥ n0, with the
boundary values γR(Pm� Ck ), n0 ≤ k ≤ n0 + (α − 1),
provides γR(Pm� Cn), for m fixed and n ≥ n0.
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B. THE ALGORITHMS
We can now describe the basic algorithm to compute the
Roman domination number of the cylinder Pm� Cn, with m
and n fixed, by using Corollary 7.

Algorithm 1 Computation of γR(Pm� Cn), for m, n Fixed
Require: m, n natural numbers
Ensure: γR(Pm� Cn)
1: compute all correct words of length m
2: compute matrix A(G)
3: compute the (min,+) matrix power A(G)n

4: return minp(A(G)n)pp

This algorithm allows us to compute the Roman domi-
nation number for cylinders Pm� Cn where m, n are small.
On the one hand, the size of matrix A(G) is the number
of correct words, which is in the order of 4m. This size
grows exponentially thus, the algorithm is useful only if m
is small enough. On the other hand, it is needed to compute
the n − th power of the matrix A(G) and, in spite of being
a sparse matrix, it becomes dense after a small number of
multiplications. This gives that parameter n can not be large
so then it is possible to run the algorithm in a short time.

We now present the algorithm to compute the Roman
domination number of Pm� Cn, where justm is fixed. We use
Proposition 8, so the algorithm compute the integers n0, α, β
that we need to solve the finite difference equation that gives
the formula for γR(Pm� Cn).

Algorithm 2 Computation of γR(Pm� Cn), for m Fixed
Require: m a natural number
Ensure: the finite difference equation

γR(Pm� Cn+α)− γR(Pm� Cn) = β, for n ≥ n0,
or finite difference equation not found

1: compute all correct words of length m
2: compute matrix A(G)
3: compute every (min,+) power A(G)k , for k ≤ K big

enough
4: if An0+α = β

⊗
An0 for n0, α, β natural numbers then

5: return n0, α, β
6: else
7: return recurrence not found
8: end if

There are some sufficient conditions to ensure that Step 4
in Algorithm 2 is true (see [38]). However, these theoretical
results provide a huge value for n0, in the order of the square
of the matrix size, and it is not practical. We have looked
for the desired relationship just by checking the powers com-
puted in Step 3, with K = 50.

C. COMPUTATIONAL RESULTS
In this subsection we present the details of the implementa-
tion in C programming language of the algorithms and the
results we have obtained. As we said before, for each m the

number Cm of correct words is of the order of 4m, which is
the number of all words of length m that can be done with 4
letters. The first step in both algorithms is the computation of
correct words, having a computational complexity of O(4m).
Due to the small values of m considered, this computing
time is not relevant. The second step is the computation of
the matrix A(G), whose size Cm grows exponentially with
m so, this step is O((Cm)2). Moreover, this computation has
plenty of control flow instructions therefore, it can take better
advantage of CPU architecture than GPU architecture.

In Table 1 we quote the matrix sizes for 2 ≤ m ≤ 11,
the memory requirements and the computing time of such
matrices ifm ≤ 9. In casesm = 10 and 11, we have estimated
the memory requirements to store each matrix bearing in
mind the matrix sizes and that each entry is an int data
(4 bytes). An Intel(R) Xeon(R) CPU E5-2650 0 @ 2.00GHz
with 8 cores (16 threads) and 64 GB of RAM has been used
to compute the matrices in both algorithms.

TABLE 1. Matrix sizes, memory requirements and GPU running time of
matrix computation line 2 in Algorithm 1 and Algorithm 2.

Regarding the third step in both algorithms, the complexity
of the matrix multiplication operation is O((Cm)3) so, it con-
sumes most of the running time of both algorithms and it is
computedK times to get A(G)K . The (min,+) matrix product
consists of a modification of the usual product that keeps the
complexity.

To explore the computational requirements of these oper-
ations, we have carried out some examples of matrix mul-
tiplication by computing one product with an OpenMP CPU
implementation (same CPU as before) by using 16 number of
threads. In the largest case m = 9, the matrix A(G) has a size
of 21909 and the computation of just one (min,+) product
takes 7 hours and 30 minutes.

Due to the long running time, we have used a GPU to accel-
erate the matrix powers computation in both algorithms. Such
powers have been carried out by a modification of the rou-
tine MatrixMul, available in the NVIDIA CUDA TOOLKIT
11 [30] and described in the CUDA C Programming Guide
(see [31], Chapter 3), to adapt it to the (min,+) multipli-
cation. We call this new routine CuMatrixTrop. Such code
takes advantage of shared memory to optimize the memory
access. We have adapted the kernel code by changing the
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usual operations in the matrix multiplication: the mapping
operation, which is the multiplication, is replaced by the
addition and the reduction operation, which is the addition,
is replaced by the minimum.

We have used a CUDA block size 32 × 32 and a padding
matrix approach to optimize the performance of CuMatrix-
Trop. The padding consists of filling the matrix with addi-
tional rows and columns of the neutral element, i.e. infinite,
until the matrix size is a multiple of 32. These strategies
give an efficient exploitation of the GPU, which we have
analyzed with the NVIDIA profiling tool nvprof. In all cases,
the achieved occupancy, the global memory load/store effi-
ciency and the warp execution efficiency are near to 100%.
The shared memory efficiency is 66% due to the lower paral-
lelism of the reduction operation.

As we said before, we have run Algorithm 2 with K = 50
and this is enough in cases 2 ≤ m ≤ 9, for which the
algorithm returns the integers n0, α and β. We have used an
NVIDIA Tesla K80 GPU, with 12GB of memory, 13 multi-
processors with 192 cores in each multiprocessor (2496 cores
CUDA) and shared memory of 49152 bytes, to compute
A(G)k with k ≤ 50. In Table 2 we show the results for
2 ≤ m ≤ 9.

TABLE 2. Running times on K80 GPU to compute the matrix powers in
Algorithm 2.

Note that it is necessary to save every matrix A(G)k with
2 ≤ k ≤ 50, in order to complete steps 4 to 8 in Algorithm 2.
We have evaluated the profiling of the A(G)50 computation
based on CuMatrixTrop in terms of GPU running time, disk
storage time and CPU-GPU communications. The results are
shown in Table 3.

TABLE 3. Profiling results of computing A(G)50 in Algorithm 2.

The disk storage needed in the algorithm consumes a rele-
vant amount of resources. The disk storage is carried out on a
Network File System (NFS) that slows down with the heavy

network traffic due to the communication of large matrices.
So, this is a bottleneck in our experimental environment.
However, the penalties due to the CPU-GPU communications
are not significant so, the overload due to GPU exploitation
has a negligible impact on performance.

Finally, we have solved the finite difference equations
provided by Proposition 8, for 2 ≤ m ≤9, with the parameters
shown in Table 2 and boundary values (that is, the cases
n0 ≤ n ≤ n0 + (α − 1)) computed with Algorithm 1.
The remaining values (cases 3 ≤ n < n0), have also been

computed with Algorithm 1. We just show the final formula
for m = 7, 8,9 which are the new cases, for m ≤ 6 we have
obtained the same results as [33].

γR(P7� Cn) =


⌈16n

5

⌉
if n ≡ 0 (mod 5)⌈16n

5

⌉
+ 1 otherwise

γR(P8� Cn) =



⌈18n
5

⌉
if n ≡ 0 (mod 5)⌈18n

5

⌉
+ 1 if n ≡ 2, 3, 4 (mod 5),

or n = 6⌈18n
5

⌉
+ 2 otherwise

γR(P9� Cn) =

{
4n if n ≡ 0 (mod 5)
4n+ 2 otherwise

V. A LOWER BOUND OF γR (Pm� Cn) AND THE
COMPUTATION OF γR (Pm� C5k )
As we have said before, the size of the matrix is a decisive
factor when running Algorithm 1 and Algorithm 2, andmatri-
ces for values m ≥ 10 are too big to allocate two of them in
the GPU memory, to perform the matrix product operation.
So we have developed a different approach that we show in
this section. We have adapted both algorithms to compute
the loss of a Roman dominating function in a cylinder. The
loss, originally called wasted domination in [13], has been
used to study several domination parameters in the Cartesian
product of two paths (see [11], [36]). We follow these ideas to
compute a lower bound of the Roman domination number for
cylinders of large size and with a small computational cost.
Although this bound is not tight in general, it provides the
exact value when n ≡ 0 (mod 5).
We would also like to point out that both versions of the

algorithms are complementary. The computation of small
cases is needed to conjecture the lower bound, that will later
be confirmed by the modified algorithm. Moreover, this sec-
ond version covers, at least with a lower bound, those cases
that are not within the scope of the original algorithm.

Our conjecture for the lower bound of the Roman domi-
nation number in cylinder Pm� Cn comes from the regular
pattern followed by values of α, β in Table 2 for 4 ≤ m ≤ 9,
that is α = 5 and β = 2(m+ 1). Assuming that such pattern
remains the same for larger values of m, we conjecture that⌈ 2(m+1)n

5

⌉
≤ γR(Pm� Cn).
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Definition 9: Let f be a Roman dominating function of
Pm� Cn,m ≥ 10, with weight f (Pm� Cn). We define the
loss of f as L(f ) = 5

2 (f (Pm� Cn)) − mn and we denote the
minimum loss of a Roman dominating function in Pm� Cn
by L(m, n).

The following lemma is the key result to obtain our
lower bound and its proof follows the techniques shown in
Section IV, with the needed modifications. This proof is quite
long and we present it in Appendix, in order to make this
section easier to follow.
Lemma 10: L(m, n) ≥ n, for m, n ≥ 10.
We can now present the announced result with a general

lower bound of the Roman domination number in cylinders.
Theorem 11:

⌈ 2(m+1)n
5

⌉
≤ γR(Pm� Cn), for m, n ≥ 10.

Proof: L(m, n) = minf L(f ) = minf ( 52 (f (Pm� Cn)) −
mn) = 5

2γR(Pm� Cn) − mn. This gives that γR(Pm� Cn) =
2
5 (mn + L(m, n)). Finally, from Lemma 10, γR(Pm� Cn) =
2
5 (mn + L(m, n)) ≥ 2

5 (mn + n) = 2(m+1)n
5 . Therefore⌈ 2(m+1)n

5

⌉
≤ γR(Pm� Cn), as desired. �

This bound provides the exact value if n ≡ 0 (mod 5).
Corollary 12: If m, n ≥10 and n ≡ 0 (mod 5), then

γR(Pm� Cn) =
2(m+1)n

5 ·

Proof: In Figure 2 we show a Roman dominating func-
tion f in P10� C10: black vertices have image 2, grey ones
have image 1 and white ones have image 0. This regular
construction can be repeated in any cylinder with m, n ≥10
and n ≡ 0 (mod 5) and it has n

5 black vertices in each row
and n

5 grey vertices in the first and the last rows. Therefore,
its weight is f (Pm� Cn) = 2m n

5 +2 n5 =
2(m+1)n

5 . This means
that γR(Pm�Cn) ≤

2(m+1)n
5 and Theorem 11 gives the desired

equality. �

FIGURE 2. Roman domination in P10� C10.

Remark 13: The corollary above and the cases computed
in Section IV and in [34] give that γR(Pm� Cn) =

2(m+1)n
5

if m, n ≥ 4 and n ≡ 0 (mod 5). Meanwhile, the Roman
domination number is smaller if m = 2, 3.

VI. CONCLUSION
Algorithms 1 and 2 provide the exact value of γR(Pm� Cn)
where m is fixed and their high computational requirements

restrict the maximum value of m for which the algorithms
are useful. In this work we have computed γR(Pm� Cn) for
m = 7, 8, 9 according to the available platforms and these
results could be extended by using more powerful platforms.
Additionally, we have computed the Roman domination num-
ber of cylinders Pm� Cn in cases m ≥ 10, n ≡ 0 (mod 5),
expanding the family of such graphs whose Roman domina-
tion number is known. We have also provided a lower bound
of this parameter if m ≥ 10 and n 6≡ 0 (mod 5). We have
implemented algorithms that allow to compute the exact val-
ues for selected cases and the general lower bound, by using
the (min,+) powers of large matrices in GPU platforms.

Our technique involves the computation of the loss of
Roman dominating sets. Computing the loss has provided
the exact values of several domination parameters in the
Cartesian product of two paths (see [11], [36]). We have
applied similar techniques to the Roman domination number
in cylinders and we have obtained the exact values only in
some cases, but a lower bound in other ones. This different
behaviour is due to several reasons. On the one hand, this
technique computes the loss located at the border of the
graph. Therefore, in the cylinderPm�Cn just upper and lower
borders play a role, showing information about the loss that
depends on the parameter n but avoiding what depends on m.
However, in Pm� Pn the loss depending on both m and n can
be computed by using the four borders.

On the other hand, we think that the formula for the general
case will depend on the parity of n (mod 5). Meanwhile,
the Cartesian product of two paths presents a unique formula
for big enoughm and n. It is likely that a technique other than
the computation of the loss will be necessary to completely
solve this problem.

Moreover, it would be interesting to compute the exact val-
ues in additional small cases, in order to conjecture formulas
for any value of both m and n.

APPENDIX
PROOF OF LEMMA 10
Our strategy to prove this lemma is similar to [13], so we are
going to compute the loss just in both borders of the cylinder.

Denote V (Pm) = {u1, u2, . . . um}, V (Cn) = {v1, v2, . . . vm}
and consider the following partition of V (Pm� Cn): V1 =
{(ui, vj) : 1 ≤ i ≤ 4 and 1 ≤ j ≤ n}, V2 = {(ui, vj) : 5 ≤
i ≤ m − 4 and 1 ≤ j ≤ n} and V3 = {(ui, vj) : m − 3 ≤
i ≤ m and 1 ≤ j ≤ n} (see Figure 3). We call Gi the
subgraph of Pm� Cn induced by the vertex set Vi, so G1 and
G3 are both isomorphic to the cylinder P4� Cn. Meanwhile,
G2 is isomorphic to Pm−8� Cn. If f is a Roman dominating
function, we denote by fi = f |Vi , the restriction of f to the
set Vi. Note that f (Pm� Cn) = f1(G1)+ f2(G2)+ f3(G3) (the
functions fi are not necessarily Roman dominating functions,
but the concept of weight can obviously be extended to
them).

For i = 1, 2, 3 we denote Di = (S1 ∩ Vi) ∪ N [(S2 ∩ Vi)],
which is the set of vertices dominated by (S1 ∪ S2)∩Vi. Note
that the closed neighborhood is N [(S2 ∩Vi)] computed in the
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FIGURE 3. Partition of V (Pm� Cn), m, n ≥10.

cylinder Pm� Cn, so it is not necessarily contained in Vi, and

|Di| ≤ |(S1 ∩ Vi)| + 5|(S2 ∩ Vi)| (1)

Moreover, it is clear that D1 ∪D2 ∪D3 = V (Pm� Cn) and
D1,D2,D3 are not necessarily disjoint.

Using this notation, we can rewrite the loss of a Roman
dominating function as follows:
L(f ) = 5

2 f (Pm� Cn)−mn = 5
2 (f1(G1)+ f2(G2)+ f3(G3))−

|D1 ∪ D2 ∪ D3| ≥ ( 52 f1(G1) − |D1|) + ( 52 f2(G2) − |D2|) +
( 52 f3(G3)− |D3|) ≥ ( 52 f1(G1)− |D1|)+ ( 52 f3(G3)− |D3|).
The first inequality comes from the sets Di not being

necessarily disjoint and the second one comes from the fact
that each term of the sum is positive or zero, by using the
inequality shown in Equation 1:

5
2
fi(Gi)− |Di|

=
5
2
(|S1 ∩ Vi| + 2|S2 ∩ Vi|)− |Di|

≥
5
2
(|S1 ∩ Vi| + 2|S2 ∩ Vi|)− (|S1 ∩ Vi| + 5|S2 ∩ Vi|)

=
3
2
|S1 ∩ Vi|.

In fact, we expect |S1 ∩ V2| to be zero or close to zero in
optimal cases, and this is why we discard the second term of
the sum.

Vertex sets V1 and V3 play a similar role, so we will focus
onV1. The function f1 satisfies that every vertex v ∈ V1, not in
row number four, with f1(v) = 0 is adjacent to at least a vertex
w satisfying f1(w) = 2. Meanwhile, vertices in the fourth row
do not need to be dominated by vertices in V1. This leads us
to the following definition:
Definition 14: Consider P4� Cn as the subgraph consist-

ing of the fourth top (or bottom) rows of Pm� Cn,m ≥
10. An almost Roman dominating function on P4� Cn is
g : V (P4� Cn) → {0, 1, 2} such that every vertex v, not
in the fourth row, with f (v) = 0 is adjacent to at least a
vertex w satisfying f (w) = 2. We denote by Rgi = {v ∈
V (P4� Cn) : g(v) = i} (we will omit g if no confusion is
possible).

The set of dominated vertices of an almost Roman dom-
inating function is D(g) = R1 ∪ N [R2], where the closed

neighborhood is computed in Pm� Cn. The loss of an almost
dominating function is La(g) = 5

2g(P4� Cn) − |D(g)| and
the minimum loss of an almost Roman dominating function
is La(n) = ming La(g) = ming( 52g(P4� Cn)− |D(g)|).

With this notation, the relationship between the loss of a
Roman dominating function of Pm� Cn and the loss in the
borders of the cylinder is as follows:
L(f ) ≥ ( 52 f1(G1) − |D1|) + ( 52 f3(G3) − |D3|) ≥

2La(n), therefore the minimum loss satisfies L(m, n) ≥
2La(n) = ming(5g(P4� Cn) − 2|D(g)|). We now modify
Algorithm 1 and Algorithm 2, in order to compute the value
of ming(5g(P4� Cn)− 2|D(g)|).
We keep the definition of correct words, words of length 4

in the alphabet {a, b, c, d} not containing ac, ca, ab, ba, bb
and we need to modify the conditions for a word p =
(p1, p2, p3, p4) to follow another word q = (q1, q2, q3, q4).
First and intermediate row conditions are the same, but the
fourth row, which is the last one in this case, behaves in a
different way:

1) conditions for the first row: the same as before
2) conditions for the intermediate rows 2 ≤ i ≤ 3: the

same as before
3) conditions for the last row (fourth row):

• if q4 = a, then p4 = a or p4 = c
• if q4 = b, then

(
p4 = c and p3 = a

)
or p3 = d

• if q4 = c, then p4 = a or p4 = b or
(
p4 =

c and p3 = a
)
or p4 = d

• if q4 = d , then p4 = a or p4 = b or
(
p4 =

c and p3 = a
)
or p4 = d

Just conditions in case q4 = d are new, because vertices in
the fourth row do not need to be dominated. Therefore, in this
case p4 = a is possible but not compulsory and other labels
for p4 are suitable.
Every almost Roman dominating function is uniquely iden-

tifiedwith an ordered list of correct words such that eachword
can follow the previous one and the first word can follow the
last one.

The directed graph G is defined as before: vertices
are the correct words and there is an arc from q to p
if p can follow q. We need an appropriate labeling `

of the arcs such that, `(Q) = 5g(P4� Cn) − 2|D(g)|,
for Q = (p1 p2) . . . (pn−1pn)(pnp1) a closed path in G
and g the almost Roman dominating function represented
by Q.
For an arc (qp), we define `(q,p) = 10p(a) + 5p(b) −

2nd(q,p), where p(a) is the number of a′s of p, p(b) is the
number of b′s of p and nd(q,p) is the number of newly
dominated vertices (see [13]). That is, the number of vertices
dominated by p which are not dominated by q, when q,p
are consecutive columns of an almost Roman dominating
function. We compute such number with Algorithm 3.

Note that the computational complexity of Algorithm 3 is
of the order of the square of the number of correct words,
so it does not increase the complexity of the computation of
the matrix A(G).
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Algorithm 3 Computation of nd(q,p)
Require: q,p correct words such that p can follow q
Ensure: nd(q,p)
1: nd(q,p) = 0
2: for i = 1 to 4 do
3: switch (qi, pi)
4: case qi = a and pi = a :
5: nd(q,p) = nd(q,p)+ 1
6: case qi = b and pi = c :
7: nd(q,p) = nd(q,p)+ 1
8: case qi = c and pi = a :
9: nd(q,p) = nd(q,p)+ 2
10: case qi = c, d and pi = b, c :
11: nd(q,p) = nd(q,p)+ 1
12: case qi = d and pi = a :
13: nd(q,p) = nd(q,p)+ 3
14: end switch
15: end for
16: if p4 = a then
17: nd(q,p) = nd(q,p)+ 1
18: end if
19: return nd(q,p)

If g is the almost dominating function represented by
the closed path Q = (p1 p2)(p2 p3) . . . (pn−1pn)(pnp1)
then

(∑n−1
i=1 nd(pi,pi+1)

)
+ nd(pnp1) = |D(g)|, the num-

ber of vertices dominated by g. Therefore, we obtain that
`(Q) =

(∑n−1
i=1 `(pipi+1)

)
+`(pnp1) =

(∑n−1
i=1 10pi+1(a)+

5pi+1(b)−2nd(pi,pi+1)
)
+10p1(a)+5p1(b)−2nd(pn,p1) =

10
∑n

i=1 pi(a) + 5
∑n

i=1 pi(b) − 2
((∑n−1

i=1 nd(pi,pi+1)
)
+

nd(pnp1)
)
= 5g(P4� Cn)− 2|D(g)|,

The construction of matrix A(G) is as follows:

A(G)qp =

{
`(q,p) if (qp) is an arc of G,
∞ otherwise.

Algorithm 2 for m = 4, using the new rules for construc-
tion of the matrix A(G), gives n0 = 30, a = 1, b = 1.
This means 2La(n) = ming(5g(P4� Cn)− 2|D(g)|) satisfies
the finite difference equation 2La(n + 1) − 2La(n) = 1,
for n ≥ 30. Moreover, by using Algorithm 1 (again with
the new matrix A(G)), we have obtained 2La(n) = n, for
10≤ n ≤ 30. This gives 2La(n) = n, for n ≥10, and finally,
L(m, n) ≥ 2La(n) = n, for m, n ≥10, as desired.
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