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ABSTRACT Connecting two PMSMs in parallel to a 2-level 3-leg inverter gives a way to build up a
high power-density driving system using existing electronic devices. But this type of system has a nature
of nonlinearity that creates an obstacle in high performance control and the original system cannot be
feedback-linearized directly. This article presents a reduced-order feedback-linearization method. In the first
place, an extra order-reducing step that separates the system as a main system and an auxiliary system is
applied. Then a feedback-linearization method is applied to the reduced-order system. With these effort,
the original system can be converted into a linear time-invariant system bringing the controller design
problem into the linear domain. In the last step, a linear robust state-feedback controller is used to achieve
the speed control as well as compensate the unmeasurable external load torque. An extensive experiment
is given to verify the feasibility and good performance in a highly unbalanced load torque situation of the

designed controller.

INDEX TERMS Parallel PMSM, robust control, feedback-linearization.

I. INTRODUCTION

For decades, the demand for reducing components in an
electric traction or servo system is always a pursuit. Among
various ideas, sharing architecture in a multi-machine system
becomes popular, as its hardware structure can usually be
constructed without difficulty and the working scheme is eas-
ily understood. Meanwhile, it can improve the performance in
promoting the power density of a servo system greatly.

With the popularity of Permanent Magnet Synchronous
Machine (PMSM), this concept is also inherited and flour-
ished by researchers. Fig. 1 shows the structure of the
Mono-Inverter Dual-PMSM system (MIDPMSM) in which
two PMSMs connected in parallel are driven by a single
2-level 3-leg inverter simultaneously. On the one hand,
the advantage of the system is obvious in that little modi-
fication is needed for existing devices. On the other hand,
the control problem of this system, however, is more compli-
cated compared with a multi-induction machine (IM) system
in which the IM’s torque is proportional to its slip-speed so
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FIGURE 1. 2 PMSMs connect to a single 2-level 3-leg inverter.

that its stability can be easily kept. Indeed, for a MIDPMSM
system, these machines share the same speed and position in
steady-state, while they must be subjected to different load
torques. Designing a torque controller for the MIDPMSM
system such that both machines are stable and control objec-
tives can be realized is a challenging task.

Most of the PMSM controllers are designed in d-q frame
which is aligned with the rotor flux, while they share the same
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voltage. The controller designing problem for MIDPMSM
system is much more complex than a single-PMSM system
due to the non-linearity and coupling created by the coor-
dinate transition between two machines. Some researchers
[1]-[4] have proposed to use the average value of the
speed, position and current of the two machines so that the
non-linearity and coupling are eliminated. On the other hand,
some researchers [5]—[7] treat parallel-connected machines
as two independent machines. Each machine is assigned
a speed/torque controller then the output of the two con-
trollers is taken average. A more advanced “mean and dif-
ference” technique [8]-[10] which can improve the transient
performance is also given. The average method is easy to
understand but, in fact, this type of controller is an approx-
imation to the MIDPMSM system. It has a limitation that it
works only when the load torque difference between the two
machines is small [1]. The estimation error of the machine
state increases with the electrical angle difference between
the two machines.

Besides, the “master-slave” technique [11]-[15] tends to
control only one of the two machines so that its stability
problem is resolved. At each control instant, the more loaded
machine is selected as the controlled plant, and the other
one is in open-loop structure without being controlled. The
coordinate transition is no longer needed. This type of control
scheme can preserve the system stability even if the sys-
tem is with a large torque difference, but it loses the abil-
ity to regulate some dynamic performance to the open-loop
machine [1]. The open-loop machine has a risk of unstable
if the machine is under damped [16]. A machine equipped
with damping winding has to be used to guarantee the
stability [17].

From the summary above, we find that the nonlinear nature
make the controller design a difficult and complex task. The
“master-slave” technique avoided the difficulty by only con-
trolling the more loaded machine, but it results in low perfor-
mance and risk of unstable. At the current stage, independent
torque closed-loop control of the MIDPMSM system is still
not achieved.

In this article, we plan to solve the problem in view of a
state-space approach. In the first place, by constructing an
equivalent linear time-invariant model, the controller design-
ing problem can be transferred from non-linear domain to
LTI domain as both machines’ torque control is fully decou-
pled. But the original system cannot be feedback-linearized
directly. We apply an extra order-reducing step that sepa-
rates the system as a main system and an auxiliary sys-
tem. Then, the feedback-linearization method is applied to
the reduced-order system. In the last step, a linear robust
state-feedback controller is used to achieve the speed tracking
control as well as compensate the unmeasurable external
load torque. With these effort, the difficulty of controller
design is significantly decreased and it enables the design of
independent torque closed-loop controller. The experiment
shows the feasibility and performance of the designed con-
troller. A comparison to the "master-slave" strategy is also
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TABLE 1. Symbols of PMSM.

Symbols | Descriptions

Va,Vq Stator Voltage.

14,14 Stator Current.

Ls Stator windings inductance.
er Permanent magnets flux.
Rs Stator resistance.

We Rotor electrical speed.

0 Rotor electrical Angle.

J Rotor initial moment.

f Rolling friction coefficient.

given to show the controller’s ability to avoid an unstable
situation.

Il. LTI MODEL OF A MIDPMSM SYSTEM

A. STATE-SPACE MODEL OF A MIDPMSM SYSTEM

The state-space model of a MIDPMSM system has to be set
up before proceeding to the analysis because the controller
will be designed in view of state-space model. In this model,
a non-salient pole PMSM is considered. This assumption
means the sinusoidal electromotive force, the negligible mag-
netic losses, the cogging torque and the magnetic circuit
all operate in the linear region. The state-space model of
machine 1 (M) in d-q frame can be expressed as

dlg R; Vai
— = —— 11 + we1141 +
dr L dl T Wellgl L,
dly R Vgl ¢rwel
i L} SORE S _
dt I gl — Welldl L L
dw, _ Ngﬁoflql — f1wel
dr Ji
do;
— = W1, 1
dr el ( )

The symbols in (1) is defined in TABLE. 1. The electrical
torque is then given by

T, = Nporly. (2)

For simplicity, we only consider the rolling friction of
the mechanical part [18]. For machine 2 (M), V4, must
be mapped into its coordinate since there is electrical angle
displacement between two machines. Define 6; = 6, — 61,
where 6; and 6, correspond to the electrical angle of each
machine. The corresponding model of M; is

dclz% = —IZ—dez + wetlp + cos@dVLisl + singd‘z_qsl

dcli_ctlz - _]Lij 72— Wellg2—sinby ‘Zl +cosby ‘Zl _ ﬁf’,fZez
don _ Njorlp — hoa

d 7

do,

@ Ye 5

The state space model of the MIDPMSM system can be
obtained through merging (1) and (3). The output function is
defined as the speed of the two machines to achieve speed
tracking control. 6; must be used to manipulate the system
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efficiency [14]. The state variables 6; and 6, are changed
to 6 so that the number of states is reduced. The result-
ing state-space model of the MIDPMSM system is shown
in (5). All parameters (Ry, L, ¢),) are thought to be identical
between two machines at current stage. (5) is actually an
affine non-linear system in form of (4)—(8), as shown at the
bottom of the page.

B. ORDER REDUCING OF THE MODEL

Next, we are going to develop a state feedback controller
by two steps. In the first step, a state feedback controller is
designed such that the close-loop system under the controller

is a linear system. That is, we try to make the so-called
state-feedback linearization procedure for the affine nonlin-
ear system first. And then, for the feedback linearization
system, a further controller is designed to reach the control
goal.

As we all know, an affine nonlinear system can achieve
full-state linearization by a state feedback controller if and
only if the relative degree of the system equals to the dimen-
sion of the system [19]. Unfortunately, the relative degree
of (5) is strictly less than 7, the dimension of the system.
Therefore, we have to do some preparation before proceeding
to the state feedback linearization procedure.

x(@) =f@x@®)+g&@®)u)+Nd @)

y(@) = h(x@). 4
rdli — R -
—_— 5 — —
dt — 7l walg 1 0
)
dl_ql R; Wel QF Ls
dr —wetly1 — —1Iy1 — 1 - -
L L 0 — 0 O
dl . .LS 0 0
d —L—Id2+a)e21q2 cosfy  sinfy o oll_ N, T
dlp * R We2 Pf L Ly Vai 0 0 Ji
| T —we2ldn — L—Slqz— L, + _sinQd cosy Vg1 + 1 0 _Nple
dwel Ng(ﬂflql — fiwel Ly L 0 1 J2
_— 0 0
dt 7 0 0
dwen 2 ! L -
Y Nyorlp — frwer 0 0
. _pr4 JeTes
dby S 0 0
— L We2 — Wel _ -
-dt
V1 Wel
= 5
[y2_ _we2i| )
dl_ql B s oF T
—= 0 =2 0 0
i L L
22 o B0 & ol 10
dt L L I 01
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— 0 0 —1 1 0
L dr | = -
0 O
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+l1 o ! 6)
N, T
0 O 2
rdlsgn] [ R 0
dt Ly i +i 1 0 | Var|  [@elq )
dla» 0 _& VA Ly | cosOq  sinfg | | Vg1 wealyg2 |’
L dr L Ls
dly1 r Ry cosby 1 cosO, 1
—_— —— —k— Wel kwer— — i
dt Ly sinby sinby Ia1 4 | sinfa sinfg |y wellg1 )
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The controller structure of a MIDPMSM system must be
designed respect to the system constraints [14]. Among the
unconstrained variable, 6; must be selected as constrained
variable and used to regulate the efficiency of the system.
Thus, 1;1 and 12 become dependent variables, which means
that we do not need to control them directly.Based on these
considerations, (5) can be separated into two coupling system,
respectively (6) and (7), that contains independent variable
and dependent variables. The coupling term respect to ;1
and /> in (6) can be regarded as disturbance caused by (7).
As they are measurable, the coupling term can be cancelled
easily.

C. STATE-FEEDBACK LINEARIZATION
Next, we will focus on (6). It has a standard state-space form

Xr =Ax, +B(y (xy)u —w) +N,d. ©))

y (x,) is actually an invertible matrix when 6; # 0 or =,
whose inverse matrix is

cosby 1
B (xy) = Ls | sinfy sinfy |- (10)
1 0

It is a standard feedback linearization system whose non-
linearity can be canceled by defining the control input as

u=p () (uy + uy), (1D

where u,, is the new control input, u,, is used to cancel the
coupling terms w, which can be defined as

D. SUBSYSTEM STABILITY CONSIDERATION

Normally, k = 1 should be considered such that the term
(k — 1) win (13) is totally cancelled. However, if we applied
the controller (11) and (12) to the closed-loop system (7),
which is shown in (8). Its stability depends on k, therefore,
one of the major considerations in our design is that determin-
ing a proper gain k such the closed-loop system (8) is stable
meanwhile the inference of the w to the system (13) being
trivial. We deal with this issue as follows.

The characteristic polynomial of (8) can be computed as

M +br+c=0, (14)

where (15)-(18), as shown at the bottom of the page, The
gain k is used to regulate the compensation part so that the
subsystem (8) is stable in all condition. Its constraints can be
obtained through discussing the solution of the characteristic
polynomial (14). The subsystem is stable if and only if the
two eigenvalues have negative real parts, and it is equivalent
to (16). It is easy to verify that when w,; = w,2, which means
the system is in steady-state, (16) is always satisfied so that
the subsystem (8) is consequently stable. When w,1 # we2,
which happens in a transient situation, the selection criteria
of k can be given by solving the inequality (16). For the first
inequality in (16), the result is

2Rs sin 6y
ke Ly c0s04(wel —we2)”
(0, 1],

1:|, Wel 7’é We2

We] = We2-

19)

The results of the second inequality in (16) are shown
in (17), k must be regulated respect to the constraints (19) and
(17) in order to keep the stability of the subsystem (7).

Based on (11), (19) and (17). After this step, the coupling

u, =kw, kel0,1]. (12) term w is asymptotically stable under all conditions, there-
fore, the closed-loop system (13) turns out to be
The closed-loop system (9) under controller (11) and (12) is X, = Ax, + Buy + Npd . (20)
Xr =Axr + By + (k —1)w) + Nyd. (13) by ignoring the trivial inference of the (k — 1) w to it.
R cos6,
b=2—+k—— (wel — ®e2), (15)
Lg sinfy
R 0,
M= —b=-27 k" () — we) <0
Ly sinfy (16)
R, 2 R, cosO, 2
Mrr=c=|— ) — 77— k(Wel +we2) + k“we1we2 > 0
Ly L sinf;
1 R, cosb, R, cosb, sinfy 2
k < = ; (Wel — we2) — = ; (we1 — weZ)2 - dwe1we2
2weiwen \ Ly sinby L sin6, \ cosOy
(17)
1 R, cosb, R, cosb, ) sinfy 2
k — - — — — 4
~ 2we1wen \ Ly sinby (el = @e2) + L sinf; (@e1 = @e2) cos6y Wel®e2
Ry\> Ry cost
c=(72) + 2ok (e — we) + K werwen. (18)
L Ly sinf;
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FIGURE 2. Proposed controller scheme.
1. CONTROLLER DESIGN and
A. ROBUST REGULATOR DESIGN p
Atthis stage, the controller design problem of the MIDPMSM D= 0 0 1 K % ) (26)
system has been brought into the LTI system domain. 0o 0 O 1 K,!

The objective of the controller is to control the speed
(we1, we2) and 6, such that they are able to track the reference
inputs of (@, ®},) and 6] robustly against to the external
non-measurable disturbance d consisting of external load
signals T and Tj;. Meanwhile, we assume that the reference
signal (w,1,we2,04) and the external load signal (7}, Tj2) are
unknown amplitude step signals.

The reference signal and the external load signal can be
seen as disturbance to the system. For the purpose of unifying

the external disturbance, we rewrite (20) as:

X, = Ax, + Bu, + Nn, (21)
where

n=[Tn Ton o} o} QJ]T (22)

0O 0 0 0 O

0O 0 0 0 O
N=|1 0 0 0 O (23)

0O 1 0 0 O

0O 0 0 0 O

w; and 6] indicate the reference signals of w,1, we>
and 6y, respectively. Both machines are given the same speed
reference.

B. ERROR SIGNAL DEFINITION
If we define error signal as

e = Cx, + Dn, (24)
where
C— 0 O 1 K, 09d 25)
0 O 0 —1 -K,
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The control of 6, is indirectly implemented by regulating
w3, w}, with a proportional controller (Kgd is the gain). The
control scheme is shown in Fig. 3.
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FIGURE 3. Proposed ¢4 controller scheme.

The goal is designing the controller u, such that the
closed-loop system is stable and moreover,

t@&dﬂ=0 27

can be reached in steady-state and consequently the load
torque disturbance can be compensated. In order to achieve
this goal, an integrator is introduced into the error signal to
make the system robust, which is

j=e. (28)
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TABLE 2. Parameters of the experiment machine.

Symbol | Description Value

Vie Voltage of the DC bus 24V

I Nominal Current 1.8A

Py Nominal Power 32W

fdec Current Control frequency 10 kHz

R Stator resistance 1.20Q

Ls Stator inductance 1.6 mH

er Amplitude of the flux due to the | 0.0142 V/rad
magnets

Np Number of pairs of poles 4

f1. f2 | Rolling friction coefficient 3.3 x 10~% N.m./rad

J1, J2 | Rotor initial moment 1.1 x 1076 kg- m?

sz Gain of 64 controller 5

Combining (21) and (28), the final system becomes
71 |c o ol |D
q q (29)
Xr
e=|(C O
[c o7

which can be written in a more compact form as

X =Apxy + Bru, + Ny
e = Crxg + Dn.

. i A o0
eeft] el
X, = [JZ} B, = [Ig], N = [Z] (31)

The controller u, is designed as

= —Frxp = — [Fx Fy] [);’ ] (32)

+ Dn,

(30)

where

where F,Fy, and F,; are gain matrices designed later. The
controller scheme is shown in Fig. 2.

Theorem 1: (27) can be reached in steady-state if and only
if the extended system (30) is asymptotically stable [20].

Theorem 2: The necessary and sufficient condition of the
realizability of the regulator controller for the extended sys-
tem (30) is that (30) is fully controllable.

Here we use MATLAB to verify this theorem (com-
mand “ctrb”). The result gives 7=5(dimension of x,) +
2(dimension of error). It means that the system is fully con-
trollable and the poles can be assigned with arbitrary value.

C. THE SINGULARITY POINT

When 6; = 0, the feedback linearization no longer works
as the matrix B (x) goes to infinite. In order to avoid this
situation, the sign of 6, is fixed at the current stage.

IV. EXPERIMENT VERIFICATION

An experiment test was conducted in our lab to verify the fea-
sibility and performance of the proposed controller. In the
first part, the performance of the controller, including the
speed and 8; command tracking performance is tested. Then,
the instability phenomenon of the "master-slave" strategy is
demonstrated to emphasize the advantage of the proposed

27410
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FIGURE 4. The experiment bench.

400 - Eigenvalues respect to % of nominal speed

100% $100%
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Imaginary part(rad/s)

-100 3
-200 -160 -100 -60 0

Real part(rad/s)

FIGURE 5. The eigenvalue of the machine respect to different phase
inductance.

controller. The original machines have a stator inductance
at 0.6mH. In order to demonstrate the open-loop instability,
a lmH inductor is put in series to each phase of the machines.
Fig. 5 illustrates the eigenvalue of the machine respect to
different inductance configuration. Before modifying the
inductance, the machine is always stable under the nominal
speed, which is 3000 RPM. When the inductance is changed
to 1.6mH, the machines becomes open-loop unstable when
speed is around 75% of the nominal speed. In the experiment,
we have chosen 2500 RPM as the reference speed.

Fig. 4 shows the experimental bench. There are four
machines involved in the experiment. Two of them are exper-
iment machines, and the other two are used as a controllable
torque- generator. The two torque-generators are driven by
two commercial PMSM controllers. Their torque reference
can be defined with an analog voltage input.

The experimental machine integrates an encoder with a
1000 pulse/round resolution, which equivalent to 360° x 4 +
1000 = 1.44°. The sensor sampling and the control command
loop runs at 10kHz.

A. CONTROLLER PARAMETERS
Referring to (32), the designed input has a pole placement
style. MATLAB has integrated a command ““place” to obtain
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FIGURE 6. Speed and 64 response of speed command experiment.

D-axis current response

< o} 11 g |
g -1
S
O -2+ i
-3 1 1 L
0 1 2 3 4
Time (s)

1 Q-axis current response

Current (A)

Time (s)
FIGURE 7. Current response of speed command experiment.

the state feedback matrix F7 numerically with the desired

pole, which is consequently F, and F,;. The machine param-

eter is illustrated in TABLE. 2. The poles are placed at
[—1000 — 1000 — 300 — 300 — 200 — 200 — 85].  (33)

The resulting F7, is given in (34), as shown at the bottom of

. 04 . . . . .
this page. K, is determined with experiment turning, which
is 10 in final.

B. SPEED COMMAND EXPERIMENT

Fig. 6 and Fig. 7 show the current, speed, and 6, response of
the speed command experiment. The experimental machines

Speed response

800 T :
g L w l'Um1 l"L)m2 i
g 750 m
x
< 700 oo - - e g
[0]
2650} ]
%)
600 1 1 1
0 1 2 3 4
Time (s)
ed response
30 T T T
©
o
220 sy,
[0] L Borncn i
‘_é’m -
< Gd 84
0 1 1 1
0 1 2 3 4
Time (s)

FIGURE 8. Speed and 64 response of 6; command experiment.

D-axis current response

2
< 1t | lg1 |d2| ]
g O 1
T e
O -1

0 1 2 3 4

Time (s)
Q-axis current response

Current (A)
o

Time (s)

FIGURE 9. Current response of 65 command experiment.

are firstly brought to 2000 RPM. In order to test the
transient performance, a step speed command is given to
reach 2500 RPM. After 1 seconds, it is brought back
to 1500 RPM. The results show that the controller can
track the command well. The controller has the ability
to cancel the speed error. It shall be noticed that both
machines’ torque doesn’t rise with the speed, because the
rolling friction is too small. Its increment can hardly be
recognized.

—0.0256
—0.2898

0.0122

—0.2899
—0.0002

—0.0252
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—0.0002
0.0122

—0.7789
0.4653

0.4910

—0.3842 (34)

1.7580
—1.7435
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Speed response
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Time (s)

FIGURE 10. Speed and 64 response of M; load torque experiment.

D-axis current response

Time (s)

FIGURE 11. Current response of M, load torque experiment.

C. 63 COMMAND EXPERIMENT

Fig. 8 and Fig. 9 show the current, speed, and 6, response
of the 6; command experiment.f7 is initially fixed at 10 deg,
then a step command is given. The result illustrates that the
designed proportional controller has a good effect. It has little
impact on the speed response.

D. LOAD TORQUE RESPONSE TEST

Fig. 11-Fig. 12 show the current, speed, and 6, response of
the load torque command experiment. The torque-generators
applied an external torque to M| and M> to test the response
in a highly unbalanced torque situation. These figures illus-
trate that the torque control is fully independent, when load
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Speed response
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220 N
8 ‘_f\k_' il /\\'
o hnal \r
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0 1 2 3 4
Time (s)

FIGURE 12. Speed and 64 response of M, load torque experiment.

D-axis current response

| |
d1 d2
0‘_

3 | i \
0 1 2 3 4

Time (s)
Q-axis current response

Current (A)
o

Time (s)

FIGURE 13. Current response of M, load torque experiment.

is applied to one of the machines, the other one is not
affected.

It can also be noticed that both machines’ speed is reduced
due to the applied torque, but this error is soon compen-
sated. During the torque impaction, the two machines show a
strong synchronization characteristic due to the 6, controller.
When M;’s speed is reduced, 6, is increased consequently,
which reduces }, as well. This is an important characteristic
of multi-machine driving applications [21]. The maximum
electrical angle error between the two machines is 10°.

E. START-UP EXPERIMENT

Fig. 14 and Fig. 15 show the start-up experiment of the
proposed control strategy. It can start-up both machines nor-
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FIGURE 14. Speed and 64 response of start-up experiment.

D-axis current response
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Time (s)
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w
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Current (A)
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FIGURE 15. Current response of start-up experiment.

mally. In the beginning, the encoder alignment procedure will
set 8 = 0. In the first second, the speed reference is 0 and the
64 controller comes into effect so 6; converges to 15° soon.
Then, with the increase of speed reference, both machines’
speed also increases.

From the experiment result, we can conclude that the
designed controller has archived the design objective. The
controller can track the reference signal as well as compen-
sate the disturbance caused by external load torque.

F. DEMOSTRATION OF THE INSTABILITY OF
MASTER-SLAVE

In the experiment, the current and speed of the machine is
regulated by a PI controller. A ramp shaped speed reference is
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FIGURE 17. Current response of Master-Slave instability demonstration.

given to bring the machines’ speed to 2500 RPM. The torque
generator applied a torque to machine 1 to make it always
the master machine, which makes machine 2 open-loop con-
sequently. Fig. 16 and Fig. 17 show the experiment result.
High current ripple presents as soon as machine 2 reaches
the unstable speed. This means that it has already in unstable
state. While the proposed controller in this article can well
handle the system under the same speed.

V. CONCLUSION

In this article, we have presented a two-step state-feedback
controller for the MIDPMSM system such that the two
machines are carried out in closed-loop systems for han-
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dling the highly unbalanced load torque situation. This arti-
cle proposes a new way to linearize a nonlinear system if
feedback-linearization cannot be applied directly. The major
contribution can be summarized in three aspects. First of all,
a state-space description for the MIDPMSM system is set up,
and it is an affine nonlinear system with unknown inputs.
And then, the original affine nonlinear system is linearized
through two steps: order reducing and state-feedback lin-
earization. With these two steps, the controller design prob-
lem is brought into the LTI system domain. Secondly, in the
state-feedback linearization stage, the stability of the con-
strained two-dimensional subsystem (7) is fully considered
and dealt with. Indeed, in order to keep its stability, the cal-
culation of the disturbance compensation gain k is given by
analyzing eigenvalue constraints through solving its char-
acteristic polynomial. Thirdly, based on the reduced-order
linearized system, a state feedback controller together with
an integrator is designed. In this way, both goals, closed-loop
stability and reference tracking, are reached. The experiment
also proves that an open-loop machine can have the risk of
becoming unstable when the "master-slave" method is used.
The proposed controller can avoid this situation by putting
both machines under closed-loop control.

Although the proposed controller design method has
shown its great advantages, at least one drawback of the
controller is also left. This controller can hardly handle the
singularity point of the system, which creates an obstacle.
How to overcome the drawback becomes one of our next
considerations.
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