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ABSTRACT How to determine the optimal link length parameters according to task requirements and con-
straints is a key problem in the design of anthropomorphic manipulators. Considering multiple performance
indexes such as dexterity and end stiffness, this article presents a method on how to maximally improve
the comprehensive motion performance of anthropomorphic manipulators by optimizing the link lengths.
Firstly, the joint motion ranges of human arm are obtained through analyzing the motion mechanism and
the motion forms. Then the kinematics model of manipulators with the optimal configuration is established
by using screw theory, and a comprehensive evaluation index for the motion performance is proposed by
considering the Jacobian matrix condition number, manipulability, and end stiffness. Taking the evaluation
index as the objective function, the corresponding constraints and the optimization model are established to
optimize the link lengths of manipulators with both flexibility and stiffness. Through comparative analyses,
it can be seen that the global comprehensive performance index value of the optimized anthropomorphic
manipulators increases by about 23.97%, and the motion performance is significantly improved.

INDEX TERMS Anthropomorphic manipulator, end stiffness, comprehensive motion performance,
evaluation index, link length optimization.

I. INTRODUCTION
As a great product of long-term natural evolution, human arm
can flexibly complete various complex and precise move-
ments, which are mainly resulted from its complex physi-
ological mechanisms. The mechanisms of human arm are
difficult to be described completely by precise mathemati-
cal models or structural models [1], [2]. Therefore, how to
use a reasonable structure to achieve the similar operation
function of human arm as much as possible is a key prob-
lem to be solved in the design process of anthropomorphic
manipulators. Constrained by the working environment and
the mechanical structure, the overall length of anthropo-
morphic manipulators is often limited to a certain extent,
which affects the motion performance greatly [3], [4]. On the
premise of satisfying constraints, to improve the motion per-
formance through optimizing link lengths of anthropomor-
phic manipulators has become a necessary work in the design
process.
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In order to better simulate the operation of human
arm, anthropomorphic manipulators should both have good
flexibility and ensure precise end trajectory. Therefore,
the flexibility and stiffness performance of anthropomorphic
manipulators have become the main references for the opti-
mization of the link length parameters [5]. For improving the
flexibility of anthropomorphic manipulators, some scholars
have used Jacobian matrix condition number [6]–[8] and
manipulability [9], [10] as the evaluation indexes of the link
length parameters, and studied the manipulator’s scale syn-
thesis problem with the optimal flexibility. On this basis,
Hwang and Yoon [11], Hwang et al. [12], and Lim et al.
[13] optimized the link length parameters of seven DOFs
(degrees of freedom) manipulators with genetic algorithm by
using STL (structural length index), GCI (global conditioning
index) and improved dynamic condition number as the design
indexes. In addition, Liu et al. [14] revealed the variation rule
of the reachable workspace of a manipulator with the scale
parameters and joint motion ranges, and used the reciprocal
of Jacobian matrix condition number as the performance
evaluation index to synthesize a group of optimal structural
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TABLE 1. Motion forms and motion range of human arm.

scale parameters. Mayorga et al. [15] presented a simple
index for manipulator kinematic design optimization and
best posture determination that was derived by establishing
a simple upper bound for the change rate of an isotropic
condition. Liu et al. [16] optimized the link length parameters
of a manipulator based on performance evaluation indexes
such as workspace, singularity and isotropy.

Based on stiffness performance optimization of serial
manipulators, some scholars have made relevant researches.
Ajoudani et al. [17] took the shape and size of stiffness
ellipsoid as the evaluation index of stiffness performance. The
shape and size of stiffness ellipsoid are changed by optimiz-
ing the structural parameters of manipulators, which made
the stiffness ellipsoid have the maximum component in the
direction of loading. Chen et al. [18] analyzed how to improve
the stiffness by optimizing the length and configuration of
manipulators based on the static stiffness model. A global
stiffness performance index is proposed and used as the
objective function to optimize the link lengths of a manipula-
tor. In order to improve the stiffness characteristics of a serial
milling manipulator, Zhang et al. [19] established a compre-
hensive stiffness performance optimization model based on
the kinematics model and Jacobian matrix, and optimized the
length parameters and poses of a manipulator. Jiao et al. [20]
designed a comprehensive stiffness performance evaluation
index for a six-DOF serial robot based on the static stiff-
ness model, and proposed an offline posture optimization
method. Chen et al. [21] analyzed the cartesian stiffness of
a rope-driven seven-DOF anthropomorphic manipulator and
proposed an optimization algorithm to improve the stiffness
performance of the manipulator during movement.

For the optimization design of anthropomorphic manip-
ulators’ link length parameters, most researches are only
carried out from one aspect of flexibility or stiffness perfor-
mance. If the flexibility of a manipulator in the workspace
are excessively pursued, the stiffness will be reduced to a
certain extent, which affects its motion accuracy and dynamic
characteristics. However, only the stiffness performance is
used as the evaluation index to optimize the link lengths,
which cannot guarantee the flexibility of a manipulator [22].
Therefore, in order to balance the flexibility and stiffness
performance of anthropomorphic manipulators, this article
designs a comprehensive performance evaluation index con-
sidering the Jacobian matrix condition number, manipulabil-
ity and end stiffness, and gives an optimization method for

anthropomorphic manipulators’ link lengths. The optimiza-
tion method provides theoretical basis and foundation for the
design of anthropomorphic manipulators with both flexibility
and stiffness.

The remainder of this article is organized as follows.
In section II, the motion mechanism and configuration of
human arm are analyzed. In section III, a comprehensive
evaluation index of anthropomorphic manipulators is pro-
posed. In section IV, the optimization of anthropomorphic
manipulators is completed. Finally, conclusions of the paper
are given in section V.

II. MOTION MECHANISM AND CONFIGURATION
ANALYSIS OF HUMAN ARM
A. MOTION MECHANISM ANALYSIS OF HUMAN ARM
It is necessary to analyze the motion mechanism of human
arm for the development of anthropomorphic manipulators.
In human motion anatomy, human arm consists of the shoul-
der joint, upper arm, elbow joint, forearm and wrist joint from
top to bottom, and its motion mainly comes from the motions
of joints. Human arm is usually simplified as a mechanism
of seven DOFs, including three DOFs of the shoulder joint,
one DOF of the elbow joint and three DOFs of the wrist
joint [23], [24].

The shoulder joint of human arm is a typical ball-and-
socket joint, which is the most flexible joint in human body.
Its motion forms include forward bending and backward
stretching, abduction and adduction, inward and outward
rotation. The elbow joint is a single DOF rotatory joint, which
can realize the flexion and hyperextension of human arm. The
wrist joint is composed of a radial joint and a carpal joint.
Since the two joints can move independently of each other,
the wrist joint can be regarded as consisting of a ring-axis
joint with single DOF and a condyle joint with two DOFs.
The motion forms of the wrist joint include extension and
flexion, radial flexion and ulnar flexion, anterior and posterior
rotation. The motion forms and corresponding motion ranges
of human arm can be obtained through actual measurement
and data analysis, as shown in Table 1.

B. CONFIGURATION ANALYSIS OF HUMAN ARM
The basic starting point for the development of an anthropo-
morphicmanipulator is tomake it more flexible and adaptable
in theworking environment, so as to achieve similar operating
functions and workspace as human arm. Restricted by the
mechanical structure, it is difficult to completely copy the
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FIGURE 1. Simplified kinematics model of human arm.

structure of human arm. Each joint of human arm can be
equivalent to a mechanical motion pair with the same motion
form, and then a reasonable scheme can be selected for the
design according to the specific configuration. At present, the
configuration with seven DOFs is mostly adopted with three
serial rotatory joints for the shoulder joint, one rotatory joint
for the elbow joint, and three serial rotatory joints for the wrist
joint. The structure model is shown in FIGURE 1, where L1
and L2 respectively represent the lengths of the upper arm and
the forearm.

For the seven DOFs human arm structure, there are dif-
ferent configurations of anthropomorphic manipulators with
different joint settings, among which the one shown in
FIGURE 2 is regarded as the optimal one. Compared with the
most widely used manipulator configuration with 6 DOFs,
this configuration adds a rotary joint 3 along the common
normal direction of the two parallel axes between joints
2 and 4 [25].

III. PERFORMANCE EVALUATION INDEXES OF
ANTHROPOMORPHIC MANIPULATORS
The anthropomorphic manipulators with seven DOFs can not
only eliminate the singular configuration in the workspace,
but also avoid joint limits and space obstacles flexibly, so as
to realize the operation posture and functions of human
arm. After determining the configuration, evaluating and
optimizing the link length parameters combined with task
requirements is a key step in the design process of anthropo-
morphic manipulators. This article proposes a comprehensive
evaluation index considering Jacobian matrix condition num-
ber, manipulability and stiffness performance, and completes
the link length parameters optimization of anthropomorphic
manipulators with seven DOFs.

A. FORWARD KINEMATICS MODELING OF
ANTHROPOMORPHIC MANIPULATORS
For the anthropomorphic manipulators’ configuration shown
in FIGURE 2, the link lengths are assumed to be l1, l2, l3,
l4, l5, l6, l7, as shown in FIGURE 3, where, d1 = l1 + l2,
d2 = l3 + l4, d3 = l5 + l6 and d4 = l7.
The kinematicsmodel of the anthropomorphicmanipulator

is established using screw theory. First, establish the base

FIGURE 2. An optimal configuration of anthropomorphic manipulator.

FIGURE 3. Link parameters of anthropomorphic manipulator.

FIGURE 4. Screw coordinates of anthropomorphic manipulator.

coordinate systemOs−XsYsZs and the end coordinate system
Ot − XtYtZt , as shown in FIGURE 4, where ωi is the unit
vector of the rotation axis corresponding to joint i.

The homogeneous matrix of the initial pose of the
manipulator is obtained as

gst (0)=
[
Rst (0) Pst (0)
0 1

]
=


1 0 0 0
0 1 0 0
0 0 1 d1 + d2 + d3 + d4
0 0 0 1

 (1)

The unit vector of rotation axis corresponding to joint i
is ωi = (ωix , ωiy, ωiz)T and the position vector is qi =
(qix , qiy, qiz)T , then the corresponding motion screw coordi-
nate ξ i can be expressed as

ξ i =

[
vi
ωi

]
=

[
−ωi × qi
ωi

]
∈ R6×1, (i = 1, 2 · · · 7) (2)

The motion screw coordinate ξ i of each joint is calculated,
as shown in Table 2.
ξ i ∈ R6×1 is the Plücker coordinate of the unit motion

screw. The motion screw ξ̂ i can be calculated using the
inverse operator ∧ according to the motion screw coordinate
of each joint.

ξ̂ i =

[
vi
ωi

]∧
=

[
ω̂i vi
0 0

]
(3)

where, ξ̂ i ∈ se(3) is the 4 × 4 matrix form of the motion
screw coordinate, which is located in the Lie algebra se(3)
corresponding to the special Euclidean group SE(3). ω̂i ∈
so(3) is the 3× 3 antisymmetric matrix form of the joint axis
unit vector, located in the Lie algebra so(3) corresponding to
the special orthogonal group SO(3), and its expression is

ω̂ =

 0 −ωz ωy
ωz 0 −ωx
−ωy ωx 0

 ∈ so(3) ∈ R3×3 (4)
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TABLE 2. Motion screw coordinate of each joint.

The exponential form of the pose matrix is

eω̂θ = I + ω̂θ +
(ω̂θ )2

2!
+

(ω̂θ )3

3!
+ · · ·

= I + ω̂ sin θ + ω̂2(1− cos θ ) (5)

The exponential form of the motion screw matrix is

eξ̂θ =


[
eω̂θ (I − eω̂θ )(ω × v)+ ωωT vθ
0 1

]
,ω 6= 0[

I vθ
0 1

]
,ω = 0

(6)

According to the above formula, the exponential product
corresponding to each joint is obtained.

eξ̂1θ1 =


cos θ1 − sin θ1 0 0
sin θ1 cos θ1 0 0
0 0 1 0
0 0 0 1



eξ̂2θ2 =


1 0 0 0
0 cos θ2 − sin θ2 d1 sin θ2
0 sin θ2 cos θ2 d1(1− cos θ2)
0 0 0 1



eξ̂3θ3 =


cos θ3 − sin θ3 0 0
sin θ3 cos θ3 0 0
0 0 1 0
0 0 0 1



eξ̂4θ4 =


1 0 0 0
0 cos θ4 − sin θ4 (d1 + d2) sin θ4
0 sin θ4 cos θ4 (d1 + d2)(1− cos θ4)
0 0 0 1



eξ̂5θ5 =


cos θ5 − sin θ5 0 0
sin θ5 cos θ5 0 0
0 0 1 0
0 0 0 1



eξ̂6θ6 =


1 0 0 0
0 cos θ6 − sin θ6 (d1 + d2 + d3) sin θ6
0 sin θ6 cos θ6 (d1 + d2 + d3)(1− cos θ6)
0 0 0 1



eξ̂7θ7 =


cos θ7 − sin θ7 0 0
sin θ7 cos θ7 0 0
0 0 1 0
0 0 0 1



The kinematics forward solution of the manipulator is

gst (θ ) = eξ̂1θ1eξ̂2θ2 · · · eξ̂7θ7gst (0) =
[
R P
0 1

]
(7)

The Jacobian matrix J represents the linear transformation
relationship between the end velocity v(θ ) and the joint veloc-
ity θ̇ of the manipulator.

v(θ ) = J θ̇ (8)

J = [ξ ′
1
, ξ ′2, ξ

′

3 · · · , ξ
′
i, · · · ξ

′

7] (9)

where, ξ ′i =
[
−ω′i × p

′
i

ω′i

]
;

ω′i =

(
i−1∏
s=1

eω̂sθ s
)
ωi = eω̂1θ1eω̂2θ2 · · · eω̂i−1θi−1ωi;

p′i =

(
i−1∏
s=1

eω̂sθs
)
pi = eω̂1θ1eω̂2θ2 · · · eω̂i−1θi−1pi.

B. ESTABLISHMENT OF PERFORMANCE EVALUATION
INDEXES FOR ANTHROPOMORPHIC MANIPULATOR
Since the Jacobian matrix J represents the mapping relation-
ship between the end operation velocity and the joint veloci-
ties, the algebraic eigenvalues of the Jacobian matrix J (such
as determinant, condition number, maximum and minimum
singular values, etc.) are usually used as the index to evaluate
flexibility of the anthropomorphic manipulator. In order to
ensure the motion accuracy and dynamic performance, it is
necessary to consider the stiffness performance of the manip-
ulator at the same time. The stiffness matrix changes with
the change of the Jacobian matrix, so the end stiffness has
an important correlation with the pose and link lengths of the
manipulator. In this article, the flexibility performance index
and the stiffness performance index are synthesized, and a
comprehensive performance index considering the Jacobian
matrix condition number, manipulability and end stiffness of
the anthropomorphic manipulator is designed.

1) JACOBIAN MATRIX CONDITION NUMBER
The variation range of the Jacobian matrix condition number
k is [1,+∞), and the closer k is to 1, the better the isotropic
of the manipulator motion and the more uniform the velocity
ratio. The dexterity of the manipulator reaches the maximum
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when k = 1 [26]. Since the dimensions of the elements rep-
resenting translation and rotation in the Jacobian matrix are
different, this article uses the characteristic length method to
make it reach the normalized length. The Frobennius norm is
used to measure the Jacobian matrix of the anthropomorphic
manipulator so as to construct a normalized Jacobian matrix
condition number. The condition number is defined as

kF =
1
6

√
tr
(
JJT

)
tr
[(
JJT

)−1]
(10)

2) MANIPULABILITY ANALYSIS OF ANTHROPOMORPHIC
MANIPULATOR
In order to quantitatively describe the flexibility of manip-
ulator, Yoshikawa [27] defined the manipulability w =√
det

(
JJT

)
, which represents a comprehensive measure of

the motion ability in various directions. Manipulability can
be used to evaluate the overall flexibility of a manipulator.
When w = 0, the manipulator is in a singular configuration;
when w > 0, the manipulator is in a non-singular configu-
ration; when w = +∞, the manipulator is in an indetermi-
nate configuration. The larger w is, the better flexibility the
manipulator has. The manipulability can directly reflect the
proximity of the manipulator to singular configuration and
indeterminate configuration.

3) STATIC STIFFNESS ANALYSIS OF ANTHROPOMORPHIC
MANIPULATOR
In the design process of anthropomorphic manipulator,
the end stiffness is also an important performance evalua-
tion index. The end stiffness matrix depends on the joint
stiffness and the Jacobian matrix [28], [29]. The stiffness of
joint i of the manipulator with n DOFs is represented by
Kqi (i = 1, 2, · · · , n), and the joint stiffness matrix Kq is
denoted as

Kq = diag
(
Kq1,Kq2, · · · ,Kqn

)
(11)

The Jacobian matrix is J ∈ R6×7 for the manipulator with
seven DOFs, and the end stiffness matrix K can be expressed
by the generalized inverse of the Jacobian matrix J+:

K = (J+)TKqJ+ (12)

Substitute J+ = JT(JJT)−1 into Equation (12), we can get

K = (JT(JJT)−1)TKqJT(JJT)−1 (13)

After simplification

K = (JJT)−TJK qJT(JJT)−1 (14)

It can be seen that the stiffness matrix K is a Hermite
matrix, KH

= K . Taking any non-zero vector B ∈ R6×1,
the Rayleigh quotient [18] of the stiffness matrix K is

R(B) =
BHKB

BHB
(15)

Assume that the force vector of the anthropomorphic
manipulator end is F and the deformation vector is X , so the
ratio of the modulus square of F to the modulus square of X

can be expressed by using the Rayleigh quotient of the matrix
KTK

RKTK (X) =
XT(KTK)X

XTX
=
|KX |2

|X |2
=
|F|2

|X |2
(16)

Let GK (X) =
√
RKTK (X), GK (X) is defined as static

stiffness performance quotient, then

|F| = GK (X) |X | (17)

According to Equation (17), when the external force F is
given, the largerGK (X) is, the stronger the resistance to defor-
mation of the manipulator is, and vice versa. The properties
of GK (X) can be obtained by studying the eigenvalues of
KTK . According to the symmetry and positive definiteness
of KTK , its eigenvalues satisfy λi > 0 (i = 1, 2, · · · , n).
Let λ1 ≤ λ2 ≤ · · · ≤ λn and Gi =

√
λi, it’s clear that Gi

is the singular value of matrix K according to the definition
of singular value. It can be proved that the static stiffness
performance quotient satisfies the inequality.

G1 ≤ GK (X) ≤ Gn (18)

Take the minimum singular value of the stiffness matrix
K as G1 = σmin(K). For the whole workspace, the manip-
ulator end has the weakest stiffness at the position with
the minimum singular value, where the deformation of the
anthropomorphic manipulator end is the largest. Therefore,
the minimum singular value G1 = σmin(K) can be used
as an evaluation index of stiffness performance. The greater
the minimum singular value is, the better the corresponding
stiffness is. So, the optimization goal is to make the minimum
singular value be maximized.

C. COMPREHENSIVE PERFORMANCE INDEXES OF
ANTHROPOMORPHIC MANIPULATOR
Considering the three indexes, Jacobian matrix condition
number, manipulability, and stiffness performance, a compre-
hensive performance index η of the anthropomorphic manip-
ulator was established.

η =
wβσ γmin(K)

kαF
(19)

where, kF , w, σmin(K) respectively represent the Jaco-
bian matrix condition number, manipulability, and the min-
imum singular value of the stiffness matrix. The α, β
and γ are the corresponding weight coefficients, satisfying
α + β + γ = 1. In the design and optimization process
of the anthropomorphic manipulator, the weight coefficients
(α, β, γ ) can be determined according to the actual task and
application requirements. The evaluation index comprehen-
sively considers the isotropy, manipulability and end stiffness
of the anthropomorphic manipulator. The larger the value of η
is, the more isotropic the manipulator tends to be, and the bet-
ter the manipulability is. Moreover, the larger the minimum
singular value of the stiffness matrix is, the better the stiffness
performance is. Substituting the calculation formula of kF ,w,
σmin(K) into the expression of comprehensive performance
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TABLE 3. The constraints on joints and the link length.

index, we can obtain

η =

(√
det

(
JJT

))β (
σmin

(
(JJT)−TJK qJT(JJT)−1

))γ
(

1
6

√
tr
(
JJT

)
tr
[(
JJT

)−1])α
(20)

LetM = JJT, then

η =

(√
det (M)

)β (
σmin

(
M−TJK qJTM−1

))γ(
1
6

√
tr (M) tr

(
M−1

))α (21)

In order to measure the motion performance of the anthro-
pomorphic manipulator, the comprehensive performance
evaluation function η is integrated in the whole reachable
workspace, and the global comprehensive performance index
f in the workspace is obtained, which can be expressed as

f =

∫
W
ηdW∫

W
dW
=

∫
ψ

ηdθ1dθ2 · · · dθn∫
ψ

dθ1dθ2 · · · dθn
(22)

f is the global comprehensive performance index of the
manipulator, which can be used to evaluate the average
motion performance of the manipulator in the whole reach-
able workspace. Where, η is the comprehensive performance
index, W is the reachable workspace of the manipulator, ψ
is the joint space, θi is the joint angles of the manipulator
( i = 1, 2, · · · , n).

IV. LINK LENGTH PARAMETERS OPTIMIZATION OF
ANTHROPOMORPHIC MANIPULATOR
A. ESTABLISHMENT OF OPTIMIZATION MODEL
The link length parameters optimization is to find a group of
optimal link lengths to achieve the best motion performance
of the manipulator within the constraint range of manipulator
length. The global comprehensive performance index f of
the anthropomorphic manipulator is a function of the link
lengths l1, l2, · · · ln. When f reaches the maximum value,
the corresponding link lengths are the optimal. Therefore,
the reciprocal of f can be used as the link lengths optimization
objective function of the manipulator. Let

g (l1, l2, . . . ln) =
1

f (l1, l2, . . . ln)
(23)

So, the optimization model is established as follows

min g(l1, l2, · · · ln)

s.t.


θimin ≤ θi ≤ θimax

limin ≤ li ≤ limax (i = 1, 2 · · · n)
l1 + l2 + · · · + ln = L

According to the kinematics model of the manipulator,
the link length variables in the Jacobian matrix can be
expressed by d1, d2, d3 and d4 (where, d1 = l1 + l2, d2 =
l3 + l4, d3 = l5 + l6 and d4 = l7). The optimization model
can be simplified as

min g(dj)

s.t.


θimin ≤ θi ≤ θimax ( i = 1, 2 · · · 7)
djmin ≤ dj ≤ djmax (j = 1, 2 · · · 4)
d1 + d2 + d3 + d4 = L

In the design process of an anthropomorphic manipulator,
the joint motion range is usually set to be slightly larger
than the actual joint motion range of human arm. The motion
constraints of each joint of the manipulator can be determined
according to the data in Table 1. The constraints on the link
lengths are determined by the actual design requirements. The
total length of the manipulator is set to L = 979 mm accord-
ing to the actual operation requirements and the required
workspace. The constraints on the anthropomorphic manipu-
lator link lengths are calculated according to the dimensions
of the joint drive and transmission components, as shown
in Table 3.

B. SOLUTION OF OPTIMIZATION MODEL
According to the performance parameters of the driving and
transmission parts, the stiffness of each joint is Kq1 = Kq2 =
6.7e5 N · m/rad , Kq3 = Kq4 = 3.1e4 N · m/rad , Kq5 =
Kq6 = 5.8e3 Nm/rad and Kq7 = 2.9e3 N · m/rad , and the
joint stiffness matrix is (unit is N · m/rad):

Kq = diag
(
6.7e5 6.7e5 3.1e4 3.1e4 5.8e3 5.8e3 2.9e 3

)
The expression of global comprehensive performance

index is as follows

f =

∫
W
ηdW∫

W
dW
=

∫
ψ

wβσ γmin(K)
kαF

dθ1dθ2 · · · dθn∫
ψ

dθ1dθ2 · · · dθn
(24)
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TABLE 4. Optimized link lengths and corresponding performance indexes.

Combining the known conditions and constraints, the spe-
cific value of the weight coefficients should be determined
according to the tasks and application requirements of the
manipulator when solving the optimization model. Since the
Jacobian matrix condition number and the manipulability are
both indexes to characterize the flexibility of the manipula-
tor, and the minimum singular value of stiffness matrix is
the index that characterizes the end stiffness. Therefore, the
optimized link length parameters will change with different
weight coefficients, and the corresponding manipulator has
different flexibility and end stiffness performance. In order
to explore the influence of the weight coefficients on various
performance indexes of the manipulator, the global condition
number, global manipulability and global stiffness perfor-
mance are considered separately. The optimizations are per-
formed by using the LM (Levenberg-Marquardt) algorithm
in three cases: α = 1, β = γ = 0, β = 1, α = γ = 0 and
γ = 1, α = β = 0, where

fk =

∫
W
kFdW∫

W
dW

, (α = 1, β = γ = 0) (25)

fw =

∫
W
wdW∫

W
dW

, (β = 1, α = γ = 0) (26)

fσ =

∫
W
σmin(K)dW∫
W
dW

, (γ = 1, α = β = 0) (27)

The optimized link lengths and the corresponding perfor-
mance indexes values are shown in Table 4, from which it can
be seen that the global condition number index fk takes the
minimum value fk min = 67.91 when considering the global
condition number only. The global manipulability index fw
takes the maximum value fwmax = 0.0559 when considering
the global manipulability only. The global stiffness perfor-
mance index fσ takes the maximum value fσ max = 2.324e3
when the stiffness performance is considered only.

When a certain performance index is considered separately
for optimization, the optimal value of the corresponding per-
formance can be obtained, while the motion performance
corresponding to the other two indexes is relatively poor.
Therefore, in order to balance the flexibility and stiffness
of the manipulator, take α = β = 0.25, γ = 0.5. The
optimal solution for the link lengths was obtained as follows
d∗1 = 226.7mm, d∗2 = 379.4mm, d∗3 = 245.3mm, d∗4 =
127.6mm

TABLE 5. The initial design lengths and optimized lengths of the links.

TABLE 6. Comparison of various global performance indexes.

The solution gmin = 0.1194 is obtained, and the
corresponding global comprehensive performance index f
takes the maximum value fmax = 8.3752.

C. SIMULATION VERIFICATION AND COMPARATIVE
ANALYSIS
According to the proposed global performance index f ,
the length parameters of the manipulator are optimized under
the premise that the overall length is determined when
α = β = 0.25 and γ = 0.5. The initial design lengths and
the optimized lengths of the links are shown in Table 5.

Based on the two groups of link lengths before and after
optimization, the motion performance of the manipulator is
compared. The global condition number fk , global manipu-
lability fw, global stiffness performance index fσ and global
comprehensive performance index f before and after opti-
mization are calculated, and the specific values are shown
in Table 6.

Through simulations and calculations, the global
comprehensive performance indexes before and after the
optimization are f = 6.7659 and f ∗ = 8.3752. The index
value increased by about 23.79%, where, the global condi-
tion number index value is reduced by 22.14%, the global
manipulability index value increased by 25.21%, and the
global stiffness performance index value has a smaller change
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FIGURE 5. The distribution of global condition number before and after optimization.

FIGURE 6. The distribution of global manipulability before and after optimization.

FIGURE 7. The distribution of stiffness performance before and after optimization.

FIGURE 8. The distribution of global comprehensive performance index before and after optimization.

FIGURE 9. Workspace of the manipulator before optimization.

with a decrease of about 0.75%. Taking 2000 groups of joint
angles in the joint space of the manipulator and calculating
the corresponding end coordinates, the distributions of the
global performance indexes of the manipulator at 2000 points
before and after the optimization are shown in FIGUREs 5-8.

FIGURE 10. Workspace of the manipulator after optimization.

From FIGUREs 5-8, it can be seen that the global condition
number, global manipulability and global comprehensive per-
formance have been improved to some extent after opti-
mization. The distributions of various indexes values in
the workspace before and after optimization are basically

20096 VOLUME 9, 2021



Q. Xu et al.: Link Lengths Optimization Based on Multiple Performance Indexes of Anthropomorphic Manipulators

TABLE 7. Comparison of the workspace boundaries before and after optimization.

FIGURE 11. Variations of various motion performance with d1 and d2.

consistent, and the comprehensive motion performances have
been significantly improved. Through the above analysis,
it can be seen that the manipulator has the best comprehensive
motion performance when satisfying l∗1 + l

∗

2 = d∗1 , l
∗

3 + l
∗

4 =

d∗2 , l
∗

5 + l∗6 = d∗3 and l∗7 = d∗4 , when α = β = 0.25
and γ = 0.5. By changing the weight coefficients α, β, γ ,
the link lengths of anthropomorphic manipulator with differ-
ent performance requirements can be optimized. In addition,
the workspace and its sectional projection corresponding to
the initial design lengths and optimized lengths are shown in
FIGURE 9 and FIGURE 10, and the boundary values of the
workspace are shown in Table 7.

According to the data in Table 7, the workspace decreases
by 1.05%, 1.34% and 1.08% in X, Y and Z directions after
the optimization, but the amounts of changes are small. The
workspace of themanipulator is basically the same before and
after the optimization.

D. ANALYSIS OF THE INFLUENCE OF LINK LENGTH ON
MOTION PERFORMANCE
According to the data in Table 4, d1 and d2 take the maximum
value and d3 takes the minimum value when considering the
global condition number only. d1 and d2 take the maximum

value and d4 takes the minimum value when considering the
global manipulability only. The values of d1 and d2 decrease
and the values of d3 and d4 increase when the stiffness perfor-
mance is considered only. In order to explore the influence of
d1 and d2 on various performance indexes, set α = β = 0.25
and γ = 0.5, and calculate the values of various global
performance indexes for different d1 ∈ [150, 250]mm and
d2 ∈ [200, 400]mm. The calculation results are shown in
FIGURE 11. There is a certain correlation between each
global performance index and d1 and d2. With the increase
of d1 and d2, the Jacobian matrix condition number becomes
smaller, the value of manipulability increases, the stiffness
performance index decreases slightly, and the global com-
prehensive performance index increases. The comprehensive
motion performance of the manipulator has been improved.
Therefore, in the design process of the anthropomorphic
manipulator, d1 and d2 can be adjusted to make the motion
performance meet the actual task requirements when satisfy-
ing the constraints of link lengths.

V. CONCLUSION
How to determine the optimal link length parameters accord-
ing to task requirements and constraints is a key problem
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in the design of anthropomorphic manipulators. Aiming at
this problem, this article analyzes the optimal configuration
of anthropomorphic manipulator based on the structure and
motion mechanism of human arm, establishes the kinematics
model using the screw theory, and proposes a comprehensive
evaluation index considering the Jacobian matrix condition
number, manipulability and manipulator end stiffness. The
length parameters optimization model of the anthropomor-
phic manipulator is established, and the link lengths of a
manipulator with both flexibility and stiffness are optimized.
The correctness and rationality of the proposed optimization
model are verified through comparisons and analyses. The
conclusions are as follows:

(1) Using screw theory, the kinematics model of a anthrop-
morphic manipulator with seven DOFs is established, and
the end stiffness matrix of the manipulator is derived. The
minimum singular value of the stiffness matrix can be used
as the performance index to evaluate the end stiffness.

(2) A global comprehensive performance index is estab-
lished considering the Jacobian matrix condition number,
manipulability and end stiffness of the anthropomorphic
manipulator. The link lengths of the anthropomorphic manip-
ulator with different performance and requirements can be
optimized by changing the weight coefficients.

(3) The optimal link length was obtained, and the global
comprehensive performance index value of the manipula-
tor has increased by about 23.79% after optimization. Its
comprehensive motion performance has been significantly
improved, which proves the correctness and rationality of the
optimization method. The influence of the relative lengths of
the links on each performance index are analyzed when the
total length is given, which provides a theoretical basis for the
design of anthropomorphic manipulators.
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