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ABSTRACT Missiles have been playing an important role in modern wars. In order to gain advantage
in missile contests, the technology of missile interception have been developed for many years. However,
constrained by current technology, it is still very difficult to intercept successfully. Thus, it may need to
optimize the allocation of intercept missiles to prevent attack missiles from hitting targets. This paper
proposes a method to optimize the missile interception strategy (intercept missile allocation) by simulating
the games of missile interception, which jointly considering multiple phases, multiple targets, cost and
the risk attitude of the defender. This method is developed based on combinatorial theory and cumulative
prospect theory. There are two optimization goals considered: the cost and the prospect value.We studied two
cases where the detection of attack missiles is perfect or imperfect respectively. Four illustrative examples
are presented to illustrate the proposed method and several directions of research in future are pointed.

INDEX TERMS Missile interception, reliability, combinatorial theory, cumulative prospect theory.

I. INTRODUCTION
During cold war, the U.S. and the Soviet Union started an
arms race [1]. At the same time, the project of missile defense
was largely developed to prevent the attack by interconti-
nental or long-range missiles. After the cold war, the United
States grows to be the only superpower in the world. Some
missile-reduction treaties make sweeping cuts, but the arms
race is not over by a long shot. Many countries still have
enough strategic arms especially missiles of mass destruction
in order to maintain deterrence [2]. In this case, to prevent the
weapons of mass destruction, U.S. accelerated the research
of missile interception technology and the building of guided
missile defense system. Thereafter, the missile interception
went up on the historical stage of military.

The application of missile interception is complicated and
intricate. The Missile Defense (MD) system usually con-
sists of warning system (early-warning satellites, improved
warning radars and ground-based radars), ground-based
interception (GBI) system (intercept missiles) and battle
manage/command control communication and intelligence
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(BM/C3I) system [3]. Warning system is used to detect mis-
sile launches as well as their impact points and launcher
points. GBI system and its intercept missiles are the core
of MD. For intercept missiles, the Booster rocket sends the
interceptor (warhead) near the target. Then the interceptor
adjusts its angle and altitude to finally dash and destroy its
target. BM/C3I system plays the manager role of MD by
connecting the other two systems through computers and
communication networks [4]. The intercepting process of the
missile defense system is shown as Figure 1.

Figure 1 also clearly illustrates the intercepting process of
the missile defense system as well as the function of its sub-
systems.Warning system is used to detect missile launches as
well as their impact points and launcher points. GBI system
and its intercept missiles are the core of MD. For intercept
missiles, the Booster rocket sends the interceptor (warhead)
near the target. Then the interceptor adjusts its angle and
altitude to finally dash and destroy its target. BM/C3I system
plays the manager role of MD by connecting the other two
systems through computers and communication networks [4].

Although the technology of missile interception has been
developed for many years, the success rate of intercepting
attack missiles is still comparatively low. There are several
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FIGURE 1. The intercept process of the missile defense system.

reasons. First, the missile usually flies extremely fast. Only
a few minutes are enough for the missile warhead to hit its
target, which leaves the defender no time to respond the attack
properly. Second, the cost of missile interception is usually
much higher than the cost of missile attack. In this case,
it is hard for the defender to undergo an attrition war using
intercept missiles so that the amount of intercept missiles
prepared may be not enough compared with the amount of
attack missiles. Besides, the technology of attack missiles
also has been largely developed. For example, it is almost
impossible to intercept the multi-warhead missile applied
with stealth technology.

Considerable research efforts have been expended in
the field of defense strategies [5]-[23], especially the mis-
sile intercept [20]–[23]. Shinar et al. [20] presented a
methodology to assess the probability of successful inter-
ception as a function of the parameters of the scenario.
Bertsekas et al. [21] proposed a solution methodology for
a missile defense problem involving the sequential alloca-
tion of defensive resources over a series of engagements.
Chen et al. [22] considered the autopilot for the optimal inter-
cept missile guidance strategies. Garcia et al. [23] further
extended the study of missile interception to active target
defense scenario.

The existing studies have made significant contributions to
decision analysis in defense strategy. These studies provided
various decision analysis methods for missile interception
to support the defender’s decision-making. However, there
are still three limitations in the field of missile interception
strategy: (1) only one single phase for attack missile to be

intercepted; (2) only one attack missile is considered to be
intercepted; (3) the risk attitudes of defender is ignored. The
details of these limitations and the solutions of this study are
as follows.

First, few researchers have considered that the interception
can be conducted in multiple phases [24]–[30]. Due to tech-
nology and specific situation, the interception of a missile
may also be made in different phases of the missile projectile.
Typically, there are three phases where the interception can be
made, being initial interception, midcourse interception, and
terminal interception. Second, few researchers have studied
missile interception considering multiply targets. In practice,
the attacker may launch more than one attack missiles at a
time. The two concerns bring an issue about how to allo-
cate the interception resources (intercept missiles) to these
attack missiles, which can be addressed by the combinatorial
mathematics. In operations research, optimization based on
combinatorial mathematics is a topic that consists of finding
an optimal object from a finite set of objects [31]. Thus, this
study proposed a method to optimize the allocation strategy
of interception missiles considering multiple phases and mul-
tiple targets by using a combinatorial method.

Third, few researchers have considered the risk attitude
of the defender in the missile attack, which means that the
defender’s behavior is rarely considered. Many psychologi-
cal studies have proved that there are several psychological
characteristics of human behavior under risk and uncertainty,
such as reference dependence, loss aversion, and judgmental
distortion of likelihood of almost impossible and certain out-
comes [32]–[38]. Since decision-making problems in missile
interception are usually risky and uncertain, it is necessary
to consider the defender’s psychological behavior in strategy
optimization, which can be incorporated using the cumulative
prospect theory (CPT).

Since Tversky and Kahneman [33] proposed prospect the-
ory [32], some behavioral decision-making theories have
been developed rapidly. For example, regret theory [39], [40],
disappointment theory [40], [41], cumulative prospect the-
ory (CPT) [42], third generation prospect theory [43] and
so on. Besides, some decision analysis theories considering
multiple factors have been proposed [42]–[44]. Among these
theories, CPT has been regarded as the most popular the-
ory [34]–[37]. This is because CPT describes the decision
maker’s behavioral characteristics well and gives the calcu-
lation formulas on values and weights of potential outcomes.
Since the formulas have features of clear logic and simple
computation process, CPT has been widely used to solve var-
ious decision-making problems considering decision maker’s
behavior. Therefore, this study incorporates CPT into strategy
optimization in missile interception to consider the risk atti-
tudes of the defender.

Thus, this study proposes a method to optimize the mis-
sile interception strategy (intercept missile allocation) by
simulating the games of missile interception, which jointly
considering multiple phases, multiple targets and the risk
attitude of the defender. This method is developed based
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on two techniques: (1) combinatorial mathematics which is
introduced to consider multiple phases and multiple targets;
(2) CPT which is introduced to consider the risk attitude of
the defender. In addition, to make the method more general,
whether the detection is perfect or not is also discussed. As for
the optimization goals, this study considers two aspects: (1)
the cost, including expenditure for intercept missiles and the
loss due to the failure of interception, which is comparatively
objective; (2) the prospect value, calculated according to CPT
to measure the outcomes considering the risk attitude of the
defender, which is comparatively subjective. The structure of
our method is shown in Figure 2.

FIGURE 2. The solution procedure of the proposed method.

The remaining of this paper is arranged as follows.
Section II describes the procedures of the missile interception
and proposes the model to obtain the optimal strategy for
the case where the missile interception can only be made
in a single phase. Section III further extends the model to
the case of multi-phased interception. Section IV introduces
CPT into the optimization method. Two numerical examples
of single-phased interception are presented in Section V,
while SectionVI provides two illustrative examples for multi-
phased interception. Section VII concludes this study and
points out some future works.

II. THE MODEL OF OPTIMAL STRATEGY FOR
SINGLE-PHASED INTERCEPTION
We begin with the simple case where the missile interception
can only be made in a single phase, such as the midcourse
phase. Assume that the defender has N intercept missiles and

FIGURE 3. Missile interception of Scenario 1.

the attacker has M attack missiles. For each attack missile,
the defender can choose to launch zero, one, or multiple inter-
cept missiles to intercept it. In the case of multiple intercept
missiles, it is assumed that the success probability of each
intercept missile is independent from other intercept missiles.
In particular, the probability that each intercept missile can
successfully intercept the attack missile i is PI (i); If the
interception is failed, this attack missile will cause a fixed
loss CL(i) to the defender. The cost of each intercept missile
is g. Herein, the total cost for the defender includes two parts:
the loss due to failed interception and the cost for intercept
missiles. The aim of this study is to minimize the defender’s
total cost by adjusting the allocation of intercept missiles for
attack missiles.

A. SCENARIO 1: THE DETECTION OF ATTACK
MISSILE IS PERFECT
In this scenario, all attack missiles are detected successfully
in time. Assume there are N (i) intercept missiles used to
intercept the attack missile i, and N (1)+ · · · + N (M) ≤ N .
Then, the loss due to the intercept failure can be expressed as

(1− PI (1))N (1)CL(1)+ · · · + (1− PI (M ))N (M )CL(M ). (1)

In equation (1), (1−PI (·))N (·) expresses the probability of
a failed interception.

Then, adding up the cost of intercept missiles, we can have
the total cost

C =
M∑
i=1

(1− PI (i))N (i)CL(i)+ gN (i),
M∑
i=1

N (i) ≤ N , (2)

where the first item indicates the loss due to failed inter-
ception and the second item indicates the cost of intercept
missiles. The defender can obtain the optimal strategy by
minimizing the total cost.

This scenario is shown as Figure 3. It can be seen that all
attack missiles are detected and known by the defender. The
defender can respond to every attack missile.
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B. SCENARIO 2: THE DETECTION OF ATTACK MISSILE IS
IMPERFECT
In practice, the attack missile may not be detected success-
fully or timely due to the different conditions. For example, a
Chinese-made intercontinental ballistic missile, DF-41, may
have the ability to fly with a speed of 30 600 kilometers per
hour which is about 25 times as fast as sonic speed. In this
case, the defender generally has no time to detect the attack
missile and implement the interception. In order to be able
to account for such situation, the case where the detection of
attack missile is imperfect is also studied in this scenario.

To simplify the model, this study assumes that an attack
missile is either not detected until it hits the target or detected
at the beginning of its launch. The functions and parameters
for this scenario are listed as follows. Let Pd (i) indicate the
probability that the attack missile i is detected successfully.
Assume there are N (i) intercept missiles used for the attack
missile i and N (1) + · · · + N (M) ≤ N . Let D(i) indicate
whether the attack missile i is detected or not.

Then we can have the joint probability for the different
situations of detection as

P(D(1), . . . ,D(M )) =
M∏
i=1

Pd (i)D(i)
M∏
i=1

[
(1− Pd (i))(1−D(i))

]
,

(3)

where D(i) = 1 indicates that the detection is successful and
D(i) = 0 indicates that the detection is failed.
Then we can also obtain the total cost for the allo-

cation of N (1), . . . ,N (M ) under given detection outcome
D(1), . . . ,D(M ) as

C(N (1), . . . ,N (M )|D(1), . . . ,D(M ))

=

M∑
i=1

{
CL(i)(1−PI (i))N (i)D(i) +CL(i)(1−D(i))+ gN (i)} ,

(4)

where the first item indicates the loss due to failed intercep-
tion, the second item indicates the loss due to failed detection
and the third item indicates the cost of intercept missiles.
In particular, the first item (1 − PI (i))N (i)D(i) shows the
probability that the attack missile is detected successfully
but all its intercept missiles fail to block the attack missile.
In contrast, (1−D(i)) makes that the second item to be 0 when
D(i) = 1, and to be positive when D(i) = 0, indicating a loss
due to the attack missile’s hitting target.

The defender will choose {N (1), . . . ,N (M )} = {N ∗(1),
. . . ,N ∗(M )}, which minimizes C(N (1), . . . ,N (M )|D(1),
. . . ,D(M )). That is, the optimal interception strategy can be
expressed as:

{
N ∗(1), . . . ,N ∗(M )

}
= argminN (1)+···+N (M)≤N

×C(N (1), . . . ,N (M )|D(1), . . . ,D(M )). (5)

Then, we have the expected total cost as

C =
1∑

D(1)=0

1∑
D(2)=0

· · ·

1∑
D(M )=0

×

[
P(D(1), . . . ,D(M ))
·C(N ∗(1), . . . ,N ∗(M )|D(1), . . . ,D(M ))

]
. (6)

This scenario is shown as Figure 4. It can be seen that the
third attack missile is undetected so that the defender cannot
take action to respond to this attack.

FIGURE 4. Missile interception of Scenario 2.

III. THE MODEL OF OPTIMAL STRATEGY FOR
MULTI-PHASED INTERCEPTION
From launching to hitting, the flight of missile usually con-
sists of several phases. For instance, there are three phases
for the ballistic missile to attack its target: 1) the missile
is launched from its launcher and reaches high above the
atmosphere of Earth, which is called initial phase; 2) the
missile flies to the target area in the outer space, that is,
midcourse phase; 3) over the target area the missile returns
the atmosphere and hits its target, namely terminal phase. The
attacking process of the ballistic missile is shown in Figure 5.

In order to be able to account for such situation, we con-
struct the model for the case where the process of missile
attack is multi-phased. Assume that the defender has N inter-
cept missiles and the attacker has M attack missiles in total.
The flight of attack missile from launcher to target consists of
H phases. For each attack missile, the defender can choose to
launch zero, one, or multiple intercept missiles to intercept it
during any one or more phases.

In the case of multiple intercept missiles, it is assumed that
the success probability of each intercept missile is indepen-
dent from other intercept missiles. In particular, the probabil-
ity that each intercept missile can successfully intercept the
attack missile i during k-th phase is PI (i, k).

The fixed loss due to the failed interception of attack
missile i is CL(i). The interception costs at different phases
are different. Assume that the cost for each intercept missile
used during phase k is g(k). We assume that there are N (i, k)
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FIGURE 5. Attacking procedure of the ballistic missile.

intercept missiles used to intercept the attack missile i at

k-th phase, while
M∑
i=1

[
H∑
k=1

N (i, k)
]
≤ N . Then, let NM

indicate the allocation of intercept missiles, that is NM =
{N (1, 1), . . . ,N (1,H ), . . . ,N (M , 1), . . . ,N (M ,H )}.

Some will say, if the attack missile is intercepted at the
initial phase, there is no need to launch the remaining inter-
cept missiles allocated in advance. However, the time for the
missile interception is usually limited, typically up to several
minutes. Thus, it is very risky to wait for the result of one
intercept missile before launching another one. Therefore,
this paper assumes that all the intercept missiles allocated for
a single attack missile are launched no matter how early the
attack missile is successfully intercepted.

Just as the total cost in single-phased interception, the total
cost for the defender in multi-phased interception also
includes two parts: the loss due to failed interception and the
cost for intercept missiles. Similarly, the aim is to minimize
the defender’s total cost by adjusting the allocation of inter-
cept missiles for attack missiles.

A. SCENARIO 1: THE DETECTION OF ATTACK MISSILE IS
PERFECT
In this scenario, all attack missiles are detected successfully
in time. Then, the loss due to the intercept failure can be
expressed as

M∑
i=1

{
CL(i)

H∏
k=1

[
(1− PI (i, k))N (i,k)

]}
. (7)

In this equation,
H∏
k=1

[
(1− PI (i, k))N (i,k)

]
expresses the prob-

ability that the interception of attack missile i is failed.
Then, adding up the cost for intercept missiles, we can have

the total cost

C =
M∑
i=1

{
CL(i)

H∏
k=1

[
(1− PI (i, k))N (i,k)

]

+

H∑
k=1

[N (i, k)g(k)]

}
,

M∑
i=1

[
H∑
k=1

N (i, k)

]
≤ N , (8)

where the first item in the brace indicates the total loss due
to failed interception and the second item in the brace indi-
cates the cost of intercept missiles. The defender can choose
the optimal allocation strategy of intercept missiles NM∗ by
minimizing the total cost.

B. SCENARIO 2: THE DETECTION OF ATTACK MISSILE IS
IMPERFECT
As discussed above, it is hard to detect the attack missile
successfully or timely in some conditions. Therefore, we also
study the case where the detection of attack missile is imper-
fect for the multi-phased interception in this scenario. As an
initial work on missile interception, here also assumes that an
attack missile is either not detected until it hits the target or
detected at the beginning of its launch.

The functions and parameters for this scenario are listed
as follows. Let Pd (i) indicate the probability that the attack
missile i is detected successfully. Let D(i) indicate whether
the attack missile i is detected. Then we can have the joint
probability for the different situations of detection as

P(D(1), . . . ,D(M ))

=

M∏
i=1

Pd (i)D(i)
M∏
i=1

[
(1− Pd (i))(1−D(i))

]
, (9)

where D(i) = 1 indicates that the detection is successful and
D(i) = 0 indicates that the detection is failed.
Then we can obtain the total cost for the allocation

of NM under the detecting condition of D(1), . . . ,D(M ),
which is

C(NM |D(1), . . . ,D(M ))

=

M∑
i=1

{
D(i)CL(i)

H∏
k=1

[
(1− PI (i, k))N (i,k)

]

+CL(i)(1− D(i))+
H∑
k=1

[N (i, k)g(k)]

}
, (10)

where the first item in the brace indicates the loss due to failed
interception, the second item in the brace indicates the loss
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due to undetected attack and the third item in the brace indi-
cates the cost of intercept missiles. In detail, when D(i) = 1,
the first item (1 − PI (i))N (i)D(i) shows the probability that
the attack missile is detected successfully but all its intercept
missiles are missed. In contrast, (1−D(i)) makes the second
item to be 0 when D(i) = 1, and positive when D(i) = 0,
indicating a loss due to attack missile’s hitting target.

The defender will choose

{N (1, 1), . . . ,N (1,H ), . . . ,N (M , 1), . . . ,N (M ,H )}

=
{
N ∗(1, 1), . . . ,N ∗(1,H ), . . . ,N ∗(M,1), . . . ,N ∗(M,H )

}
,

(11)

that is, NM = NM∗, which minimizes C(NM |D(1), . . . ,
D(M )). That is, the optimal interception strategy can be
expressed as:

NM∗ = arg min M∑
i=1

[
H∑
k=1

N (i,k)

]
≤N
C(NM |D(1), . . . ,D(M )).

(12)

Then, we have the expected total cost as

C =
1∑

D(1)=0

1∑
D(2)=0

· · ·

1∑
D(M )=0

[
P(D(1), . . . ,D(M ))
·C(NM∗|D(1), . . . ,D(M ))

]
.

(13)

IV. CUMULATIVE PROSPECT THEORY (CPT)
Cumulative prospect theory (CPT) was first proposed by
Tversky and Kahneman [33]. It is a descriptive theory for
human decision behavior, which is applied to uncertain as
well as to risky prospects with any number of outcomes.
CPT is advantageous in analyzing human decision behavior.
This theory allows different weighting functions for gains
and for losses and invokes two principles, diminishing sen-
sitivity and loss aversion, to explain the characteristic cur-
vature of the value function and the weighting functions.
Generally, it can be seen as a combination of the original
prospect theory [32] and the rank dependent expected utility
model [38].

Thus, in this paper, a decision analysis method based on
CPT for solving the risk decision-making problem in missile
interception is developed. In this method, defender’s behav-
ioral characteristics are considered. Based on CPT, the values
of outcomes and weights of probability of outcomes are
calculated, respectively. Then, the prospect value of each can-
didate allocation strategy of intercept missiles is calculated by
aggregating the obtained values and weights. Thus, a rank-
ing of all candidate allocation strategies can be determined
according to the obtained prospect values. In addition, for the
scenarios that the detection is imperfect, an overall prospect
value of the interception can be assessed by aggregating the
prospect values of all the possible situations through by a total
probability formula. The detailed process of the CPT-based
method is presented as below.

A. INTERCEPTION DESCRIPTION AND ASSUMPTION
Assume the missile interception result is composed of n
potential monetary outcomes x1, x2, . . . , xn with probabili-
ties p1, p2, . . . , pn. Each outcome is obtained with a corre-
sponding probability, that is, assume xi is the ith potential
outcome then pi is the probability of potential outcome xi, i =
1, 2, . . . , n. To assess the value of the missile interception
in cognitive psychology, the n outcomes, x1, x2, . . . , xn, are
reorganized as a sequence from the largest to the smallest,
noted as x(1) ≥ ... ≥ x(t) ≥ 0 ≥ x(t+1) ≥ . . . ≥ xn.
In this sequence, x(k) denotes the kth largest one among the
n potential outcomes, k ∈ {1, 2, . . . , n}; 0 is the reference
point, which denotes the outcome if the defender will not
participate in the missile interception or the attacker will not
launch attackmissiles. According to the sequence of potential
outcomes, probabilities p1, p2, . . . , pn are also reorganized
as p(1), p(2), . . . , p(n), where p(k) denotes the probability of
potential outcome x(k), k ∈ {1, 2, . . . , n}. To calculate the
prospect value, we need to determine the value of potential
outcome and the decision weights first.

B. VALUE OF POTENTIAL OUTCOME
The value of potential outcome x(k), v(x(k)) can be represented
by

v(x(k)) =

{
xg(k), x(k) > 0,

−λ(−x(k))l, x(k) < 0,
(14)

where g and l are exponent parameters, and λ is the loss
aversion parameter. For 0 < g < 1, the value function
exhibits risk aversion over gains; for 0 < l < 1, the func-
tion exhibits risk seeking over losses. The smaller g is,
the greater risk aversion in the gain domain will be. Similarly,
the smaller l is, the greater risk seeking in the loss domain
will be. It has been widely recognized that loss-aversion
factor λ should be greater than 1, which indicates that indi-
viduals are more sensitive to losses than gains. Usually,
the values of parameters g, l and λ are determined through
experiments [33], [35].

C. DECISION WEIGHTS
Assume π+(k) is the decision weight for the value of potential
gain x(k), k ∈ 1, 2, . . . , t and π−(k) is the decision weight for
the value of potential loss x(k), k ∈ 1, 2, . . . , n. The decision
weights for gains and losses can be expressed as


π+(k) = w+

 n∑
j=1

p(j)

− w+
 n∑
j=k+1

p(j)


π−(k) = w−

 k∑
j=1

p(j)

− w−
k−1∑
j=1

p(j)

 (15)
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where w+(·) and w−(·) denote the weighting functions for
gains and losses, respectively, and they are given by [33], [35]

w+(p) =
pχ

[pχ + (1− p)χ ]1/χ

w−(p) =
pδ[

pδ + (1− p)δ
]1/δ , (16)

where χ and δ are model parameters. w+(·) and w−(·) are
monotonic and exhibit inverse S-shapes for 0.27 < χ, δ <

1. They are adequate for average decision-making behavior
(i.e., overweight the outcomes with low probabilities and
underweight the outcomes with moderate and high proba-
bilities) [33], [35]. Specially, if χ = δ = 1, then π+(k) =
π−(k) = p(k), i.e., the decision weights are equal to physical
probabilities. The values of parameters χ and δ can also be
determined through experiments [33], [35].

D. PROSPECT VALUE
After we have values of outcomes and decision weights,
the prospect value of the contest can be calculated as

V =
t∑

k=1

v(x(k))π
+

(k) +

n∑
k=t+1

v(x(k))π
−

(k). (17)

Thus, the defender chooses the allocation strategy of inter-
cept missiles that maximizes its cumulative prospect value by
considering all possible outcomes of the contest.

V. ILLUSTRATIVE EXAMPLES OF THE MODEL FOR
SINGLE-PHASED INTERCEPTION
To illustrate the proposed model of single-phased intercep-
tion, we use two numerical examples to show the calculation
process and the application. The first case is for the scenario
1 where the detection is perfect. The second case illustrates
the scenario 2 where there is a probability of successfully
detecting each attack missile.

For the convenience of comparison, we assume there are
two attack missiles (marked as 1 and 2) in all the following
different cases. For each attack missile, we have 2 potential
outcomes for the defender: the attack missile is intercepted
or not. Their potential monetary outcomes are denoted as
x1,1, x1,0, x2,1, x2,0, where xi,c indicates that the attackmissile
i is intercepted (c = 1) or not (c = 0). It is assumed that
x1,1 = 300, x1,0 = −600, x2,1 = 100 and x2,0 = −300
since the failed interception of any one attack missile will
cause loss to the defender. As for the values of risk parameters
and weighting function parameters in CPT, the settings of a
previous literature is adopted, which are g = 0.85, l = 0.85,
λ = 4.1, χ = 0.6 and δ = 0.7.

A. CASE 1: THE DETECTION OF ATTACK MISSILES IS
PERFECT
Assume the number of attack missiles M and the number
of intercept missiles N are both 2. The cost of an intercept
missile is set as 35. The probability of successful interception

and the loss due to failed interception are shown in Table 1.
There are totally 6 possible allocations as listed in Table 2.

TABLE 1. The probability of successful interception and the loss due to
failed interception for the case of perfect detection and single-phased
interception.

TABLE 2. The possible allocations and outcomes of intercept missiles for
the case of perfect detection and single-phased interception, as well as
the corresponding cost and prospect value.

From Table 1, it is known that the impact of the attack
missile 1 is stronger and the corresponding interception is
harder compared with the attack missile 2.

Then we can calculate the total costs according to equa-
tions (1) and (2), and the prospect value according to equa-
tions (14)-(17), for these situations.

When N (1) = 0 and N (2) = 2,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)0 × 190

+ (1− 0.6)2 × 150+ 35× 0+ 35× 2 = 284.

It can be seen that the main cost in this situation comes
from the loss caused by the attack missile 1 since all intercept
missiles are used to destroy the attack missile 2. The prospect
value is −1053.6.

When N (1) = 0 and N (2) = 1,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)0 × 190

+ (1− 0.6)1 × 150+ 35× 0+ 35× 1 = 285.
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Compared with the allocation of N (1) = 0 and N (2) = 2,
the attack missile 1 still brings the most loss to the defender,
since the cost of one more intercept missile is generally the
same as the expected loss deduction. The prospect value is
−1160.1.
When N (1) = 0 and N (2) = 0,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)0 × 190

+ (1− 0.6)0 × 150+ 35× 0+ 35× 0 = 340.

In this allocation strategy, the defender gives up on inter-
cepting any attack missile so that these attack missiles cause
the most loss to the defender. The prospect value is−1465.2.

When N (1) = 1 and N (2) = 1,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)1 × 190

+ (1− 0.6)1 × 150+ 35× 1+ 35× 1 = 244.

The defender evenly divides intercept missiles for attack
missiles in this situation, which makes both two attack
missiles be possible to be destroyed. The prospect value
is −721.3.

When N (1) = 1 and N (2) = 0,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)1 × 190

+ (1− 0.6)0 × 150+ 35× 1+ 35× 0 = 299.

The defender gives up on intercepting the attack missile
2 so that the main cost comes from the loss due to the second
attack. However, because the loss due to the attack missile
1 is higher and its probability of being intercepted is lower
compared with the attack missile 2, the total cost for this
allocation is still higher than the total cost for the allocation
of N (1) = 0 and N (2) = 2. The prospect value is −1026.3.
When N (1) = 2 and N (2) = 0,

C =
M∑
i=1

[
(1− PI (i))N (i)CL(i)+ gN (i)

]
= (1− PI (1))N (1)CL(1)+ (1− PI (2))N (2)CL(2)

+ gN (1)+ gN (2) = (1− 0.4)2 × 190

+ (1− 0.6)0 × 150+ 35× 2+ 35× 0 = 288.4.

From this allocation we know that the defender concen-
trates its resources on the attack missile 1. Accordingly,
the loss is mainly from the second attack. However, due to
the great impact of the first attack, the corresponding loss also
cannot be ignored. The prospect value is −863.4.

It can be seen that the total cost reaches its minimum
244 and the prospect value reaches its maximum −721.3
whenN (1) = 1 andN (2) = 1, that is, deploying one intercept
missile for each attack missile.

B. CASE 2: THE DETECTION OF ATTACK MISSILES IS
IMPERFECT
Assume the number of attack missiles M and the number
of intercept missiles N are both 2. The cost of an intercept
missile is set as 35. The probability of successful interception
and the loss due to failed interception are shown in Table 3.
There are totally 4 possible detection situations, and each
situation has several allocation strategies of intercept missiles
which are listed in Table 4.

As shown in Table 3, the attack missiles are generally the
same as Case 1. In addition, it is more difficult for defender
to detect the attack missile 1 than the second one.
Detection Situation 1 (D(1) = 1 and D(2) = 0): In

this situation, the attack missile 1 is detected but the attack
missile 2 is not. Herein, the only intercepted attack missile
is the attack missile 1 and there are three allocation policies:
[N (1),N (2)] = [0, 0], [1, 0], [2, 0].

TABLE 3. The probability of successful detection and interception as well
as the loss due to failed interception for the case of perfect detection and
single-phased interception.

TABLE 4. The possible scenarios of detection and allocation strategy of
attack missiles for the case of perfect detection and single-phased
interception.
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According to equation (3), the probability of this situation
is

P(1, 0) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.51 × 0.70

×(1− 0.5)(1−1) × (1− 0.7)(1−0) = 0.15.

Then we can calculate the total cost according to equation
(4), and the prospect value according to equations (14)-(17),
for this situation.

C(0, 0|1, 0) =
2∑
i=1

CL(i)(1− PI (i))N (i)D(i)

+

2∑
i=1

CL(i)(1− D(i))+
2∑
i=1

gN (i)

= CL(1)(1− PI (1))N (1)D(1)

+CL(2)(1− PI (2))N (2)D(2)

+CL(1)(1− D(1))+ CL(2)(1− D(2))

+ gN (1)+ gN (2) = 190× (1− 0.4)0 × 1

+ 150× (1− 0.6)0 × 0+ 190× (1− 1)

+ 150× (1− 0)+ 35× 0+ 35× 0 = 340.

Here C(0, 0|1, 0) represents the expected cost when the
defense strategy is N (1) = 0, N (2) = 0 given that
the detection result is D(1) = 1 and D(2) = 0. The
prospect value is V (0, 0|1, 0) = −1465.2. Similarly, we also
have C(1, 0|1, 0) = 299, V (1, 0|1, 0) = −1026.3 and
C(2, 0|1, 0) = 288.4, V (2, 0|1, 0) = −863.4.
Finally, according to the result, the defender will choose

N ∗(1) = 2 and N ∗(2) = 0, that is, using two intercept
missiles to intercept the attack missile 1, in order to minimize
the total cost and maximize the prospect value.
Detection Situation 2 (D(1) = 0 and D(2) = 1): In this

situation, the attack missile 2 is detected but the attack missile
1 is not. Herein, the only intercept target is the attack missile
2 and there are three allocation policies: [N (1),N (2)] =
[0, 0], [0, 1], [0, 2].
According to equation (3), the probability of this situation

as

P(0, 1) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.50 × 0.71

× (1− 0.5)(1−0) × (1− 0.7)(1−1) = 0.35.

Then we can calculate the total cost according to equation
(4), and the prospect value according to equations (14)-(17),
for this situation.

C(0, 0|0, 1) =
2∑
i=1

CL(i)(1− PI (i))N (i)D(i)

+

2∑
i=1

CL(i)(1− D(i))+
2∑
i=1

gN (i)

= CL(1)(1− PI (1))N (1)D(1)

+CL(2)(1− PI (2))N (2)D(2)

+CL(1)(1− D(1))+ CL(2)(1− D(2))

+ gN (1)+ gN (2) = 190× (1− 0.4)0 × 0

+ 150× (1− 0.6)0 × 1+ 190× (1− 0)

+ 150× (1− 1)+ 35× 0+ 35× 0 = 340.

The prospect value is V (0, 0|0, 1) = −1465.2. Simi-
larly, we can also have C(0, 1|0, 1) = 285, V (0, 1|0, 1) =
−1160.1 and C(0, 2|0, 1) = 284, V (0, 2|0, 1) = −1053.6.

Finally, according to the result, the defender will choose
N ∗(1) = 0 and N ∗(2) = 2, that is, using two intercept
missiles to intercept the attack missile 1, in order to minimize
the total cost and maximize the prospect value.
Detection Situation 3 (D(1) = 1 and D(2) = 1):

In this situation, both the first and attack missile 2s
are detected. Herein, there are two attack missiles to be
intercepted, which makes this situation to degenerate to
case 1. There are six allocation policies: [N (1),N (2)] =
[0, 0], [0, 1], [0, 2], [1, 1], [1, 0], [2, 0].

According to equation (3), the probability of this situation
is

P(1, 1) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.51 × 0.71

× (1− 0.5)(1−1) × (1− 0.7)(1−1) = 0.35.

Then, according to the results of case 1, the defender will
choose N ∗(1) = 1 and N ∗(2) = 1, that is, deploying one
intercept missile for each attack missile, in order to minimize
the total cost and maximize the prospect value.
Detection Situation 4 (D(1) = 0 and D(2) = 0): In this

situation, both the first and attack missile 2s are undetected.
Herein, there is no target attack missile to be intercepted.
There is only one allocation strategy: [N (1),N (2)] = [0, 0].
According to equation (3), the probability of this situation

as

P(0, 0) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.50 × 0.70

× (1− 0.5)(1−0) × (1− 0.7)(1−0) = 0.15.
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TABLE 5. The cost and prospect value of the possible scenarios.

Then we can calculate the total cost according to equation
(4), and the prospect value according to equations (14)-(17),
for this situation.

C(0, 0|0, 0) =
2∑
i=1

CL(i)(1− PI (i))N (i)D(i)

+

2∑
i=1

CL(i)(1− D(i))+
2∑
i=1

gN (i)

= CL(1)(1− PI (1))N (1)D(1)

+CL(2)(1− PI (2))N (2)D(2)

+CL(1)(1− D(1))+ CL(2)(1− D(2))

+ gN (1)+ gN (2) = 190× (1− 0.4)0 × 0

+ 150× (1− 0.6)0 × 0+ 190× (1− 0)

+ 150× (1− 0)+ 35× 0+ 35× 0 = 340.

And the prospect value V (0, 0|0, 0) = −1465.2.
The cost and prospect value of the possible scenarios are

listed in Table 5.
The Expected Total Cost: Finally, we can obtain the

expected total cost, which is

C =
1∑

D(1)=0


1∑

D(2)=0

[
P(D(1),D(2))
·C(N ∗(1),N ∗(2)|D(1),D(2))

]
= P(0, 0)C(0, 0|0, 0)+ P(0, 1) · C(0, 2|0, 1)

+P(1, 0)C(2, 0|1, 0)+ P(1, 1)C(1, 1|1, 1)

= 0.15× 340+ 0.35× 284+ 0.15× 288.4

+ 0.35× 244 = 279.06,

and the expected prospect value, which is

V =
1∑

D(1)=0


1∑

D(2)=0

[
P(D(1),D(2))
·V (N ∗(1),N ∗(2)|D(1),D(2))

]
= P(0, 0)V (0, 0|0, 0)+ P(0, 1) · V (0, 2|0, 1)

+P(1, 0)V (2, 0|1, 0)+ P(1, 1)V (1, 1|1, 1)

= 0.15× (−1465.2)+ 0.35× (−1053.6)

+ 0.15× (−863.4)+ 0.35× (−721.3) = −970.505.

VI. ILLUSTRATIVE EXAMPLES OF THE MODEL FOR
MULTI-PHASED INTERCEPTION
To illustrate the proposed model of multi-phased intercep-
tion, we use two numerical examples to show the calcu-
lation process and the application. The first case is from
the scenario 1 where the detection is perfect. The second
case illustrates the scenario 2 where there is a probability
of successfully detecting each attack missile. We use the
practice of ballistic missile to provide examples in this
section. As shown in Figure 4, there are 3 phases, and
numerical examples are shown as below. To facilitate the
comparison, the number of attack missiles, the potential mon-
etary outcomes as well as the values of risk parameters and
weighting function parameters in CPT are set as the same as
Section IV.

A. CASE 1: THE DETECTION OF ATTACK MISSILES IS
PERFECT
Assume the number of attack missilesM is 2 and the number
of intercept missiles N is 4. The probability of successful
interception at different phases and the loss due to failed
interception are shown in Table 6. The costs of an intercept
missile used at different phases are shown in Table 7.

TABLE 6. The probability of successful interception and the loss due to
failed interception for the case of perfect detection and multi-phased
interception.

TABLE 7. The costs of an intercept missile used at different phases for
the case of perfect detection and multi-phased interception.

From Table 6, it is known that the impact of the attack
missile 1 is stronger and the corresponding interception is
harder compared with the attack missile 2. In addition, it is
the best chance for defender to intercept the attack missile
during phase 2, since in this phase the ballistic missile flies
steadily compared with other two phases.

As the number of possible intercept allocations is large
(146) in this case, we only use one of them to illustrate the
calculation process of the proposed model. The allocation
strategy NM is shown as below,

NM = {1, 1, 0, 1, 1, 0} .

Then we can calculate the total cost according to equation
(4), and the prospect value according to equations (14)-(17),
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for this situation.

C =
2∑
i=1

{
CL(i)

3∏
k=1

[
(1−PI (i, k))N (i,k)

]
+

3∑
k=1

[N (i, k)g(k)]

}

=

{
190

3∏
k=1

[
(1− PI (1, k))N (1,k)

]
+

3∑
k=1

[N (1, k)g(k)]

}

+

{
150

3∏
k=1

[
(1− PI (i, k))N (1,k)

]
+

3∑
k=1

[N (i, k)g(k)]

}
= 190× (1− 0.4)× (1− 0.5)+ 35+ 40

+ 150× (1− 0.6)× (1− 0.7)+ 35+ 40 = 225.

The prospect value in this −382.8. After calculating the
total costs and the prospect values of all the possible alloca-
tions, we find the optimal allocation strategy of the intercept
missile. However, the optimal allocation strategies consid-
ering total cost or prospect value is different. The optimal
allocation strategy that minimizes the total cost is

NM∗C = {0, 2, 0, 0, 1, 0} ,

where its total cost is 212.5.
In contrast, the optimal allocation strategy that maximizes

the prospect value is

NM∗V = {0, 3, 0, 0, 1, 0} ,

where its prospect value is −227.9.

B. CASE 2: THE DETECTION OF ATTACK MISSILES IS
IMPERFECT
Assume the number of attack missilesM is 2 and the number
of intercept missiles N is 4. The probability of successful
interception at different phases and the loss due to failed
interception are shown in Table 8. The cost of an intercept
missile used at different phases are the same as in Case 1
(shown in Table 7 ).

TABLE 8. The probability of successful interception and the loss due to
failed interception for the case of perfect detection and multi-phased
interception.

From Table 7, it is known that the impact of the attack
missile 1 is stronger and the corresponding interception is
harder compared with the attack missile 2. In addition, it is
the best chance for defender to intercept the attack missile
during phase 2, since in this phase the ballistic missile flies
steadily compared with other two phases.
Detection Situation 1 (D(1) = 1 and D(2) = 0): In

this situation, the attack missile 1 is detected but the attack
missile 2 is not. Herein, the only intercept target is the attack
missile 1.

According to equation (9), the probability of this situation
is

P(1, 0) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.51 × 0.70

× (1− 0.5)(1−1) × (1− 0.7)(1−0) = 0.15.

There are totally 23 possible allocations of intercept mis-
siles in this situation. Then we can calculate the total cost
according to equation (10), and the prospect value according
to equations (14)-(17), for these allocations. The results show
that when NM = {0, 2, 0, 0, 0, 0}, the total cost reaches its
minimum which is 277.5 and when NM = {0, 4, 0, 0, 0, 0},
the prospect value reaches its maximum which is −570.1.
Thus, the defender will choose NM∗C = {0, 2, 0, 0, 0, 0}, that
is, using two intercept missiles to intercept the attack missile
1 during phase 2, in order to minimize the total cost, and
NM∗V = {0, 4, 0, 0, 0, 0}, that is, using four intercept missiles
to intercept the attack missile 1 during phase 2, in order to
minimize the prospect value.
Detection Situation 2 (D(1) = 0 and D(2) = 1): In

this situation, the attack missile 2 is detected but the attack
missile 1 is not. Herein, the only intercept target is the attack
missile 2.

According to equation (9), the probability of this situation
is

P(0, 1) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.50 × 0.71

× (1− 0.5)(1−0) × (1− 0.7)(1−1) = 0.35.

Similar as situation 1, there are also totally 23 possi-
ble allocations of intercept missiles in this situation. Then
we can calculate the total cost according to equation (10),
and the prospect value according to equations (14)-(17),
for these allocations. The results show that when NM =

{0, 0, 0, 0, 1, 0}, the total cost reaches its minimum which is
275 and when NM = {0, 0, 0, 0, 4, 0}, the prospect value
reaches its maximum which is −918.3. Thus, the defender
will choose NM∗C = {0, 0, 0, 0, 1, 0}, that is, using one
intercept missiles to intercept the attack missile 2 during
phase 2, in order to minimize the total cost, and NM∗V =
{0, 0, 0, 0, 4, 0}, that is, using four intercept missiles to inter-
cept the attack missile 2 during phase 2, in order to minimize
the prospect value.
Detection Situation 3 (D(1) = 1 and D(2) = 1): In this

situation, both the first and attack missile 2s are detected.
Herein, there are two attack missiles to be intercepted, which
makes this situation degenerate to case 1. According to
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equation (9), the probability of this situation is

P(1, 1) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.51 × 0.71

× (1− 0.5)(1−1) × (1− 0.7)(1−1) = 0.35.

Then, according to the results of case 1, the defender has
two optimal allocation strategies. In order to minimize the
total cost, the defender will choose NM∗C = {0, 2, 0, 0, 1, 0},
that is, deploying two intercept missiles to intercept the attack
missile 1 during phase 2, and one intercept missile to intercept
the attack missile 2 during phase 2. In this allocation, the total
cost is 212.5. In order to maximize the prospect value, the
defender will choose NM∗V = {0, 3, 0, 0, 1, 0}, that is, using
three intercept missiles to intercept the attackmissile 1 during
phase 2 and one intercept missile to intercept the attack
missile 2 during phase 2. In this allocation, the prospect value
is −227.9.
Detection Situation 4 D(1) = 0 and D(2) = 0): In this

situation, both the first and attack missile 2s are undetected.
Herein, there is no target attack missile to be intercepted.
There is only one allocation strategy: NM = NM∗ =
{0, 0, 0, 0, 0, 0}.

According to equation (9), the probability of this situation
as

P(0, 0) =
2∏
i=1

Pd (i)D(i)
2∏
i=1

[
(1− Pd (i))(1−D(i))

]
= Pd (1)D(1)Pd (2)D(2)(1− Pd (1))(1−D(1))

× (1− Pd (2))(1−D(2)) = 0.50 × 0.70

× (1− 0.5)(1−0) × (1− 0.7)(1−0) = 0.15.

Then we can calculate the total cost and the prospect value
for this allocation, just as the same situation discussed above.
The total cost is 340 and the prospect value is −1465.2.
The Expected Total Cost: Finally, we can obtain the

expected total cost and the expected prospect value, which
are

C =
1∑

D(1)=0

1∑
D(2)=0

· · ·

1∑
D(M )=0

P(D(1), . . . ,D(M ))

·C(NM∗|D(1), . . . ,D(M ))


= P(0, 0) · C(0, 0, 0; 0, 0, 0|0, 0)

+P(0, 1) · C(0, 0, 0; 0, 1, 0|0, 1)

+P(1, 0) · C(0, 2, 0; 0, 0, 0|1, 0)

+P(1, 1) · C(0, 2, 0; 0, 1, 0|1, 1)

= 0.15× 340+ 0.35× 275+ 0.15× 277.5

+ 0.35× 212.5 = 263.25,

and

V =
1∑

D(1)=0

1∑
D(2)=0

· · ·

1∑
D(M )=0

P(D(1), . . . ,D(M ))

·V (NM∗|D(1), . . . ,D(M ))


= P(0, 0) · V (0, 0, 0; 0, 0, 0|0, 0)

+P(0, 1) · V (0, 0, 0; 0, 4, 0|0, 1)

+P(1, 0) · V (0, 4, 0; 0, 0, 0|1, 0)

+P(1, 1) · V (0, 3, 0; 0, 1, 0|1, 1)

= 0.15× (−1465.2)+ 0.35× (−918.3)

+ 0.15× (−570.1)+ 0.35× (−227.9) = −706.465.

The cost and prospect value of the possible situations are
listed in Table 9.

TABLE 9. The possible combinations of detection and allocation strategy
of attack missiles for the case of perfect detection and single-phased
interception.

From the results we can see that the optimal alloca-
tion strategies respectively under the aims of minimiz-
ing the cost and maximizing the prospect value are same
in most cases. However, they are still slightly differ-
ent in some scenarios. The reason for this difference is
that the cost is a more objective indicator whereas the
prospect value is a more subjective indicator. The rea-
son for this phenomenon is that the optimal strategy to
maximize the prospect value considers influence of risk
attitudes compared with the optimal strategy to minimize
the cost.

VII. CONCLUSION
This study proposed a method to optimize the missile
interception strategy (intercept missile allocation) by simu-
lating the games of missile interception, which jointly con-
sidering multiple phases, multiple targets, cost and the risk
attitude of the defender. Based on combinatorial mathe-
matics and CPT, the proposed method models the process
of the missile interception and provides the total cost and
prospect value for strategy optimization. Both single-phased
and multi-phased interception are considered in this model.
Besides, this model includes two scenarios: the detection
for attack missiles is perfect or imperfect. In addition, four
illustrative examples are provided for the cases where the
interception is single-phased or multi-phased and whether
the detection is perfect. The results of the examples show
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that our model can find the optimal strategy of missile inter-
cept by minimizing the expected total cost or the expected
prospect value.

This work can be extended in several directions. First,
detection probability can be further considered as a random
distribution, which reflects the intelligence contest in prac-
tice. Second, it is interesting to study the optimal attack
strategy given that the defender always responds with the
most effective intercept strategy. Third, the optimal deploy-
ment of intercept missiles can be studied together with
other weapons. For example, it must be interesting to study
the deployment of missiles and bombers for the aircraft
carrier.
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