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ABSTRACT This paper is concerned with the finite-time annular domain bounded control of Itd-type
stochastic systems with Wiener and Poisson random disturbance. First, utilizing different quadratic function
methods, some sufficient conditions for finite-time annular domain bounded-ness (FTADB) of the system are
achieved. Second, two finite-time annular domain bounded controllers are skillfully developed to ensure the
FTADB of the closed-loop system, of which one is state feedback controller and the other is dynamic output
feedback controller. Furthermore, an algorithm is provided to deal with the obtained matrix inequalities.
Finally, two examples are used to demonstrate the effectiveness of the theorems in this paper.

INDEX TERMS Stochastic systems, Poisson random disturbance, finite-time annular domain bounded.

I. INTRODUCTION

The control problems of stochastic systems have attracted
much attention in physics, biology, engineering and other
practical systems in the last decades. Among various stochas-
tic control systems, Itd stochastic differential/difference
equations play important roles. This class of systems have
received considerable attention from control and mathemati-
cal communities. There are have been some results available
in the literatures about stability of stochastic systems. For
example, some robust state feedback controllers are proposed
for linear stochastic systems with Markovian switching in
[1]. It is verified [1] that the robust stabilization problem can
be solved. Hyo/Hy, control for nonlinear stochastic systems
based on coupled Hamilton-Jacobi equations are investigated
in [2]. Then, the results are further developed in stochastic
fuzzy affine systems in [3]. Some other excellent research
results of stochastic systems can be found in [4]-[10] and
their references.

It is known that Wiener and Poisson random process
play an important role in stochastic control systems. Hence,
stochastic linear systems with Wiener and Poisson random
disturbance have been brought into focus [11]-[18]. For
instance, stability problems for semi-Markovian switched
singular stochastic systems with Wiener noise are investi-
gatedin [11]. The Hy, control problems for systems perturbed
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by jump random noise, i.e., Poisson-driven stochastic sys-
tems are studied in [12]. Disturbance attenuation properties
and robust H, adaptive fuzzy tracking control of nonlinear
systems are investigated in [13]. Based on Poisson processes,
the problem of moment estimators for the parameters of
Ornstein-Uhlenbeck processes is developed in [14]. Other
outstanding research results can be found in [15]-[18].
When the time goes infinity, asymptotic stability is con-
sidered in most of the existing results [19]-[25]. As men-
tioned in [26], asymptotically stable systems may have poor
transient characteristics. In practice, it is important to reach
steady state in finite time, especially in communication net-
work system [27], robot control system [28]. Fortunately,
the concept of finite-time stability (FTS) is put forward
[29]. Due to the advantage of the finite-time technique,
there have been many nice results on it, such as the FTS
of switched stochastic systems [30]-[32], FTS of stochas-
tic delayed systems [33]-[35], FTS of stochastic Marko-
vian jump systems [36], [37]. Besides, external disturbance
is unavoidable in practice. In order to solve the problem,
the concept of finite-time bounded (FTB) has been introduced
[38], and many excellent research results based on finite-time
bounded-ness theory have been obtained [39]-[42], [44]. For
example, in [39], some sufficient conditions on finite-time
stochastic bounded-ness are provided for stochastic systems
with stochastic delayed interval and Markovian switching.
In [40], a newly stochastic Lyapunov-Krasovskii functional
and novel activation function conditions are proposed for a
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class of Markovian jump linear systems and put forward a
controller to investigate the finite-time stochastic contrac-
tive bounded-ness problem. In [41], a stochastic variable
satisfying the Bernoulli distribution is utilized for the prob-
lem of FTB control. In [42], the problem of FTS analysis
and stochastic finite-time bounded-ness for switched linear
systems are studied. However, the FTS and FTB problem
in [39]-[44] only involves the upper bound of the system
orbit, not its lower bound. In practice, the research of the
upper bound and lower bound of system state showed the
great significance. For instance, in [45], the temperature
of the reactor should be within the given interval in some
chemical reaction controlled systems, otherwise the reaction
cannot proceed smoothly during a given time interval. In [46],
to make the entire electrical power system work properly
during a given time interval, transient voltage should be
controlled in a finite-time interval. To deal with these phe-
nomenon, the problem of finite-time annular domain stability
and bounded control of the stochastic systems has been inves-
tigated with the lower bound of the system orbit in [47]-[49].
In [47], a quadratic function approach is developed for the
FTADB of a linear stochastic system. The finite-time annular
domain stability of stochastic impulsive systems was inves-
tigated in [48]. Nevertheless, the influence of Wiener and
Poisson random disturbances on system performance is not
considered in [47]-[49] simultaneously. Thus, how to develop
a new strategy for Itd-type stochastic systems with Wiener
and Poisson random disturbance such that the closed-loop
systems are FTADB has not been adequately dealt with till
now, which motivates the current study.

The FTADB control of It6-type stochastic systems are
investigated in this paper. The main contributions of this work
can be stated as follows: i) The FTADB control of Itd-type
stochastic systems with Wiener and Poisson random distur-
bance are studied, which generalizes some existing stochastic
system. ii) By a different quadratic function method, Itd for-
mula, Gronwall inequality, and matrix inequality technique,
several sufficient criteria for FTADB of It6-type stochastic
systems are obtained under a state feedback controller (SFC)
and an output feedback controller (OFC). iii) An algorithm is
presented to give the relationship of the parameters under the
state feedback and output feedback cases.

The paper is structured as follows. Section II introduces
some basic preliminaries. Section III provides a sufficient
condition for FTADB. Section IV gives some sufficient con-
ditions for the existence of feedback controllers. Section V
shows an algorithm for solving the related parameters of the
two controllers. In section VI gives two simulation examples
to illustrate the feasibility of the proposed theoretical results.
A conclusion is shown in the last section.

Notations: M’ denotes the transpose of matrix M. M >
0(M > 0) means that M is positive-definite (positive semi-
definite). 700 (M)(r1nin(M)) means the largest (smallest)
eigenvalue of matrix M. R’ means an p-dimensional
Euclidean space. “x” represents the entries implies by the
symmetry to a matrix. diag{- - - } represents a diagonal matrix.
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E represents the mathematical expectation of a random
process.

Il. PRELIMINARIES AND PROBLEM STATEMENT
Consider the following Itd-type stochastic linear system with

Wiener and Poisson random disturbance
dx(t)=(A11x(t)+Bru(t)+Hyo (¢))dt
+(A21x(t)+Bo1u(t) +Haw (1))dw(t)
+(A31x(1)+ B3 u(t)+Hzw (1))dn(t),

y(t)=Cix(1), x(0)=xp € R",

where A1y, Az1, A31, B11, B21, B31, Hi, Hy, H3, Cy are con-
stant matrices with appropriate dimensions. x(¢) € R", u(t) €
R™,y(t) € RP denote the state of the system, the control input,
and the measurement output, respectively. n(¢) stands for the
marked Poisson process with Poisson jump intensity A. w(t)
is the one-dimensional standard wiener process. @ (t) denotes
the external disturbance and all @w(f) € N. x¢ presents the
initial state.
The class R is defined as follows:

N={ow(@t)|dw(t)=Fw (t)dt+F 1w (t)dw(t),

E[o'ORio0)] <f}, @)

where f > Oandf; > Oare given scalars,and F > 0, F| > 0,
and R; > 0 are constant matrices.

Remark 1: From the above definition of f and fi, one can
see that N actually includes a big class of signals.

Next, the concept of FTADB is introduced and more details
can be found in [50] and [51].

Definition 1: Given scalars 61 > 0,8, > 0,83 > 0,84 > 0,
T > 0, withamatrix R > 0,6, > 84 > §3 > 81 > 0,and a
class of exogenous signals N, then the following system

dx(t) = (A1x(t) + Hioo (t))dt
+(A21x(1) + Hao (2))dw(1)
+(A31x(t) + Hyow (1))dn(t),
x(0) = xo,

issaid tobe FTADB with respectto (81, 82, 83, 84, R, T, R), if
83 < E[x(ORx(0)] < &4
= 81 < E[x'(DRx(1)] < &, 4)

ey

w (0)=wo, wyRi@o < fi,

3)

forallz € [0, T], w(t) € R.
Next, some lemmas that will be used are given in this paper.
Lemma 1 [52]: For given v(x(¢)) € CL2(RT, R"), associ-
ated with the following stochastic system

dx(t) = f(x)dt + g(x)adw(t) + a(x)dn(t). 5)
Define the infinitesimal operator £v as
eu(x(e) = a”(;t(”) LN
b3l ()az((’))m
+ k[v(X(t) + a(X)) — v(x ()] (6)

Lemma 2 [51]: Let h(t) be a nonnegative function, if there
exist some constants m > 0 and n > 0, such that

t
h(t)§m+n/ h(s)ds 0 <t <T, (N
0
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then
h(t) <mexpnt) 0 <t <T. (®)

Lemma 3 [51]: Let h(t) be a nonnegative function, if there
exist some constants m > 0 and n > 0, such that

t
h(t)zm+n/ h(s)ds 0 <t <T, )
0

then
h(it)>mexp(nt) 0 <t <T. (10)

IIl. FINITE-TIME ANNULAR DOMAIN BOUNDED-NESS
This section is to address the FTADB problem of the system
(1) by selecting different quadratic functions.

In [44], a key approach to obtain the main results is as
follows. Take the positive-definite function v(Sss.(2)), then
based on the following inequalities

Lv(Sstare(t)) < aV(Syrare(t)), (11)

and

Cv(Sstare(1)) > BV (Sstare(?)), 12)

one can obtain the main results. Since the general quadratic
functions in (11) and (12) are the same, one can find that
V(Ssare(t)) which satisfies (11) may not satisfy (12). Thus,
the results obtained are conservative.

In order to deal with this problem, a different method will
be introduced. Specifically, by choosing different positive
quadratic functions vi(Sgare(t)) and v2(Sszare(2)), the follow-
ing inequalities

Lv1(Sstare(t)) < avi(Ssrare(t)), (13)

and

Lv2(Sstate(t)) > B2(Ssrare(1)), (14)

will be derived. Thus, the main results obtained by different
quadratic function methods are better than those obtained by
common approach.

Based on the different quadratic function methods,
Theorem 1 is obtained.

Theorem 1: Given positive scalars 81, 2, 63, 84, T, and a
matrix R > 0, with § > 84 > §3 > §; > 0, the system
(3) is FTADB with respect to (81, 82, 83, 84, R, T, R), if there
exist symmetric matrices Q1 > 0, Q2 > 0, Q3 > 0, and some
scalars r4, i = 1,2,3, @ > 0, 8 > 0, such that the following
inequalities hold

v Hy VIO +A3))  O145]]
x I —a0) VAH] Hj

~ 1
. ) 5 ;| 0, (I5)
* * * -0 ]
Vi _H VIO +As) @11431_
*  BOr—T VLHj H

~ 1
y . 0 0 <0, (16)
* * * -0

r2f1 - 52€_aT \/34_ <0 (17)
* —r1 | ’
17286

[r3f — 33

. *_/il} <0, (18)
rl<Qp <1, (19)

0< 0y <, (20)

0<03<r3l, (21)
W},lfre 1 1 ~ 1 1 ~ 1 1

Q1 =R 2Q1R" 2, 02 =R{O:R{, 03 =R;0O3R},

¥ = 1A} +A1101 — 101 — a0y,

Ty = F'Qy+ OsF +F{§2F1,

Y1 = BO1 + 101 — 014}, — A1 01,

[y = F'Q3 + O3F + F|O3F).

Proof: The proof is divided into two steps.

Step 1 : E[x'(0)Rx(0)] < 84 = E[x'(1)Rx(?)] < &2

Choose the following quadratic function
V(@) @ (1) =X O0] 'x(1) + @' 02w (1), (22)

1 1
where Q) = R’%QlR’%, 0, = R} Q»R}, with symmetric
matrices Q1 > 0, O > 0.
Applying Itd formula for vq (x(¢), @ (¢)) along the trajectory
of the following system

d[x(t)}z[ml Hl}[xa) } W +[A21 sz| [xm } )
o] [0 F ||z 0 Fil|lo@
A3 Hj || x(1)
+|: 0 0 :||:w(t):|dn(t)

)z
w (0) W

it follows
v (x(1), @ (1))
= (Anx(t) + Hio (1)) O 'x(t)
+x' 007 (A11x(t) + Hioo (1))
+ (A21x(t) + Hooo (1)) 07 H(Aaix(r)
+Hyw (1) + (Fo (1)) Qroo (1)
+ @' ()02 Fw (1) + (Fio (1)) Q2 F1 oo (1)
+ A[(x(1) + A31x(1) + Hy (1)) Q7 (x(r)
+A31x(1) + H3w (1) — X' (007 'x(0],  (24)

(23)

and one obtains
Lvi(x(1), @ (1)) — avi(x(1), @ (1))

= X' (OIA}, 07" + 07 'An + AL, 07 1Ay
+ A+ A31) 07 (I + Az1) — 207!
— a7 x(t) + X' (O[Q] ' Hy + A5, 07 ' Hy
+ M1 +A3) 07 ' H3lo (1) + &' (0[H] O]
+H507 ' Aay + AH;07 (I + A3 (1)
+ @' (O[F' 02 + O2F + F{OxF) + H)0, 'H,
+AH;0; ' Hy — a0s]w (1). (25)
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Pre-multiplying and post-multiplying both sides of
inequality (15), by diag{@fl,l,éf],éfl}, according to
Schur complement, one can obtain that

[A +A, 07 A AL+ O HY tA/ﬂ@l_le} —0
* Ay + H 07 ' H) ’
(26)
where
A = ALO + 07 Ay + A+ A3) O+ Az
—207! -0,
A1 = A +A31) Q7 Hs,
Ay = F'Qy + OoF + F{Q2F + AH;07 'Hy — a0s.
By (25) and (26), one obtains
Loy (x(1), @ (1)) < avi(x(1), @ (1)). (27)

Then, integrate from O to ¢ with ¢+ € [0, T'] and take the
mathematical expectation on both sides of (27), one has

Evi(x(1), @ (1))
< Evi(x(0), @ (0)) + « /0 tEvl(x(s), w(s)ds. (28)
By Lemma 2, it can be concluded that
Evi(x(?), @ (1)) < Ev1(x(0), = (0))e®". (29)
Applying the given conditions, we obtain
Ev;(x(0), @ (0))e™
= E[Y'(0)0; 'x(0) + ' (0)Q2 (0)]e*
E[x/(O)R%QI_IR%x(O)—kw/(O)Rl%QzR]% @ (0)]e*
Elrmax(Q7 )84 + Fmax(Q2)f11e*”

1
= ) max ol
[Vmin(Ql) 4 + rmax(Q2)f11€

1 aT
< [;34 + rafile”, (30)
Evi(x(), @ (1) N
= E[x/(t)Ql_IX(t)+w/(t)Qle(t)]
E[x'(1)R? Q7 'R2x(1)
1 1
+ @' ()R] Q2R w (1)]
Elrmin(Q) )x'()Rx(2)
+ rmin(Q2)@ (R (1)]

= E[r—(QI)X’(t)RX(t) + rmin(Q2)@ (DR @ (1)]
> E[x'()Rx(1)]. 31)
According to (29), (30) and (31), it yields

IA

v

1
ELY(ORx()] < (—-84 + raf)e!. (32)
1
From (17), one finds
1
(—8a+ rfe*! < 8. (33)
1

According to (32) and (33), one can obtain
E[x' (H)Rx(1)] < 8. (34)
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Step 2 : 83 < E[x'(0)Rx(0)] = 81 < E[x'(t)Rx(1)]
Consider a function as follows
@), m(1) =x'O0] 'x(t) + &' )03 (1), (35)

1 1
where é] = R_%QIR_]?, ég = RIZQ3R7, with symmetric
positive definite matrices Q1, Q3 being solutions (15)-(21).
Applying It6 formula for wvy(x(¢), w(t)) along the
trajectory of the system of (23), one has

Lva(x(1), @ (1))
= (Anx(t) + Hyw (1)) 07 'x(t)
+x' (007 ' (Anx(6) + Hyw (1)
+ (A1x(t) + Haw (1)) Q7 (A1 x (1) + Hywo (1))
+(Fo 1) Q3o (1) + o' (1)Q3Fw (1)
+ (Fi1o (1)) Q3F 1o (1)
+ AL0x(0) + Azix(0) + H3oo (1)) Oy (x(0)
+A31x(t) + Hyo (1) — x' (007 (1)), (36)
and it follows
Bv2(x(1), @ (1)) — Lvo(x(1), @ (1))
= X' OIBO; " + 207" — A, 07" - 07 'An
—Ab Oy Agy — AT+ A31) 07U + As))x(0)
—x'(OIQ7 ' Hy + Ay, 07 ' Hy
+ U + A31) Oy ' Hslw (1)
— ' (O[H{ 0] + Hy07 ' Ay
+AHS01 (I + A3)Ix (1)
+@'(1)[BOs — F'Q3 — OsF — F{0sF)
— H07 ' Hy — AH07 ' H3leo (1) (37)
Pre-multiplying and post-multiplying both sides of
inequality (15), by diag{él_l, I, él_l, él_l}, according to
Schur complement, one can obtain that
[ T +45,07"'4 i+ 07'Hi + 45,0, 'H, ] —0
* %2+ Hy0, 'Hy ’
(38)
where
T = B0, +20;" - 4,07 - 07 'An
00+ A31) 07 (I + Az,
X = )»(1+A31)@1_1H3,
¥ = 03 — F'Q3 — O3F — F{OsF + AH;07 'Hs.
Considering (37) and (38), one obtains
Lva(x(2), w (1)) > Pra(x(1), @ (7). (39)

Then, integrating from O to # with ¢ € [0, T] and taking the
mathematical expectation on both sides of (39), one has

Evz(x(1), @ (1))
t
> Evny(x(0), @ (0)) + B / Evy(x(s), w(s))ds. (40)
0
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Using Lemma 3, it yields
Evy(x(1), @ (1)) > Evy(x(0),  (0))e”". 41)

By (19) and (21), one has
Ev2(x(0), @ (0))e?’

= E[¥'(0)0; 'x(0) + @' (0) 03 (0) ]!

- E[x’(())R%Q;‘R%x(0)+w’(0)R§Q3wa(0)]eﬂf
rmin(Ql_l)53 =
Eva(x(1), @ (1))

= ElX' (N0 'x(t)+ @' (1) Q3 ()]

= ElX(DR Q[ 'RIx(1)

v

1
—$ 83. 42
Tmax(Q1) 370 (42

+ w’(t)Rl% Q3R]% w (1)]
< Elrmax(Q7 X' (DRx(1)
+ rmax(Q3)wl(t)le(t)]
1
= E[———x()Rx(t) +rmax(Q3)w ()R @ (1)]
Tmin(Q1)
< rl—lE[x/(t)Rx(t)] + r3f. (43)
By (41), (42) and (43),
8 < rlE [ (ORx ()] + r3f . (44)
1
From (18), one has
81 — 83r1 + rafr; < 0, 45)
and (45) is equivalent to
81 < (83 — raf)n. (46)
From (44) and (46), it is easy to obtain
81 < B[xX (H)Rx(1)]. 47)
This completes the proof. U

Remark 2: For system (1) with u(f) = 0 (i.e. Ito-
type stochastic linear with Wiener and Poisson random
disturbance), the FTADB can be tested by Theorem 1.

IV. FINITE-TIME ANNULAR DOMAIN BOUNDED
CONTROLLER DESIGN

In this section, in order to deal with the system (1) is FTADB,
different quadratic functions are constructed to design the
SFC and OFC.

A. STATE FEEDBACK FINITE-TIME ANNULAR DOMAIN
BOUNDED CONTROLLER DESIGN
For system (1), consider the following SFC
u(t) = Kx(1), (48)
where K is the feedback controller gain to be designed.
Substituting (48) into system (1), one gets

dx(t)=[(A11+B11K)x(t)+H o (t)]dt

+[(A21 +B21 K)x (1) + Hyw (1)]dw(t)

+[(A31+B31K)x(1)+Hzw (1)]dn(r)
y(t)=C1x(), x(0)=xy € R".

(49)
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Next, the following theorem provides sufficient conditions
to guarantee the system (49) is FTADB.

Theorem 2: Given a matrix R > 0, and positive scalars §1,
82, 83, 84, T, with 63 > 84 > 83 > §1 > O, the system (49) is
FTADB with respect to (81, 62, 83, 84, N, T, R), if there exist
symmetric matrices Q1 > 0, @» > 0, O3 > 0, some scalars
ri,i=1,2,3,a >0, 8 > 0, and a suitable dimensions matrix
U, such that the following inequalities hold

~

A Hy Ay Q1A +U'B) ]
I I —*Ole “{xgs/ I—(I)é <0, (50)
* * * -0 i
Ay H Ay Q1AL + U'BY,
: ,BQz*— I', “{ng/ I_(I)é <0, (51
* * * -0 i
where

~ 1 1~ 1 L 1 1

Q1 =R QIR 2, O =R{QR], 03=R;{O3R],

A = Q1A} + A1 Q1 + U'B|y +B11U — 201 — a0y,

A1 = V201U + A1) + VAU'BY;,

Ar = BO1 + 101 — Q1A — A Q1 — U'B}, — B U.

In this case, a desired controller gain is given by K =
uort.

Proof: By replacing A11 by A11+B11K,A21 by Ao +B21 K
and A3 by A3; + B31K in Theorem 2. One can obtain that
conditions (15), (16) and

(A" Hi A7 Qi(Aar +BuK)' ]

x T1—aQ VAH, Hj

i . B 0 <0, (52
| * * * — 0 |
(A3 H A} Qi(Aar + BaK) ]

x PO —T> AH, H)

i i} B 0 <0, (53)
| * * * -0

hold. Let U = Kél, it can be seen that (52) and (53) are
derived from (50) and (51), where

A* = (A1 + BuK)O1 + O1(A11+B11K) — 101 — a0,
A} = V201U + A3 + B3iK)
A3 = BO1 + 201 — Qi(A11 + BiiK) — (A1 + B11K)Q:.

This completes the proof. ]

B. DYNAMIC OUTPUT FEEDBACK FINITE-TIME ANNULAR

DOMAIN BOUNDED CONTROLLER DESIGN

It is well known that the SFC may fail, when the system states

are not fully accessible. Therefore, we propose an OFC.
Assumption 1: There exists a SFC v(t) = Kx(¢) which has

been designed using the results of Theorem 2.
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An observer-based controller with appropriate dimensions
is selected as follows
dx()=[AnX(OHB1HVIEHLO@) — Cix(1)))dt
HA2X OB vIEHL(y(1) — C1(1)]dw(t)
HA31XEHB31v(OHL (1) — C1x(1))]dn(t)
v(t)=Kx(1), x(0)=xo € R",

(54)

where X(t) is the estimate of the state of x(¢) and L is an
estimator gain matrix with appropriate dimensions.

Define e(t) = x(t) — X(t), then one gets the error system as
follows

de(t) = [(A11 —LCy)e(t)+H @ (1)]dt
+[(A21 —LCy)e(t)+Hrw ()]dw(t)
+[(A31 —LCy)e(t)+H3w (1)]dn(t). (55)
In general, it is required to satisfy E[¢/(1)Re(r)] < 1,1 €
[0, T].
Let z(t) = [x'(¢) €/(t) @w'(¢)]’; then one gets the following
augmented system

dz(t) = Az(t)dt + Axz(t)aw(t) + Azz(1)dn(r), 56)
2(0) = [x) e wyl € R*"H,
where
N A1 +BnK —B1K Hy ']
Al = 0 Al — LC H |,
0 0 F |
~ [ Azi + BaiK —By1K H, |
Ay = 0 Ay —LCy Hy |, (587)
o0 0 Fi |
~ [ A3 + B31K —B31K H; ]|
A = 0 Ayl — LC,  H;
0 0 0 |

According to Assumption 1, the following theorem is given
to solve the sufficient conditions of the existence of L

Theorem 3: Given a matrix R > 0, and positive scalars 1,
82, 83, 84, T, with 83 > 84 > 83 > §1 > 0, the system (56) is
FTADB with respect to (81, 62, 83, 84, N, T, R), if there exist
symmetric matrices Q1 > 0, @> > 0, O3 > 0, some scalars
;>0,i=1,2,---,7,a >0, 8 > 0, asuitable dimensions
matrix V,and L = éz_ 'V, such that the following inequalities
hold

Q. Qo Q3 0 0
* Qoo Qo3 4 5
* * Q33 0 0 < 0, (58)
* * * —@2 0
* * * 0 —éz A
Tii Y2 Y3 0 0
* T Yoz Tog T2s
« % Ty 0 0 | <0, (59
* * * —éz 0
* * * 0 —éz ]

0<Q3 <13l, (60)
w6l <Q4 <151, (61)

ul<Q1<tl, 0<Qr<mnl,
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0<Qs <tl, (62)
7184 + 12 + 13f1 < Spexp(—aT )4, (63)
0ts — B+ +17f <O, (64)
where
01 = RIQIRY, Dy =RIQuRE. s = R}Q:kY.
0 = REQuRY, 05 = RIOsR},
Qi = (A +Buk) 01 + 01(A11 + BiiK)
+ (A21 + B21K) O1(A21 + BaiK)
+ A[(A31 + B31K) 01 + 01(431 + B31K)
+(A31 + B31K) Q1(A31 + B31K)] — a0,

Q12 = —01B11K — (A1 + B2iK) 01B21K — A[Q1B31K
+ (A31 + B31K) 01B31K],

Qi3 = O1H1 + (A21 + BnK) Q1Ha
+A[01H3 + (A31 + B3iK) Q1H3],

Qo = A/n@z + 0oA1; — C1V = V(C —i—K/B/ZlélelK
+ M[A31 02402431 —C| V' —VCi+K'B},01B31K]
— a0,

Q3 = OoH) + Ay QxHy — C{V/'Hy — K'By 01 Hy
+A[01H3 + Ay 02H3 — C{V'Hy — KBS, 01 H3],

Qg = Aéléz -V,

Qs = VAL, 00 — VACTV,

Q33 = F'Q3 + OsF + H)01Ha + H50>Hy + F{Q3F)

+ MH;01H3 + H;0:H3] — a 05,

Tii = BOs — (A11 + B1iiK) Qs — Oa(A11 + B11K)

— (A21 + B21K)' Q4 (A1 + BaiK)
— M(A31 + B31K) Q4 + Qua(A31 + B31K)
+ (A31 + B31K) 04 (A31 + B31K)],

Ti2 = Q4B1iK + (A2 + B2iK) Q4BaiK
+MQ4B31K + (A31 + B31K) QaB31K],

Y13 = —Q4H) — (Aa1 + BuiK) QuHy
— MOaH3 + (A31 + B31K) QaHs],

Ty = _A/lléz — ézA]] + CiV/ + VC, — K’BélészlK
— MA3102 + QA3 — CIV/ = VC
+K'By02B31K 1+ BOs,

Ty = —0sH, —A/zlész + C1V'Hy + K/B/2154H2
— MO2H3 + Ay 0aH3 — C{V'Hs — K'By Q4H3),

o4 = A0, — C|V/,

Tas = VAAL, 02 — VACV/,

T33 = —F'Qs — OsF — Hﬁélez - Hﬁész - F{@sFl
— MH}04H3 + Hi02H) + BOs.

Proof: The proof is divided into two steps.
Stepl : E[x(t))Rx(0)] < 84 = E[x'()Rx(1)] < &
Let © = diag{Q1, 0>, 03}, 01 > 0, 0> > 0 and Q3 > 0
being solutions to (58)-(64).
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Define z(t) = [x'(¢) €/(¢) =’ (¢)], one has

13(2(1)) = Z(1)Oz(1)
= X' (1)Q1x(1) + €' (1)Qae(?)
+ @' ()03 (1), (65)
~ ~ ~ 1 1
where 01 = R2Q1R?, 02 = RTQ2R?, 03 = R} Q3R] .
For v3(z(¢)), according to Itd formula along with the state
trajectory of (56), one obtains

0v3(z(1))
= (A1z(t)) ©z(t) + 2 (HOA (1))

+ (A22(1)) O(Axz(t))

+ M(z(t) + Asz(1)) O((r) + Azz(t))

—2(1) ©z(1)]

2(1)[A]© + ©A; + A,OA4; + A(A;0 + OA;

+ AL 043)]z(t)

[x(t) et w@)1ZIx(t) et) @ ()7, (66)

B My Q2 Q3
Z=| % Ixpn Iy |, (67)

* * 133

My = (A +B1iK) Q1 + O1(A1 + BiiK)
+ (A21 + B2iK) 01 (A21 + B2iK)
+ A[(A31 + B31K)Y 01 + 01(A31 + B31K)
+ (A31 + B31K) 01 (A31 + B31K),
My = (A1) — LC1) Q2 + O2(A11 — LCY)
+(A21 — LC1) Q2(A21 — LC)) + KB 01B2 K
+ (431 — LC1Y Q2 + 02(A31 — LCy)
+(A31 — LC1) 02(A31 — LCy) + K'By 01B31K],
Mos = QxHi + (A — LC1) QoHy — K'By 01Hs
+M[Q1H3 + (A31 — LC) Q2H3 — KB, 01 H3].,
33 = F'Q3 + OsF + Hy01Ha + HyO2Ha + F{Q3F)
+ AH}01H3 + H{02H3),

which leads to

v3(z(1)) — av3(z(t) = Z(OZ* (1), (68)
where
B 1_[11 —Olé] 912 N Q13
AR * My —aQs Mz |-
* * 33 —aQ3

According to Schur complement, and let V = ézL, condi-
tion (58) can be rewritten as

Z* <0. (69)
It is obvious that (68) and (69) give
Lv3(z(1)) < avs(z(1)). (70)
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Then, integrate from 0 to ¢ with ¢t € [0, T] and take the
mathematical expectation on both sides of (70), one has

t
Ev3(z(1)) < Ev3(2(0)) + « / Ev3(z(s))ds. (71)
0

According to Lemma 2, one has
Evs(z(r)) < Ev3(z(0))e*. (72)

Considering (60), one obtains
Ev3(z(0))e*’
= E[{(0)0z(0)]e*
= E[x'(0)01x(0) + ¢/(0)02¢(0)
+ ' (0)03(0)]e*!
— E[x'(0)R? Q1 R>x(0) + ¢/ (0)R? Q2R ¢(0)
+ w/(O)Rl% Q3R1% w (0)]e*
< [Fmax(Q1)84 + Fmax(Q2) + rmax (03)f1 1T
< [118s + 12 + rafi e, (73)
Evs(z(1))
= E[Z(1)®z(1)]
= BIX'(001x(t) + € ()0ae(t) + @' (1) Q3 (1)]
= BlX'(ORZQ1R2x(t) + ¢ ()R? Q;RZe(t)
+ @ (DR} Q3R & (1)]
Elrmin (Q1) X' (RX(t) + Fiin (Q2) € (1)Re(t)
+ rmin (Q3) @' (R @ (1)]
Elrmin (Q1) X' (ORx(1)]
T E[X (H)Rx(1)]. (74)

According to (72), (73) and (74), it follows

v

v

\

1
E[x'(1)Rx(1)] < i 84+ 1+ 1afi] e (75)

According to (75) and (63), one obtains E[x(t)Rx(1)] < 8,
forallt € [0, T].

Step 2 : 83 < E[x'(t9)Rx(t0)] = 81 < E[x'(1)Rx(t)]

Let ® = diag{Qs, 02, 05}, 04 > 0, 0> > 0 and Q5 > 0
being solutions to (58)-(64), and z(r) = [x'(t) € () @’'(1)]’;
one gets

v4(z(t)) = Z()Oz(1)
= X'(1)0ax(t) + € (1)02e(?)
+ ' (105w (1), (76)
where 0y = R} QuRY, 0> = R Q:RY, 05 = REOsR?.
For v4(z(¢)), according to Lemma 1, one can obtain
Ev4(z(t))

= (A12(t)) ©z(t) + 2 (HOAz(1))
+ (Axz(t)) O(Arz(t))
+ A1) + A3z(1)) O(t) + Asz(t))
—2(1) Oz(1)]

= 2(1)[A|© + OA| + ALOA; + (A0 + OA;
+ Ay OA3)]z(1)

= [X' (1) () @' OIZIX (1) () &' ()], (717
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where
3 Ein —Ti2o —Tg
Z = * 82 8 |, (78)
* * 33

211 = (A11 + B11K) Qs + O4(A11 + B11K)
+ (A21 + B21K) Q4 (a1 + BoiK)
+ A[(A31 + B31K) Q4 + Q4(A31 + B31K)
+ (A31 + B31K) Q4 (A3 + B31K)],
22 = (A11 — LC1) Q2 + 02(A11 — LCy)
+(A21 — LC1) 02(A21 — LC) + K'By 01Bai K
+A[(A31 — LC1) 02 + 0a(A31 — LCy)
+(A31 — LC1) 02(A31 — LCy) + K'BS 04B31 K],
E23 = OxHi + (Aa1 — LC1) Q2Hy — K'B)  QsHo
+M[02H5 + (A1 — LC1) O2H3 — K' By Q4H3],
B33 = F'Qs + OsF + Hﬁ@thz + Hﬁész + F{ésﬂ
+ A[H;04H3 + H;0:H3),

which leads to

Bra(z(1)) — £va(z(t) = Z()Z*2(1), (79)
where
3 BOs—En  _Tn Y3
7" = * pO»—Exn  —Ex
* * BOs — E33

LetV = ézL and by using Schur complement, condition (59)
can be rewritten as

Z* < 0. (30)
It is obvious that (79) and (80) give
Bva(z(#)) < Lva(z(1)). (31)

Then, integrate from O to ¢ with ¢ € [0, T'] and take the
mathematical expectation on both sides of (81), one has

t
Evy(z(0)) + B / Evy(z(s))ds < Eva(z(1)). (82)
0

By Lemma 3, one has
Evy(z(0))e" < Evy(z(1)). (83)
Considering (61) and (62), one obtains
Evy(z(0))e?’

= E[Z(0)0z(0)]e”!

= E[x'(0)04x(0) + ¢'(0)02¢(0)
+ @' (0)05w (0)]eP"
E[x'(0)RZ Q4R2x(0) + ¢ (0)R? Q2R £(0)
+ o (O)R; OsR; = (O)]e
E[rmin(Q4)x"(0)Rx(0) + rmin(Q2)e’(0)Re(0)

+ rmin(Q5)@ " (O)R1 (0)]
> 'L’633, (84)

v
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Evy(z(2))
= E[Z(1)Oz(1)]
= E[x'()04x(t) + ¢ ()02e(1) + ' ()05 (1)]
Ex'()R? Q4R x(1) + ¢ (1)R? Q2R e(t)
+ w/(t)R% Q5R1% @ ()]
E[rmax (Q4) x'(1)Rx () + rmax (Q2) € (t)Re(t)
+ rmax (Q5) @' (OR @ (1)]
< EX (ORx ()] + v + 17f . (85)

IA

From (83), (84) and (85), one finds

876 — 2 — T7f
T5

< E[x'(ORx(1)]. (86)

Equation (64) gives

816 — 2 — T7f

81 < (87)
75
So it is easy obtained that
81 < E[lx'(O)Rx(1)], (88)

for all with z € [0, T].
This completes the proof. g
Remark 3: It can be seen from the above that the values of
o and B determine the feasibility of Theorem 3. The selection
process of « and B is provided in below section.

V. NUMERICAL ALGORITHMS

An algorithm is presented for the results of the paper in this
section. The specifics of the stragegy are as follows.
Algorithm 1

Step 1.Set the values of §1, 82, 83, 84, N, T, and R.

Step 2. Take a series of a(p = 1,---,n) and a series of
Bylg=1,---,m).

Step 3.Letp = 1 and set ] = 0.

Step 4.Let g = 1 and set 1 = 0.

Step 5.1f (ap, By) such that the conditions (17)-(23) are
feasible, then store (o, B,) into (X(p), Y(g)) and
By = Bg+1; goto Step 5, otherwise, go to the next
step.

Step 6.1f p+1 < n, then o, = 41 and take B; return to
Step 5; otherwise, skip to Step 7.

Step 7.Break.

Remark 4: From Algorithm 1, one can get the feasible
solution area surrounded by « and 8.

VI. NUMERICAL EXAMPLES

In this part, an numerical example with their Matlab simula-
tions are provided to show the effectiveness of the obtained
results. The parameters of the system (1) are defined as:

A [r2r =227 T0.16 —045
=1257 08 |° =012 -037|

05 0.2 2 08
As1 = [—0.25 0.3] Bu =[1.5 0.1 ]
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08

06

04

0.2

FIGURE 1. A region by o and g in A.

[0.9 0.5 0.35 0.21
By = } , B3 = [ } )

-1 —0.4 0.75
oo [ 11005 _[—-0.01 0.03
"= 1006 02| 2T 002 -0.12]
[ —0.04 0.02 05 -03
B=1_00 0.08]’ F= [—0.6 0.5 }

[0.13 05
Fr=1oas 0.18}’@:[1 2], xO=[15 —15].

and 8 = 1,8, = 35,83 =4,8, = 5,f = 05,1 = 0.1,
T=031=025R=R =1.

A. STATE FEEDBACK FINITE-TIME ANNULAR DOMAIN
BOUNDED CONTROLLER DESIGN
Applying Algorithm 1 to Theorem 2, one can get the feasi-
ble solution area surrounded by « and B (See Figure 1 for
details).

According to Figure 1, let « = 5, § = 0.4, and solving
(17)-(21) and (50)-(51), one obtains

| = 0.2959, ) = 53.4000, r3 = 6.6104,
01 — 0.8278 —0.0034 Or— 25.1521 —2.1231
U= 20,0034 0.8624 |° 27| —2.1231 25.9419 |’
0; — 5.0297  —0.6646] [ 0.0241 02392
37| —0.6646 2.0367 |°~ | —0.2957 0.4024|"

Thus, one can obtain the feedback gain matrix as follows

o [ 00302 02774
k=vo, = [—0.3554 0.4651]

Figure 2 depicts the influence of Poisson jump intensity
A on the system (1). From Figure 2, when §; = 35 and
A = 0.7322, one can obtain tmin is O, that is there is no
solution to the system of matrix inequalities when A>0.7322.
Furthermore, considering the external disturbance w () =
sin(t), one can obtain, 4 = 83 < E [x/(to)Rx(to)] =4.5 < 84,
and we can get 1 = §<E[x'(1)Rx(1)]<s; = 35. Then,
the simulation results are shown in Figure 3. From Figure 3,
one can get the system of (1) is FTADB with respect to (1,
35,4,5,%,0.3,1).
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tmin
(=]

(0.7322,0)

-0.05
0.1

n’

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
Y

FIGURE 2. When X € [0, 1.8], the value of tmin in A.

354 94494949 ad4a9dad4ad9dadadadadadad

CEC R - R S
oo 0000000060600 0C0000000C00006C00 00

IR I T T A I T I S T
] 0.05 0.1 0.15 0.2 0.25 0.3

i(s)

FIGURE 3. The evolution of E[x(t)’Rx(t)] of the closed-loop system of (1)
in A.

B. DYNAMIC OUTPUT FEEDBACK FINITE-TIME ANNULAR
DOMAIN BOUNDED CONTROLLER DESIGN
Based on SFC design, an observer-based dynamic controller
v(t) = Kx(t) is chosen. Applying Algorithm 1 to Theorem 3,
one can get the feasible solution area surrounded by « and
(See Figure 4 for details).

According to Figure 4, let « = 6, § = 0.4, and solving
(58)-(64), we obtain

11 =142.6099, 1, =48.3473, 13 = 88.4166,
= 1347766, 15 = 114.9056, 76 = 70.6907,
77 = 199.6924,
0, — [ 1385253 —00135) | _[31.2164 17243
'7 | —0.0135 1384162 <27 | 17243 37.1193]
0, — [ 343755 286161 |, _[794562 2.8600
37| —2.8616  27.6025 | 47| 2.8600 88.6498 |’
[177.7823 —8.0007 | '
0s=| Zs007 165713 V=] -2.4203 -4.5547] .

Hence, the observe gain matrix is given by
L=0,'v=[-00709 —0.1194]".

Figure 5 depicts the influence of Poisson jump intensity A
on the system (1). From figure 5, when §, = 35and A = 1.66,
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A

FIGURE 5. When 1 € [0, 1.8], the value of tmin in B.

40 T T T T T

354 99 9 9494999999999 4994999499949949999 9

E{x(t)Rx())
5

© o6 6c00O000GG6C060G6GCS806C0 0806660

LRI T T A S T T S A T 2 s .

0 0.05 01 0.15 02 0.25 0.3

1(s)

FIGURE 6. The evolution of E[x(t)’Rx(t)] of the system (1) in B.

one can obtain tmin is 0, that is, there is no solution to the
system of matrix inequalities when A>1.66.

Moreover, considering the external disturbance @ (f) =
sin(t), one can obtain Figure 6 and Figure 7. Specifically,
Figure 6 shows that the system (1) is FTADB with respect
to (1, 35, 4, 5, N, 0.3, I). The evolution of E[e/(¢)Re(t)] of
the error system of (55), and E[¢/(f)Re(t)] < 1 are shown
in Figure 7.
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0.8} 1
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=06} 1

0.5 T
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0.2r T
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FIGURE 7. The evolution of E[e’(t)Re(t)] in B.

VII. CONCLUSION

Finite-time annular domain bounded control problems of It6-
type stochastic systems with Wiener and Poisson random dis-
turbance are investigated in this paper. Then, using different
quadratic function methods, a SFC and an OFC are obtained,
respectively. Several sufficient conditions are derived under
different controllers. And one numerical example and their
Matlab simulations are given to illustrate the feasibility of the
proposed theoretical results. In the future, we will study the
finite-time control problem subject to some other more com-
plex systems such as Takagi-Sugeno fuzzy system, network
system, linear variable parameter system, and so on.
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