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ABSTRACT For weak signal detection with known frequency, based on the double coupling Duffing
oscillator method, a differential double coupling Duffing oscillator and Van der Pol-Duffing oscillator
detection method is proposed. Its feasibility is verified by sinusoidal analog signal. It has intuitive detection
effect and high sensitivity, and can detect weak signal with lower signal-to-noise ratio (SNR). For underwater
acoustic weak signal detection with unknown frequency, based on the above proposed method, a differential
double coupling Duffing oscillator and Van der Pol-Duffing oscillator variable step-size detection method
is proposed. Compared with the existing double coupling Duffing oscillator variable step-size method and
differential double Duffing oscillator variable step-size method, its SNR threshold is respectively reduced
by 6.02dB and 2.28dB. The lowest average error rate of frequency estimation in multiple sinusoidal analog
signal detection under Gaussian white noise, Gaussian color noise and Rayleigh distribution noise is
0.423%. Its detection effect is verified in the detection of measured underwater acoustic signals from the
website http://atlanttic.uvigo.es/underwaternoise/. The results show that it has good detection performance.
It provides a new detecting method for underwater acoustic weak signal. In the future, it can be applied to
detect weak periodic signal such as square wave and general periodic signal with unknown frequency.

INDEX TERMS Weak signal detection, difference, double coupling, Duffing oscillator, underwater acoustic
weak signal.

I. INTRODUCTION
Weak signal detection refers to the detection of parameters
such as phase, amplitude and frequency of weak signal sub-
merged in strong noise background. It is widely used in com-
munication signal, underwater acoustic signal, fault diagnosis
and radar detection [1]–[6]. In weak signal detection, adaptive
line spectrum enhancer [7], wavelet detection [8], [9], high-
order statistics detection [10]–[14], neural network detec-
tion [15]–[17], stochastic resonance method [18] and so on
are commonly used to enhance signal and suppress back-
ground noise on the basis of linear theory. However, when
the marine environment is more complex, spectrum analy-
sis and stochastic system theory will have great limitations.
Conventional weak signal detection method cannot realize
the detection of low signal-to-noise ratio (SNR) underwater
acoustic signal. In complex ocean environment, the detection
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of underwater acoustic signal has always been a difficult
problem perplexing the underwater acoustic community, and
it is also a key problem that needs to be solved urgently for
quiet underwater target detection. Especially for the detection
of underwater acoustic signal with unknown frequency, it is
urgent to propose effective detection method.

The principle of chaotic oscillator detection in underwater
acoustic weak signal is based on the sensitivity of chaotic
oscillator to periodic signal with low SNR and immunity
to noise. The traditional underwater acoustic weak signal
detection method uses a single chaotic oscillator to complete
the detection, mainly including amplitude variation coeffi-
cient method [19], parameter suppression method [20], rapid
transverse filtering ALE method [21], and so on. However,
the SNR threshold of the single chaotic oscillator detection
method is too high, the detection bandwidth is limited, some
useful signals will be lost, and the parameter problem of the
signal to be detected with unknown frequency is not solved.
To solve this problem, some scholars have proposed a method
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of coupling chaotic oscillator and double chaotic oscilla-
tor. Coupling chaotic oscillator is to couple two oscillators
through linear restoring force, which improves the sensitiv-
ity of the system to periodic signal with low SNR and the
ability to suppress noise compared with single chaotic oscil-
lator. Double coupling Duffing oscillator method [22], Duff-
ing oscillator and Van der Pol-Duffing oscillator coupling
method [23], double coupling Van der Pol-Duffing oscillator
method [24], bidirectional ring coupling Duffing oscillator
transient synchronous mutation method [25] and so on are
proposed. These methods improve the detection SNR to some
extent, and increase the speed and accuracy of threshold
solution. Double chaotic oscillators form output phase differ-
ence between the two oscillators through difference, which
is convenient to eliminate common-mode interference. The
current state is judged by phase diagram. Differential double
Duffing oscillator detection method [26], [27], differential
double oscillator array method [28], two-coupled differential
Van der Pol-Duffing oscillator method [29] and so on are pro-
posed for ship-radiated noise signal detection. Good detection
effect is achieved and calculation amount is reduced, but the
detection performance of double Duffing oscillator still needs
to be improved. In terms of optimizing oscillator detection
performance, some methods can reduce the SNR threshold
to some extent, such as differential double Duffing oscilla-
tor detection method [30], [31], variable scale-convex-peak
method [32], inverse phase change chaotic detection method,
combining high-order cumulant and Duffing oscillator [33],
double coupling Duffing oscillator detection method [34],
[35], Duffing oscillator detection method [36] which can
determine bifurcation diagram and dichotomy of the critical
threshold of the signal to be detected, and coupling double
Duffing oscillator method [37] which applies restoring force
and damping to force. However, these methods still do not
solve the problem of parameter estimation for unknown fre-
quency signal. When detecting unknown frequency signal,
some methods are proposed such as Lyapunov exponents
used to determine detection threshold method [38], drive-
response method to construct synchronous detection system
method [39], oscillator array method combined with genetic
algorithm [40], intermittent chaotic oscillator array method
[41], inverse phase change scaling method [42], [43] and
adaptive step-size intermittent chaotic method [44]. These
methods solve the parameter estimation problem of unknown
frequency signal to some extent, but they still have the prob-
lem of high SNR threshold.

Aiming at the periodic signal with known frequency, com-
bining the idea of oscillator coefficient difference and oscilla-
tor coupling, a differential double coupling Duffing oscillator
and Van der Pol-Duffing oscillator detection method, named
the proposed method 1, is proposed. It is used to detect
sinusoidal analog signal. In practical work, the frequency of
most signals to be measured is unknown. There are also many
situations in the frequency distribution of signals. The peri-
odic signal detection by chaotic oscillator is mainly based on
the change of the system from critical chaotic state to large-

scale periodic state, but this method can only be used to detect
the condition that the frequency of the signal to bemeasured is
known, and it is unavailable when the frequency of the signal
to be measured is unknown. Aiming at underwater acoustic
weak signal detection with unknown frequency, based on
the proposed method 1, combining with intermittent chaos
theory, a differential double coupling Duffing oscillator and
Van der Pol-Duffing oscillator variable step-size detection
method, named the proposed method 2, is proposed. It is used
to detect multiple sinusoidal analog signals under Gaussian
white noise, Gaussian color noise, Rayleigh distribution noise
and measured underwater acoustic signals. The proposed
method 2 combines the theoretical ideas of intermittent chaos
and variable step size method, so the signal frequency estima-
tion results will be more accurate.

The specific content of this paper is organized as follows.
In Section 2, differential double coupling Duffing oscilla-
tor and Van der Pol-Duffing oscillator detection method is
proposed. In Section 3, differential double coupling Duffing
oscillator and Van der Pol-Duffing oscillator variable step-
size detection method is proposed. The simulation results
of three kinds of analog signals are given. In Section 4,
the detection results of double coupling Duffing oscillator
and Van der Pol-Duffing oscillator variable step-size detec-
tion method, differential double Duffing oscillator variable
step-size detection method and differential double coupling
Duffing oscillator and Van der Pol-Duffing oscillator variable
step-size detection method for measured ship-radiated noise
signal are given. In Section 5, 6, the discussion and conclusion
are given.

II. DIFFERENTIAL DOUBLE COUPLING DUFFING
OSCILLATOR AND VAN DER POL-DUFFING OSCILLATOR
DETECTION METHOD
A. DUFFING OSCILLATOR DETECTION METHOD
In the weak signal detection of chaotic system, the Holmes
Duffing chaotic oscillator with nonlinear dynamic character-
istics is usually selected [45]. The dynamic equation form of
a single Holmes Duffing oscillator is as follows:

x ′′ + kx ′ + ax3 − bx = γ cosωt (1)

where, x is a chaotic system variable, k is damping coeffi-
cient, ax3 − bx is the nonlinear restoring force coefficient,
γ is the amplitude of periodic policy force, ω is the angular
frequency of periodic power. γ cosωt is the driving force of
periodic policy. When γ of a nonlinear system with complex
dynamics changes, the phase diagram of the system will
show the states of attractor, homoclinic orbit, period doubling
bifurcation, chaos, critical chaos and large-scale period in
sequence.

Under the condition of no noise, the large-scale periodic
state and chaotic state of the chaotic oscillator detection
system are smooth, but there is more or less noise in the
actual signal. When the color noise n(t) with a mean value
of zero is input into the chaotic system, its influence on
the detection performance of the oscillator is analyzed. The
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Holmes Duffing oscillator subsystem equation is written as:{
x ′ = y
y′ = −ky+ x − x3 + γ cosωt + n(t)

(2)

where, n(t) is colored noise, and E {n(t)} = 0. Assuming
that 1x(t) is the disturbance of noise to x(t), the oscillator
equation is changed to:

(x ′′ +1x ′′)+ k(x ′ +1x ′)− (x +1x)+ (x +1x)3

= γ cosωt + n(t) (3)

Let a = 1 and b = 1 in Equation (1), and get:

x ′′ + kx ′ + x3 − x = γ cosωt (4)

Subtract Equation (4) fromEquation (3). Because the value
of 1x is very small, the higher order term of 1x can be
omitted. It is obtained as follows:

1x ′′ + k1x ′ −1x + 3x21x + 3x1x2 +1x3 = n(t) (5)

Let b(t) = 1− 3x2, and get:

1x ′′ + k1x ′ − b(t)1x = n(t) (6)

Change Equation (5) into vector equation form:

X ′(t) = H(t)X(t)+ N(t) (7)

among them

X(t) =
[
1x(t)
1x ′(t)

]
,H(t) =

[
0 1
b(t) −k

]
,N(t) =

[
0
n(t)

]
,

and

X(t) = 8(t, t0)X0 +

∫ t

t0
8(t, u)N(u)du (8)

where, 8 is the state transition matrix of the system, and
8(t, t0)X0 is the transient solution, which will quickly decay
to zero with time. So ignoring the solution, we get:

X(t) =
∫ t

t0
8(t, u)N(u)du (9)

The mean value of X(t) is:

E {X(t)} =
∫ t

t0
8(t, u)E {N(u)} du = 0 (10)

The mean square deviation of X(t) is obtained:

D {X(t)} = E
{
X(t)XT (t)

}
= 0XX (t, t) (11)

where 0XX (t, t) is the autocorrelation function of noise.
Because 0XX (t, t) = 0XX (t + nT , t + nT ), this process

is a cyclic equilibrium process, which proves that noise has
no fundamental influence on the phase trajectory of Duffing
oscillator, but only coarsens the periphery of the phase trajec-
tory of the oscillator, without affecting its detection perfor-
mance. Noise distribution is not involved, so this conclusion
is also applied to zero-mean white noise and color noise.

FIGURE 1. System critical chaotic state and timing diagram.

FIGURE 2. Detection phase and timing diagram when A = 0.009.

When a signal is input into a chaotic system, the dynamic
equation is:

x ′′ + kx ′′ + ax3 − bx = γ cosωt + A cos(ω1t)+ n(t) (12)

where A is the signal amplitude, n(t) is Gaussian white noise
with variance δ2.

The Duffing chaotic oscillator is used to detect weak sig-
nals. Here, a in Equation (12) is taken as 1, b is taken as 1, and
coefficient k is taken as 0.5, sampling frequency is 100Hz.
By adjusting the appropriate γ value, the chaotic system is in
a critical chaotic state shown in Figure 1, where γ is adjusted
to be 0.826.

At this time, if the frequency of the input signal is equal
to the built-in power frequency of the chaotic system and the
input signal meets the SNR threshold of the detection system,
the phase diagram of the system will change from the critical
chaotic state to the large-scale periodic state, which means
that the input signal is successfully detected. If the above
conditions are not met, the system phase diagram will appear
chaos. For example, let ω take 1rad/s and n(t) be Gaussian
white noise with variance δ2 =0.01, sampling frequency is
100Hz. Here, A cos(ω1t) + n(t) in Equation (12) is taken as
the signal to bemeasured, and the signal amplitude is adjusted
and then detected by a single Duffing vibrator detection sys-
tem. The detection results are shown in Figure 2 and Figure 3.

When A = 0.009, the detection phase diagram of the
system shows that the detection system is in a large-scale
periodic state, and the signal to be detected is successfully
detected. When A = 0.008, the system state does not change,
and the phase diagram shows that the detection system is in a
chaotic state and cannot detect the signal to be detected. After
determining the amplitude A of the periodic signal and the
variance δ2 of Gaussian white noise, the SNR of the detection
system can be calculated according to the calculation for-
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FIGURE 3. Detection phase and timing diagram when A = 0.008.

mula:

SNR = 10 · lg
A2

2 · δ2
(13)

According to Equation (13), the lowest detection SNR of
the system at this time can be calculated to be −23.926dB.

B. DOUBLE COUPLING DUFFING OSCILLATOR AND VAN
DER POL-DUFFING OSCILLATOR DETECTION METHOD
Van der Pol-Duffing oscillator [46] is widely used as an oscil-
lator to describe oscillation in the fields of physics, biology
and mechanics. Its dynamic equation is as follows:

x ′′ + β(x2 − 1)x ′ + kx = γ cos(ωt) (14)

where, β is the damping coefficient, k is the stiffness coef-
ficient, γ and ω are the amplitude and frequency of periodic
poling force respectively. Because Duffing oscillator and Van
der Pol-Duffing oscillator have immunity to noise and sensi-
tivity to initial state, weak signal can be effectively detected.
Coupling Duffing oscillator and Van der Pol-Duffing oscil-
lator is an improved method based on the detection method
of single Duffing oscillator. The two chaotic oscillators are
coupled together through linear coupling to improve the sen-
sitivity of the system to initial value and the anti-interference
ability to noise. The equation for coupling Duffing oscillator
and Van der Pol-Duffing oscillator is:{

x ′′ + kx ′ + ax3 − bx + d(x − y) = γ cosωt
y′′ + β(1+ y2)y′ + y+ d(y− x) = γ cosωt

(15)

The coupling Duffing oscillator and Van der Pol-Duffing
oscillator model belong to the same chaotic system model
as the single Duffing oscillator model, and also show the
system states of attractor, homoclinic orbit, period doubling
bifurcation, chaos, critical chaos and large-scale period with
the increase of the amplitude of the built-in poling force.
The value of γ here is adjusted to 0.7885, which makes the
coupling double oscillator subsystem of Equation (15) in a
system state of critical chaos. When the coupling Duffing
oscillator and the Van der Pol-Duffing oscillator subsystem
are used to detect weak periodic signals, the same input signal
to be detected is given to the two oscillators, and the system
equation at this time is:

To verify the improvement of anti-noise capability of the
coupling Duffing oscillator and the Van der Pol-Duffing
oscillator detection method compared with the single Duffing
oscillator method, ω is taken as 1rad/s, n(t) is Gaussian white

FIGURE 4. Detection phase and timing diagram when A = 0.0025.

noise with variance δ2 =0.01, k is 0.5, γ is 0.7885, a is 1, b is
1, sampling frequency is 100Hz, and coupling coefficient d
is taken as 0.2. The detection result after adjusting the signal
amplitude A is shown in Figure 4.

When the signal amplitude A is 0.0025, the detection sys-
tem changes from a critical chaotic state to a large-scale
periodic state, and the signal can be detected. According
to Equation (13), the lowest detection SNR of the coupling
Duffing oscillator and Van der Pol-Duffing oscillator subsys-
tem at this time can be calculated to be −35.05dB. At this
time, the SNR threshold of weak periodic signal detected by
the coupling Duffing oscillator and the Van der Pol-Duffing
oscillator subsystem is significantly lower than that of the
single Duffing oscillator subsystem, so this paper further
applies the model of the double coupling Duffing oscillator
and the Van der Pol-Duffing oscillator.

C. DIFFERENTIAL DOUBLE COUPLING DUFFING
OSCILLATOR AND VAN DER POL-DUFFING OSCILLATOR
DETECTION METHOD
The differential detection system can be composed of two
chaotic oscillators and form a smaller ratio to carry out dif-
ferential, so that the differential detection system has bet-
ter initial value stability. Compared with a single chaotic
oscillator which judges the detection result by observing the
phase diagram of the system, the timing chart generated by
differential generation of the two oscillators makes the result
more intuitive and easier to judge. If the detection system is in
a large-scale periodic state, the differential timing chart will
show a closed curve graph with relatively regular amplitude.
If the detection system is in a chaotic state, the differen-
tial timing diagram will show an irregular peak diagram
with large amplitude swing, which is a chaotic signal. The
differential double Duffing oscillator detection model is an
improvement based on the single Duffing oscillator model,
and the detection result can be judged according to the timing
chart generated after difference.

Differential double coupling Duffing oscillator and Van
der Pol-Duffing oscillator detection method, named the pro-
posed method 1, is proposed, which forms a smaller ratio
for difference. Compared with the differential double Duffing
oscillator model, the coupling Duffing oscillator and Van
der Pol-Duffing oscillator model replace the single Duffing
oscillator, which has better initial value stability. The system
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judges through the output timing diagram, making the result
more intuitive and easier to judge. In this paper, the model
formula of Differential double coupling Duffing oscillator
and Van der Pol-Duffing oscillator is proposed as follows:

x ′′1 + kx
′

1 + ax
3
1 − bx1 + d(x1 − y1) = γ cosωt

y′′1 + β(1+ y
2
1)y
′

1 + y1 + d(y1 − x1) = γ cosωt
x ′′2 + kx

′

2 + ax
3
2 − bx2 + d(x2 − y2) = α · γ cosωt

y′′2 + β(1+ y
2
2)y
′

2 + y2 + d(y2 − x2) = α · γ cosωt

(17)

In Equation (17), α is the policy force coefficient that
affects different oscillators, and other parameters of the two
pairs of coupling Duffing oscillators and Van der Pol-Duffing
oscillators are exactly the same except for the different policy
forces. The same input signal to be tested is added to the dif-
ferential coupling Duffing oscillator and Van der Pol-Duffing
oscillator detection system, and the weak signal detection
model formula is:

The differential display of the two pairs of oscillators is
realized by generating x1 − x2 timing diagram. The x1 − x2
timing diagram is a regular timing diagram with only ampli-
tude change.When the coefficient α changes, it will not affect
the waveform of the differential timing diagram, but only its
size. When the amplitude of the poling force of the two pairs
of coupled oscillators is the same, that is, α = 1, there is no
phase difference. When the magnitude of the driving force of
the two pairs of coupled oscillators is different, that is, α 6= 1,
there is a phase difference and the magnitude of the phase
difference varies with the change of the coefficient α. The
coefficient α in this paper is 1.001.
Here, let n(t) be Gaussian white noise with variance δ2 =

0.01, ω = ω1 = 1, a = b = 1, d = 0.2, k = 0.5, sampling
frequency is 100Hz, γ = 0.7885, the amplitude of the analog
signal is changed to 0.005, and the differential timing diagram
obtained by the differential double Duffing oscillator. The
proposed method 1 in each stage are shown in Figure 5 and
Figure 6.

As can be seen from Figure 5 and Figure 6, the differential
timing diagram generated by the differential system is more
convenient to judge the current chaotic system state than the
phase diagram generated by the single vibration subsystem
and the double coupling vibration subsystem, and the analog
signal can be successfully detected with clear and intuitive
result.

It can be seen from the above experiments that the proposed
method 1 reduces the threshold of detection signal-to-noise
ratio by coupling method, and it simplifies the phase diagram
judgment process by difference method. In the following,
the differential double coupled vibrator detection system is
further improved.

FIGURE 5. Detection result of differential double Duffing oscillator.

FIGURE 6. Detection result of the proposed method 1.

III. DIFFERENTIAL DOUBLE COUPLING DUFFING
OSCILLATOR AND VAN DER POL-DUFFING OSCILLATOR
VARIABLE STEP-SIZE DETECTION METHOD
A. PRINCIPLE OF INTERMITTENT CHAOTIC CORRELATION
DETECTION
The detection system of differential double coupling Duffing
oscillator and Van der Pol-Duffing oscillator is not very effec-
tive for weak signal with unknown frequency. In this paper,
the variable step-size intermittent chaotic system of differ-
ential double coupling Duffing oscillator and Van der Pol-
Duffing oscillator is used to detect weak signal with unknown

{
x ′′ + kx ′ + ax3 − bx + d(x − y) = γ cosωt + A cosω1t + n(t)
y′′ + β(1+ y2)y′ + y+ d(y− x) = γ cosωt + A cosω1t + n(t)

(16)
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frequency. Intermittent chaos refers to the regular alternation
of chaotic state and periodic state. It uses the sensitivity of
chaotic oscillator to small disturbance and immunity to noise
to detect weak signal [47].

Using the phase change of chaotic oscillator to detect weak
periodic signal requires a small frequency difference between
the signal to be detected and the policy force built in the
system. This frequency difference can cause the detection
system to generate chaos and intermittent chaos phenomenon
with alternating period. Intermittent chaos is the detection of
noisy periodic signal with unknown frequency by using the
immunity of chaotic oscillator to noise and the sensitivity of
small disturbance. If s(t) is added to the single Duffing oscil-
lator detection system as the signal to be detected, the state
equation is:{

x ′ = ωy
y′ = ω(−0.5y+ x − x3 + γd cos(ωt)+ s(t))

(19)

In Equation (19), the signals to be tested s(t) = A cos(ω′t+
φ), φ are the initial phase of the signal to be tested, γd is the
critical chaos threshold of the system, ω′ = ω +1ω,1ω is
the frequency difference between the built-in policy power of
the system and the signal to be tested. The total policy power
S(t) of the system is:

S(t) = γd cos(ωt)+ A cos(ω′t + φ) = R(t) cos(ωt + θ(t))

(20)

In Equation (20), the poling force amplitude

R(t) =
√
γ 2
d + 2γdA cos(1ωt + φ)+ A2,A � γd ,

the frequency difference between the signal to be measured
and the poling force built in the system is1ω, which indicates
that the poling force amplitude varies periodically. When
the poling force amplitude R(t) ≥ γd , the system is in a
large-scale periodic state. When the poling force amplitude
R(t) < γd , the system is in a chaotic state.
In this paper, the fourth-order Runge-Kutta method is used

to carry out numerical algorithm analysis on Duffing oscil-
lator subsystem. Through numerical simulation, the intermit-
tent chaotic frequency difference range of chaotic oscillator is
calculated to be |1ω/ω| ≤ 0.03, and the system is in intermit-
tent chaotic state. The frequency difference range of intermit-
tent chaos of double Duffing oscillators is |1ω/ω| < 0.08,
and the system is in intermittent chaos state. The intermittent
chaotic frequency difference range |1ω/ω| ≤ 0.08 between
the double coupling Duffing oscillator and the Van der Pol-
Duffing oscillator, and the system is in an intermittent chaotic
state. The frequency difference range of intermittent chaos

FIGURE 7. The timing diagram of two intermittent chaotic methods.

between the differential double coupling Duffing oscillator
and the Van der Pol-Duffing oscillator is |1ω/ω| < 0.09, and
the system is in an intermittent chaotic state. By comparing
the frequency difference range of the above four kinds of
intermittent chaos, it can be found that the intermittent chaos
of differential double coupling Duffing oscillator and Van der
Pol-Duffing oscillator can better increase the detection step
size, which is convenient to realize the detection of unknown
weak signal. Adjusting the proportion and reducing the num-
ber of solving steps can reduce the calculation amount of
the detection method. The timing chart of intermittent chaos
of the double coupling Duffing oscillator and the Van der
Pol-Duffing oscillator and the differential double coupling
Duffing oscillator and the Van der Pol-Duffing oscillator are
shown in Figure 7.

B. DIFFERENTIAL DOUBLE COUPLING DUFFING
OSCILLATOR AND VAN DER POL-DUFFING OSCILLATOR
VARIABLE STEP-SIZE DETECTION METHOD
The variable step-size intermittent chaos detection method
is to change the solution step-size of the solution process
of the differential double coupling Duffing oscillator and
the Van der Pol-Duffing oscillator, convert the signal to be
detected and the policy term of the built-in policy force
into corresponding discrete sequences, and judge whether the
signal is successfully detected by observing the output timing
chart x1 − x2 at this time. The built-in policy force sequence
interval of the detection model is the solution step-size of the
system, and the sequence interval of the signal to be detected
is Ts(Ts = 1/fs, fs is the sampling frequency of the signal
to be detected). The detection result has nothing to do with
the solution step size but only with the sampling frequency,
so the system can be adjusted to an intermittent chaotic state
by changing the solution step size of the detection system to
complete the signal detection.

When the differential double coupling Duffing oscillator
and Van der Pol-Duffing oscillator are used for variable


x ′′1 + kx

′

1 + ax
3
1 − bx1 + d(x1 − y1) = γ cosωt + A cosω1t + n(t)

y′′1 + β(1+ y
2
1)y
′

1 + y1 + d(y1 − x1) = γ cosωt + A cosω1t + n(t)
x ′′2 + kx

′

2 + ax
3
2 − bx2 + d(x2 − y2) = α · γ cosωt + A cosω1t + n(t)

y′′2 + β(1+ y
2
2)y
′

2 + y2 + d(y2 − x2) = α · γ cosωt + A cosω1t + n(t)

(18)
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step-size intermittent chaos detection, the total policy term
in Equation (18) is γ cosωt + A cosω1t and α · γ cosωt +
Acosω1t , the system is in an intermittent chaotic state, and
the solution step-size of the system is h = ω′

lωfs
, ω′ = ω +

1ω, l ∈ (0.94, 1.06). The policy term of the two chaotic
oscillators is discretized into:

Sn1 = 0.7885 · cos
(
nω′

lfs

)
+ A cos

(
nω′

fs

)
Sn2 = 1.001 · 0.7885 cos

(
nω′

lfs

)
+ A cos

(
nω′

fs

) (21)

If n =1, 2, . . . ,N , the frequency difference between the
built-in driving force and the sinusoidal signal conforms to
the frequency difference of intermittent chaos, so the system
will have intermittent chaos. In this paper, differential double
coupling Duffing oscillator and Van der Pol-Duffing oscilla-
tor variable step-size detection method is proposed. Its step
flow chart is shown in Figure 8. The specific steps are as
follows:

(1) Adjust the parameters of two coupling Duffing oscil-
lator and Van der Pol-Duffing oscillator, γ = 0.7885, ω1 =

1rad/s, α = 1.001, d = 0.2.
(2) Input the signal A cos(ω1t)+ n(t) into the signal detec-

tion system, make the frequency be 1kHz, and use step an =
1.06n×2π
1.06×ω×fs

to solve it, where n = 1, 2, . . . ,N .
(3) Adjust the solution step size and observe the differential

timing diagram x1 − x2 output by the differential double
coupling detection system. If the system exhibits intermittent
chaos under the two adjacent solution step lengths an and
an+1, the existence of sinusoidal signals is detected. Other-
wise, return to (2).

(4) ωn and ωn+1 corresponding to two adjacent solv-
ing steps an and an+1 are calculated through ωn =

1.06nrad/s. Then the sine signal angular frequency is ω′′ =
ωn+ωn+1

2 rad/s.
The variable step intermittent chaos of the three detection

systems is detected by taking an = 1.06n×2π
1.06×ω×fs

as the solution
step of the detection system, including double coupling Duff-
ing oscillator and Van der Pol-Duffing oscillator subsystem,
differential double Duffing oscillator subsystem, differential
double coupling Duffing oscillator and Van der Pol-Duffing
oscillator subsystem. Input the signal Sn1 = A cos(10t)+n(t)
into the system, where n(t) is Gaussian white noise with
variance δ2 = 0.01, A is adjusted, d = 0.2, angular frequency
ω = 1rad/s, γ = 0.7885. The output timing diagrams of
three detection methods are shown in Figure 9.

The three systems will show intermittent chaotic state
when the solution step is a39, and the signal can be detected
at this time. It can be seen from (c) and (e) in Figure 9 that
the timing diagrams of differential double Duffing oscillator
and the proposed method 2 are relatively easy to distinguish
detection signal. The double coupling Duffing oscillator and
the Van der Pol-Duffing oscillator subsystem, the differential
double Duffing oscillator subsystem, and the differential dou-
ble coupling Duffing oscillator and the Van der Pol-Duffing
oscillator subsystem can detect the periodic signal amplitude

FIGURE 8. Step flow chart of the proposed method 2.

A > 0.020, A > 0.014, and A > 0.011 respectively.
According to the SNR calculation Equation (13), the lowest
SNR of the detection signal of the double coupling Duffing
oscillator and the Van der Pol-Duffing oscillator subsystem,
the differential double Duffing oscillator, and the proposed
method 2 is −16.99dB, −20.73dB, and −23.01dB respec-
tively. Its SNR threshold is respectively reduced by 6.02dB
and 2.28dB.

Due to different intermittent chaotic frequency differences,
each system can form a new detection step-size and band-
width by changing the common ratio. Through the different
scale ranges of different methods, the number of solving
steps can better reduce the calculation amount. The detection
methods such as Duffing oscillator, double Duffing oscilla-
tor, differential double Duffing oscillator, double coupling
Duffing oscillator and Van der Pol-Duffing oscillator and the
proposed method 2 are compared in Table 1. Table 1 shows
that the number of solving steps of the proposed method 2 is
obviously smaller than that of other methods, and the required
calculation amount is also smaller than that of other methods.

C. ANALOG SIGNAL DETECTION UNDER DIFFERENT
DISTRIBUTED NOISE BACKGROUND
Gaussian white noise, Gaussian color noise [48], Rayleigh
distribution noise [49] and K distribution noise [50] can
all well simulate underwater acoustic environment noise.
In order to verify the detection capability of the proposed
method 2, Gaussian white noise, Gaussian color noise and
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TABLE 1. Data of each detection system.

Rayleigh distribution noise are used as analog signal noise
background.

1) ANALOG SIGNAL DETECTION UNDER GAUSSIAN WHITE
NOISE
In general, the underwater acoustic signal noise in a short
period of time follows Gaussian distribution [51], [52]. It is
generated bymany sound sources with random phase and ran-
dom amplitude. The instantaneous value of Gaussian white
noise obeys Gaussian distribution and the power spectral den-
sity distribution is uniform. It is an ideal model to simulate the
background noise of underwater acoustic signal. The timing
diagram and probability distribution diagram of Gaussian
white noise are shown in Figure 10.

In actual weak signal detection, there will be multiple sig-
nals to be detected under the same strong noise background.
Here, the signal Sn1 = A cos(10t) + n(t) is changed to the
signal Sn1 = 0.01 cos(10t)+ 0.01 cos(30t)+ n(t), where n(t)
is Gaussian white noise with variance δ2 = 0.01, sampling
frequency is 1kHz. The power spectral density diagram of Sn1
is shown in Figure 11.

The detection result of the proposed method 2 is shown
in Figure 12.

In Figure 12, the system shows intermittent chaos when
detecting adjacent step size, and detects two signals with
different frequencies. When the adjacent step size are a39 and
a40, the corresponding sizes of f39 and f40 are 9.704Hz and
10.286Hz, then the system’s determination frequency at this
time is f ′1 = 9.995Hz.When the adjacent steps are a58 and a59
and the corresponding sizes of f58 and f59 are 29.359Hz and
31.120Hz, the system’s decision frequency is f ′2 = 30.239Hz
at this time. When the frequency of the signal to be tested
is 10Hz and 30Hz respectively, the average error rate can be
calculated to be 0.423%, that is, the system can better detect
the multi-frequency signal under the same strong Gaussian
white noise background and accurately obtain the frequency
of the signal to be tested.

2) ANALOG SIGNAL DETECTION UNDER GAUSSIAN COLOR
NOISE
The marine environmental noise is composed of a large num-
ber of noise sources. According to the central limit theorem
of statistics, under very wide conditions, the distribution of
the sum of N statistically independent random variables tends
to Gaussian distribution under the limit of N → ∞. So its
amplitude distribution should be Gaussian. Strictly speaking,
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FIGURE 9. Output timing diagram of three detection methods.

FIGURE 10. Timing diagram and probability distribution diagram of
Gaussian white noise.

the marine environmental noise is anisotropic. In the simula-
tion process, themarine environmental noise is simplified and
approximately regarded as color noise obeying Gaussian dis-
tribution [53]. The timing diagram and probability distribu-
tion diagram of Gaussian color noise are shown in Figure 13.
Sn2 = 0.01 cos(20t)+ 0.01 cos(40t)+ n(t) is the signal to

be measured, and n(t) is Gaussian color noise with variance
0.01, sampling frequency is 1kHz. The power spectral density
diagram of Sn2 is shown in Figure 14.

The detection result of the proposed method 2 is shown
in Figure 15.

In Figure 15, when the adjacent step-sizes are a51 and a52
and the corresponding sizes of f51 and f52 are 19.525Hz and
20.697Hz, the system’s decision frequency at this time is

FIGURE 11. Power spectral density diagram of Sn1.

FIGURE 12. The detection result of the proposed method 2 for signal Sn1.

FIGURE 13. Timing diagram and probability distribution diagram of
Gaussian color noise.

f ′3 = 20.111Hz. When the adjacent steps are a63 and a64
and the corresponding sizes of f63 and f64 are 39.289Hz and
41.646Hz, the system’s decision frequency at this time is
f ′4 = 40.467Hz. When the frequency of the signal to be tested
is 20Hz and 40Hz respectively, the average error rate can be
calculated to be 0.855%. So the system can better detect the
multi-frequency signal to be tested under the same strong
Gaussian color noise background and accurately obtain the
frequency of the signal to be tested.
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FIGURE 14. Power spectral density diagram of Sn2.

FIGURE 15. The detection result of the proposed method 2 for signal Sn2.

3) ANALOG SIGNAL DETECTION UNDER RAYLEIGH
DISTRIBUTION NOISE
Rayleigh distribution is the most common type of distribution
that describes the statistical time-varying characteristics of
flat fading signal reception envelope or independent multi-
path component reception envelope. The envelope of the sum
of two orthogonal Gaussian noise signals follows Rayleigh
distribution. Therefore, the noise obeying Rayleigh distribu-
tion can well simulate the noise in underwater acoustic signal
[49]. The timing diagram and probability distribution dia-
gram of Rayleigh distribution noise are shown in Figure 16.

The signal to be measured is Sn3 = 0.01 cos(50t) +
0.01 cos(60t) + n(t), and n(t) is Rayleigh distribution noise
with variance 0.01, sampling frequency is 1kHz. The power
spectral density diagram of Sn3 is shown in Figure 17.

The detection result of the proposed method 2 is shown
in Figure 18.

In Figure 18, when the adjacent step-sizes are a67 and
a68 and the corresponding sizes of f67 and f68 are 49.601Hz

FIGURE 16. Timing diagram and probability distribution diagram of
Rayleigh distribution noise.

FIGURE 17. Power spectral density diagram of Sn3.

FIGURE 18. The detection result of the proposed method 2 for signal Sn3.

and 52.577Hz, the system’s decision frequency at this time
is f ′5 = 51.088Hz. When the adjacent steps are a70 and
a71, the corresponding sizes of f70 and f71 are 59.076Hz and
62.620Hz, then the system’s decision frequency at this time is
f ′6 = 60.848Hz. When the frequency of the signal to be tested
is 50Hz and 60Hz respectively, the average error rate can
be calculated to be 3.265%. So the system can better detect
the multi-frequency signal to be tested under the same strong
Rayleigh distribution noise background and accurately obtain
the frequency of the signal to be tested.
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FIGURE 19. Timing diagram and power spectral density diagram of the
measured signals.

FIGURE 20. Detection results of double coupling Duffing oscillator and
Van der Pol-Duffing oscillator variable step-size detection method.

IV. DETECTION OF MEASURED SHIP-RADIATED NOISE
SIGNAL
In this paper, the measured marine environment background
noise signal obtained from the ship noise database website
http://atlanttic.uvigo.es/underwaternoise/ is used to verify the
effectiveness of the proposed method, whose sampling fre-
quency is 52734Hz [54]. In order to facilitate detection,
sample the measured data again, sampling frequency is 1kHz,
the underwater acoustic signal data are intercepted and nor-
malized to be input into the detection system. The power
spectral density diagram can roughly give the frequency
range. We compare the peak frequency with the signal fre-
quency detected by the proposed method 2 in order to verify
its effectiveness. The timing diagram and power spectral den-
sity diagram of the measured signals are shown in Figure 19.

By observing the power spectral density diagram in Fig-
ure 19, it can be roughly determined that the signal frequency
floats at about 10Hz. In order to detect the actually mea-
sured signal, the step-size is set to an = 1.06n×2π

1.06×1×fs
. Based

on variable step-size intermittent chaos theory, the adjacent
intermittent chaotic timing diagram output by double cou-
pling Duffing oscillator and Van der Pol-Duffing oscillator
method, differential double Duffing oscillator method pro-
posed in 2020 [26] and the proposed method 2 are shown
in Figure 20, Figure 21 and Figure 22.

At this time, the adjacent step-sizes are a39 and a40, and
the displayed timing chart is intermittent chaotic state, which
indicates that the signal can be detected. The corresponding
frequencies are f39 = 9.7035Hz and f40 = 10.2857Hz
respectively, and the spectrum frequency of underwater
acoustic signal is f ′ = f39+f40

2 ≈ 9.9946Hz.

FIGURE 21. Detection results of differential double Duffing oscillator
variable step-size detection method proposed in 2020 [26].

FIGURE 22. Detection results of the proposed method 2.

By comparing Figure 20, Figure 21 and Figure 22, it can
be found that the detection result diagram of the proposed
method 2 is clearer and more intuitive and has higher identi-
fication degree than that of the other two methods.

V. DISCUSSIONS
There are some problems in the results of traditional chaotic
detection methods, such as not intuitive enough detection
result, large judgment error, and not ideal detection effect
of signals with low SNR. This paper combines the the-
ory of difference and coupling between chaotic oscillators.
A detection method of differential double coupling Duffing
oscillator and Van der Pol-Duffing oscillator is proposed to
improve the problems existing in traditional detection meth-
ods. In view of its excellent detection performance, it will
have broad research value in other weak signal applications,
such asmechanical fault diagnosis, spectral research, acoustic
telemetry, and so on.

In view of the problems of parameter estimation and detec-
tion performance of traditional detection methods in the field
of unknown frequency signal, a differential double coupling
Duffing oscillator and Van der Pol-Duffing oscillator vari-
able step-size detection method based on intermittent chaos
theory is proposed to improve the detection performance.
Experiments show that it can detect the analog signals in
three different noise backgrounds. It also has a good effect on
the detection of measured underwater acoustic signals. In the
future, it can be applied to detect general periodic signal with
unknown frequency.

VI. CONCLUSION
A new detecting method for underwater acoustic weak signal
based on differential double coupling oscillator is proposed.
The main conclusions of this article are as follows:
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(1) For weak signal detection with known frequency, based
on the double coupling Duffing oscillator method, a dif-
ferential double coupling Duffing oscillator and Van der
Pol-Duffing oscillator detection method is proposed. Its fea-
sibility is verified by sinusoidal analog signal. It has intuitive
detection effect and high sensitivity, and can detect weak
signal with lower SNR.

(2) For underwater acoustic weak signal detection with
unknown frequency, a differential double coupling Duffing
oscillator and Van der Pol-Duffing oscillator variable step-
size detection method is proposed. It can increase detection
bandwidth, reduce calculation amount and complexity. Its
SNR is 2.28dB lower than that of the differential double
Duffing oscillator variable step-size detectionmethod. Its fea-
sibility is verified by sinusoidal analog signal under Gaussian
white noise, Gaussian color noise and Rayleigh distribution
noise. Its detection effect is verified in the detection of mea-
sured underwater acoustic signals. It provides a new detecting
method for underwater acoustic weak signal. In the future,
it can be applied to detect weak periodic signal such as square
wave and general periodic signal with unknown frequency.
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