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ABSTRACT The recent increase in electricity prices and the usage of single-phase inductionmotors (SPIMs)
provide a stimulus for a focused research on energy-efficient optimization of SPIM load such as
air-conditioners and refrigerators. Variable speed control of SPIM provides a promising way forward to
reduce its power consumption. However, during variable speed operation under the popular constant V/f
method, SPIM is required to operate at non-rated conditions. The operation of SPIM at non-rated conditions
disturbs its symmetrical and balanced operation, thus degrading its efficiency. Moreover, soft-starting of
SPIM at non-rated conditions is also challenging due to the resulting reduction in starting-torque. In this
article, after a detailed analysis of SPIM energy-efficiency, an improved sensor-less optimal speed control
strategy is developed to enable the symmetrical and balanced operation of SPIM at all the operating points
over the entire speed-range to improve its performance. A novel algorithm, termed as the phase-shift
algorithm, is also devised for efficient implementation of the proposed optimal speed control strategy.
In addition, a unique framework for efficient soft-starting of SPIM at very low frequencies is also developed.
The simulation-based results of the motor operated through the proposed phase-shift algorithm validate the
energy-saving potential of the proposed control strategy.

INDEX TERMS Energy-efficient control, variable speed drives, speed-sensorless induction motor control,
magnetic-field control, inrush current reduction, starting torque, pulsating torque, energy savings in HVAC.

NOMENCLATURE
α Effective turns ratio of auxiliary winding to main

winding
ωe Electrical angular speed
ωs SPIM synchronous angular velocity
φ Windings current phase difference
φv Windings voltage phase difference
τload Load torque
Eba Backward voltage of magnetizing branch of the

auxiliary winding
Ebm Backward voltage of magnetizing branch of the

main winding
Efa Forward voltage of magnetizing branch of the

auxiliary winding
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Efm Forward voltage of magnetizing branch of the
main winding

Emb Backward induced electromotive force of the
main winding

Emf Forward induced electromotive force of the
main winding

Ia Auxiliary winding current
Im Main winding current
Pout Output power
R2 Rotor resistance referred to stator
R1a Auxiliary winding resistance
R1m Magnetizing reactance
R1m Main winding resistance
s Slip
Te Electromagnetic torque
Tp Peak torque
Va Auxiliary winding voltage
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Vm Main winding voltage
X2 Rotor reactance referred to stator
X1a Auxiliary winding leakage reactance
X1m Main winding leakage reactance
Za Auxiliary winding impedance
Zm Main winding impedance

I. INTRODUCTION
Sinlge-phase induction motors (SPIMs) are widely used for
domestic, household and low-power industrial purposes such
as in heating, ventilation and air-conditioning (HVAC) sys-
tems. Although, the performance of these motors is worse
than polyphase induction motors, SPIMS are cost effective
and require less maintenance. Therefore, they are more fea-
sible for low power applications. SPIMs have a huge starting
inrush current, leading to a voltage dip in the power system
whenever these motors are started [1]. Furthermore, the oper-
ation of these motors is feasible only on high wattage solar
cells due to the requirement of substantial inrush current [2].
As SPIM-based load is the major load on any utility, there
exists a huge potential for saving electricity by improving
its energy-efficiency during starting and operating/running
modes. Speed control of SPIM offers an opportunity to sig-
nificantly increase the energy-savings [3]. For example, 50%
of energy savings result from just 20% reduction in speed [4].
However, the research on energy-efficient sensor-less speed
control of SPIM is not so rich, because its speed-control is
inflexible as compared to that of the three-phase induction
motor [5]–[7].

Unlike three-phase induction machines, the magnetic
field inherently formed inside SPIM is not circular, i.e.
not uniformly distributed in the air-gap. The elliptical and
non-circular magnetic fields formed in SPIM result in sig-
nificant backward rotating fields that heavily degrade its
torque and efficiency [8]. Maximum average starting and
operating torques are developed by SPIM when there exists
quadrature and balance between main and auxiliary currents,
which, in turn, produces a uniform circular rotating mag-
netic field in SPIM [9]. Therefore, in conventional SPIMs
suitable start and run capacitors are inserted in series with
the auxiliary winding to produce this quadrature between
the main and auxiliary currents. However, these start and
run capacitors are designed to generate circular rotating
fields in SPIM at specific operating points, usually at the
rated-load, and the field in SPIM at operating points other
than the rated-conditions is elliptical [10]. On the contrary,
energy-efficient speed-control of SPIM requires continuous
operation at varying non-rated conditions and speed, with a
continuously sweeping operating point. The variable speed
operation of SPIM at these non-rated conditions leads to the
formation of elliptical/non-circular magnetic fields and seri-
ously degrades its efficiency [11]–[13]. Therefore, emphasis
must be placed on symmetrical and balanced operation of
SPIM at all operating points for energy efficient variable
speed operation [14].

However, SPIMs have asymmetrical windings inherently,
making it challenging to balance the respective currents dur-
ing variable speed operation using conventional techniques.
Furthermore, the main and auxiliary impedances vary dra-
matically from the starting to operating mode at a specific
operating frequency [15]. In particular, these impedances
vary with the changes in operating point and frequency as
well. This variation disturbs the orthogonality and the bal-
ance between the main and auxiliary currents, leading to
the degradation of its performance by causing the formation
of elliptical fields during variable speed operation. During
soft-starting at non-rated low-frequencies, the starting period
is delayed and the resulting degradation of starting torque
caused by elliptical fields at non-rated starting conditions can
potentially stall the motor.

A well-known technique to improve the energy efficiency
of SPIM is stator voltage control method [16], [17]. Sim-
ilarly, there have also been studies on optimal design of
SPIM for maximum efficiency on rated-conditions. However,
these studies and proposed techniques are viable only in a
small speed range and thus do not leverage the maximum
energy-saving potential available through variable speed
operation. SPIM energy-efficiency maximization techniques
have also been proposed for variable speed operation [18].
These techniques minimize the electrical losses by adjusting
the phase-difference φ between main and auxiliary currents.
However, the adjustment of φ alters the efficient balanced and
symmetrical operation of SPIM. Moreover, these techniques
optimize SPIM efficiency at specific operating points, such
as at a particular slip for a particular operating frequency,
thus degrading its performance where a continuous efficient
variable speed operation is indispensable. This requirement
of existence of specific operating conditions for efficiency
optimization also renders these techniques unsuitable for
soft-starting.

Similarly, two phase operation of SPIM has also been
shown to improve its efficiency at rated conditions [19].
However, these techniques do not address the resulting degra-
dation in efficiency of SPIM when it operates far from
rated operating point during variable speed operation. The
techniques based on electronic adjustment of a fixed value
capacitor also fail to maintain circular magnetic fields inside
SPIM, since they do not take into account the variation in
main and auxiliary impedances during starting and operating
modes, and with changing operating-conditions [20].

Furthermore, during variable speed operation, the vec-
tor control strategies also fail to produce a perfect circu-
lar rotating magnetic field inside SPIM with asymmetrical
windings [27]. These vector control strategies are highly
dependent on precise sensor inputs and require expensive
high-precision sensors for their implementation. The vector
control strategies are highly computationally expensive and
require dedicated digital signal processing- (DSP) enabled
processors for their implementation. Moreover, due to the
requirement of precise sensor inputs, these techniques are
highly dependent on system state and therefore result in
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FIGURE 1. Double revolving field theory model of SPIM.

unstable operation under mild to sudden disturbances in the
system.

In this article, after a detailed analysis of SPIM efficiency,
sensor-less and computationally-efficient phase-shift algo-
rithm is developed for energy-efficient operation of SPIM
under the constantV/f speed control method. The phase-shift
algorithm ensures the formation of circular magnetic fields
inside SPIM by enabling its balanced and symmetrical oper-
ation at all operating points during starting and operating
modes over the entire speed range. A unique framework
for increasing the starting torque at low-frequencies is also
formulated. This framework enables the soft-starting of SPIM
at very low frequencies. Incorporating the proposed optimal
control will improve the SPIM performance in three ways:
energy saving with continuous variable speed operation, effi-
cient power consumption with proposed SPIM efficiency
optimization control and energy saving with soft-starting.
This has not been reported so far.

The rest of this article is organized as follows. Maximum
efficiency analysis is presented in section II. Section III
defines the optimal control conditions for energy-efficient
variable speed operation. In section IV, the phase-shift algo-
rithm for the proposed optimal control is developed. The
simulation-based implementation is discussed in sections V
and VI. The results are discussed and the efficiency improve-
ment of the proposed optimal control is compared with con-
ventional techniques in section VII. Finally, a conclusion is
given in section VIII.

II. DEPENDENCY OF MAXIMUM EFFICIENCY OF SPIM
A. MAXIMUM EFFICIENCY CONDITIONS
The equivalent model of SPIM with asymmetric main and
auxiliary windings based on the Double Revolving Field
theory [22] is given in Fig. 1. The model is obtained by
simplifying the basic model of a SPIM and reducing the
shunt elements (0.5R2/s and 0.5Xm) into an equivalent series
branch. According to this model, the average electromagnetic
torque Tem developed by the SPIM having main and auxiliary
windings in space quadrature is given by (1). The peak elec-
tromagnetic torque Tp is given by (2).

Tem.ws =
[
I2m + (αIa)

2
] (
Rf − Rb

)
+ 2αIaIm

(
Rf + Rb

)
sin(φ) (1)

Tp.ws =
[ (

I4m + (αIa)
4
+ 2 (αIaIm)2 cos(2φ)

)
.

[(
Rf − Rb

)2
+
(
Xf − Xb

)2] ] 1
2

(2)

1) PHASE ANGLE CONTROL FOR MAXIMUM ENERGY
EFFICIENCY
The forward impedance, Rf + jXf , and the backward
impedance, Rb + jXb, in the SPIM model are shown on the
equivalent circuit, which depend upon R2, Xm and s.
The voltages across the main and auxiliary winding (Vm

and Va respectively) can be related to the main and auxiliary
windings currents through SPIM impedances as given by the
Double Revolving Field theory based equivalent circuit of
SPIM, as shown in Fig. 1. The main and auxiliary voltages
can therefore be given as:

Vm = ImZ1 + IaZ2 (3)

Va = ImZ4 + IaZ3 (4)

where;

Z1 = R1m + Rf + Rb + j
(
X1m + Xf + Xb

)
= a1 + jb1 (5)

Z2 = −ja
[(
Rf − Rb

)
+ j

(
Xf − Xb

)]
= a2 + jb2 (6)

Z3 =
[
R1a + α2(Rf + Rb)

]
+ j [X1a

+α2
(
Xf + Xb

)]
= a3 + jb3 (7)

Z4 = jα
[(
Rf − Rb

)
+ j

(
Xf − Xb

)]
= a4 + jb4 (8)

Solving (3) and (4) for Im and Ia, we get;

Im = (VmZ3 − VaZ2) /Zd (9)

Ia = (VaZ1 − VmZ4) /Zd (10)

where

Zd = Z1Z3 − Z2Z4 (11)

As φ is the phase-difference between Im and Ia, it can
be represented as the difference between the phase angles of
numerator terms in (9) and (10):

φ = 6 n1 − 6 n2 (12)

where

n1 = VmZ3 − VaZ2 ; n2 = VaZ1 − VmZ4

In this work, the main voltage is considered to be the
reference with Vm = Vm 6 0◦, and the auxiliary voltage can
be represented as, Va = VaR + jVaI , with VaR and VaI as real
and imaginary parts, respectively.

According to (12), to calculate φ, 6 n1 and 6 n2 are also
derived in terms of SPIM parameters and are given as:

6 n1 = tan−1
[
Vmb3 − VaIa2 − VaRb2
Vma3 − VaRa2 + VaIb2

]
(13)
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6 n2 = tan−1
[
VaRb1 + VaIa1 − Vmb4
VaRa1 − VaIb1 + Vma4

]
(14)

For φ = 90◦, the ratio of Ia to Im must produce an
imaginary result:

Ia
Im
=
VaZ1 − VmZ4
VmZ3 − VaZ2

= jζ (15)

Bymultiplying both sides of the (15) with the denominator,
using the (9) and (10) to express currents in terms of voltages,
collecting real and imaginary parts, and separating, we get the
following result:

VaR − VaIb1 − Vma4 = ζ [VaIa2 + VaRb2 − Vmb3] (16)

VaRb1 + VaIa1 − Vmb4 = ζ [Vma3 − VaRa2 + VaIb2] (17)

Through tedious algebraic manipulation of the above equa-
tion, we get:

V 2
aR + V

2
aI + PVaR + QVaI + R

= 0 (18a)

where

P =
Vm
T
(a1a3 + a2a4 + b1b3 + b2b4) (18b)

Q =
Vm
T
(a1b3 + a2b4 − a3b1 − a4b2) (18c)

R =
−V 2

m

T
(a3a4 + b3b4) (18d)

T = − (a1a2 + b1b2) (18e)

Again, through algebraic manipulation of (18),
we get:

VaI 1,2 =
−Q

(
R+ V 2

a
)

P2 + Q2 ±
1

P2 + Q2

{
Q2
(
R+ V 2

a

)2
−

(
P2 + Q2

) [
V 4
a +V

2
a

(
2R− P2

)
+R2

] } 1
2
(19)

VaR1,2 = ±
√
V 2
a − V

2
aI 1,2 (20)

Va = VaR1,2 + jVaI 1,2 (21)

The auxiliary phase can be calculated through inverse
tangent:

φv = tan−1
(
VaI
VaR

)
(22)

By solving the above system of equations simultaneously,
(22) gives the solution of φv for φ = 90◦. Thus, the value of
φv for φ = 90◦ depends on the SPIM parameters, operating
frequency and speed.

2) VOLTAGE CONTROL FOR MAXIMUM ENERGY EFFICIENCY
In conventional SPIMs, start and run capacitances are
designed to minimize torque pulsations at a specific operat-
ing point, usually at the rated-load condition. This strategy
results in the sacrifice of SPIM performance (efficiency and
torque) at other operating points. When φ = 90◦ and the
two currents, Im and Ia are balanced, the formation of circular
rotating magnetic field in SPIM results in the elimination of

torque pulsations. The analysis of (2) shows that the torque
pulsations in SPIM are eliminated at any operating point if
the following condition holds:

cos(2φ) =
−I4m + (αIa)

4

2 (αIaIm)2
(23)

The above equation boils down and constrains themagnitudes
of Im and Ia to the following condition:(

Im
αIa

)2

+

(
αIa
Im

)2

= 2 (24)

For φ = 90◦, since Im and Ia in the above equation are real
numbers, the only solution to this equation is Im = ±αIa.
Therefore, using (3) and (4), the voltages Vm and Va can be
related as:

Va = |Va| = Vm

∣∣∣∣Z3 + αZ4αZ1 + Z2

∣∣∣∣ (25)

Va = Vm

[
(a3 + αa4)2 + (b3 + αb4)2

(a2 + αa1)2 + (b2 + αb1)2

] 1
2

= Vm ∗ k (26)

where

k =

[
(a3 + αa4)2 + (b3 + αb4)2

(a2 + αa1)2 + (b2 + αb1)2

] 1
2

(27)

Substituting φ = 90◦ in (1), the average electro-
magnetic torque reaches its maximum value for the same
Im and Ia. This means less current is drawn by SPIM
to meet the same load torque. Hence, energy-efficiency
under a specific load is maximized by reducing current per
torque.

If φ = 90◦ and the above condition, Va = Vm ∗ k , holds,
circular rotating magnetic field is formed inside SPIM at any
operating point and torque pulsations are eliminated, thus
maximizing the efficiency of SPIM during variable speed
operation.

When φ = 40◦, the elliptical rotating field which is the
source of torque pulsations is shown in Fig. 2a. When φ =
90◦, and the two currents are balanced, the resultant circular
rotating magnetic field is shown in Fig. 2b.

III. ENERGY-EFFICIENT VARIABLE SPEED CONTROL
As discussed in the previous section, (22) and (26) must be
satisfied for maximum efficiency operation of SPIM. The
value of k in (26) depends on SPIM impedances, operating
conditions and rotational speed, that are, in turn, dependent
on the operating frequency and load-conditions. Furthermore,
in this article, as the variable speed control of SPIM is imple-
mented using the constant V/f method, Vm is also adjusted
with varying frequency. According to (26), this proves the
dependence of optimal Va on the operating frequency. There-
fore, for balanced and symmetrical variable speed operation
of SPIM,Vamust be updated according to (26) with operating
frequency and speed. Similarly, according to the analysis in
the previous section, the optimal φv also depends on operating
frequency and must be adjusted accordingly.
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FIGURE 2. Rotating magnetic field in SPIM.

In this article, a closed loop control of SPIM is imple-
mented to evaluate the efficiency improvement of the pro-
posed strategy at varying load-conditions. However, SPIMs
are required to operate at a constant load in most industrial
applications. The operating speed remains constant for a
given load at a particular operating frequency and can be
calculated using the torque speed characteristics of the SPIM
under the proposed optimal control technique. This elimi-
nates the need of speed sensor and a look up table technique
is implemented using the proposed optimal control strategy
which is discussed in detail in section VII.

The sensor-less scalar implementation eliminates the need
of various high-cost sensors, like high-precision current and
voltage sensors, rotor speed and rotor position sensors, that
are required for the implementation of conventional vec-
tor control techniques. Moreover, the proposed sensor-less
technique makes the optimal control less-dependent on
the system state, thus making it robust to the distur-
bances in the system compared to similar sensor-based
techniques, like vector control strategies for SPIM speed
control.

The two primary weaknesses associated with the recent
variants of the constant V/f method [3]–[21] can be summa-
rized as follows:

1. These techniques produce a circular rotating magnetic
field inside SPIM for a very narrow range of operating fre-
quencies/speeds and fail to produce circular rotatingmagnetic
field as the operating point of SPIM moves far away from its
rated operating point during its variable speed operation.

2. During the fixed speed operation of SPIM at a specific
frequency usually near the rated conditions, these techniques
produce circular rotating magnetic field inside it at specific
fixed starting and operating point. These techniques again fail
to produce circular rotating magnetic field during the transi-
tion of operating point from starting to operating condition at
a fixed operating frequency.

The two primary causes for the weaknesses associated with
these variants of the constant V/f method can be summarized
as follows:

1. During variable speed operation, the main and auxiliary
impedances of SPIM vary dynamically and asymmetrically
with its varying operating point.

FIGURE 3. Voltage and current phasors of SPIM.

2. During constant speed operation at a particular fre-
quency, these impedances change dynamically and asym-
metrically as the operating point of SPIM transitions from
starting to operating condition.

These factors become more and more significant as the
SPIM is started and operated at conditions farther away from
its rated operating point. Therefore, these variants of the
constant V/f method fail at conditions farther away from its
rated operating point, and thus degrade its circular rotating
magnetic field and energy efficiency.

A. OPERATING MODE
According to the double revolving field theory, the phase
difference φ manipulates the magnetic field inside SPIM.
The phasor diagram of various SPIM voltages and currents
is shown in Fig. 3. For the generation of circular rotating
magnetic field inside SPIM, φ must be maintained at 90◦

during the starting and operating conditions.
For variable speed operation of conventional SPIMs, as the

operating frequency is varied, the SPIM impedances change
and the operating point moves away from the rated operat-
ing point. This results in the distortion of rotating magnetic
field increasing torque pulsations. Therefore, lowering the
operating frequency of SPIM for variable speed operation
seriously degrades its efficiency. Moreover, for SPIM oper-
ation at a fixed frequency, the main and auxiliary impedances
vary drastically from starting to operating mode. The auxil-
iary impedance also varies significantly with load-conditions.
These disturbances also contribute to the unsymmetrical and
unbalanced operation of SPIM.

Therefore, to maintain quadrature between main and aux-
iliary currents (φ = 90◦), as φ is obtained as a function of
φv in the previous section, φv must be updated continuously
to account for these sustained variations in SPIM impedances
with operating frequency and conditions. In addition, for the
generation of circular magnetic field inside SPIM, the con-
dition expressed by (26) must also be satisfied. Therefore,
it becomes necessary to adjust Va with varying frequency,
speed and load-conditions.

B. STARTING MODE
Soft-starting of SPIM at low-frequencies can substantially
reduce the inrush current and thus increase energy-savings.
However, when SPIM is started at very low frequencies,
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the starting time is delayed. The torque pulsations occurring
during the transition from starting to operating condition
due to unbalanced operation significantly reduce its devel-
oped torque. In most industrial applications, the load torque
increases linearly with starting speed and the reduction in
developed torque caused by elliptical fields during starting
results in increased Im and ultimately stalls the motor. In other
words, soft-starting of SPIM at low frequencies results in
a considerable divergence of operating point from the rated
conditions and seriously degrades the starting torque.

A symmetrical and balanced starting operation of SPIM
enabled by optimal φv and Va control according to (22) and
(26) results in a significant increase in starting torque at
low-frequencies. This substantial increase in starting torque
results in decreased Im for a specific load and increases
starting efficiency.

IV. PHASE-SHIFT ALGORITHM FOR IMPLEMENTATION
OF EFFICIENCY OPTIMIZATION CONTROL
A. CHALLENGES IN IMPLEMENTATION
As discussed, optimal φv and Va control is needed for
energy-efficient variable speed operation of SPIM. Thus,
the implementation of the proposed efficiency optimization
control requires real-time generation of suitable variable
phase, variable frequency and variable magnitude voltage
waveforms. However, to the best of the authors’ knowledge,
there does not exist a dedicated technique in the litera-
ture for sinusoidal pulse width modulation (SPWM)-based
real-time generation of variable phase voltage waveform.
In conventional techniques, for the digital synthesis of a
variable frequency and variable magnitude sinusoidal volt-
age waveform, sine lookup table is generated correspond-
ing to SPWM switching pattern for a specific frequency.
These techniques use pre-stored sine lookup tables or ref-
erence values for the generation of variable frequency vari-
able voltage SPWM [23]–[25]. This is memory intensive
and compromises the required precise frequency and voltage
control [26].

The dependence of optimal phase φv on SPIM parameters
and operating conditions, in addition to frequency, necessi-
tates the formulation of a novel real-time SPWM generation
framework. Furthermore, as modulation index of SPWM is
used to efficiently control Va for balanced operation, the gen-
erated sine lookup tables for a specific frequency SPWM
switching patternwill vary according to SPIMparameters and
operating conditions. This provides another justification for
not using the pre-stored sine lookup tables or reference values
for variable frequency, variable phase and variable magnitude
SPWM switching pattern generation.

Therefore, for a precise φv and Va control, real-time
calculation of sine look up tables is required. However,
the calculation of sine of a given value involves multiplication
operations, that are computationally expensive to be imple-
mented on micro-controllers without a hardware multiplier.
So, using conventional techniques, a dynamic real-time con-
trol of φv and Va is impossible.

FIGURE 4. φv update in discrete time-periods under conventional
techniques vs. under the proposed phase-shift algorithm for optimal
control.

To account for the use of pre-stored reference values
and the associated computational cost, in conventional tech-
niques, a change in φv is possible only in discrete time-
periods/cycles of voltage waveform and magnetic field. So a
change in φv requested in current time-period/cycle is imple-
mented in the following discrete time-period/cycle of auxil-
iary voltage waveform, thus delaying the phase-response to
the subsequent magnetic field rotation as shown in Fig. 4a.
Similarly, in conventional techniques, the voltage Va for vari-
able speed operation is also updated in discrete time periods.

As SPIM is started/operated at low-frequencies of the order
of 0.5Hz, the time-period required for one complete magnetic
field rotation is significantly delayed. In most of the indus-
trial applications, the load increases exponentially with SPIM
speed at the starting along with the induction of huge starting
inrush current. These factors necessitate prompt update of φv
and Va according to optimal efficiency control before the start
of the discrete magnetic field or auxiliary voltage cycle. If φv
and Va are not adjusted dynamically to maintain quadrature
and balance between currents, the resulting degradation in the
available starting torque stalls the motor. Similarly, during
operating conditions at medium and low frequencies, delayed
optimal φv and Va update results in torque degradation, which
makes the SPIM operation inefficient.

In this article, for real-time control of φv and Va, it is
proposed to divide one complete magnetic field rotation by
the partition of corresponding auxiliary voltage waveform
into a desired number of n segments. In the following section,
the phase-shift algorithm is developed to provide φv and Va
control within the segment to promptly account for the distur-
bances in quadrature during starting and operating conditions.
In this way, φv andVa can be adjusted online for the formation
of circular magnetic field within discrete segments without
waiting for thewhole rotation to complete as shown in Fig. 4b.

B. CONCEPT EXPLORATION
As discussed in the previous section, a dynamic real-time
control of φv and Va is required for energy-efficient variable
speed operation of SPIMs. However, this dynamic control
makes the input voltage waveform Va non-sinusoidal at low-
frequencies. This non-sinusoidal voltage waveform is diffi-
cult to be synthesized at low frequencies using conventional
techniques.
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Therefore, in this section, the phase-shift algorithm for
dynamic real-time control of phase-shift, voltage and fre-
quency is developed. The phase-shift algorithm generates
the sine lookup tables for the two variable phase, variable
frequency and variable magnitude waveforms in real-time
based on the SPWM technique. The SPWM switching pattern
generated by the phase-shift algorithm is used for driving the
corresponding switches of two isolated H-Bridge inverters to
generate the output main and auxiliary voltage waveforms as
shown in Fig. 5. Using the phase shift algorithm, the wave-
forms Vm and Va are manipulated to control the operating
parameters of the SPIM as discussed in section II.

In the phase-shift algorithm, one complete time-period T of
each waveform Vm and Va is divided into segments S. Each
segment is of equal time duration. If a waveform is divided
into n segments.

S = n (28)

Ts = T/n (29)

where S represents the total no. of segments in T and Ts is
the time duration of one segment. If Vm and Va are divided
individually into 4 segments, each segment is known as a
quadrant;

Sm = 4 (30)

Tsm = Tm/4 (31)

Sa = 4 (32)

Tsa = Ta/4 (33)

where Sm represents the total number of segments in which
waveform Vm is divided, Tsm is the time duration of Vm’s
one segment, and Tm is the time period of Vm. Similarly,
Sa represents total number of segments in which waveform
Va is divided, Tsa is the time duration of Va’s one segment
and Ta is the time period of Va. Q1m, Q2m, Q3m and Q4m
represent the 1st, 2nd, 3rd and 4th quadrants ofVm respectively.
Q1a, Q2a, Q3a and Q4a represent the 1st, 2nd, 3rd and 4th

quadrant of Va respectively. The corresponding waveforms
are plotted in Fig. 6a. In phase shift algorithm, the voltage
amplitude and frequency of each of the waveforms Vm and
Va is controlled independently and dynamically in each quad-
rant. Moreover, the phase shift between the two waveforms
Vm and Va can be varied dynamically in each quadrant as
well.

Fig. 6b represents the output waveform obtained through
the phase shift algorithm with adjustable phase difference in
each quadrant. By adjusting n, using the phase shift algo-
rithm, a waveform can be divided into desired number of
segments. The phase difference between the two waveforms,
as well as the voltage amplitude and frequency of individual
waveform can be independently adjusted in each segment to
obtain the desired output characteristics.

C. IMPLEMENTATION
The phase-shift algorithm generates the switching pattern
of the switches S1 through S8 using SPWM technique as

FIGURE 5. Switching pattern generation using the phase-shift algorithm
for efficient variable speed operation of SPIM.

FIGURE 6. Dynamic phase control of input voltage waveform using the
phase-shift algorithm.

shown in Fig. 5. To generate the sine lookup tables for
the output SPWM pattern corresponding to different fre-
quencies, Cordic Algorithm with improved rotation strategy
is used [27]. Cordic Algorithm is an iterative method that
calculates the sine of a value using addition, subtraction
and shift operations. Conventional methods of sine calcula-
tion use multiplication operation, which is computationally
expensive. Improved cordic algorithm calculates the sine of
values within a couple of clock cycles of the microcontroller.
Therefore, in order to reduce the time required for generating
various sine lookup tables for a dynamic response, improved
cordic algorithm will be used and the corresponding function
will be denoted as c_sin().

For an output waveform W with time period T, the cor-
responding SPWM generation will consist of the following
parameters;

T = 1/f (34)

ts = 1/fs (35)

ns = T/ts (36)

phi = 360◦/ns (37)
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where f is the frequency of the output waveform generated
through phase shift algorithm, fs is the sampling frequency
of the SPWM pattern, ts is the time duration of one SPWM
sample, ns represents total number of SPWM samples in T
and phi is the phase increment for each SPWM sample.
In the phase shift algorithm, the sine lookup table cannot

have any negative value because the corresponding values
of sine look up table are fed into Microcontroller’s timer
register to adjust the duty cycle of each output PWM signal to
form SPWM output. Therefore, another array, switch_toggle,
is formed which keeps the record of the occurrences of the
negative cycle of the output waveform W. For each ele-
ment in sine look up table, there is a corresponding ele-
ment in switch_toggle array. The element is either ‘0’ or ‘1’
depending on the polarity of the output waveform W it is
representing. The element is:

0: if the corresponding element in the sine lookup table
relates to the positive cycle of the output waveformW
1: if the corresponding element in the sine lookup table
relates to the negative cycle of the output waveformW

D. CODE
The sine lookup table and the switch_toggle array can be
found using the for loop as follows:
for i = 1: ns(

c_sin
((

π
180 ∗ phi ∗ i

)
+
(
ϕ[i] ∗ π

180

)))
= γ

if (γ ≥ 0)
sin_LUT (i) = β ∗ γ
switch_toggle (i) = 0

end
if (γ < 0)
sin_LUT (i) = −β ∗ γ
switch_toggle (i) = 1

end
end
In the above code, ϕ is a variable containing the phase-shift

to be inserted in the output waveform. β is the modulation
index which ranges from 0 to 1. sin_LUT() is the array
containing the sine lookup table for the corresponding output
waveform.

When switch_toggle = 0, path 1 of the corresponding
H-Bridge will be active and path 2 will be inactive. When
switch_toggle= 1, path 1will become inactive and path 2will
become active, as shown in Fig. 7a and Fig. 7b, respectively.

E. FREQUENCY CONTROL
By adjusting the vaiable f in the above section, the sine
lookup tables can be generated for corresponding output
frequencies dynamically and efficiently. In the algorithm, f
can be adjusted within fractions of 0.1 Hz, thereby allowing
a precise speed control of SPIM. By increasing the SPWM
sampling frequency, fs, a precise sine output waveform can
be generated even for higher frequencies. At lower end, phase
shift algorithm can efficiently generate output waveforms of
frequencies as low as 0.1 Hz. Therefore, the phase shift algo-
rithm allows the SPIM to be operated at very low frequencies.

FIGURE 7. Load voltage during switching operations.

F. VOLTAGE CONTROL
In the above code, β is the modulation index and ranges
from 0 to 1. By appropriately adjusting the modulation
index, the magnitude of the output waveform can be con-
trolled. This voltage control offered by the phase-shift algo-
rithm is used for real-time optimal control of Va according
to (26).

For discrete segment based optimal voltage-control, a sep-
arate array, β[ns], can be created and segmented in the same
fashion as sine lookup table.

G. PHASE-SHIFT CONTROL
In this section, the segment-wise phase control of a wave-
form is discussed. For the output waveform W with time
period T , the corresponding sine lookup table, sin_LUT , and
swtich_toggle array are:

sin_LUT = [l1 l2 . . . . . . lnt ]

switch_toggle = [t1 t2 . . . . . . tnt ]

where
li = ith element of sin_LUT

ti = ith element of switch_toggle
nt = total number of SPWM samples in time period T
Using the phase shift algorithm, this waveform is divided

into n segments. The entries of the two arrays corresponding
to each segment will be

e = nt/n (38)

where
e = number of entries corresponding to each segment
In order to shift the phase from one segment to

another, the entries related to that particular section in
both sin_LUT and switch_toggle array need to be replaced
with the corresponding entries from sine lookup table
and switch_toggle array of the phase shifted waveform,
respectively.

Consider the sine lookup table and switch toggle
array of the phase shifted waveform with phase shift
of ϕ;

sin_LUT_ϕ = [lφ1 lφ2 . . . . . . lφn]

switch_toggle_ϕ = [tφ1 tφ2 . . . . . . tφn]
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FIGURE 8. Replacement Operation for sin_LUT for dynamic phase update.

where lφi = ith element of sin_LUT_ϕ
tφi = ith element of switch_toggle_ϕ

To insert a phase shift of ϕ in segment x, the follow-
ing entries of sin_LUT and switch_toggle arrays need to be
replaced with the corresponding entries in sin_LUT_ϕ and
switch_toggle_ϕ;
Entries of sin_LUT corresponding to section x

=lx , lx+1, . . . . . . . . . .lx+e

Entries of switch_toggle corresponding to section x
=tx , tx+1, . . . . . . . . . .,tx+e

Entries of sin_LUT_ϕ corresponding to section x
= lφx , lφx+1, . . . . . . . . . ., lφx+e

Entries of switch_toggle_ϕ corresponding to section x
= tφx tφx+1 . . . . . . . . . .tφx+e

The following entries corresponding to original waveform are
replaced with the entries corresponding to the phase shifted
waveform, with the arrow representing the replacement
operation:

lφx lφx+1 . . . . . . . . . .lφx+e ⇒ lx lx+1 . . . . . . . . . .lx+e
tφx tφx+1 . . . . . . . . . .tφx+e ⇒ tx tx+1 . . . . . . . . . .tx+e

The sin lookup table and switch toggle arrays of the new
phase-shifted waveform will be

sin_LUT_PS = [l1 . . . .lφx lφx+1 . . . .lφx+e . . . .lnt ]

switch_toggle_PS = [t1 . . . .tφx tφx+1 . . . .tφx+e . . . .tnt ]

For a phase shift of ϕ in any section, the above procedure
needs to be repeated. The replacement of requisite segment
in the corresponding sine lookup is demonstrated in Fig. 8.
In practice, the phase shifted arrays are generated by adjusting
the value of ϕ in code during real-time for the corresponding
section, instead of calculating the arrays for phase shifted
waveforms individually and then replacing the corresponding
entries. The values of various arrays for the output wave-
form Va as shown in Fig. 6a, are plotted in Fig. 9a. The
corresponding PWM switching signals for real-time phase
control generated by the phase-shift algorithm for Va with
fs = 10kHz and f = 50Hz are shown in Fig. 9b.

V. SIMULATION-BASED IMPLEMENTATION
A. TEST SETUP
To leverage the maximum potential offered by the phase-shift
algorithm, it is proposed to operate the SPIM as a capac-
itorless two phase asymmetric motor as shown in Fig. 10.
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FIGURE 9. Values of various arrays and corresponding switching signals generated by the phase-shift algorithm for dynamic phase-control.

This mode of operation enables the simultaneous constant
V/f control and optimal phase-control of SPIM. The constant
V/f control is used to implement variable speed operation of
SPIM. The optimal phase-shift control enables the optimal
Va and φv control for formation of circular magnetic field
inside SPIM as discussed in section II. The simultaneous
implementation of V/f control and optimal phase-control
permits the energy-efficient symmetric and balanced variable
speed operation of SPIM. This simultaneous implementa-
tion also enables the efficient soft-starting of SPIM at very
low-frequencies based on the framework developed in the
previous section.

The two-phase supply is obtained from a single-phase
supply using a rectifier and two isolated H-Bridge invert-
ers. The switching pattern of switches S1 through S8,
as shown in Fig. 5, is generated by the phase-shift algo-
rithm and implemented using the dual isolated H-Bridge
inverter topology. As discussed in the previous section,
the switching pattern is generated using the phase-shift
algorithm so that the voltage amplitude, frequency and
the phase-shift between Vm and Va can be indepen-
dently and dynamically controlled to implement the opti-
mal Va and φv control for energy-efficient variable speed
operaiton.
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FIGURE 10. Two phase operation of SPIM under the phase-shift
algorithm for efficient variable speed control.

The two DC link voltage sources Vdc1 and Vdc2, shown
in Fig. 5, must be isolated because most of the over-
the-counter SPIMs have a common connection point between
the main and auxiliary windings. In order to independently
control the two windings, the DC links energizing the respec-
tive windings must be isolated.

In this layout, two full-bridge inverters are used instead of
two half-bridge inverters because full-bridge inverters pro-
vide a comparatively more flexible and improved voltage
control. In case of half-bridge inverters, the DC link voltage
must be twice as high as that of the fundamental component
of the motor input voltage, necessitating the use of additional
transformer or DC-DC converter to achieve the required volt-
age level. In case of full-bridge inverters, output from the
rectifier can be directly used to energize the inverters with
the help of just one filtering capacitor. Moreover, two and
three level waveforms can be generated in case of full-bridge
inverters giving more flexibility to the designer of the motor
drive to achieve desired characteristics.

The proposed technique and its implementation algo-
rithm (phase-shift algorithm) is flexible and can be imple-
mented using various inverter topologies. To reduce the
cost of overall drive, this algorithm can be implemented
using two two-switches-based half-bridge inverters with-
out any modification to the implementation algorithm. For
increased efficiency of the drive, the proposed technique can
be implemented using multi-level topologies based on two
four-switches-based full-bridge inverters. Similarly, further
topologies can be investigated for the implementation of
the proposed technique depending on the designer’s require-
ments.

For soft-starting at very low-frequencies, the number of
segments in the phase-shift algorithm, n, must be kept very
large to account for the prolonged time-period of the input
voltage waveform. A very large n enables dynamic update of
φv and Va at low-frequencies. For high operating frequencies
n can be kept small to reduce the computational time and
complexity.

B. CONSTANT V /f CONTROL
The constant V/f control is implemented to enable the vari-
able speed operation of SPIM. To implement the constant
V/f control, magnitude of Vm and frequencies of Va and
Vm are controlled by the phase-shift algorithm through the

TABLE 1. SPIM Parameters and Ratings.

generation of suitable sine look up tables, switch toggle array
and modulation index as discussed in the previous section.
In this article, the modulation index is used to control the
voltage magnitude.

C. OPTIMAL PHASE-SHIFT CONTROL
The optimal phase-shift control is implemented to enable the
optimal φv and Va control for the symmetric and balanced
operation of SPIM at varying frequencies and speeds. The
phase-shift control also enables the efficient soft-starting of
SPIM at very low frequencies. Using the phase-shift algo-
rithm, the magnitude of Va is controlled through the mod-
ulation index for optimal Va control. The phase of Va is
controlled through the generation of suitable sine lookup
tables as discussed in the previous section for optimal φv
control.

VI. SIMULATION-BASED EVALUATION
In order to evaluate the proposed control strategy,
a MATLAB/Simulink model is developed as shown
in Fig. 11. The parameters of SPIM are given in the Table. 1.
A feedback control system is developed to carry out the tests
at varying frequencies with non-rated load conditions. The
feedback control also provides the torque-speed character-
istics of SPIM under the proposed optimal control over the
entire frequency range. These torque-speed characteristics
are then used to repeat the tests with a look up table-based
control which is discussed in the next section. To evaluate the
efficiency improvement of the proposed algorithm, simula-
tions are repeated with the constant V/f control method for
direct comparison of performance efficiency.

The test setup is developed as described in the previous
section. However, the SPIM used in this test has discrete
main and auxiliary windings, so the isolation between the DC
links energizing the two full-bridge inverters is not needed.
As shown in Fig. 11, the SPIM parameters are pre-stored in
the optimal control block as input parameters. The optimal
control block receives the operating frequency, speed and Vm
during real-time. An algorithm is implemented in optimal
control block which calculates the optimal Va and φv based
on the analysis in section II for balanced and symmetrical
operation of SPIM. The φv and Va for optimal control are
then fed to the phase-shift algorithm module, which gener-
ates the switching signals for the two full-bridge inverters
as described in section IV. The magnitude and phase of Va
are controlled to implement optimal φv and Va control at the
desired frequency.
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FIGURE 11. Test setup for the implementation of the proposed optimal strategy.

FIGURE 12. Simulation-based results of SPIM operation under the
proposed optimal control at f = 30 Hz.

FIGURE 13. Simulation-based results of SPIM operation under the
constant V /f control method at f = 30 Hz.
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FIGURE 14. Simulation-based results of SPIM operation under the
proposed optimal control strategy at f = 60 Hz.

TABLE 2. SPIM Performance Comparison at Different Frequencies.

In this implementation, the magnitudes of Va and Vm
are controlled by the phase-shift algorithm by adjusting the
modulation index as discussed in section 4. This eliminates
the need for DC-DC converter, thus making the proposed
control strategy affordable and attractive to the local industry.

To evaluate the efficiency improvement of the proposed
control strategy during operating conditions, and to observe
the effects of loading process at varying frequencies, a linear

FIGURE 15. Simulation-based results of SPIM operation under the
constant V /f control method at f = 60 Hz.

load is activated at t = 1s. To evaluate the performance
improvement during soft-starting at low frequencies, a linear
load is activated at t = 0s to mimic the real-world conditions.

VII. RESULTS AND DISCUSSION
To validate the efficiency improvement offered by the pro-
posed control technique, the performance of SPIM under the
phase-shift algorithm is evaluated at low, medium and high
operating frequencies with non-rated starting and operating
conditions. To prove the superiority of the proposed control
strategy, the simulation-based results of the phase-shift algo-
rithm are comparedwith the corresponding results of constant
V/f method.
For medium non-rated operating frequency of 30Hz,

Fig. 12a shows that φv and Va are updated continuously
according to (22) and (26) for the formation of circular mag-
netic field inside SPIM. In Fig. 12c, it can be observed that the
torque pulsations have been eliminated under the proposed
strategy and SPIM meets/counters the required load-torque
smoothly. The elimination of torque pulsations indicates the
formation of circular magnetic field, and a balanced and
symmetrical operation of SPIM. Same results are observed
for the proposed control strategy at f = 60 Hz and f = 10 Hz
in Figs 14c and 16c respectively.

Fig. 12b shows that SPIM under the phase-shift algorithm
draws significantly less Im both during the unloaded and
loaded conditions for a particular operating frequency. For
SPIM operating under the proposed strategy, Im increases
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FIGURE 16. Simulation-based results of SPIM operation under the
proposed optimal control strategy at f = 10 Hz.

smoothly with no torque oscillations as it transitions to loaded
state at t = 1s, which reflects the dynamic update of φv
and Va during the transition to maintain a symmetric SPIM
operation.

However, according to Fig. 13b, 15b and 17b, for SPIM
operating under the constant V/f method, Im increases
steeply as the SPIM moves farther away from the rated oper-
ating point when load is activated at t = 1s. The resulting
increase in magnetic field distortion and torque pulsations
with deviation in operating point seriously degrades the effi-
ciency of SPIM. This inefficient operation of SPIM under the
constant V/f method is reflected through a steep increase in
Im simultaneously with a drastic increase in slip.
The effect of excursion of operating point from

rated-conditions on SPIM efficiency is significant in Fig. 13b.
At 30 Hz, due to reduced frequency and significant
load-torque of 2.5 N.m, SPIM under the constantV/f method
operates significantly far from its rated operating point and
draws a huge current Im of 6.5 A when loaded. Therefore,
a significant reduction in Im is observed in Fig. 12b as its
magnitude reduces to 3.8 A for SPIM operation under the
proposed algorithm.

For SPIM operation at 30Hz, the fact that SPIM effi-
ciency degrades as its operating point moves away from
the rated conditions is also confirmed by Table 2b. This
tables shows that a power gain of 10.22% is obtained at
τload =2.5 N.m, and an increased power gain of 48.2%
is obtained at τload = 2.9 N.m under the proposed

FIGURE 17. Simulation-based results of SPIM operation under the
constant V /f control method at f = 10 Hz.

control strategy. In Table 2, similar effect is observed at
other frequencies. Thus, as SPIM moves away from the
rated operating point through a change in frequency or load-
condition, the efficiency gain offered by the phase-shift algo-
rithm increases. Therefore, this confirms the fact that the
proposed control strategy perfectly complements the variable
speed operation of SPIM at low-frequencies and varying
load-conditions.

At 60 Hz, Fig 15c shows that SPIM under constant
V/f method is unable to meet non-rated load load torque
of 5 N.m. However, from Fig. 14c, it is clear that SPIM
under the phase-shift algorithm develops the required torque
of 5 N.m with no pulsations. Therefore, it confirms the
analysis that for a particular frequency, as the magnetic
field becomes circular, SPIM develops increased torque at a
given slip, which means less input power and improved effi-
ciency are observed. This fact is confirmed by Table 2 which
indicates that SPIM under the proposed control technique
develops/meets the required load-torque with comparatively
reduced slip. This reduced slip operation leads to less Im being
drawn and thus more efficient operation at a particular load is
possible for a given frequency. In Table 2, similar effect can
be observed at other frequencies as well. This confirms the
analysis that the proposed control increases the efficiency of
SPIM by significantly reducing current per torque.

Even at 10 Hz, the torque pulsations are eliminated under
the phase-shift algorithm as shown in Fig. 16c, which reflects
the dynamic and timely update of φv and Va.
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FIGURE 18. Simulation-based results of SPIM soft-starting at f = 10 Hz
under the proposed soft-starting strategy.

Fig. 18b shows that for soft-starting under the proposed
optimal starting control, Im settles to 2A within t = 0.3s.
However, for SPIM starting under conventional techniques,
Fig. 19b shows that Im stays above 4A till t = 0.7s and then
finally starts to settle down to 4A. This confirms the analysis
that the proposed control improves the starting efficiency of
SPIM.

Comparing Fig. 16c with Fig. 17c, it can be seen that
SPIM operation under the proposed optimal control signif-
icantly reduces the starting torque oscillations even at low
frequencies. The elimination of torque pulsations, in turn,
reflects the formation of circular magnetic fields and bal-
anced SPIM operation enabled by the continuous update of
optimal Va and φv. This balanced and symmetric operation
increases the starting torque and SPIM is able to overcome
small load present at the starting conditions in industrial
applications. This analysis is confirmed by Fig. 18c, which
shows that SPIM can successfully soft-start at 10 Hz under
linear starting load. However, according to Fig. 19c, the SPIM
operating under constant V/f fails to start due to the dis-
tortion of magnetic field and the resulting degradation of
starting torque at low-frequencies. The soft-starting of SPIM
at low-frequencies, in turn, causes a reduction in inrush cur-
rent, which is evident in Fig. 18b. Comparing Fig. 18b with
Fig. 15b, it can be seen that the soft-starting of SPIM under
the proposed technique results in an inrush current reduction
of more than 84%. Soft-starting at even lower frequencies can
further reduce the inrush current.

FIGURE 19. Simulation-based results of SPIM soft-starting at f = 10 Hz
under the constant V /f control method.

FIGURE 20. The system’s response as a result of +/− 5% error
introduced in ω.

The performance of the phase-shift algorithm is stud-
ied under +/ − 5% feedback error conditions as shown
in Fig. 20. Even a significant error introduced in the feed-
back rotor-speed signal results in negligible torque pulsa-
tions as shown in Fig 21. In Fig 21, τ represents the torque
developed when the system receives an accurate rotor-speed
feedback, τω1 and τω2 represent the torque developed when
the rotor-speed feedback is varied by −5% and +5% of its
accurate value respectively. This shows that the phase-shift
algorithm is robust and resistant to errors in speed-sensor
output. Moreover, as shown in Fig. 20, the system maintains
its stability throughout even when significant errors are pur-
posefully introduced in the feedback loop.

In most of the industrial applications, the load torque on
SPIM remains constant. Under such predictable conditions,
the trajectories of optimal φv and Va can be saved in a
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FIGURE 21. Load torque τload and developed torques under different
feedback error conditions.

FIGURE 22. Efficiency improvement offered by the phase-shift algorithm
under different non-rated operating and load conditions.

look up table. As the phase-shift algorithm is resistant to
small disturbances (errors) in the system and maintains a
stable system operation, these saved trajectories in the form
of look up tables can then be used to operate the SPIM in
the proposed improved efficiency mode. Therefore, in most
industrial applications, phase-shift algorithm eliminates the
need of the feedback loop and a look up table based technique
can be implemented if the system disturbances remain within
the satisfactory error margins.

Using the test-setup as shown in Fig. 11, the efficiency of
SPIM under the phase-shift algorithm is compared with the
constant V/f method. Fig. 22 shows the efficiency improve-
ment offered by the phase-shift algorithm under different

non-rated operating and load conditions. The percent increase
in efficiency is indicated in red in Fig. 22. It is verified that
the phase-shift algorithm is a powerful algorithm which can
offer efficiency improvement of more than 400%.

VIII. CONCLUSION
In this article, it is demonstrated that conventional techniques
for speed control of SPIMs are inefficient because they cause
the formation of elliptical magnetic fields inside them at
non-rated starting and operating conditions. After a detailed
analysis of SPIM energy-efficiency, a novel sensor-less con-
trol strategy was devised to improve the performance at
non-rated conditions by enabling the symmetrical and bal-
anced operation of SPIM. Formation of circular magnetic
field inside SPIMs over the entire speed range is achieved
by dynamically and optimally controlling the auxiliary volt-
age and phase-difference between the windings voltages
simultaneously with constant V/f control using the devel-
oped phase-shift algorithm. Simulation-based evaluation of
the optimal control strategy demonstrates an improvement
of more than 400% in energy-efficiency as compared to
maximum 18% reported in case of conventional SPIM
energy-efficiency optimization techniques. The developed
control algorithm also enables the soft-starting of SPIM with
substantial starting torque at low-frequencies, resulting in
a significant reduction in inrush current. Simulation-based
results of the proposed sensor-less optimal control strategy
confirm an inrush current reduction of more than 84%. This
efficient soft-starting results in further energy-savings.
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