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ABSTRACT We propose a novel localization method using angle-of-arrival (AoA) measurements with
two-step error variance-weighted least squares (TELS). The first step is to estimate a terminal location
provisionally using least squares. The second step is to estimate the terminal location using weighted
least squares, with the weights for each anchor and each evaluation-function term, calculated from the
error variance based on the first step. The proposed method does not require previous information on the
environment while achieving high performance. The simulation results indicate that a root mean square
error (RMSE) of the proposed method is superior to that of the existing hybrid received signal strength
(RSS)/AoA localization methods. When 11 anchors are deployed inside a cube with edge length 15 m, and
the standard deviations of measurements are small, the RMSE of the proposed method reaches about 0.34 m.
It is nearly equal to that of Cramer-Rao lower bound (CRLB) on AoA.

INDEX TERMS Angle-of-arrival (AoA), received signal strength (RSS), localization, error variance, least
squares (LS), wireless sensor networks (WSN).

I. INTRODUCTION
With the development of location-based services for smart-
phones and other devices in recent years, localization
methods that use wireless sensor networks (WSNs) have
been attracting considerable attention [1]–[6]. Among the
range-based methods, received signal strength (RSS), time
of flight (ToF), time of arrival (TOA), and time differ-
ence of arrival (TDoA) are the common measurements
employed to estimate location [7]–[10]. Among the methods
that do not require range information, proximity detection,
fingerprint matching, and angle-of-arrival (AoA) measure-
ments are common [11]–[16]. AoA-based localization meth-
ods are highly accurate, and various ways have been
studied [14]–[16].

Hybrid localization methods that combine estimations
from RSS and AoAmeasurements have been studied for high
localization accuracy [1], [2], [17]–[20]. A localization prob-
lem is formulated as an optimization problem, and usually
solved by least squares (LS). The weights based on the error
covariance matrix [weighted linear least squares (WLLS)]
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were proposed to improve localization accuracy using the
least squares [17]. Although this method achieves high local-
ization accuracy, it is considered impractical as it requires
that the standard deviations of RSS and AoA measurements,
as well as the path-loss exponent, be known in advance.
Moreover, theWLLSmethod decreases localization accuracy
as RSS measurements greatly vary depending on individual
differences in devices and environmental factors. Another
technique introduced weights based on distance from a ter-
minal [weighted least squares (WLS)] [18]. This relatively
simple method is more accurate than other localization meth-
ods; however, it is also considered impractical due to the
requirement that the RSS is measured in the environment in
advance to calculate the path-loss exponent. Moreover, there
is a possibility to improve localization accuracy because the
weights are not optimized.

In this article, an accurate localization method that uses
only AoA measurements and does not require previous infor-
mation on the environment is proposed. To solve the opti-
mization problem, we use a two-step error variance-weighted
least squares (TELS) method. The first step is to estimate a
terminal location provisionally using the least squares. Then,
the second step is to estimate the terminal location using
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the weighted least squares, with the weights for each anchor
and each evaluation-function term, calculated from the error
variance based on the first step. This two-step process attenu-
ates the effects of anchors and evaluation-function terms with
large uncertainty to improve localization accuracy.

The main contributions of this article are as follows:
• A novel localization method using AoA measurements
with the TELS is proposed. The proposed method does
not require previous information on the environment.

• We present that the proposed method’s computational
complexity is equivalent to that of the existing hybrid
RSS/AoA localization methods, solving the optimiza-
tion problem in linear time.

• The simulation results indicate that the proposedmethod
is superior to the existing hybrid RSS/AoA localiza-
tion methods. Furthermore, in the case the standard
deviations of measurements are small, the proposed
method can achieve performance almost comparable to
the Cramer-Rao lower bound (CRLB) on AoA.

The remainder of this article is organized as follows.
Section II describes the problem formulation used in hybrid
RSS/AoA localization methods to compare the proposed
method with the existing ones. Section III describes the
related works. Section IV presents the details of the pro-
posed method. Section V describes the simulation results.
Section VI discusses the proposed method, and finally,
Section VII concludes this article.

In this article, italics denote scalars, lower-case boldface
denotes vectors, RN denotes vectors with N components,
upper-case boldface denotes a matrix, RM×N denotes a
M-by-N matrix, diag(a) denotes the diagonal matrix with a
as the diagonal elements, E(a) denotes the expected value of
a, V (a) denotes the variance of a and IN denotes a N-by-N
identity matrix.

II. PROBLEM FORMULATION
We assume a 3D space and an ideal line-of-sight (LOS)
environment. In the 3D space, there exist N anchors and
one terminal (Fig. 1). The anchor location is defined as
ai = [xi, yi, zi]T ∈ R3 for i = 1, . . . ,N . The terminal
location is defined as x = [x, y, z]T ∈ R3. The true values
of AoA are given by (1), where φoi is a true azimuth angle,
ψo
i is a true elevation angle, and di = ‖x− ai‖.

φoi = arctan
(
y− yi
x − xi

)
ψo
i = arccos

(
z− zi
di

)
(1)

The measurements of RSS and AoA are given by (2), where
φi are azimuth angle measurements, ψi are elevation angle
measurements, and Pi are RSS measurements. P0 is the RSS
at a reference distance d0(di ≥ d0), and γi is the path-loss
exponent. nφi , nψi and nPi are modeled as zero-mean Gaus-
sian random variables with standard deviations, σφi , σψi and
σPi , respectively: nφi ∼ N (0, σ 2

φi
), nψi ∼ N (0, σ 2

ψi
) and

nPi ∼ N (0, σ 2
Pi ). Let E(nφi ) = E(nψi ) = E(nPi ) = 0,

FIGURE 1. Illustration of anchor and terminal locations in the 3D space.

E(n2φi ) = σ
2
φi
, E(n2ψi ) = σ

2
ψi
, and E(n2Pi ) = σ

2
Pi .

φi = φ
o
i + nφi

ψi = ψ
o
i + nψi

Pi = P0 − 10γi log10
di
d0
+ nPi (2)

III. RELATED WORKS
To achieve high localization accuracy, some researchers
investigate hybrid localization methods using RSS and AoA
measurements. A localization problem is formulated as an
optimization problem and generally solved by the least
squares. The WLLS [17] and the WLS [18] are known as the
localization methods, achieving higher localization accuracy
than the least squares. We describe the overview of these
methods and the problem these methods have, as follows.

A. WEIGHTED LINEAR LEAST SQUARES (WLLS)
In [17], the authors applied weights to the linear least squares
and considered the path loss exponent as an unknown vari-
able. The RSS measurements were slightly different forms,
as in (3).

Pi = P0 − γiν ln
di
d0
+ nPi , (3)

where ν = 10
ln 10 . Then, the terminal location can be esti-

mated by using the estimated distance d̂ i = d0 exp
(
P0−Pi
γ ν

)
,

the azimuth angle measurements, φi, the elevation angle mea-
surements, ψi, and unbiasing constants, δi and δ̃i, as in (4).
Here, γ is the estimated pass-loss exponent.

x̂ = xi + d̂ i cos (φi) sin (ψi)δi,

ŷ = yi + d̂ i sin (φi) sin (ψi)δi,

ẑ = zi + d̂ i cos (ψi)δ̃i, (4)
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where

δi = exp

(
σ 2
φi
+ σ 2

ψi

2
−

σ 2
Pi

2(γ ν)2

)
,

δ̃i = exp

(
σ 2
ψi

2
−

σ 2
Pi

2(γ ν)2

)
.

By reformulating (4) into a vector form and applying the
weighted linear least squares, the estimated location of the
terminal, x̂WLLS, was given in (5).

x̂WLLS =

(
STC−1S

)−1
STC−1ū, (5)

where

S =

eN 0N 0N
0N eN 0N
0N 0N eN

 ∈ R3N×3,

C =

Cxx Cxy Cxz
Cyx Cyy Cyz
Czx Czy Czz

 ∈ R3N×3N ,

ū =



x1 + d̂1 cos (φ1) sin (ψ1)δ1
...

xN + d̂N cos (φN ) sin (ψN )δN

y1 + d̂1 sin (φ1) sin (ψ1)δ1
...

yN + d̂N sin (φN ) sin (ψN )δN

z1 + d̂1 cos (ψ1)δ̃1
...

zN + d̂N cos (ψN )δ̃N



∈ R3N ,

with eN denotes column vectors of N ones and 0N denotes
column vectors ofN zeros, respectively.C denotes the covari-
ance matrix. The elements of the covariance matrix are given
in Appendix A. Although this method is accurate, it is con-
sidered impractical as it requires that the standard deviations
of RSS and AoA measurements, and the path-loss expo-
nent, be known in advance. The computational complexity
isO(N ) [18]. After this, we refer this method to as ‘‘WLLS’’
in the further text.

B. WEIGHTED LEAST SQUARES (WLS)
In [18], by resorting to spherical coordinates, vector x − ai
was expressed as x − ai = diui : di ≥ 0, ‖ui‖ = 1, for
i = 1, . . . ,N . The unit vector, ui, was given by (6).

ui = [cos (φi) sin (ψi), cos (φi) sin (ψi), cos (ψi)]T (6)

The authors presented the relations among the anchor loca-
tion, the terminal location, the azimuth angle measurements,
and the elevation angle measurements, as in (7), assuming
that the standard deviations of measurements are sufficiently

small.

λiuTi (x− ai)− ηd0 ' 0,

cT1i(x− ai) ' 0,

(cos (ψi)ui − k)T (x− ai) ' 0, (7)

where λi = 10
Pi
10γ , η = 10

P0
10γ , c1i = [− sin (φi), cos (φi), 0]T

and k = [0, 0, 1]T . The estimated location of the termi-
nal, x̂WLS, is the solution to the minimum-value problem,
as in (8).

x̂WLS = arg min
x

N∑
i=1

(
λiuTi (x− ai)− ηd0

)2
+

N∑
i=1

(
cT1i(x− ai)

)2
+

N∑
i=1

(
(cos (ψi)ui − k)T (x− ai)

)2
(8)

By expressing (8) in matrix form, we obtain the closed-form
solution, as in (9).

x̂WLS =

(
ÃT W̃−1Ã

)−1
ÃT W̃−1b̃, (9)

where

Ã =



λ1uT1
...

λNuTN

cT11
...

cT1N

(cos (ψ1)u1 − k)T
...

(cos (ψN )uN − k)T



∈ R3N×3,

W̃ = I3 ⊗ diag(w1, . . . ,wN ) ∈ R3N×3N ,

b̃ =



λ1uT1 a1 + ηd0
...

λNuTNaN + ηd0

cT11a1
...

cT1NaN

(cos (ψ1)u1 − k)T a1
...

(cos (ψN )uN − k)T aN



∈ R3N .

Here, the weights are inversely proportional to the distance
from the terminal, wi, as in (10).

wi = 1−
d̂i∑N
i=1 d̂i

(10)
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FIGURE 2. Flowchart of the two-step error variance-weighted least squares (TELS) method, when three anchors are deployed.

This method is accurate; however, it is also considered
impractical due to the requirement that the RSS is measured
in the environment in advance to calculate the path-loss expo-
nent. Moreover, since the weights are not optimized, there
is room for improvement. The computational complexity is
O(N ) [18]. After this, we refer this method to as ‘‘WLS’’ in
the further text.

IV. PROPOTHED METHOD
This section describes the TELS method. Fig. 2 presents
the flowchart of the proposed method. The proposed method
uses only AoA measurements and does not require previous
information on the environment, unlike the WLLS [17] and
the WLS [18].

A. FIRST STEP: LEAST SQUARES LOCALIZATION
In the first step, the terminal location is provisionally local-
ized in the 3D space using the least squares. Let the orthogo-
nal vectors, c2i, for the relative position vector, x − ai, be as
in (11).

c2i = [cos (φi) cos (ψi), sin (φi) cos (ψi),− sin (ψi)]T (11)

The product of c1i and x − ai, and the product of c2i and
x− ai are given by (12), which represent the relations among
the anchor location, the terminal location, the azimuth angle
measurements, and the elevation angle measurements. Here,
ε1i and ε2i are errors which depend on the standard deviations
of AoA measurements.

cT1i(x− ai) = ε1i
cT2i(x− ai) = ε2i (12)

The estimated location of the terminal, x̂LS, is the solu-
tion to the minimum-value problem, as in (13). Let x̂LS =
[x̂LS, ŷLS, ẑLS]T .

x̂LS = arg min
x

N∑
i=1

(
cT1i(x− ai)

)2
+

N∑
i=1

(
cT2i(x− ai)

)2
(13)

By expressing (13) in matrix form, we obtain the closed-form
solution, as in (14).

x̂LS =
(
ATA

)−1
ATb, (14)

where

A =



cT11
...

cT1N

cT21
...

cT2N


∈ R2N×3, b =



cT11a1
...

cT1NaN

cT21a1
...

cT2NaN


∈ R2N .

After this, we refer this method to as ‘‘LS’’ in the further text.

B. SECOND STEP: ERROR VARIANCE-WEIGHTED LEAST
SQUARES LOCALIZATION
In the second step, we add weights to the least squares, which
are calculated from the error variance. Assuming that |nφi |
and |nψi | � 1, and employing geometric relations and addi-
tive theorems for trigonometric functions, (12) can be trans-
formed into (15), where ri denotes the Euclidean distance
between the anchor and the terminal in the x and y planes, and
di denotes the Euclidean distance between the anchor and the
terminal in the 3D space. By giving the orthogonal vectors,
c1i, as in (7), and c2i, as in (11), the errors can be expressed
in terms of the Euclidean distance and the standard deviation
alone.

ε1i = −(x − xi) sin (φi)+ (y− yi) cos (φi)

= − sin (nφi )((x − xi) cos (φ
o
i )+ (y− yi) sin (φoi ))

− cos (nφi )((x − xi) sin (φ
o
i )− (y− yi) cos (φoi ))

∼= −rinφi ,

ε2i = (x − xi) cos (φi) cos (ψi)+ (y− yi) sin (φi) cos (ψi)

− (z− zi) sin (ψi)
∼= − sin (nψi )(ri sin (ψ

o
i )+ (z− zi) cos (ψo

i ))

+ cos (nψi )(ri cos (ψ
o
i )− (z− zi) sin (ψo

i ))
∼= − dinψi , (15)
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where ri =
√
(x − xi)2 + (y− yi)2. The variances of ε1i and

ε2i in (15) are calculated as in (16).

V (ε1i) = E((ε1i − E(ε1i))2) = r2i σ
2
φi

V (ε2i) = E((ε2i − E(ε2i))2) = d2i σ
2
ψi

(16)

Assuming that σφi ∼= σψi , (16) can be expressed with a
constant σ as in (17).

V (ε1i) ∼= r2i σ

V (ε2i) ∼= d2i σ (17)

To set the weights expressed in (18), we use the error vari-
ance, as in (17). The error variance is approximated using
the anchor location, ai, and the estimated location of the
terminal, x̂LS, obtained in the first step. By setting the weights
as expressed in (18), the magnitudes of the error variance
for each anchor and each evaluation-function term can be
considered.

w1i =
σ

V (ε1i)
∼=

1
(x̂LS − xi)2 + (ŷLS − yi)2

w2i =
σ

V (ε2i)
∼=

1

‖x̂LS − ai‖
2 (18)

The estimated location of the terminal, x̂TELS, is the solution
to the minimum-value problem, as in (19). The weights atten-
uate the effects of anchors and evaluation-function terms with
large uncertainty.

x̂TELS = arg min
x

N∑
i=1

w1i

(
cT1i(x− ai)

)2
+

N∑
i=1

w2i

(
cT2i(x− ai)

)2
(19)

By expressing (19) in matrix form, the closed-form solution
is obtained as in (20).

x̂TELS =
(
ATWA

)−1
ATWb, (20)

where

W = diag(w11, . . . ,w1N ,w21, . . . ,w2N ) ∈ R2N×2N .

C. COMPLEXITY ANALYSIS
Table.1 presents the computational complexity of each
method considered in this article. Table.2 presents the com-
putational complexity of each operation used in the proposed
method. Since the computation of the first step takes only
O(N ), and the computation of the second step also takes
only O(N ). Therefore, the proposed method’s computational
costs is O(N ), as it does in existing methods. Since the com-
putational complexity is linear time, the proposed method’s
computational complexity is sufficiently low for real-time
applications.

TABLE 1. Computational Complexity of the Considered Method

TABLE 2. Computational Complexity of Each Operation Used in the
Proposed Method

TABLE 3. Simulation Conditions

V. SIMULATION RESULTS
In this section, we present the results of numerical simula-
tion to verify the proposed method’s performance. Table.3
presents the simulation conditions with reference to [18],
[21], [22]. All the measurements are generated by using (1)
and (2). The terminal and anchors are randomly deployed
inside a cube with edge length 15 m for each Monte Carlo
run, with reference to [18]. The terminal is must be at least d0
away from the anchors. The reference distance, d0, is set to
1 m. We assume the LOS environment in the building and the
2.4 GHz band like Bluetooth Low Energy (BLE). The RSS at
reference distance,P0, is set toU(−70,−40) dBm,with refer-
ence to [21] because the RSS depends on the transmit power,
the gain of transmit antenna, and the gain of receiver antenna.
The path-loss exponent, γi, is set to U(1.57, 1.94), with
reference to [22]. Since perfect knowledge of the path-loss
exponent is practically impossible to obtain, the estimated
path-loss exponent, γ , is set to 1.7. For our evaluation of
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the simulation results, a root mean square error (RMSE)
is calculated using (21), where x̂(k) denotes the estimated
location of the terminal for k-th Monte Carlo run, and Mc
denotes the number of runs. The number of runs,Mc, is set to
50000. We compare the proposed method to the WLLS [17],
the WLS [18], the LS and the CRLB on AoA (defined in
Appendix B) [23], with the RMSE.

RMSE =

√√√√ 1
Mc

Mc∑
k=1

‖x− x̂(k)‖2 (21)

FIGURE 3. RMSE [m] of terminal localization versus the number of
anchors, when σφi = 10 deg, σψi

= 10 deg, and σPi
= 6 dBm.

FIGURE 4. RMSE [m] of terminal localization versus the number of
anchors, when σφi = 4 deg, σψi

= 4 deg, and σPi
= 2 dBm.

A. DIFFERENT NUMBERS OF ANCHORS
Figure 3 illustrates the RMSE of the terminal localization
versus the number of anchors when the standard deviations
of measurements are large. In Fig. 3, the standard deviation
of azimuth angle measurements, σφi is set to 10 deg, the stan-
dard deviation of elevation angle measurements, σψi is set to
10 deg, and the standard deviation of RSS measurements,
σPi is set to 6 dBm. Figure 4 illustrates the RMSE of the
terminal localization versus the number of anchors when the

standard deviations of measurements are small. In Fig. 4,
the standard deviation of azimuth angle measurements, σφi is
set to 4 deg, the standard deviation of elevation measurements
angle, σψi is set to 4 deg, and the standard deviation of RSS
measurements, σPi is set to 2 dBm.

As presented in Fig. 3, when the standard deviations of
measurements are large, the RMSE of the proposed method
is the second smallest after the CRLB among all the methods,
regardless of the number of anchors. As presented in Fig. 4,
when the standard deviations of measurements are small,
the RMSE of the proposed method is close to that of the
CRLB. On the other hand, the RMSE of the proposed method
is larger than that of the WLLS when only three anchors are
deployed.

FIGURE 5. RMSE [m] of terminal localization versus the standard
deviation of azimuth angle measurements [deg], when N = 10,
σψi

= 10 deg, and σPi
= 6 dBm.

B. DIFFERENT STANDARD DEVIATIONS OF AZIMUTH
ANGLE
Figure 5 illustrates the RMSE of the terminal localization
versus the standard deviation of azimuth anglemeasurements.
In Fig. 5, the number of anchors, N , is set to 10, the stan-
dard deviation of elevation angle measurements, σψi is set
to 10 deg, and the standard deviation of RSS measurements,
σPi is set to 6 dBm.

As presented in Fig. 5, the RMSE of the proposed method
is the second smallest after the CRLB among all the meth-
ods, regardless of the standard deviation of azimuth angle
measurements.

C. DIFFERENT STANDARD DEVIATIONS OF ELEVATION
ANGLE
Figure 6 illustrates the RMSE of the terminal localization ver-
sus the standard deviation of elevation angle measurements.
In Fig. 6, the number of anchors, N , is set to 10, the standard
deviation of azimuth angle measurements, σφi is set to 10 deg,
and the standard deviation of RSS measurements, σPi is set
to 6 dBm.

As presented in Fig. 6, the RMSE of the proposed
method is the second smallest after the CRLB among all the
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FIGURE 6. RMSE [m] of terminal localization versus the standard
deviation of elevation angle measurements [deg], when N = 10,
σφi = 10 deg, and σPi

= 6 dBm.

methods, regardless of the standard deviation of elevation
angle measurements.

FIGURE 7. RMSE [m] of terminal localization versus the standard
deviation of RSS measurements [dBm], when N = 10, σφi = 10 deg, and
σψi

= 10 deg.

D. DIFFERENT STANDARD DEVIATIONS OF RSS
Figure 7 illustrates the RMSE of the terminal localization
versus the standard deviation of RSS measurements, σPi .
In Fig. 7, the number of anchors, N , is set to 10, the standard
deviation of azimuth angle measurements, σφi is set to 10 deg,
and the standard deviation of elevation angle measurements,
σψi is set to 10 deg.

As presented in Fig. 7, when the standard deviation of
RSS measurements is greater than 2 dBm, the RMSE of
the proposed method is the second smallest after the CRLB
among all the methods. On the other hand, when the standard
deviation of RSS measurements is 2 dBm, the RMSE of
the proposed method is larger than that of the CRLB and
WLLS. Since the TELS only uses the AoA measurements
to estimate the terminal location, it is not affected by the
standard deviation of RSS measurements. The RMSE is con-
stant, regardless of the size of the standard deviation of RSS
measurements.

VI. DISCUSSION
The simulation results indicate that the proposed method is
more accurate than the existing hybrid RSS/AoA localization
methods. Moreover, when the standard deviations of mea-
surements are small, the RMSE of the proposed method is
almost comparable to that of the CRLB. On the other hand,
when the standard deviations of measurements are large,
the RMSE of the proposed method is greater than that of
the CRLB. This reason is considered that when the standard
deviations of measurements are large, the difference between
the approximated error variance of the proposed method and
the actual error variance becomes large.

Since only AoA measurements are used, the method is
not influenced by the environmental variances of RSS mea-
surements. In the case of indoor localization in offices and
shoppingmalls, since the anchors are likely to be placed in the
LOS of the terminal, such as ceilings and walls, the proposed
method can achieve high localization accuracy. Moreover,
since the proposed method does not require previous infor-
mation on the standard deviation of measurements and the
path-loss exponent, it is practical to use if only the anchor
location, the azimuth angle measurements, and the elevation
angle measurements are available. Furthermore, the method’s
low computational cost makes it suitable for use in real-time,
even on devices with relatively poor specifications.

The proposedmethod exhibits higher localization accuracy
than the conventional WLS [18], as appropriate weights are
set for each evaluation-function term that solves the problem
on minimum-value. Since the WLS sets the same weights for
each term, it does not account for the difference between the
error variance of each term. For this reason, the localization
accuracy deteriorates.

Since the proposed method assumes the same LOS envi-
ronment as the existing methods, it will suffer reduced accu-
racy if the LOS is obstructed. In the proposed method,
we assume that the standard deviation of azimuth angle mea-
surements and that of elevation angle measurements are equal
when the error variance is approximated. Therefore, when
these standard deviations are different, localization accuracy
will suffer. However, as presented in Figs. 5 and 6, when the
standard deviations of azimuth and elevation angle measure-
ments are between 0 deg and 10 deg, the localization accuracy
is not significantly affected.

VII. CONCLUSION
With only AoA measurements, our TELS method achieves
accurate 3D localization using the two-step optimization pro-
cess. Its computational complexity is the same as that of the
existing methods in linear time. The simulation results indi-
cate that the proposed method can achieve higher localiza-
tion accuracy than the existing hybrid RSS/AoA localization
methods. Moreover, when the standard deviations of mea-
surements are small, the proposedmethod can achieve perfor-
mance nearly equivalent to the CRLB. The proposed method
is simple, powerful, and computationally inexpensive, mak-
ing it suitable for practical use in indoor environments.
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The localization accuracy of the proposed method can
be further improved. If the terminal is mobile, the method
can be hybridized to the movement model of the terminal
or the pedestrian dead reckoning (PDR). This extension of
the method may also make it effective in non-line-of-site
(NLOS) environments. Validation and improvement of the
method to make it suitable for practical use will be the focus
of future work. This step will require the evaluation using
AoA-compliant radio modules in real environments.

APPENDIX A
The covariance matrix in the WLLS [17] is given by
Equations (A1–A9).

Cxx = diag(Cxx1 , . . . ,CxxN ) ∈ RN×N , (A1)

where

Cxxi =
d̂2i
4

exp

(
σ 2
Pi

(γ ν)2
+ σ 2

φi
+ σ 2

ψi

)

−
d̂2i
4

cos (2ψi) exp

(
σ 2
Pi

(γ ν)2
+ σ 2

φi
− σ 2

ψi

)

+
d̂2i
4

cos (2φi) exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
+ σ 2

ψi

)

−
d̂2i
4

cos (2ψi) cos (2ψi) exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
− σ 2

ψi

)
− d̂2i cos

2 (φi) sin2 (ψi), for i = 1, . . . ,N .

Cyy = diag(Cyy1 , . . . ,CyyN ) ∈ RN×N , (A2)

where

Cyyi =
d̂2i
4

exp

(
σ 2
Pi

(γ ν)2
+ σ 2

φi
+ σ 2

ψi

)

−
d̂2i
4

cos (2ψi) exp

(
σ 2
Pi

(γ ν)2
+ σ 2

φi
− σ 2

ψi

)

−
d̂2i
4

cos (2φi) exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
+ σ 2

ψi

)

+
d̂2i
4

cos (2ψi) cos (2ψi) exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
− σ 2

ψi

)
− d̂2i sin

2 (φi) sin2 (ψi), for i = 1, . . . ,N .

Czz = diag(Czz1 , . . . ,CzzN ) ∈ RN×N , (A3)

where

Czzi =
d̂2i
2

exp

(
σ 2
Pi

(γ ν)2
+ σ 2

ψi

)

+
d̂2i
2

cos (2ψi) exp

(
σ 2
Pi

(γ ν)2
− σ 2

ψi

)
− d̂2i cos

2 (ψi), for i = 1, . . . ,N .

Cxy = diag(Cxy1 , . . . ,CxyN ) ∈ RN×N , (A4)

Cyz = diag(Cyz1 , . . . ,CyzN ) ∈ RN×N , (A5)

where

Cxyi = Cyxi

=
d̂2i
2

sin (φi) cos (ψi)

× exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
+ σ 2

ψi

)

−
d̂2i
2

sin (φi) cos (ψi) cos (2ψi)

× exp

(
σ 2
Pi

(γ ν)2
− σ 2

φi
+ σ 2

ψi

)
− d̂2i sin (φi) cos (φi) sin

2 (ψi), for i = 1, . . . ,N .

Cxz = diag(Cxz1 , . . . ,CxzN ) ∈ RN×N , (A6)

Czx = diag(Czx1 , . . . ,CzxN ) ∈ RN×N , (A7)

where

Cxzi = Czxi
= d̂2i cos (φi) sin (ψi) cos (ψi)

× exp

(
σ 2
Pi

(γ ν)2
− σ 2

ψi

)
− d̂2i cos (φi) sin (ψi) cos (ψi), for i = 1, . . . ,N .

Cyz = diag(Cyz1 , . . . ,CyzN ) ∈ RN×N , (A8)

Czy = diag(Czy1 , . . . ,CzyN ) ∈ RN×N , (A9)

where

Cyzi = Czyi
= d̂2i sin (φi) sin (ψi) cos (ψi)

× exp

(
σ 2
Pi

(γ ν)2
− σ 2

ψi

)
− d̂2i sin (φi) sin (ψi) cos (ψi), for i = 1, . . . ,N .

APPENDIX B
The Cramer-Rao lower bound (CRLB) [23] provides a the-
oretical lower bound on the variance of localization error,
which is defined using the inverse of the Fisher information
metric (FIM), J. The relation between the FIM and the RMSE
for the AoA-based localization is given by (B1).

RMSE =
√
trace

(
J−1

)
, (B1)

where

J = H6−1HT
∈ R3×3,

H =
[
Hφ Hψ

]
∈ R3×2N ,

6 = diag
(
σ 2
φi
IN , σ 2

ψi
IN
)
∈ R2N×2N ,

Hφ =
∂hTφ
∂x
∈ R3×N ,

Hψ =
∂hTψ
∂x
∈ R3×N ,
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hφ =


arctan

(
y− y1
x − x1

)
...

arctan
(
y− yN
x − xN

)
 ∈ RN ,

hψ =


arccos

(
z− z1
d1

)
...

arccos
(
z− zN
dN

)
 ∈ RN .
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