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ABSTRACT Proportional Integral Derivative (PID) controller is one of the most classical controllers,
which has a good performance in industrial applications. The traditional PID parameter tuning relies on
experience, however, the intelligent algorithm is used to optimize the controller, which makes it more
convenient. Fish Migration Optimization (FMO) is an excellent algorithm that mimics the swim and
migration behaviors of fish biology. Especially, the formulas for optimization were obtained from biologists.
However, the optimization effect of FMO for PID control is not prominent, since it is easy to skip the
optimal solution with integer-order velocity. In order to improve the optimization performance of FMO,
Fractional-Order Fish Migration Optimization (FOFMO) is proposed based on fractional calculus (FC)
theory. In FOFMO, the velocity and position are updated in fractional-order forms. In addition, the fishes
should migration back to a position which is more conducive to survival. Therefore, a new strategy based on
the global best solution to generate new positions of offsprings is proposed. The experiments are performed
on benchmark functions and PID controller. The results show that FOFMO is superior to the original FMO,
and the PID controller tuned by FOFMO is more robust and has better performance than other contrast

algorithms.

INDEX TERMS Fish migration optimization, fractional calculus, PID controller, swarm intelligence.

I. INTRODUCTION

Asis known to all, PID is one of the earliest control strategies.
Since its simple structure, good robustness, and high relia-
bility, PID controller plays an important role in the closed
industrial system [1], [2]. The PID controller is designed
based on the error of the system, which uses proportion,
integral, and differential to calculate the control quantity in
order to achieve excellent performance. The traditional tuning
methods include Ziegler-Nichols and Higglund-Astrom, etc.
However, the researchers have proposed various intelligent
tuning techniques in last few decades, including the methods
based on genetic algorithm, fuzzy reasoning, and neural net-
work. The traditional PID algorithms have low efficiency and
no prominent effect, while the methods based on intelligent
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algorithms can achieve high efficiency and have a good
effect [3], [4]. Soft computing is an effective intelligent algo-
rithm to tune PID parameters. The common techniques of soft
computing include fuzzy logic, neural networks, probability
reasoning, and meta-heuristic algorithms, etc. Fuzzy logic is
a science based on multi-valued logic that uses fuzzy sets
to study fuzzy thinking, language forms, and their laws [5].
Neural networks process information by adjusting the inter-
connections between a large number of internal nodes [6],
[7]. Probabilistic reasoning is a form of reasoning that people
make decisions based on uncertain information [8]. Meta-
heuristic algorithm is an improvement of heuristic algorithm,
it is the product of combining random algorithm and local
search algorithm.

In particular, influenced by bionics, meta-heuristic algo-
rithms were generated in the 1960s. Meta-heuristic algo-
rithms can obtain optimal solutions without having any
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specific requirements [9], [10]. Furthermore, meta-heuristic
algorithms can be separated into three categories includ-
ing swarm intelligence algorithms, evolutionary algorithms,
and algorithms based on mathematical or physical models.
Among them, swarm intelligence algorithms are inspired
by the ethology of group animals. For example, Particle
Swarm Optimization (PSO) [11]-[14] is inspired by birds’
foraging behavior. Ant Colony Optimization (ACO) [15],
[16] mimicked the behavior of ants in finding the path
in the process of searching for food. Bat Algorithm (BA)
[17], [18] imitated the echolocation behavior of bats. Arti-
ficial Bee Colony (ABC) [19], [20] simulated the honey
gathering process of bees, this algorithm has a fast con-
vergence speed to find global optimal solution. Cat Swarm
Optimization (CSO) [21], [22] depicted the cats’ search
and tracking strategy. Grey Wolf Optimization (GWO) [23],
[24] is an optimal search method which is designed by
the gray wolves’ predation activities. Cuckoo Search Algo-
rithm describes the parasitism behavior of cuckoo birds [25],
[26]. Pigeon Inspired Optimization (PIO) simulated the
behavior of pigeons going home [27]. Grasshopper Optimi-
sation Algorithm (GOA) is proposed based on the behaviour
of grasshopper swarms in nature for solving optimisation
problems [28]. However, evolutionary algorithms are inspired
based on the theory of biological evolution in nature, includ-
ing Genetic Algorithm (GA) [29]-[31], Differential Evo-
Iution (DE), [32], [33], and QUasi-Affine TRansformation
Evolutionary (QUATRE) [34]-[37], etc. GA is designed
based on natural selection and genetic mechanism of Dar-
winian biological evolution. DE is a heuristic random search
algorithm based on population difference. QUATRE is an
excellent algorithm which improved the drawback of DE that
did not achieve equilibrium search in search space without
prior knowledge and moveover, it generalized the crossover
operation of DE from vector to matrix. In algorithms based
on physical or mathematical models, Simulated Annealing
(SA) [38], [39] originates from the principle of solid anneal-
ing; Gravitational Search Algorithm (GSA) [40], [41] mainly
uses the law of gravitation between two objects to guide the
motion optimization of each particle to search for the optimal
solution; Sine Cosine Algorithm (SCA) [42], [43] is achieved
by iteration of sine and cosine functions.

Particularly, Fish Migration Optimization (FMO) [44],
[45] is proposed in 2010 which is a swarm intelligence
algorithm. It simulated the growth, migration processes, and
predation strategy of fish biology. The difference of the FMO
and other meta-heuristic algorithms is that the formulas for
optimization were obtained from biologists. Compared to
PSO, the FMO has higher accuracy and acceptable time
consumption. However, the optimization effect of the FMO
for low-dimensional complex functions is not very excellent.
For low-dimensional complex functions, integer order speed
update is easy to skip the optimal solution and thus cannot
achieve good optimization effect, while fractional order speed
can use fraction to update step size and can learn from histor-
ical speed, so more accurate results can be obtained.
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Fractional Calculus (FC) [46] is an generalization of the
classical concept of calculus. Similar to classical calculus,
FC mainly includes fractional derivatives and fractional inte-
grals. The difference between the two kinds of calculus is,
the orders of derivatives and integrals in classical one are
integers, while in FC, the orders can be fractions. Compared
to classical calculus, FC can describe memory and inher-
ited properties of various substances and their evolutionary
processes accurately. Since the concept of FC appeared,
the related theory has been successfully applied to many
fields. Many researchers realize that they can also be used to
describe some non-classical phenomena in natural sciences
and engineering applications. In Meta-heuristic algorithm,
a novel Fractional-Order Darwinian PSO was presented in
paper [47]. In [48], BA algorithm based on FC was shown.
In Ref. [49], Fractional-Order Cuckoo Search Algorithm is
designed for financial systems. The Fractional calculus-
based firefly algorithm was described in [50] and applied
to parameter estimation of chaotic systems, and enhanced
fractional chaotic whale optimization algorithm (WOA) was
designed in paper [51] for Parameter Identification of isolated
wind-diesel power systems. The paper [52] introduced the
augmented Lagrangian PSO with fractional order veloc-
ity for fractional fixed-structure Ho, controller. In addition,
the generalization of the PSO algorithm based on complex-
order is proposed in paper [53] and obtained excellent
performance.

The problem of tuning PID controller is a low-dimensional
complex functions because it has only three parameters.
Therefore, Fractional-Order Fish Migration Optimization
(FOFMO) is proposed in this manuscript since it is reason-
able to improve the performance of the the FMO based on
fractional order velocity. The rest of the paper is organized
as following. Section II describes related works including
the FMO algorithm, the FC theory, and the PID controller.
In Section III, the FOFMO algorithm is presented in detail.
In Section IV, the experiments on benchmark functions are
shown. The PID simulation experiments are described in
Section V. Section VI depicts the main work of the paper and
gives some suggestions for further work.

Il. RELATED WORKS
A. FISH MIGRATION OPTIMIZATION ALGORITHM
Every species in nature has its own way of survival, predation
and reproduction. In addition, they must be able to against
dangerous environment, since they constantly suffer from
capture by natural enemies, and not every fish can grow to
adult favourably. Biologists found that fish swim in water for
many purposes. The FMO algorithm is proposed by taking
grayling as an example. The life cycle of grayling can be
divided into five stages as follows in the algorithm.

Stage 0-+: newborn and young(age from O to 1 year).

Stage 1+: juvenile(age from 1 to 2 year).

Stage 2+: sub-adult(age from 2 to 3 years).

Stage 3+: adult(age from 3 to 4 years).

Stage 4-+: adult(age from 4 to 5 years).
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FIGURE 1. Life cycle graph of the grayling.

The fish in every stage have different fecundity rates.
FIGURE 1 shows the life cycle graph of the grayling, where
F5, F3, and F4 are the fecundity rates in stage 2+, 34,
and 4+4-.

The FMO algorithm is designed to achieve the optimiza-
tion through two processes including the swim process and
the migration process. The swim process imitates the grayling
swims and grows in the water to find food sources. In this
process, energy consumption follows the movement of the
fish that is defined by Eq. (1).

E,qg=rand -E @))

where E, 4 is the energy consumed in d dimension, rand
is a random number, E is a constant defines the maxima
energy consumption in one dimension. In this algorithm, we
setE = 2.

The functional relationship between the moving distance
and energy consumption is

Erdq-Usa
a+b- (Us,d)x

where dis,ser,a represents the moving distance and Uy 4 is
the swimming speed in d dimension; a, b, and x are all
constants, a denotes standard metabolic rate, b represents a
scaling constant, x is a speed exponent, in literature, a, b, and
x are 2.25, 36.2, and 2.23, respectively.

By updating the value of each dimension, the new position
can be obtained by (3), where dye; is the moving distance of
the particle.

@

disoﬁset,d =

Pnew = Pold + doﬁ‘set 3

If the fitness value of Py, is better than that of P,;q, Poid
will be updated by P, utilizing (3). Meanwhile, the velocity
will be updated by (4).

Us =2 Uy “

As the fish are mature, some of them migrate back to their
birthplace to reproduce offspring, that is migration process.
Due to the fish in stage 0+ and stage 14 are incapable of
reproducing, the migration process only appears in stage 2+,
stage 3+, and stage 4+. The fecundity rates of the three stages
are 5%, 10%, and 100%, respectively. When fish find a new
candidate point, the coordinate will be updated by (5)

P = (dmax — dmin) - rand + dyyin, (5)

where d,;qy, diin denote the maximum and maximum values
of all dimensions of the fish, respectively.
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Calculate the fitness value of the new candidate, the veloc-
ity will be updated by the following equation
- Us, F(P) < F(Pbesl)a

U= ) (6)
Us, otherwise,

where Uy denotes the initial velocity.

B. FRACTIONAL CALCULUS (FC)

The FC originates from the classical calculus and has a
history of more than 300 years. Due to the development of
various applied disciplines such as fluid mechanics, cyber-
netics, and biology, the FC has not made great progress until
modern times. Then people gradually realized the practical
significance of the FC, and more and more scholars began
to study FC. As a branch of mathematical analysis, the FC
has many advantages as follows. First of all, it reflects the
inevitability of historical development from the mathematical
point of view. Furthermore, memorability is a good feature of
the FC. In addition, compared to the nonlinear model, the FC
model can fit the real world better because of its concise
expression.

Three definitions of fractional derivatives (FDs) are
described as follows, where o is the order of fractional
derivative.

Definition 1 (Riemann-Liouville FD):

RLDG f ()
d'f
o, a=n,
= dt 1 dn X 1
_ — )" f(dt,n—1 .
F(n—a)dx”,/;(x ) ft)dt, n <a<n
(7
Definition 2 (Caputo FD):
cDg,tf(X)
d'f
_Jam T
= 1 X
m/a x =" "Ddt, n—1<a<n.
®
Definition 3 (Griinwald-Letnikov FD):
400 k
. 1 (=D + Df (x — kh)
GLDf () = lim - ©)

~ T+ DM@ —k+1) "

For Griinwald-Letnikov FD, the discrete time situation can
be approximated by (10)

X’: (—D*T (e + 1)f (t — kT)
Ftk+ DM@ —k+1)

1
aLDf(t) = —

= (10)

k=0
where T is the time increment, r is the truncation order.
I'(x) is Gamma function in above three FD definitions.
The above three FC has the following properties:
(a) Linearity  D%[af (x) + bg(x)] = aD*f (x) + bD“ g(x).
(b) The index law  D*TPf(x) = D*DPf(x).
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(c) Generalized Leibniz rule

DE[f (x) - gx)] = ZD’f(X) D g(x),

i=0
where a, b are constants.

C. PID CONTROLLER
The PID controller has three parameters that have different
effects on PID controller. The proportional gain Kp can adjust
the deviation proportionally, quickly, and timely to improve
the control sensitivity, but there is a steady-state error and the
control accuracy is low. The integral gain Kj can eliminate the
steady-state error, but it will affect the stability of the system.
The integral gain Kp can speed up the response of the system,
reduce the overshoot, reduce the oscillation, and ‘““predict”
the dynamic process.

The input-output equation in the time domain of the clas-
sical PID controller is

e(t) = y(1) — r(@), (1D

t
e(t

u(t) = Kpe(t) + KI/ e(t)ydt + KD#. (12)
0

where r(t), y(t), u(t) are system input, controller output, and

system output, respectively, e(¢) is error signal.
The corresponding transfer function of PID controller is
U(s)

K

Ill. PROPOSED FRACTIONAL-ORDER FISH MIGRATION
OPTIMIZATION ALGORITHM

In this section, a novel Fractional-Order Fish Migration
Optimization (FOFMO) algorithm is described detailly. The
FOFMO algorithm combines the FMO algorithm with the
concept of Griinwald-Letnikov FD. The difference between
the FMO algorithm and the FOFMO algorithm lies in two
aspects. On the one hand, the update strategy of fractional-
order velocity is used in the FOFMO. On the other hand,
the new offspring position of the FOFMO is produced based
on the global best particle.

A. FRACTIONAL-ORDER VELOCITY

Based on the analysis in Section 2.1, the velocity in the FMO
is updated by (4) and (6). Although the FMO algorithm has a
strong advantage in searching global optimal solution, it still
has a weak exploitation ability since it takes a lot of time to
make explore. In order to improve the ability of exploitation,
the FC is used to update velocity. Supposing the time interval
is 1, then

S _E-U
offset = a+b-(U§)x’
-1
US’ =P —p . (14)

From (14), due to a = 2.25,b = 36.2,x = 2.23, it can
be find that for the whole fraction, compared to numerator,
denominator is much bigger. As the iterative process con-
tinues, the speed of the fish gradually slows down, which
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will cause the algorithm to stagnate. In order to avoid the

algorithm falling into the local optimal solution, the concept

of Griinwald-Letnikov FD is introduced in this manuscript.
From (9), let « = 1, we obtain

LD [fi1] = fir1 — fr- (15)
Equation (15) is the derivative of order 1 in the discrete case.
For I'(x), we have
MNae+1) = al'(a),
MNoa+1) =alea — DI (ax — 1),
MNa+1) = ala — D)o —2)I'(a —2),
Fe+1) = ale — D(e — 2) (@ — 3)I'(e — 3), (16)

In order to generalize, let T = 1, r = 4 [50]-[52], Eq. (17)
can be obtained.

Z (—D*D(a + Dfir1ar
F'k+DI'(e —k+1)

LD (fiy1) =
= fir1 —af; — 506(1 —a)fi-1
1
—ga(l —a)2—-a)2
1
—ﬁa(l —a)2—-a)3 —a)i-3. (17)

For the proposed algorithm, assume the population size
of fish is ps and the dimension is Dim, let the position

matrix P = P(ps,Dim) = [p1,p2, - ,ppS]T, where
pi = Ipi1,pi2, - - - pipim] 1s the position of particle
i. Similarly, let PP = [pprel | ppre2 ppre3 ppred] denote

the historical position of the partlcles which is used to
calculate fractional- order ve1001ty Spemﬁcally prretht - —
prre h}(ps Dim) = [ppre h} ppre ppre{h}]T pprt{h} _
p”’e“’} s, ,.,Dﬁm] where h = 1,2,3.41 =
1,2, , DS. Therefore, the velocity of the particle is updated
by (18), where Uy 4 is the velocity of dimension d.

1 2
Usg = d—ocp‘zrde —Ea(l —ot)p‘zzle
1
—cal =)@ — ey’
——a(l — )2 - )3 —aplt.
new _ ¢
pl d — £
a+b-(Usaq)
ppre4 pprc%
P€§3 ppreZ
re2 rel
iid — rid -
pprcl new (18)

B. NEW POSITIONS OF THE OFFSPRINGS

Moveover, the graylings migration back to reproduce the new
offsprings when they have group to maturity. The graylings
should breed in a position that is more conducive to survival.
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FIGURE 2. The diagram of the proposed FOFMO.

Therefore, the positions of the new offsprings should close to
the global best particle. Equation (5) is replaced by (19).

new

DI = ppest + rand - (P2 — pepest) (19)

C. THE PROPOSED ALGORITHM

In this section, the novel algorithm based on the fractional-
order velocity and the new positions is described in detail.
The diagram of the FOFMO is given in FIGURE 2.

TABLE 1 shows the pseudo code of the FOFMO algorithm,
where Ratef,cyndiry is the fecundity rates at specific stage, Eyin
is the minimum energy to eliminate, x, ; is the grow status,
and X,y ; is the energy of particle i.

IV. EXPERIMENTAL RESULTS AND ANALYSIS ON
BENCHMARK FUNCTION

The value of « affects significantly on the memory of the
FOFMO. In this section, 23 classical benchmark functions
utilized by many researchers [23], [24] are used to examine
the performance of the proposed FOFMO algorithm with
different «. In detail, TABLE 2 contains seven unimodal
functions, TABLE 3 shows the details of six common mul-
timodal functions, and TABLE 4 displays the details of ten
multimodal functions in low dimension. Unimodal functions
have only one global optimal solution, but there is no local
optimal solution, this can verify whether the algorithm has
the ability to search the global optimal solution. Due to
multimodal functions have many local optimal solutions, it is
possible to verify if the algorithm falls into the local optimal
solution. Multimodal functions in low dimension can verify
the convergence of the algorithm under more strict condi-
tions. Search space denotes the boundary of search space; D
means the dimension of the function and f;,;, represents the
optimal value of the function.
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TABLE 1. The pseudo code of FOFMO algorithm.

Algorithm 1 Pseudo code of FOFMO algorithm

Input:

The dimension Dim, popolation size ps, a, b, z,

maximum iterations M axitn.

Initialization:

Initialize the searching space V, itn = 1, position matrix P*",
historical position matrix PP"¢%" the energy X, étn"g,

calculate fitness function values f (pﬁt"), set grow status X;t" = 0+.
Iteration:

L:while itn < Mazitn||!stopCriterion do

2: fori=1:psdo

3: ford =1: Dim do

4: Calculate consuming energy by (1).

5: Calculate fractional-order position pzfg, update the history by (18).
6: end for

7: Calculate the fitness value of new position pifg

8: if f(p;t") < f(plgtbzst) then

o: Fpgese) = F(PI'™)

105 g, = pi

11: Increased energy Teng,i = Teng,i + rand - Emaz-
12: end if

13: Consuming energy by Teng,i = Teng,s — f(PI")/ 3, f(pE™).
14: if Teng,i < Epmin, then

15: xg4,; = 5,the grayling died.

16: end if

17 ifxg; =04 ||lzg,; = 14 then

18: Zgi = [zg:+ 1]+

19: elseif x4,; =2+ ||xg,; = 3+ then

20: if rand()<Rate fecundity then

21: Immigrate and produce offspring by (19).
22: Tg,; =0

23: else

24: g = [xg,i + 1]+

25: end if

26: elseif x4 ; = 4+ then

27: Immigrate and produce offspring by (19).
28: zg; =0

29: end if

30: end for

31: dtn=1dtn+1

32:end while

output:

The global optimal solution: pgpest, f(Pgbest)-

In order to find the optimal fractional order « in (10),
the FMO, FOFMO(«¢ = 0.1), FOFMO(«¢ = 0.3),
FOFMO(a¢ = 0.5), FOFMO(e¢ = 0.7), and FOFMO(x¢ =
0.9) algorithms are examined in the experiment. The exper-
iment runs 30 times and 1000 iterations on each bench-
mark function. The population has 100 individuals. TABLE 5
shows the statistical results of the FMO and the five FOFMO
algorithm with different value. AVG is the mean of the result
and STD is the standard deviation of the results of 30 times.
The red data represent the optimal result. The blue data rep-
resent all algorithms acquire the optimal result. The last line
represents the number of times of each algorithm achieves the
optimal result.

From TABLE 5, it can be seen that the effect becomes
worse as the value of « increases. In detail, these six algo-
rithms obtain the same optimal solutions on eight benchmark
functions. Among them, three unimodal functions, six com-
mon multimodal functions, and two multimodal functions in
low dimension. The FMO only achieves 2 optimal results.
However, The FOFMO(«¢ = 0.1) obtains 9 optimal (red)
results, the FOFMO(a¢ = 0.3) and the FOFMO(a¢ = 0.5)
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TABLE 2. Unimodal benchmark functions.

Function Name Function Expression Search space D fmin
Shpere file) =y 27 [100,100] 30 0
Schwefel’s function 221~ fo(z) = Z@ ) \xl\ + T |l [-10,10] 30 0
s : 1 2
Schwefel’s function 1.2 f3(z) = )1 (351 7)) [-100,100] 30 0
Schwefel’s function 222 fi(z) = maxi{|x@|, 1<i<n} [-100,100] 30 0
Rosenbroke f5(x) = S0 10040 — 22)2 + (2 - 1)) [3030] 30 0
Step fo(z) =Y [xi +0.5)) [-100,100] 30 0
Dejong’s noisy fr(z) = Y0 iat + rand(0, 1) [-1.28,1.28] 30 0
TABLE 3. Common multimodal benchmark functions.
Function Name Function Expression Search space D fmin
Schwefel fs(z) =20 | —zisin(y/]zi]) [-500,500] 30 -12569
Rastringin fo(z) =3 [#2 — 10 cos(27z;) + 10] [-5.12,5.12] 30 0
— _ TL 2
Ackley fro(z) = —20exp(-0.2 —177) [-32,32] 30 0
— exp( Z 4 cos(271'931)) —|— 20 +e
Griewank fii(z) = 4000 > = cos(w—\}) +1  [-600,600] 30 0
fiz2 =7 {10 Sln(ﬂyl) i Zz—l(yl —1)?
[1 + 105in% (ryig1)] + (yn — 1)°}
+ > u(xy, 10,100, 4)y;
Generalized penalized 1 =14+ wz‘irl w(zi, a, k,m) [-50,50] 30 0
k(x; —a)™ T; > a
= 0 —a<z;<a
k(—x; —a)™ zi < —a
fi3(z) = 0.1{sin?(37z1)
: : + >0 (@ — 1)2[1 + sin? (3mwa; + 1)) ]
Generalized penalized 2 ton = 1)2[1 Y sin? (2mzn)]} [-50,50] 30 0
+ >, u(xy, 10,100,4)
TABLE 4. Multimodal benchmark functions in low dimension.
Function Name Function Expression Search space D fmin
. . — 1 25 p—) N
Fifth of Dejong f1a(z) = (555 Zj 1 —J-i-Zz 1(%—@”)6) [-65,65] 2 1
Kowalik fis(@) =ML [a; — %] [-5.5] 4 0.00030
Six-hump camel back  fig(z) = 4:1:1 — 2 1:1:‘11 + xl + 120 — 4:1:2 + 4;1:2 [-5,5] 2 -1.0316
Branins fir(z) = (22 — 47:2 :Jc1 + acl —6)2 +10(1 — —) cosxz1 +10 [-53,5] 2 0.398
flg(:t) = [1 (ml + x2 + ].) (19 — 1421 + 3%1 — 14z
Goldstein-Price +6z172 + 323)] X [30 + (221 — 322)? x (18 — 32721 [-2,2] 2 3
+122% + 48z2 — 36z172 + 2723)]
Hartman 1 fro(z) = — Zz Lciexp(— 03 aij(zy — pij)?) [1,3] 3 386
Hartman 2 fao(x) = Zl 1 Ci exp(— ZJ 1 @i5(xj — pij)Q) [0,1] 6 -3.32
Shekel 1 for(z) = (X —a)(X —a)T + ]t [0,10] 4 -10.1532
Shekel 2 faz(z) = z;’ (X —a) (X —a)T +¢] 7t [0,10] 4 -10.4028
Shekel 3 foz(z) = Zﬁo (X —a)(X —a;)T +¢;] 7! [0,10] 4 -10.5363

obtain 3 optimal results, respectively. The FOFMO with
these 3 values is superior to the FMO algorithm. In special,
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the FOFMO(« = 0.1) obtains the most optimal results and
performs best. Therefore, « = 0.1 is the optimal order
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TABLE 5. The statistical results of FMO, FOFMO(« = 0.1), FOFMO( = 0.3), FOFMO(q = 0.5), FOFMO(x = 0.7), and FOFMO(x = 0.9).

Function MO FOFMO(o: = 0.1) FOFMO(o: = 0.3) FOFMO(a: = 0.5) FOFMO(a: = 0.7) FOFMO(a: = 0.9)
AVG STD AVG STD AVG STD AVG STD AVG STD AVG STD

fl 0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000
f 0.0000 0.0000  0.0000 0.0000  0.0000 0.0001  0.0000 0.0001 00001 0.0004  0.0001 0.0001
f3 0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000
f4 0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000
f5 27,7043 0.6060  27.6661 03868 277479 03055 277570 03364 279002 03855 279611 04798
fo 5.0443 01478 4.9849 02156 49112 02726 50311 02070 5.1267 02459 5.1630 0.1872
f1 0.0001 0.0001  0.0002 0.0002  0.0003 0.0003  0.0004 0.0003  0.0004 0.0005  0.0003 0.0003
it 38374621 2505054 -4484.2525 3094060 -4163.7633 3084231 -3934.1873  256.8661 -3982.8045 225.5486 -3990.6394  280.7772
f9 0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.00000.0000 0.0000
f10 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000  0.0000 0.0000  0.0000 00000 0.0000 0.0000
fll 0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 0.0000  0.0000 00000 0.0000 0.0000
f12 0.5842 0.0479 05785 0.0449 05887 00321 05927 0.0402 05912 0.0649 06129 0.0513
f13 2.5000 00531 24376 0.099 24709 0.0081 25077 00585 2524 0.0858 25202 0.0816
fl4 2.1885 09972 1.0537 02235 0.9983 0.0007  0.9989 00022 1.0205 00677 13517 0.7368
f15 0.0005 0.0003  0.0005 0.0003  0.0005 0.0003  0.0004 0.0002  0.0005 0.0002  0.0007 0.0004
f16 -1.0316 0.0000  -1.0316 0.0000  -1.0316 0.0000  -1.0316 0.0000  -1.0316 0.0000  -1.0316 0.0000
f17 (.3987 0.0008  0.3984 0.0005  0.39%6 0.0005  0.39%6 0.0009 03985 0.0005  0.3984 0.0004
f18 3.0000 0.0000 3.0000 0.0000 3.0000 0.0000 3.0000 0.0000 3.0000 0.0000 3.0000 0.0000
f19 -3.8538 0.0028  -3.8561 00032 -38558 00027 -385%4 0.0034  -3.8562 00031 -3.85%2 0.0027
f20 -.9371 01522 -2.9649 02358 -2.9479 01589 -2.9817 0.1469  -29639 01595  -2.9065 0.1588
f1 47807 01435 -5.0009 07831 -4.8021 01573 47308 01546 -4.7097 01105 -4.6606 0.2008
22 47344 01704 -5.1078 08941 -4.3919 01706 -4.8320 01222 -46789 02137 47198 0.1407
f23 -4.6536 02113 -5.0086 03830  -4.87%4 01259 -4.8260 0.14% 4774 01687  -4.8627 0.3543
count 248 0+§ 348 348 148 148

in this experiment and it can be concluded that (18) is
effective.

TABLE 6 shows the runtime of the FMO and the
FOFMO(a¢ = 0.1,0.3,0.5,0.7,0.9) in the experiment.
We can see that the FOFMO algorithm has a longer runtime
than the FMO. The main reason is that the velocity and
position update by (18) of the FOFMO are more complicate.

V. SIMULATION EXPERIMENT ON THE PID CONTROLLER

A. PERFORMANCE ANALYSIS

In this section, we design and optimize the PID controller
such that it has good performance. From (12) and (13),
we find that the PID controller has three parameters: Kp, K,
and Kp, so we need to optimize them only. For the design and
optimization experiment of PID controller, there are many
performance evaluation criterions. The common performance
evaluation criterions are integral absolute error (IAE), inte-
gral square error (ISE), integral time absolute error (ITAE),
and integral time square error (ITSE).

o0
g = / e()|di
0

[
Jisg = / ez(t)dt
0
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o
JimaE =/(; tle(?)|dt

o0
Js = f € (1)d, 20)
0

where e(?) is error signal. In this paper, we apply the ITAE
performance evaluation criterion, so Jyzag is the fitness
function.

In this paper, the system (21) is examined for the PID
tuning problem.

s+2

G =
1) s+ 853 +45s2 — 5+ 0.4

2

In order to verify the performance of the proposed
algorithm, we utilize the FOFMO(¢ = 0.1) with
PSO [11], fractional-order particle swarm optimization algo-
rithm FOPSO(« = 0.9) [12] and the FMO [44] for design and
optimization of the PID controller, respectively, and compare
the results. The parameter « = 0.1 in the experiment refers to
the order of fractional derivative, because FOFMO performs
best at this value. Similarly, « = 0.9 is the best parameter
of the FOPSO. In the experiment, all algorithms run 5 times,
500 iterations, and 20 particles on fitness function. The PID
controller is shown in FIGURE 3. We set the PID controller
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TABLE 6. The time consumption of the test algorithms.

Function FMO  FOFMO(a = 0.1) FOFMO(a = 0.3) FOFMO(a = 0.5) FOFMO(a = 0.7) FOFMO(a = 0.9)
f1 0.2825 0.3290 0.3227 0.3186 0.3529 0.3093
2 0.2987 0.3474 0.3397 0.3342 0.3239 0.3240
f3 1.0803 1.1000 1.1364 1.1130 1.3144 1.1212
f4 0.2864 0.3112 0.3289 0.3181 0.3437 0.3111
f5 0.3804 0.4083 0.4170 0.4158 0.4598 0.4102
f6 0.2808 0.3098 0.3092 0.3330 0.3187 0.3102
7 0.7245 0.7641 0.6221 0.5674 0.6693 0.6097
f8 0.4234 0.4295 0.4581 0.5152 0.5378 0.4231
19 0.3057 0.3416 0.3442 0.3434 0.4008 0.4141
f10 0.3120 0.3727 0.3624 0.3552 0.3559 0.3620
f11 0.4087 0.4429 0.4465 0.4422 0.4934 0.4413
12 1.6051 1.4863 1.3888 1.3468 1.3655 1.1806
f13 1.5295 1.2858 1.1824 1.3134 1.1650 1.1712
f14 2.5514 2.4220 2.4150 2.6054 24327 2.3973
f15 0.1352 0.1458 0.1417 0.1428 0.1461 0.1430
f16 0.1219 0.1243 0.1136 0.1134 0.1172 0.1277
17 0.0863 0.0874 0.0870 0.0889 0.0896 0.0886
18 0.0931 0.0840 0.0880 0.0857 0.0850 0.0833
19 0.1599 0.1627 0.2301 0.1627 0.1660 0.1652
20 0.1853 0.1974 0.1881 0.1892 0.1894 0.2114
21 0.6873 0.6669 0.6769 0.7306 0.6814 0.6859
22 0.8846 0.8948 0.8836 0.9469 0.9251 0.8994
23 1.2446 1.2131 1.2383 1.6114 1.2557 1.2464

11
PSO
10 FOPSO
FMO
9 FOFMO
’
Ot Ot | 110
2 6
4
3
FIGURE 3. Block diagram of PID controller. 2!
1 L:__
0 100 200 300 400 500

TABLE 7. The statistical results of PSO, FOPSO(x = 0.9), FMO,
FOFMO(x = 0.1) for G;(s) (0 < Kp, K;, Kp < 300).

PSO  FOPSO(w = 0.09) FMO _ FOEMO(a = 0.1)
AVG 43209 23139 12730 1.2001
STD  0.8452 1.4217 0.0278 0.0568

parameters 0 < Kp < 300,0 < K; < 300, and 0 <
Kp < 300.

TABLE 7 shows the statistical results of the PSO,
FOPSO(¢ = 0.9), FMO, and FOFMO(¢ = 0.1) when
0 < Kp,K;, Kp < 300. In TABLE 7, AVG is the mean of
the optimal values of 5 times, STD is the standard deviation
of the optimal values of 5 times. We find that the FOPSO has
smaller AVG value than the PSO and FOFMO has smaller
AVG value than the FMO. At the same time, the FOFMO(a =
0.1) achieves the smallest AVG value. FIGURE 4 shows the
curves of the fitness value of the results of 5 times.
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FIGURE 4. The fitness values of PSO, FOPSO, FMO, and FOFMO.

TABLE 8. The parameter values of PID controller tuned by four
algorithms for G, (s) (0 < Kp, K;, Kp < 300).

PSO FOPSO(a = 0.9)  FMO _ FOFMO(a =

Kp 191.9216 180.4817 233.2300 70.7816

Kr 95.0081 0.0000 0.0002 0.1762

Kp 4.3209 208.0404 263.2398 82.2974
Optimal value  3.8531 1.1988 1.2346 1.1060

TABLE 8 shows the parameter values (Kp, K;, and Kp)
corresponding to the optimal values when 0 < Kp, Kj, Kp <
300. The results show that the FOPSO has smaller fitness
value than PSO and FOFMO has smaller optimal value than
FMO. At the same time, FOFMO(x = 0.1) achieves the
smallest optimal value.
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FIGURE 5. The terminal voltage step response of PID controller tuned by
four algorithms for G; (s) (0 < Kp, K;, Kp < 300).

TABLE 9. The overshoots (0S) of PID controller tuned by four algorithms
for G, (s) (0 < Kp, K;, Kp < 300).

PSO FOPSO(a =0.9) FMO FOFMO(a = 0.1)
oS 71.1% 4.9% 7.4% 4.0%

TABLE 10. The parameter values and performance of PID controller
tuned by four algorithms for G, (s) (—50 < Kp, K;, Kp < 50).

0.1) PSO FOPSO(a = 0.9) FMO FOFMO(a = 0.1)
Kp -47.8946 -26.1628 -18.0509 -14.6076
Kr -5.4199 -41.4758 -50.0000 -50.0000
Kp -2.0196 -0.7790 -0.7327 -0.6710
AVG 0.0516 0.0424 0.0385 0.0372
STD 0.0054 0.0063 0.0012 0.0010
Optimal value 0.0511 0.0437 0.0387 0.0371

FIGURE 5 shows the terminal voltage step response of the
PID controller which tuned by the PSO, FOPSO(«¢ = 0.9),
FMO, and FOFMO(« = 0.1) when 0 < Kp, K7, Kp < 300.
In TABLE 9, we can find that the overshoots of the PSO and
FMO become smaller with the help of fractional derivative.
Therefore, fractional derivative is effective for improving
the performance of the PID controller. Meanwhile, the PID
controller tuned by the FOFMO has the smallest overshoot.
As a whole, the results show that the FOFMO algorithm has
good performance for the design and optimization of the PID
controller.

In order to further examine the performance of the pro-
posed algorithm, another system (22) [54] is examined for
the PID tuning problem.

—1.3952 — 1.995 — 0.2577

53 + 1.408s2 4 0.656s + 0.1013

The result is shown in TABLE 10. The FOFMO achieves
the smallest AVG value and optimal value. This is the same
conclusion as in Table 7 and Table 8.

Ga(s) = (22)

B. ANALYSIS ABOUT THE RANGE OF Kp, K;, Kp

TABLE 11 shows the statistical results of the PSO,
FOPSO(x¢ = 0.9), FMO, and FOFMO(¢ = 0.1) when
0 < Kp, K7, Kp < 100. The conclusion is similar to that in
TABLE 7. That is, the FOPSO has smaller AVG value than the
PSO and the FOFMO has smaller AVG value than the FMO.
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TABLE 11. The statistical results of PSO, FOPSO(x = 0.9), FMO,
FOFMO(x = 0.1) for G (s) (0 < Kp, K;, Kp < 100).

PSO  FOPSO(w = 0.9) FMO _ FOFMO(a = 0.1)
AVG 30358 3.9265 11836 11271
STD  0.0081 0.0141 0.1899 0.0716

TABLE 12. The parameter values of PID controller tuned by four
algorithms for G, (s) (0 < Kp, K;, Kp < 100).

PSO FOPSO(a = 0.9) FMO FOFMO(a = 0.1)

Kp 56.8084 62.3900 39.3489 42.4726
Kr 28.0921 31.1346 19.6675 0.1815
Kp 67.9142 74.7298 47.1779 49.6289
Optimal value ~ 3.9367 3.9258 1.1260 1.1225

TABLE 13. The statistical results of PSO, FOPSO(« = 0.9), FMO,
FOFMO(c = 0.1) for G (s) (0 < Kp, K;, Kp < 30).

PSO  FOPSO(a = 0.9) FMO _ FOFMO(a = 0.1)
AVG 35240 35154 1177 1.0877
STD  1.2691 1.3649 0.0348 0.0204

TABLE 14. The parameter values of PID controller tuned by four
algorithms for G, (s) (0 < Kp, K;, Kp < 30).

PSO FOPSO(ax = 0.9) FMO FOFMO(a =

Kp 25.3187 25.3272 25.3244 26.1102
Kr 11.9753 11.9650 11.9710 0.1745

Kp 30.0000 30.0000 30.0000 30.0000
Optimal value ~ 4.1259 4.1258 1.1125 1.0971

Similarly, FOFMO(«¢ = 0.1) achieves the smallest AVG
value. TABLE 12 shows the parameter values corresponding
to the optimal values when 0 < Kp, K;, Kp < 100. The
results show that the FOPSO has smaller optimal value than
the PSO and FOFMO has smaller optimal value than FMO.
At the same time, the FOFMO(« = 0.1) achieves the smallest
optimal value.

TABLE 13 shows the statistical results of the PSO,
FOPSO(¢ = 0.9), FMO, and FOFMO(¢ = 0.1) when
0 < Kp,K;, Kp < 30. The conclusion is similar to that in
TABLE 7 and TABLE 11. That is, the FOPSO has smaller
AVG value than the PSO and FOFMO has smaller AVG
value than FMO. At the same time, the FOFMO(x = 0.1)
achieves the smallest AVG value. TABLE 14 shows the
parameter values corresponding to the optimal values when
0 < Kp,K;,Kp < 30. The results show that the FOPSO
has smaller optimal value than the PSO and FOFMO has
smaller optimal value than the FMO. At the same time,
the FOFMO(« = 0.1) achieves the smallest optimal value.

C. ROBUSTNESS ANALYSIS

Robustness is an important property to evaluate the stabil-
ity and reliability of a controller [55]-[58]. In this section,
the robustness of the PID controller for different tuning meth-
ods for G (s) is tested. The system slightly different from (21)
is used as (23).

s+ 2

—0.01s
23
s4+8s3+4s2—s+0.4e 23)

Gu(s) =
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TABLE 15. The parameter values and performance of PID controller
tuned by four algorithms for G4 (s) (0 < Kp, K;, Kp < 300).

PSO FOPSO(a = 0.9) FMO FOFMO(a = 0.1)

Kp 167.7314 164.5787 104.1152 78.1361
Ky 122.9517 75.7975 0.0000 0.2124
Kp 234.5847 197.0660 121.4009 92.0926
AVG 4.3511 4.5404 1.2447 1.1765
STD 1.7685 0.1725 0.1615 0.0376
Optimal value 6.4304 4.6419 1.5325 1.2365
OS 80.8% 71.0% 6.2% 5.3%

ts(£2%) 4.1110 2.8400 2.0090 1.6110

N\

/ A\

’/"/ \\
\

FIGURE 6. The terminal voltage step response of PID controller for G;4(s).

TABLE 16. The running time of PSO, FOPSO(« = 0.9), FMO,
FOFMO(x = 0.1) for G;(s) (0 < Kp, K;, Kp < 100).

PSO FOPSO(a = 0.9) FMO
time  717.3926 802.7293 341.0879

FOFMO(a = 0.1)
459.3857

In order to test the robustness of these different tuning
methods, the time delay is added to G(s). TABLE 15 shows
the the performance on tuning the PID controller with the
PSO, FOPSO(¢ = 0.9), FMO, and FOFMO(a¢ = 0.1).
In TABLE 15, OS is the overshoot, and ¢, (+=2%) is the
settling time.

FIGURE 6 shows the terminal voltage step response of the
PID controller which tuned by the PSO, FOPSO(«¢ = 0.9),
FMO, and FOFMO(x = 0.1).

From TABLE 15 and FIGURE 6, we can see that the
PID controller tuned by the FOFMO is more robust and
has better performance in terms of the AVG, STD, optimal
value, overshoot, and settling time compared to other PID
controllers.

D. RUNNING TIME

TABLE 16 shows the running time of the PSO, FOPSO(« =
0.9), FMO, FOFMO(« = 0.1) when 0 < Kp, K;, Kp < 100.
We find that both the FMO and FOFMO are much faster than
the PSO and FOPSO. This result is consistent with the result
of paper [44]. Furthermore, the PSO is faster than the FOPSO
and the FMO is faster than the FOFMO. The main reason is
that the velocity and position update by fractional-order are
more complicate.
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VI. CONCLUSION

In order to improve the performance on tuning the PID
controller, a novel FOFMO algorithm is proposed in this
manuscript based on the FC concepts. In particular, the veloc-
ity and position in the FOFMO are updated in fractional-order
form. Meanwhile, the discrete fractional derivative used in the
FOFMO is derived in detail. The experiment on benchmark
functions shows that the proposed algorithm is superior to
the original FMO on performance. In addition, the FOFMO
algorithm is utilized to tune the PID controller by simula-
tion experiment. The result reveals the PID controller tuned
by the FOFMO has the best performance of the four algo-
rithms including the PSO, FOPSO, and FMO. Therefore, it is
effective to use the FOFMO algorithm for optimal control.
The initial particle numbers affects the performance of many
algorithms, and there are many other outstanding algorithms
proposed in recent years. These will be tested in our future
work.
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