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ABSTRACT Optical frequency combs generated in whispering gallery mode microresonators are in high
demand for basic science and a large number of applications including telecommunication systems and
quantum optics. Here, we study experimentally and theoretically optical frequency comb generation in a
silica microsphere with a zero dispersion wavelength near 1.55 µm pumped by a continuous wave laser
widely tunable in the C-band. We considered the optical frequency comb generation for a pump wavelength
in a normal dispersion region, in a low anomalous dispersion region, and very close to the zero dispersion
wavelength. Kerr-assisted and Raman-assisted (Stokes) combs as well as anti-Stokes combs emerging due
to the four-wave mixing between the Kerr and Raman combs are attained in experiments. The mechanisms
of producing individual peaks of optical frequency combs are verified in numerical simulations. A 270-nm
optical frequency comb covering the telecommunication E-, S-, C-, L-, U-bands and further up to 1.7 µm is
also demonstrated.

INDEX TERMS Optical frequency comb (OFC), Kerr-assisted OFC, Raman-assisted OFC, silica micro-
sphere, whispering gallery mode resonator (WGMR).

I. INTRODUCTION
Optical frequency combs (OFCs) produced in whisper-
ing gallery mode microresonators (WGMRs) are demanded
in basic science and in a huge number of applications,
including advanced telecommunication systems [1], [2] and
quantum optical communication [3], [4], and can lead to
great advances in the entangled states generation for quan-
tum computation [5]. The currently available technologies
allow manufacturing high Q-factor WGMRs of different
shapes based on variousmaterials [6]–[13]. On-chipWGMRs
have been intensively developed and investigated [6], but
silica microspheres (MSs) are also a very convenient plat-
form for studying nonlinear phenomena and demonstrat-
ing proof-of-concepts as they can be easily produced from
standard optical fibers, their dispersion can be controlled
by choosing their diameters, and the nonlinear dynamics of
intracavity radiation for them can be described as for other
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WGMR types in the framework of the Lugiato-Lefever equa-
tion (LLE) [6]. Many regimes of OFC generation achieved
in on-chip WGMRs were also investigated in silica MSs and
even observed for the first time, which enabled a significant
progress in understanding nonlinear physics or discovering
new effects. For example, Raman lasing was first demon-
strated in a silica MS [14] and after that investigated on
the basis of this and other platforms [15]–[22]. Kerr and
Kerr-Raman OFCs generation was also investigated exper-
imentally in a silica MS [16]. Experimental Kerr-assisted
and Raman-assisted OFCs generation in a silica microbottle
WGMRwas reported in [17]. Raman-assisted Kerr frequency
combs were reported with barium fluoride and strontium
fluoride WGMRs in the normal dispersion region [23], [24].
The generation on Raman-Kerr frequency combs in normal
dispersion regime was also investigated numerically in [25].

Here, we study experimentally and numerically the gen-
eration of Kerr-assisted and Raman-assisted (Stokes) OFCs,
as well as the generation of anti-Stokes OFCs emerging
due to the four-wave mixing (FWM) between the spectral
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FIGURE 1. A simplified scheme of the experimental setup.

components near the pump wavelength and the Stokes com-
ponents in a silica MS for different dispersion regimes. By
tuning a wavelength of a continuous wave (CW) pump laser,
we investigate the regimes of OFC generation for a pump
wavelength λp in a normal dispersion region (λp < ZDW), in
slightly anomalous dispersion regions (λp > ZDW), and very
close to ZDW (λp ≈ ZDW). By switching on and switching
off the Raman response in modeling, we confirm that certain
Stoke spectral peaks originate from the Raman effect and the
anti-Stokes ones originate from FWM. The calculated phase
matching conditions also explain the nature of the observed
anti-Stokes spectral harmonics or their absence.

II. RESULTS AND DISCUSSION
The experimental scheme is shown in Figure 1(a). It consists
of a silica MS with an optimized diameter of 162 µm for
obtaining the ZDW near 1.55 µm. The MS was made of
a standard single-mode telecommunication fiber SMF28e
using the purposely designed programs for the Fujikura
ARCMaster FSM-100P+ fiber splicer as in our previous
work [15]. The MS with a measured Q-factor of 5·107

was pumped by a CW laser widely tunable in the C-band
(Pure Photonics, PPCL550-180-60, 60 nm tuning range,
10 kHz linewidth). Coupling of pump light and outcoupling
of the generated OFCs were arranged with a fiber taper. The
description of producing MS and fiber taper as well as other
experimental details are available in [12], [15]. The spectra
of output signals were recorded by OSA (Optical Spectrum
Analyzer, Yokogawa AQ6370D).

To optimize the ZDWand find the required size of the silica
MS, we calculated dispersion β2 for different radii R using
the approach based on numerical solution of a characteristic
equation [26] as in our previous works [27], [28]. We found
eigenfrequencies νl for the fundamental transverse electric
mode families, where l is the azimuthal mode index, and after
that we calculated β2 as follows [29], [30]:

β2 = −
1

4π2R
1(1νl)

(1νl)
3 , (1)

where

1νl =
νl+1 − νl−1

2
;1(1νl) = νl+1 − 2νl + νl−1. (2)

The corresponding wavelength dependences of dispersion are
plotted in Figure 2(a) for different R. The required ZDW
of 1.55 µm is obtained for the MS diameter 2R = 162 µm.

FIGURE 2. Dispersion (a) and nonlinear Kerr coefficients (b) as a function
of wavelength for the fundamental TE modes calculated for microspheres
of different diameters. The bold blue lines correspond to the microsphere
with a diameter of 162 µm used in the experiments.

We also estimated nonlinear Kerr coefficients γ as a function
of wavelength λ using the approximate formula from the
work [31]:

γ =
2πn2
λ

2πR

3.4π3/2
(
λ

2πn

)3
l11/6

(3)

where n and n2 are the linear and nonlinear refractive indices,
respectively. The nonlinear Kerr coefficients found for differ-
ent radii are plotted in Figure 2(b).

The nonlinear dynamics of an intracavity field leading to
OFC generation was simulated numerically in the framework
of the LLE [6], [32] as in [28], [33] using home-made soft-
ware based on the Split-step Fourier method. We used the
master equation in the following form [6], [29], [34]:

tR
∂E(t, τ )
∂t

=
√
θEin − 2π R

(
iβ2
2
∂2

∂τ 2
−
β3

6
∂3

∂τ 3

)
E,

+

(
2π iRγp

∫
R(s)|E(t, τ − s)|2ds− α − iδp

)
E (4)

where E(t , τ ) is the intracavity field; τ and t are the fast and
slow times; t = N·tR; tR = 2πRn/c is the microresonator
roundtrip time, N is the microresonator roundtrip number; δp
is the phase detuning of the pump field Ein from the nearest
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FIGURE 3. Optical spectra: experimental (a,d,g,j; left axes), simulated taken into account the Raman contribution (b,e,h,k) and simulated without
allowance for Raman gain (c,f,i,l). Propagation constants β for demonstration of phase matching conditions between Raman-assisted Stokes (‘‘S’’) and
anti-Stokes (‘‘AS’’) waves (a,d,g,j; right axes). Vertical dashed lines indicate calculated ZDW. (a,b,c) λp = 1.518µm in the normal dispersion range; (d,e,f)
λp = 1.552 µm near ZDW; (g,h,i) λp = 1.558µm in the slightly anomalous dispersion range; (j,k,l) λp = 1.562 µm in the anomalous dispersion range
with a higher absolute value in comparison with (g,h,i).

resonance; θ is the transmission coefficient of the input and
output coupler; βk = dkβ/dωk are the Taylor series expansion
coefficients of the propagation constant β(ω) taken at the
pump frequency ωp in the retarded frame; α = (2π )2R/(Qλp)
is the loss coefficient as the sum of coupling and intrinsic
losses; γp is the nonlinear Kerr coefficient at ωp (it is seen
from Figure 2(b) that the frequency dependence of γ on λ
is weak enough and can be neglected here). We took into
account β2 and β3 since in the considered wavelength range,
where the interplay between the first-order Raman effects and
FWM was studied, the influence of higher order dispersion
terms βk≥4 can be neglected (but the impact of βk≥4 may be
significant at the wavelengths well beyond this range [35],
[36]). The nonlinear response function was taken in the

commonly used form

R(t) = (1− fR)δ(t)+ fRhR(t), (5)

where δ(t) is the Dirac delta function; fR is the fractional con-
tribution of the Raman response, and hR(t) is approximated
by

hR(t) =
(
τ−21 + τ

−2
2

)
τ1 exp (−t/τ2) sin (t/τ1) , (6)

with τ1 = 12.2 fs and τ2 = 32 fs [32].
To reveal the Raman impact on the OFC shape for dif-

ferent dispersion regimes, we modeled LLE with allowance
for Raman response (setting the Raman fraction fR = 0.18)
and purposely without this effect (fR = 0). We did not
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know exactly the detuning and coupling coefficients, but we
checked numerically that when these parameters were varied
in a fairly wide range, the generated spectra were qualitatively
similar.

The experimental spectra in comparison with the corre-
sponding simulated ones for different dispersion regimes
are shown in Figure 3(a-l), where the vertical dashed lines
indicate the calculated ZDW. The Stokes spectral components
obtained due to multimode Raman generation are labeled by
‘‘S’’ and the anti-Stokes components obtained due to FWMof
the pump light with these Stokes signals are labeled by ‘‘AS’’.

First, we set λp near 1.518 µm in a normal dispersion
region (β2 > 0) and obtained multimode Raman lasing in
the U-band in the absence of Kerr OFC near the pump (see
Figure 3(a)). The same spectrum (Figure 3(b)) was obtained
in numerical modeling. The approximate phase matching
condition (1β = 2β(λp) − β(λS) − β(λAS) = 0 [32])
for the anti-Stokes signal was not satisfied as seen from the
graph of the function β(λ) in Figure 3(a); therefore, the anti-
Stokes signal was not generated. When we switched off the
Raman response in the simulation, the Stokes waves vanished
as expected and only λp remained (see Figure 3(c)). Note that,
when λp is in the normal dispersion range, FWM gain can be
possible due to the interplay between β2 and β4 [35], [36].
In [36] it was shown for a silicamicrospherewith the diameter
close to the diameter of our sample and pump wavelengths in
the normal dispersion range that the long-wavelength side-
band generated due to FWM is a few hundreds of nm shifted
from the pump wavelength.

Next, we set λp = 1.552 µm near the ZDW (β2 ≈ 0) and
observed three spectrally separated OFCs: in the C-band near
λp, in the U-band at the Stokes wavelength, and in the E-band
at the anti-Stokes wavelength (Figure 3(d)). The experimental
and the corresponding numerical results are in a good agree-
ment (compare Figure 3(d) and (e)). The calculated function
β(λ) is also plotted in Figure 3(d). When we set fR = 0,
the Stokes and anti-Stokes components were not observed
(Figure 3(f)). Furthermore, there was no Kerr comb near λp
for fR = 0 (Figure 3(f)), so the spectral lines near the pump
wavelength in Figures 3(d,e) may be explained by the non-
zero Raman gain at small frequencies and/or nondegenerate
FWM between pump light and lines belonging to Raman
OFC. Note that it was earlier demonstrated theoretically that
the Raman response at small frequencies affects the OFC
spectral shape at the pump frequency [28], [34].

Further, we set λp = 1.558 µm in the range of low
anomalous dispersion (β2 < 0). The experimental spectrum
with a width of 270 nm covering the E-, S-, C-, L-, U-bands
and further up to 1.7 µm is presented in Figure 3(g). There
are pronounced comb humps between the OFC at λp and
the OFC at Stokes wavelengths and between the OFC at λp
and the OFC at anti-Stokes wavelengths (Figure 3(g)). The
numerical modeling gives the same results (see Figure 3(h)).
These spectral harmonics are generated due to FWM (λp is
in the anomalous dispersion range) even in the absence of
Raman gain as shown in Figure 3(i).

FIGURE 4. Numerically simulated spectrum evolution for varying pump
wavelength when fR = 0.18 (a) and fR = 0 (b). Vertical dashed line
indicates calculated ZDW. Horizontal dash-dotted lines indicate the
corresponding regimes in Figure 3.

After that, λp was further tuned (up to 1.562 µm) to a
slightly higher anomalous dispersion. The experimental spec-
trum presented in Figure 3(j) is qualitatively similar to that
shown in Figure 3(g), but there are quantitative differences.
The efficiency of anti-Stokeswave generation in the E-band is
significantly lower due to worse phase-matching conditions.
These conditions are satisfied only for the Stokes harmonics
which are blue-shifted from the main Stokes line with the
highest spectral intensity. The Kerr-assisted OFC generation
was observed in a narrower spectral range (in the C-band
and partially the S- and L-bands). These features were also
confirmed by the numerical results shown in Figure 3(k).
With switched off Raman gain in the simulation, Raman-
assisted harmonics are not produced and the Kerr-assisted
OFC is generated with a slightly different shape (compare
Figure 3(k) and (l)).

Finally, we performed a more detailed numerical simula-
tion to demonstrate the transitions between the OFC regimes
shown in Figure 3 and summarize the results. Figures 4(a) and
(b) demonstrate the spectra envelopes for varying λp when
fR = 0.18 and fR = 0, respectively. The regimes presented
in Figure 3 are shown in Figure 4 too and marked by hori-
zontal dash-dotted lines labeled by ‘3(b)’, ‘3(e)’, ‘3(h)’ etc.
Note that spectral envelope is plotted (individual comb lines
are not resolved) and the pump wavelength changes in steps
correspond to FSR (free spectra range which is the difference
between the wavelengths of the neighboring eigenmodes).
When the pump wavelength is in the normal dispersion range
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(λp < ZDW), wavelength-tunable multimode Raman lasing
is achieved by tuning λp (see Figure 4(a), the area above dash-
dotted line ‘3(e)’). In the slightly anomalous dispersion range
(λp > ZDW), moving from Figure 3(d,e) to Figure 3(g,h),
the humps corresponding only to FWM (between the pump
and Stokes components as well as between the pump and
anti-Stokes components) overlap with Stokes and anti-Stokes
humps, respectively (Figure 4(a)). The fact that this is not
broadening of the single Stokes (anti-Stokes) hump can be
understood by comparing Figures 4(a) and 4(b), where FWM
spectral components are present in the absence of Raman gain
(compare the spectrum between dash-dotted lines labeled by
‘3(e)’ and ‘3(h)’ in Figure 4(a) with the spectrum between
dash-dotted lines labeled by ‘3(i)’ and ‘3(f)’ in Figure 4(b)).

III. CONCLUSION
In conclusion, we studied experimentally and numerically the
OFCs generation in the silicaMSwith the optimized diameter
in different regimes depending on the pump wavelength with
respect to the ZDW. We performed LLE-based numerical
modeling of the OFC generation and obtained a good agree-
ment between the experimental and numerical results, which
allowed us to analyze the contribution of different nonlinear
and dispersive effects to the comb structure. We confirmed
that the most red-shifted OFC peak generation in the U-band
and further up to 1.7µm is governed by the Raman effect and
is observed irrespective of the pump wavelength relative to
the ZDW. The Raman effect plays a minor role in the genera-
tion of the central part of the OFC in the C-band and partially
in the S- and L-bands, while the Kerr nonlinearity and the
dispersion are the most important ones. The blue-shifted part
of the OFC in the E-band is generated in the FWM process
and controlled by the phase-matching condition. The most
broadband OFC is generated when the pump wavelength lies
in the region of small anomalous dispersion and all the above
effects lead to the formation of continuous comb spectrum.
In this case, we observed an OFC with a spectral width of
about 270 nm in the entire frequency range, covering from the
E- to the U-band and further up to 1.7µm.We believe that the
obtained results will help to further advance in understanding
Kerr-Raman assisted OFC generation and may be used for
the generation of OFC with tailored spectral shapes spanning
from the E- to the U-bands and beyond by tuning the pump
wavelength and/or ZDW, which can be easily done in a silica
MS by changing the diameter.
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