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ABSTRACT Computational complexity, magnetic saturation, complex stator structure and time consump-
tion due to repeated iteration compels researchers to adopt alternate analytical model for initial design
of electric machines especially Switched Flux Machine (SFM). To overcomes the abovesaid demerits,
In this article alternate analytical sub-domain model (SDM) for magnetic field computation in Segmented
PM switched flux consequent pole machine (SPMSFCPM) with flux bridge and flux barriers accounting
boundary and interface conditions, radial magnetized PMs (RM-PMs) and circumferential magnetized
PMs (CM-PMs), interaction between stator slots and inner/outer rotor topologies is proposed. Overall
field domain is divided into air gap, stator slots and Permanent Magnet (PM) accounting influence of
CM/RM-PMs under no-load and on-load conditions. Analytical expression of field domain is obtained by
solving magnetic vector potential utilizing Maxwell’s equations. Based on the magnetic field computation
especially no-load and on-load condition, Magnetic Flux Density (MFD) components, open-circuit flux
linkage, mechanical torque and cogging torque are computed utilizing Maxwell Stress Tensor (MST)
method. Moreover, developed analytical SDM is validated with globally accepted Finite Element Analysis
(FEA) utilizing JMAG Commercial FEA Package v. 18.1 which shows good agreement with accuracy of
∼98%. Hence, authors are confident to propose analytical SDM for initial design of SPMSFCPM to suppress
computation time and complexity and eliminate requirements of expensive hardware and software tools.

INDEX TERMS AC machines, consequent pole, flux barrier, sub-domain model, permanent magnet,
switched flux machine, Maxwell equations, Maxwell stress tensor.

I. INTRODUCTION
Flux switching Machines (FSMs) are classified in to three
classes based on excitation source i.e. Permanent Mag-
net (PM) excitation, Field winding excitation and Hybrid
excitation [1]. Among the aforesaid FSMs classes, due to
high torque and power density, PM excited machines are
widespread in domestic and industrial applications [2]. Due
to double salient nature and robust rotor, FSMs are considered
as appropriate applicants for high speed brushless AC appli-
cation. Various topology of PM excited FSMs are reported
in literature (as shown in Figure. 1) when high torque and
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power density are primitive prerequisite, however existing
topology are associated with excessive rare earth PM usage,
leakage flux and flux circulation. To overcome aforesaid
demerits, this article introduces Segmented PM Switched
Flux Consequent Pole Machine (SPMSFCPM) as shown in
Figure. 2. Structure of proposed SPMSFCPM is composed
passive rotor (made of iron) and stator core encompassing of
armature windings slots and Segmented PMs configuration
enclosing Radial Magnetized PMs (RM-PMs) and Circum-
ferentialMagnetized PMs (CM-PMs)with in flux bridges and
flux barriers.

All classes of FSMs and proposed SPMSFCPM are accu-
rately modelled employing numerical based Finite Ele-
ment Analysis (FEA) tools however despite of expensive

3774 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ VOLUME 9, 2021

https://orcid.org/0000-0001-9585-708X
https://orcid.org/0000-0002-5031-6121
https://orcid.org/0000-0003-0303-6191
https://orcid.org/0000-0002-5621-2892
https://orcid.org/0000-0003-4429-9393
https://orcid.org/0000-0001-6417-3750


W. Ullah et al.: Analytical Sub-Domain Model for Magnetic Field Computation in SPMSFCPM

FIGURE 1. FSM classes and topologies classification.

FIGURE 2. Proposed SPMSFCPM 3D cross sectional view.

hardware/software, large drive storage, repeated itera-
tive process, complex stator design and PM non-linear
behaviour increases computational time and computational
complexity. To overcome the aforesaid demerits, analyti-
cal modelling is preferred for initial design purpose [3].
Analytical techniques accurately predict magnetic field dis-
tribution in shorter time [4]–[6]. A comprehensive review
on analytical modelling approaches is illustrated in [7], [8]
and discussed for automate numerically mapping, Schwarz–
Christoffel (SC) method is developed utilizing SC MATLAB
toolbox. This mapping offers efficient analysis tool and
allows polygonal boundaries transformation to simpler
domain. SC method ease in problems come across in solv-
ing complicated boundary value problems [9]. However, this
technique suffers from difficulties and complexity related to
evaluation of mapping function.

Boundary Element Method (BEM) is formulated based on
Poisson and Laplace equations in integral form for magnetic
field computation. In BEM, boundary domain is evaluated
based on integral equation which helps in significant ele-
ment number compared with corresponding FEA [10]. How-
ever, BEM have limited application due to linear material
property in devices with soft-magnetic material i.e. electric
machines [11].

Fourier Modelling (FM) is particularly interesting in
periodic structure, however FM doesn’t account magnetic
permeability [12] which is momentous downside in sta-
tor/rotor slotting [13]. Author in [14]–[16] investigates hybrid
analytical modelling (HAM) based on FM and meshed
magnetic equivalent circuit (MEC). HAM consider small

geometric structures and material permeability. Mesh-based
MEC linked to one side of FM is evaluated in [15]–[18].
Magnetic field computation in air-gap with promising results
is discussed in [15] whereas electromagnetic performance i.e.
cogging torque is precisely estimated in [16]. However, origin
of MEC construction about saturation is not explained.

Saturated structure machines are being investigated by
Magnetic Equivalent Circuits (MEC) modelling to predict
open circuit phase linkage [19]. This modelling technique
is dependent on flux paths and tubes in airgap [20], [21].
It uses permeance and reluctance for determination of perfor-
mance parameters, but it only deals with airgap and neglects
the effect of rotor, stator and machine geometry. However,
abovesaid deficiencies are catered using Lumped Parameter
Magnetic Equivalent Circuit (LPMEC) [22], [23].

In this article, a comprehensive overview of the analyt-
ical sub-domain model accounting boundary and interface
conditions, influence of RM-PMs and CM-PMs, interaction
between stator slots and inner/outer rotor topologies are
presented and compared with FEA for design of SPMS-
FCPM. Overall article is order as, section II illustrates SPMS-
FCPM design methodology, section III present analytical
sub-domain modelling. Section IV shows computation of
electromagnetic performance, section V analyzed validations
of analytical sub-domain modelling for initial design of
SPMSFCPM and lastly important conclusions are discussed
in section VI.

II. SPMSFCPM DESIGN METHODOLOGY
Design variables of SPMSFCPM are specified in Figure. 3
and listed in Table 1. Design of SPMSFCPMmodel as shown
in Figure. 2 shows that SPMSFCPM stator core is comprised
of E-core stator slot structure with alternate h-shaped stator
tooth which enclosed CM-PMs and RM-PMs to diminish sta-
tor leakage flux. RM-PMs helps in leakage flux suppression
from PMs poles resulting an improved magnetic flux density
in the stator yoke and hence improving the flux linkage by

FIGURE 3. Design variables of SPMSFCP.
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TABLE 1. Design parameters of CPSFPMM.

passing through alternative flux bridges and flux barriers and
link to the rotor.

Proposed SPMSFCPM improve magnetic field distribu-
tion. The flux linkage in proposed design occur through
stator yoke as well as flux bridge with negligible reluctance.
Thus, magnetic field distribution and flux linkage between
rotor and stator in SPMSFCPM is stronger compared to the
conventional state of the art. Magnetic flux density mapping
of SPMSFCPM is shown in Figure. 4.

FIGURE 4. Nephogram of magnetic flux density (a) vector plot (b) Contour
plot.

III. ANALYTICAL SUB-DOMAIN MODELLING
Two steps analysis elaborate overall Sub-Domain modelling
(SDM). In 1st step the overall machine field domains are clas-
sified into regions i.e. Region I: air-gap, Region II: CM/RM-
PMs and Region III: stator slots as shown in Figure 5 whereas
in 2nd step, boundary and interface condition are employed
on specified field regions. In SDM, expression for aforesaid
field domains are formulated in the form of Fourier expres-
sions accounting boundary and interface conditions. Based on
Fourier expressions, relationship between Fourier coefficient
and source (CM/RM-PMs and armature current) is formed in
the form of first order multivariable utilizing boundary and
interface conditions.

A. GENERAL VECTOR POTENTIAL
Poisson function accounting influence of source (PMs and
armature current density) in the field domains are utilized for
general vector potential (GVP) solution which is expressed

FIGURE 5. Division of filed domains in SDM.
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where k is harmonics order,AIk ,BIk ,CIk ,DIk ,AIIk ,BIIk ,CIIk ,
and DIIk are Fourier coefficient of the sub-regions such as
air-gap and PMs respectively which are computed utilizing
boundary and interface conditions.

B. SOURCE
Segmented PMs (CM/RM-PMs) and armature current density
is major excitation source in SPMSFCPM. Magnetization
Patterns (MP) of PMs are represented as sum of sine and
cosine harmonics terms utilizing magnetization distribution
function [24], [8].

M = Mrr +Mθα (5)

Mr =
∑

k=1,3...

Mrk cos (αk − ωrkt − αok) (6)

Mr =
∑

k=1,3...

(Mrck cos (αk)+Mrsk sin (αk)) (7)

Mθ =

∑
k=1,3

Mθk sin (αk − ωrkt − αok) (8)

Mθ =

∑
k=1,3...

(Mθck cos (αk)+Mαsk sin (αk)) (9)

whereas Mr is radial magnetization component and Mθ are
tangential magnetization component.

Mrck = Mrk cos (ωrkt + αok) (10)

Mrsk = Mrk sin (ωrkt + αok) (11)

Mθck = −M θk sin (ωrkt + αok) (12)

Mθsk = Mθk cos (ωrkt + αok) (13)

whereas ωr is rotational speed, Mrsk and Mθsk is amplitude
of kth order sine radial and tangential MP, Mrck and Mθck is
amplitude of kth cosine radial and tangential MP.

Mk = Mrk + kMθk (14)

Mck = Mk cos (ωrkt + αok) = Mrck + kMθsk (15)

Msk = Mk sin (ωrkt + αok) = Mrsk − kMθsk (16)

MP for Mrk and Mθk varies i.e.
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where αp = pole arc/pole pitch.
For non-overlap winding pattern in stator slot, Current

density (J ) in the ith armature winding slots can be expressed
as [25]

J = (Ji1 + Ji2) /2+
∑
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[
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dsa
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(21)
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C. MAGNETIC FLUX DENSITY
Magnetic flux density (MFD) is associated with Radial (Br )
and tangential (Bθ ) components which are expressed as

Br =
(
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Bθ = −
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(24)

Br and Bθ in term of Fourier coefficients i.e. AIk , BIk , CIk and
DIk for airgap, AIIk , BIIk , CIIk and DIIk for CM/RM-PMs and
stator slots are expressed as
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D. BOUNDARY AND INTERFACE CONDITION
The aforesaid Fourier coefficients are calculated using
boundary and interface conditions as.

BIθ |r=Ror+δ/2 = BIIθ |r=Rsiαi +
f
2
< α < αi −

f
2

(31)

BIθ |r=Ror+δ/2 = BIIθ |r=Rsiαj +
g
2
< α < αj −

g
2

(32)

where f and g are stator slot and stator tooth opening angle
respectively.

ForMFD computation, since interface conditions are in the
form of Fourier series with different interval it’s right and
left-hand side are transformed to same interval. The left and
right-hand side Fourier series over interval of [−π, π] is[

αi −
f
2
, αi +

f
2

]
or
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(33)

GVP over boundary condition by expending Fourier series
in interval of [−π, π] can be expressed as
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Boundary and interface conditions become feasible when
left and right-hand side Fourier series over interval become[
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Utilizing the above-mentioned boundary and interface con-
ditions, Fourier coefficient are related as follow
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E. FOURIER COEFFICIENT
In rotor yoke Bθ of MFD component is zero, the boundary
condition for Bθ becomes as

BIθ |r=hsi = −
1
µr
Mθ = 0 (39)

Utilizing boundary condition i.e. Mθ = 0, Br MFD com-
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Solving for unknown Fourier coefficient i.e. BIk andDIk in
term of AIk and CIk are expressed as
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The vector potential becomes as
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The interface condition on magnet becomes as follow due to
continuity of flux density.

BIr |r=RPM = BIIr |r=RPM (49)
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KIkAIk + K2kMθck − K3kMrck |r=RPM = CIIk
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+ DIIk

(51)
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Since our primal interest is the MFD components in the
mid of air gap under no-load and on-load conditions there-
for, set of first order multivariable equations are solved for
Harmonics coefficients calculation in the following section.

F. FOURIER COEFFICIENT CALCULATION
Employing boundary condition of infinite permeability of
rotor yoke and continues scalar potential of Br and Bθ MFD
components at r = Ror + δ/2, the harmonic coefficient in
the mid of the air gap for Br and Bθ MFD components can be
derived as

AIk =
(kBrc + kBθs)
−µok

Rk+1ri

R2ksi
+B1kA2k

∑
i

∑
m

Ci (m)Xmηsi (m, k) (56)
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∑
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∑
i

∑
m
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where

ηsi= sηs(m, k)cos (αik)−εs(m, k) sin (αik) (60)
εsi= ηs (m, k) sin (αik)+εs (m, k) cos (αik) (61)
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(63)

kBrc = A1kγ (k)Mrck (64)
kBrs = A1kγ (k)Mrsk (65)
kBθs = A1kζ (k)Mrsk (66)
kBθc = A1kζ (k)Mrck (67)

For inner rotor SPMSFCPM
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Rri

)k+1
+(k + 1)

(
Ror
Rri

)2k]
(69)

ζ =
2

ρ(k2− 1)

[
(1− k)− 2k

(
Ror
Rri

)k+1
+ (k + 1)

(
Ror
Rri

)2k]
(70)

A1k = −0.5kµo (71)

A2k =
1
ρ

[
(µr + 1)+ (µr − 1)

(
Ror
Rri

)2k
]

(72)

A3k =
1
ρ

[
(µr − 1)+ (µr + 1)

(
Ror
Rri

)2k
]

(73)

B1k = R−ksi (74)

B2k = R−ksi R
2k
ri (75)

Xm =
(
Rsi
Rsy

) mπ
boa

−

(
Rsi
Rsy

)− mπ
boa

(76)

boa =
bo
Rsi

(77)

For outer rotor SPMSFCPM

ρ = (µr+ 1)

[(
Rsi
Rri

)2k
− 1

]
− (µr + 1)

[(
Rri
Rsi

)2k
−

(
Rsi
Rri

)2k]
(78)

γ =
2

ρ(k2− 1)

[
(1− k)

(
Rri
Rro

)2k
− 2

(
Rri
Ror

)k−1
+ (k + 1)

]
(79)

ζ =
2

ρ(k2− 1)

[
(k − 1)

(
Rri
Ror

)2k
− 2k

(
Ror
Rri

)k−1
+ (k + 1)

]
(80)
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A1k = −0.5kµo (81)

A2k =
1
ρ

[
(µr + 1)

(
Rri
Ror

)2k

+ (µr − 1)

]
(82)

A3k =
1
ρ

[
(µr − 1)

(
Rri
Ror

)2k

+ (µr + 1)

]
(83)

B1k = RksiR
−2k
ri (84)

B2k = Rksi (85)

Now the problem left only for calculation of Ci(m) of φIi,
the boundary condition is applied such that Br MFD at stator
opening should be continuous.

BIIIir | =−µo
∑
m

δmCi (m) ∗ sin
[
mπ
boa

(
α +

boa
2
− αi

)]
(86)

δm =
Rri
Rsy

[((
Rsi
Rsy

) mπ
boa
−1
)
+

(
Rsi
Rsy

)− mπ
boa
−1
]

(87)

Br MFD component becomes as,

BIIr |r=Ror+ σ2
= −µo

∑
k

k
[(
AII (k)R

k−1
si − BII (k)R

−k−1
si

)]
cos (αk)− µo

∑
k

k
[(
CII (k)R

k−1
si − DII (k)R

−k−1
si

)]
sin(αk)

(88)

Thus

BIIIir |r=Rsi = BIIr |r=RPM (89)

αi −
boa
2
≤ α ≤ αi +

boa
2

(90)

Biir |r=RPM is expanded into Fourier series over the ith slot
opening.

BIIr |r=RPM = −µo
∑
m

Ci (m)sin
[
mπ
boa

(
α +

boa
2
− αi

)]
(91)

αi −
boa
2
≤ α ≤ αi +

boa
2

(92)

δmCi (m) =
∑
k

k [(G1 (k) δsi (m, k)+ G2 (k)Tsi (m, k))]

−

∑
k

kλ (k) δsi (m, k)
∑
l

∑
j

Cl (j)Xjηsl (j, k)

−

∑
k

kλ (k)Tsi (m, k)
∑
l

∑
j

Cl (j)Xjεsl (j, k)

(93)

δmCi (m) =
∑
k

k
[(
AII (k)R

k−1
si − BII (k)R

−k−1
si

)]
δsi (m, k)

+k
[(
CII (k)R

k−1
si − DII (k)R

−k−1
si

)]
Tsi (m, k)

(94)

Ci (m)=
∑
k

k
[(
AII (k)R

k−1
si − BII (k)R

−k−1
si

)]
δsi (m, k)

+ k
[(
CII (k)R

k−1
si − DII (k)R

−k−1
si

)]
Tsi (m, k)

(95)

whereas

δsi (m, k) =
2π
boa

ηsi (m, k) (96)

Tsi (m, k) =
2π
boa

εsi (m, k) (97)

AIIR
k−1
si − BIIR

−k−1
si = G1 − λ

∑
i

∑
m

Ci (m)Xmηsi (m, k)

(98)

CIIR
k−1
si − DIIR

−k−1
si = G2 − λ

∑
i

∑
m

Ci (m)Xmεsi (m, k)

(99)

whereas G1, G2 and λ varies for inner and outer rotor topolo-
gies.

For inner rotor SPMSFCPM topologies

G1 =

(
Rri
Rsi

)k+1
[γ (k)Mrck + ζ (k)Mθsk ] (100)

G2 =

(
Rri
Rsi

)k+1
[γ (k)Mrsk − ζ (k)Mθsk ] (101)

λ = −R−1si

[
A2k + A3k

(
Rri
Rsi

)2k
]

(102)

For outer rotor SPMSFCPM topologies

G1 =

(
Rsi
Rri

)k−1
[γ (k)Mrck + ζ (k)Mθsk ] (103)

G2 =

(
Rsi
Rri

)k−1
[γ (k)Mrsk − ζ (k)Mθsk ] (104)

λ = −R−1si

[
A2k

(
Rsi
Rri

)2k

+ A3k

]
(105)

G. ROTOR POLE AND SLOT COMBINATION
Various rotor pole and slot combination for design of SPMS-
FCPM exist. The feasible rotor poles and stator slots combi-
nation of the proposed model is calculated utilizing equation
(107) and equation (108) as follow [28].

Ns = km (106)

Nr = 2Zs ± k (107)

whereas m represent phases number, k is integer, Ns and Nr
are stator slot and rotor pole number, respectively.

Based on electromagnetic performance for wide range
rotor pole number, rotor pole number 13 offer better electro-
magnetic performance and considered for detailed investiga-
tion.

IV. COMPUTATION OF ELECTROMAGNETIC
PERFORMANCE
The electromagnetic performance including Br and Bθ MFD
components under no-load and on-load condition, Open
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FIGURE 6. Prediction of 8 by FEA and SDM.

Circuit Flux linkage (8), cogging torque (Tcog) and instan-
taneous torque (Tins) are considered as key matric function
for validation of analytical SDM for design of SPMSFCPM.
Electromagnetic performance is computed based onGVP and
Maxwell Stress Tensor utilizing MFD components.
8 for one phase is the summation of flux linkage linked

with all coil sets of the phase. GVP based computation of 8
is expressed as [26]

8 =
LN
A

∫ Rsy

Rsi

∫ α2

α1

Az rdrdα (108)

8 =
LN
A

∫ Rsy

Rsi

∫ α2+0.5dsa

α1

Az rdrdα (109)

Tcog is calculated based on sine and cosine Br and Bθ
components of MFD utilizing Maxwell Stress Tensor (MST)
method [7], [27]

Tcog =
r2L
µo

∫ 2π

0
BIrBIθdθ =

πr2L
µo

∑
k

BrckBθck + BrskBθsk

(110)

whereas Brsk and Brck are radial sine and cosine MFD com-
ponents respectively, Bθsk and Bθck are tangential sine and
cosine MFD components respectively.

Furthermore, Tins is calculated based on Br and Bθ compo-
nents in the mid of air-gap using MST method [1], [3]

Tins =
r2L
µo

∫ 2π

0
BIrBIθdθ (111)

V. VALIDATION OF ANALYTICAL SUB-DOMAIN
MODELLING FOR INITIAL DESIGN OF SPMSFCPM
The developed SDM is validated with globally accepted
FEA based on SPMSFCPM design parameters shown in
table 1. To obtained accurate and precise electromagnetic
performance, 2D Transient magnetic field analysis is carried
out with rated armature current density of 15 A/mm2 and
rotational speed of 1200 RPM. Note that FEA is performed
utilizing JMAG Commercial FEA Package v. 18.1.

Open circuit flux linkage of developed SPMSFCPM pre-
dicted by SDM and FEA are shown in Figure 6. Analysis
discloses that open circuit flux linkage predicted by SDM and
FEA confirm decent agreement with absolute ultimate error
of ∼ 1%.

FIGURE 7. Prediction of no-load Br using SDM and FEA.

FIGURE 8. Prediction of no-load Bθ using SDM and FEA.

FIGURE 9. Prediction of on-load Br using SDM and FEA.

Moreover, no-load and on-load MFD components i.e. Br
and Bθ in design of SPMSFCPM in the mid of air-gap
utilizing SDM is calculated. No load Br and Bθ calculated
by FEA and SDM are shown in Figure 7 and Figure 8 respec-
tively whereas on-load Br and Bθ are shown in Figure 9 and
Figure 10 respectively. Analysis unveil that magnetic field
computation using SDM resemble FEA showing absolute
peak error of ∼ 1.5%.
Based on Br and Bθ sine and cosine components, Tcog

is calculated as shown in Figure 11. It can be clearly seen
that predicted SDM and FEA results exhibit good agreements
with relative error of ∼ 1.98%.
Finally, based on on-load Br and Bθ components of MFD,

Tins of initial design of SPMSFCPM is calculated as shown in
Figure 12. It can be clearly seen that SDM based calculated
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FIGURE 10. Prediction of no-load Bθ using SDM and FEA.

FIGURE 11. Tcog predicted by FEA and SDM.

FIGURE 12. Tins predicted by FEA and SDM.

Tins fairly match with FEA showing maximum peak error of
∼ 1.76%.

VI. CONCLUSION
In this article analytical sub-domain model for magnetic
field computation in SPMSFCPM is developed. Overall field
domain is divided in sub-regions such as air-gap, PMs and
stator slot where expressions are derived are simply utilizing
boundary and interface conditions accounting influence of
CM/RM-PMs and inner/outer rotor SPMSFCPM topologies.
Based on magnetic field especially Br and Bθ components
electromagnetic performance such as open-circuit flux link-
age, instantaneous torque and cogging torque are computed
utilizing GVP and MST respectively. Analysis reveals that
prediction of analytical SDM accurately match waveform
and peak values of electromagnetic performance which is
validated and confirmed by existing FEA. Hence, authors are
confident to recommend developed analytical SDM for initial

design of machine before proceeding to numerical based FEA
and fabrication.
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