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ABSTRACT The gear shaft needs to measure its radial runout for straightening before finishing, while it is
difficult to measure the gear shaft radial runout without rotating the gear shaft by the existing measurement
technology, which results the measurement inefficient. Present work puts forward a method of measuring a
gear shaft radial runout with line structured light vision. This method can measure the radial runout value
and direction online for straightening the bending of the gear shaft. The center position of the gear shaft cross
section is obtained by the ellipse geometric fitting on the laser plane to eliminate the influence of projection
distortion. The measurement method is tested by a specialized experiment, and the experimental results
show that measurements of the method meet the requirements of straightening the gear shaft. The method
can realize online measurement of the gear shaft radial runout just by a single image without rotating the
gear shaft, so it features fast measurement compared with the existing measurement technology.

INDEX TERMS Gear shaft, line structured light, measurement, projection distortion, radial runout.

I. INTRODUCTION
Gear shafts will bend during heat treatment. The bending
of the gear shafts will affect the subsequent processing and
application. Therefore, it is necessary tomeasure this bending
to straighten the gear shafts.

Measuring the bending of a gear shaft is to measure the
radial runout value and direction on the cross section of the
gear shaft. When the displacement sensor is used to measure
the gear shaft radial runout, the gear shaft needs to rotate
and the measuring rod is kept in contact with the gear shaft
journal. Therefore, this measurement is inefficient due to the
rotation of the gear shaft. Pei et al. [1] measured the relative
distance change of gear tooth tips by a laser ranging sensor
when the gear shaft rotates, then the gear shaft radial runout
can be obtained by iteration of Jacobian gradient matrix.
However, since the number of the gear teeth has influence
on the sampling frequency of the sensor, the gear shaft can
only rotate at low speed, which affects the efficiency of the
straightening.

The associate editor coordinating the review of this manuscript and

approving it for publication was Qingli Li .

The non-contact detection function of visual measurement
has been widely researched and used in online measurement
in recent years [2]–[4]. Chang et al. [5] took repeatedly multi-
ple images of a rotating saw blade by two CMOS cameras and
the runout of the saw blade was measured. Wei and Tan [6]
established a shaft diameter measurement model based on
machine vision, and calibrated the measurement model by
a shaft with known shaft diameter. A method for measuring
the diameter of micro cylindrical parts based on the line
structured light vision was provided in [7]. Cao et al. [8]
scanned the rail surface by line structured light vision, and
then the rail surface defects were calculated dynamically by
multi frame images of the point cloud. Amethod for detecting
and constructing curve welding seam by line structured light
vision was proposed in [9]. Sun et al. [10] obtained the rail
profile by multi parallel line structured light, and then the rail
wear was calculated. Wang [11] use parallel multi-line laser
to irradiate the arc weld pool surface, and then the reflected
laser lines image is segmented and clustered, which can be
obtained higher recognition accuracy.

A measuring method for the involute tooth profile of the
gear shaft end-face withmachine vision was proposed in [12].
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However, this method needs to recalibrate the gear end-face
after replacing the measured gear shaft, which is difficult to
realize the online measurement of the gear shaft. Moreover,
the method has special requirements for ambient light and
camera orientation to obtain clear edges on the image. This
work has studied a method of measuring the radial runout
of the gear shaft using single line structured light vision.
When measuring different gear shafts, there is no need to
recalibrate the laser plane equation if the laser can reach the
gear, it is suitable for online measurement of the radial runout
of the gear shaft on the straightening machine. Compared
with multi line structured light measurement system, single
line structured light one has the advantages of low cost and
simple measurement structure. In addition, the existing mea-
surement technology requires the rotation of the gear shaft
during measurement, which leads the measurement ineffi-
cient. In this regard, this method uses a still image of the laser
signal on the gear shaft to measure the radial runout, so it
has good versatility and measuring efficiency. To eliminate
the influence of the projection distortion on the measurement,
the light stripe center coordinates are projected onto the laser
plane in the world coordinate system. Then, the gear shaft
radial runout can be obtained by geometrically fitting the
ellipse formed by intersection of the laser plane and the
gear shaft addendum cylinder (for convenience, abbreviated
as the laser ellipse). Finally, the measurement method is
tested and analyzed by the experiment. This work has five
sections. Section 2 calculates value of the gear shaft radial
runout. Section 3 determines the direction of the gear shaft
radial runout. Section 4 experimentally tests themeasurement
method and section 5 provides conclusions of the study.

II. CALCULATION FOR THE GEAR SHAFT RADIAL
RUNOUT VALUE
Origin of the world coordinate system is established at the
optical center of the camera, that is, it coincides with that
of the camera coordinate system. Z -axis of the world coor-
dinate system is perpendicular to the laser plane, and the
X and Y -axes are parallel to the major and minor axes of
the laser ellipse respectively. The camera parameters can be
calibrated using calibration method of Zhang by the calibra-
tion board [13]. Equations of the laser plane and the machine
axis are calibrated by Liu and his co-workers’ method [14].
When calibrating the laser plane, the intersection between
the light plane and the calibration board is a linear light
stripe, the pixel coordinates of the light stripe center can
be extracted by Steger algorithm, which can be transformed
into the camera coordinates by the camera parameters, and
then the camera coordinates of different intersection linear
light stripe centers on the calibration board can be obtained
by changing the pose of the board, so the parameters of the
laser plane are obtained by these data using the Levenberg-
Marquardt algorithm. When calibrating the machine axis,
the calibration board is fixed by the fixtures, and then they are
clamped by two centers of the machine, so that the machine
axis is on the plane of the calibration board. Turning the

calibration board, the images of the board are captured by
the camera, and the intersecting line of the calibration board
planes is the machine axis. The calibration results are shown
in Appendix A for details. And the transformation between
the camera coordinates (x, y, z) and the world coordinates
(X , Y , Z ) can be calculated (to see Appendix B), so the spatial
relative orientation between the camera imaging plane and the
laser plane is determined by the transformation.

As the distortion of perspective projection, the ellipse cen-
ter on the image is not the projection of the spatial ellipse
center on the image. There are two centers on the theoretical
image plane, as shown in Figure 1(b). One is the imaged point
mc of the actual laser ellipse center Mc on the theoretical
image plane. Then mc is the intersection of line McOc and
the theoretical image plane. The other is the ellipse center nc
of the laser ellipse imaging. The two centers do not coincide
due to the projection distortion. To measure the gear shaft
radial runout, the world coordinates (Xc,Yc,Z0) of the laser
ellipse centerMcmust be determined by the image of the laser
ellipse.

The pixel coordinates (ui, vi) of the detected light stripe
center can be transformed into the world coordinates
(Xi,Yi,Z0) on the laser plane, to see Appendix C and
Appendix D for details, and then according to the least
squares [15-16], the function of geometrically fitting the laser
ellipse is established by the world coordinates.

Min F =
n∑
i=1

[√
(X − Xi)2 + (Y − Yi)2

]2
(1)

Equation of the laser ellipse can be expressed in the world
coordinate system as:{

(X − Xc)2
/
(rt
/
sinϕ)2 + (Y − Yc)2

/
r2t = 1

Z = Z0
(2)

where (Xc,Yc,Z0) are coordinates of the laser ellipse center
Mc, Z0 is Z coordinate of the points on the laser plane, rt is
radium of the addendum circle and ϕ is the angle between the
laser plane and the machine axis.

The elliptic formula (2) can be expressed by expanding as:

aX2
+ 2bXY + cY 2

+ 2dX + 2eY + f = 0 (3)

where a = sin2 ϕ, b = 0, c = 1, d = − sin2 ϕXc, e = −Yc
and f = sin2 ϕX2

c + Y
2
c − r

2
t .

The point on the laser ellipse that is perpendicular to
the detected point is abbreviated as the vertical correspond-
ing point, according to geometric relationship between the
detected point (Xi,Yi,Z0) and the vertical corresponding
point (X ,Y ,Z0) [17], [18], the following two equations can
be established:
f1(X ,Y ) = aX2

+ 2bXY + cY 2
+ 2dX + 2eY + f = 0

f2(X ,Y ) = (aX + bY + d) (Yi − Y )− (bX + cY + e)
× (Xi − X) = 0

(4)
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FIGURE 1. Radial runout measurement of a gear shaft with line structured light: (a) is the actual
measurement system and (b) is its schematic diagram.

The world coordinates (X , Y ) of the vertical corresponding
point can be determined by (4), and then the Jacobian matrix
Jvc of the coordinates (X , Y ) with respect to the elliptic
equation coefficients (a, b, c, d , e, f ) in (3) is calculated, as
shown at the bottom of this page.

According to (3), the Jacobian matrix Jvd of the elliptic
equation coefficients (a, b, c, d , e, f ) with respect to coordi-
nates (Xc,Yc) of the centerMc can be calculated:

Jvd =



0 0
0 0
0 0

− sin2 ϕ 0
0 −1

2 sin2 ϕXc 2Yc

 (8)

Then the Jacobian matrix Jvt of the coordinates (X ,Y ) with
respect to the coordinates (Xc,Yc) is:

Jvt = JvcJvd (9)

The imaged ellipse on the theoretical image plane is alge-
braically fitted to obtain the coordinates of center nc firstly.
Then, the obtained coordinates of center nc are inversely
projected onto the laser plane to obtain the world coor-
dinates of center Nc (using the coordinate transformation
of Appendix B). Finally, the function of fitting the laser
ellipse (1) is fitted geometrically by (9). Using the obtained
coordinates of center Nc as the initial value, the geometric
fitting is completed by Gauss-Newton iterative method [19],
thus obtaining the world coordinates (Xc,Yc) of the laser

C =
[

aX + bY + d bX + cY + e
a(Yi − Y )− b(Xi − X )+ (bX + cY + e) b(Yi − Y )− c(Xi − X )− (aX + bY + d)

]
(5)

B =
[
−X2/2 −XY −Y 2/2 −X −Y −1/2

X (Yi − Y ) X (Xi − X )− Y (Yi − Y ) Y (Xi − X ) Y − Yi X − Xi 0

]
(6)

Jvc = C−1B (7)
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ellipse centerMc. The Jacobian matrix in (9) does not include
the radius rt of the addendum circle, so the coordinates of the
fitted Mc point do not change with rt , the fitted center of the
laser ellipse is not influenced by projection distortion.

The world coordinates (Xc,Yc,Z0) of Mc can be trans-
formed into the camera coordinates (xc, yc, zc), and then the
gear shaft radial runout value d is obtained by calculating the
distance fromMc to the machine axis lc (to see Appendix A).

d =

∣∣∣∣∣∣
∣∣∣∣∣∣

i j k
r s t

xc − x0 yc − y0 zc − z0

∣∣∣∣∣∣
/√

r2 + s2 + t2

∣∣∣∣∣∣
(10)

where (r, s, t) and (x0, y0, z0) are in Appendix D for details.

III. CALCULATION FOR THE GEAR SHAFT RADIAL
RUNOUT DIRECTION
A tooth which can be illuminated by line structured light on
the gear shaft is selected as the reference tooth T , and an edge
line on the top of tooth T is considered as the reference line lt ,
as shown in Figure 2. The sub-pixel coordinates of intersec-
tion point Kt of the reference line lt and the laser plane on the
image are detected, and then the detected sub-pixel coordi-
nates are transformed into the camera coordinates (xk , yk , 1)
on the theoretical image plane. According to the equation
of the laser plane in Appendix A, the camera coordinates
(xkt , ykt , zkt ) of Kt on the laser plane are calculated by the
two-point formula of the linear equation, so the vertical cor-
responding point Kl(xkl, ykl, zkl) of Kt point on the machine
axis lc can be obtained.

FIGURE 2. The reference tooth and reference line.

KlKt(xkt − xkl, ykt − ykl, zkt − zkl) is taken as the reference
vector andMlMc(xc− xl, yc− yl, zc− zl) is done as direction
vector of the gear shaft radial runout, then their included angle
θ is calculated as:

θ = π + arctan [|KlKt ×MlMc| /(KlKt ·MlMc)] (11)

Then (10) and (11) constitute the measurement model of
the gear shaft radial runout. When straightening the gear
shaft, the reference line lt is adjusted to the position of
pressure head of the straightening machine, and then the

gear shaft is rotated θ clockwise to find the target tooth for
straightening, the straighten value is d .

IV. RESULTS AND DISCUSSION
To verify the correctness of the established measurement
model (10) and (11), two gear shafts were detected by line
structured light vision. Table 1 shows the main equipments
and their model and main parameters of the measurement
system in Figure 1(a).

TABLE 1. Model and main parameters of the experimental equipments.

TABLE 2. Design values of the gear shaft parameters.

FIGURE 3. Two light stripe images: (a) is gear shaft I and (b) is gear
shaft II.

The relevant parameters of two detected gear shafts I and
II are shown in Table 2, and the images of light stripe on
two gear shafts are shown in Figure 3. Steger algorithm
has high detection accuracy and good robustness, so the
sub-pixel coordinates of the light stripe center at the adden-
dum of gear shaft in the images are detected by Steger algo-
rithm [20], [21], the detection points are selected by Pauta
Criterion to remove outliers, and then the laser ellipse is
geometrically fitted by (1), so the world coordinates (Xc,Yc)
of the center Mc are obtained. The fit result of an ellipse on
the laser plane is shown in Figure 4.The sub-pixel coordinates
of intersection point Kt between the reference line lt and the
laser plane in the image are detected by Zernike orthogonal
moment [22], [23], and then its camera coordinates are cal-
culated. Finally, the gear shaft radial runout value d can be
obtained by (10), and included angle θ between the radial
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TABLE 3. Comparative experiment of different measuring methods for tip diameter of the gear shaft I.

TABLE 4. Measurement results and comparison of gear shaft radial runout.

runout direction vector and the reference vector is calculated
by (11) to find the target tooth for straightening. The mea-
surement results are shown in Table 4.

In order to verify the accuracy of the Steger algorithm
and the least square geometric fitting method of the laser
ellipse, a comparative experiment is carried out about related
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TABLE 5. Camera Interior Parameters and Distortion Coefficients.

FIGURE 4. Fit result of an ellipse on the laser plane.

measurement methods. The experiment takes the tip diam-
eter of the gear shaft I as the evaluation standard. Three
common methods: parabola fitting method, Steger algorithm
and direction template method are selected as the detect-
ing methods of the light stripe center, and then the laser
ellipse are fitted on the laser plane by the algebraic fit-
ting method and the geometric fitting method based on the
least square method respectively. To evaluate the influence
of the detected point number on the two fitting methods,
the laser ellipse is fitted by all detected points and half
detected points respectively. Finally, the tip diameter of the
gear shaft I can be obtained. The comparative experiment
is repeated for 20 times to ensure the effectiveness and sta-
bility. The measurement average value, error average value
and error standard deviation of each algorithm are shown
in Table 3.

It can be concluded from Table 3, the Steger algorithm is
used to detect the light strip center, and then geometrically
fitting the laser ellipse on the laser plane can obtain the
highest measurement accuracy. Compared with algebraic fit-
ting method, the measurement accuracy of geometric fitting
method is almost not affected by the detected point number.

To test the validity and accuracy of the measurement
model, the gear shaft radial runout is measured by gear radial
runoutmeasuring instrument RR17 (±0.001mm) as reference
values in Table 4, as shown in Figure 5. In Table 4, "values
with the distortion" are calculated by the X and Y world
coordinates of the point Nc on the laser plane. NT is the teeth
number from the reference tooth T clockwise to the straight-
ening target tooth. "Errors" are deviations between measure-
ment values and reference values. To ensure the validity of
the experiment and the rigor of the research, the gear shaft

FIGURE 5. Gear radial runout measuring instrument.

TABLE 6. Some parameters.

is selected to repeat the measurement at 10 positions within
one revolution during the measurement. The average value
and standard deviation of the measurement results are shown
in Table 4.

The measurement values based on the measurement model
have good agreement with the reference values detected by
gear radial runout measuring instrument RR17, while values
with the distortion have large errors. It can be concluded that
themeasurementmodel instituted by (10) and (11) is effective
and accurate, and the influence of the projection distortion
on the measurement is reduced, the final measurement accu-
racy meets the requirements of straightening the gear shaft.
Both the accuracy of the calibration board and the detected
accuracy of the light stripe center affect the accuracy of the
measurement results, as the accuracy of the calibration board
is 1µm, then the detected errors of pixel coordinates of the
light stripe center are critical factors affecting the accuracy,
and the detection accuracy of light stripe center is related to
the parameters of the laser and the imaging characteristics of
the object surface [24].

V. CONCLUSION
The gear shaft radial runout value and direction can be
obtained by measuring the addendum circle with line struc-
tured light vision. Firstly, the light stripe image on the adden-
dum circle is detected to obtain the measurement data; then
the detected measurement data are transformed to the laser
plane; finally the laser ellipse of the gear shaft addendum is
fitted geometrically by the transformed data on the laser plane
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to obtain the radial runout value and direction, which reduces
the influence of the projection distortion on the measurement.
On the straightening machine, this method can measure the
gear shaft radial runout value and direction online with only
a static image, which improves the working efficiency of the
straightening machine.

APPENDIX A
In the camera coordinate system, the equation of the laser
plane is:

Ax + By+ Cz+ 1000 = 0 (A.1)

And its calibration result is:

−2.1540x + 0.0491y− 1.1739z+ 1000 = 0 (A.2)

The equation of the machine axis lc is:{
A1x + B1y+ C1z+ D1 = 0
A2x + B2y+ C2z+ D2 = 0

(A.3)

And the calibration result of lc is:{
−0.3743x − 0.3063y+ 0.8752z− 775.4642 = 0
−0.3350x + 0.2843y+ 0.8983z− 792.6347 = 0

(A.4)

APPENDIX B xy
z

 =
 n11 n12 n13
n21 n22 n23
n31 n32 n33

XY
Z


=

 -0.4250 0.2206 -0.8779
0.4278 0.9036 0.0200
0.7977 -0.3671 -0.4784

XY
Z

 (B.1)

APPENDIX C
According to Table 5 in Appendix A, the pixel coordi-
nates (ui, vi) of the detected light stripe center points can
be transformed into the camera coordinates (xTi, yTi, 1) on
the theoretical image plane, and then their world coordi-
nates (XTi,YTi,ZTi) are calculated by (B.1) in Appendix B.
Since origin of the camera coordinate system coincides
with that of the world coordinate system, the coordinates
(XTi,YTI ,ZTi) can be transformed into the laser plane in the
world coordinate system by the projective transformation
relationship.

Xi =
XTi
ZTi

Z0, Yi =
YTi
ZTi

Z0 (C.1)

By equations of the laser plane and the machine axis in
Appendix A, the angle ϕ between them and the camera
coordinates (x0, y0, z0) of their intersection are calculated,
then (x0, y0, z0) can be transformed into the world coordinates
(X0,Y0,Z0) by (B.1) in Appendix B to get Z0, as shown in
Appendix D, thus the spatial relative position of the camera
imaging plane and the laser plane is determined.

APPENDIX D
According to (A.3) in Appendix A, it can be obtained:

r =

∣∣∣∣B1 C1
B2 C2

∣∣∣∣, s =

∣∣∣∣C1 A1
C2 A2

∣∣∣∣, t =

∣∣∣∣A1 B1
A2 B2

∣∣∣∣
(D.1)
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