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ABSTRACT In order to enhance the tolerance of frequencymisalignment and solve the amplitude-bandwidth
limitation issue of the traditional linear resonance wireless power transfer (WPT) system, this paper proposes
a non-linear resonance WPT (NLR-WPT) system which is mainly composed of high frequency power
supply, primary linear resonator, secondary non-linear resonator, and load. Such non-linear resonator can
be implemented with passive linear capacitor and magnetic saturation inductor, and it can be described
by Duffing equation. It has been shown that the bandwidth of NLR-WPT system in the nonlinear state
is 1.7 times larger than that in the linear state. In addition, the output voltage basically stabilizes at
the same level, the voltage fluctuation is less than 5% over the power frequency ranging from 25.6 kHz
to 31.8 kHz, and high overall efficiency of 86.5% can be achieved under a wide range of frequency
(27.5 kHz-30.1 kHz). Furthermore, the range of frequency can be extended significantly over which the
output voltage is maintained evenwhile the compensate capacitance, load, or coupling coefficient values vary
in a certain range. The experimental results agree well with the theoretical analysis and verify the validity
of the NLR-WPT system with non-linear resonator. This paper provides a simple and effective scheme to
suppress the fluctuation of output voltage, which is suitable for the applications of constant voltage charging
such as moving devices or electric vehicles.

INDEX TERMS Wireless power transfer (WPT), bandwidth enhancement, stable output voltage, non-linear
resonance, magnetic saturation inductor, Duffing equation.

I. INTRODUCTION
Magnetically coupled resonance (MCR) wireless power
transfer (WPT) has now grown from a fledgling technology
to an alternative technology for domestic and industrial appli-
cations [1], [2]. By means of its excellent characteristics of
non-contact, full sealing, convenience and automation, the
MCR-WPT technique has been taken as an ideal technical
solution for electric vehicles, portable electronic products,
household appliances, robotics and other fields [3], [4].

Energy is transferred between the primary linear res-
onator and secondary linear resonator of MCR-WPT system
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according to the principle of electromagnetic induction and
magnetic resonance [5]. The typical block diagram of the
MCR-WPT system is shown in Fig. 1. The primary linear res-
onator is driven by a high-frequency power supply, while the
magnetic energy is transmitted from primary linear resonator
to the secondary linear resonator through time-varying mag-
netic fields. Subsequently, the received high frequency AC is
converted to DC by way of a rectifier and a filter before it is
delivered to a load, which is often a rechargeable battery [6].
Both the primary linear resonator and the secondary linear
resonator are composed of compensation network and coil,
which is the key to the MCR-WPT system [7]. The transfer
efficiency of linear resonator reaches the maximum at natu-
ral resonant frequency, while the transfer power reaches the
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maxima at the two splitting frequencies [8], [9]. Therefore,
it is essential to ensure the stability of output voltage in the
case of high efficiency operation. However, the transmission
efficiency depends on high quality factors Q, the higher Q val-
ues mean the narrower bandwidth of the resonator. Although
the linear resonator can achieve high efficiency operation at
natural resonant frequency, their narrow bandwidth reduces
the tolerance of the system to frequency detuning, which
usually triggered by the variation of the coupling factor, vari-
ation of the load, environmental effects, component aging,
allowable error or coupling to nearby objects [10].

As mentioned before, the MCR-WPT system employ-
ing traditional linear resonators is vulnerable to frequency
misalignment and working frequency drift. Several methods
have been reported to enhance the stability of output voltage
in the case of high efficiency operation such as frequency
tracking [7], [11], load impedance matching [12], [13], res-
onator impedance matching [14], [15] and coupling manipu-
lation [16], [17]. It has been shown that the resonance can be
maintained with the above theories. However, the frequency
tracking range is restricted by regulations of the frequency
management organization, impedance matching arrays only
adjust the reactance in discrete values. The reported methods
require sensor circuits, additional power supply, control cir-
cuit, another components (capacitor, inductor or coil), which
may lead to complexity of the system, increase cost and
size of the system, and increase power consumption of the
system [6]. It is worth mentioning that some papers provide
new methods and ideas that have inspired the authors, several
examples are as follows. A variable capacitor is proposed
to track power frequency by changing the natural resonant
frequency, where the equivalent capacitance can be varied
continuously by adjusting the DC bias of the non-linear
capacitor [18]. A variable inductor is proposed to track power
frequency by changing the natural resonant frequency, which
use the characteristic ofmagnetic saturation and its equivalent
inductance can be varied continuously by changing the DC
bias [19]. Both of the abovemethods can change the reactance
of the nonlinear capacitor or inductor in continuous values,
the system can be operated in resonance state by adjusting
the natural resonance frequency. But it is not fundamentally
different from the traditional linear resonator, the problems
such as complexity, cost, size, and the additional power con-
sumption of the system still exist. The Duffing resonator (one
of the nonlinear resonators) which is implemented with non-
linear capacitor is adopted in Ref. [20], [21], it has been
shown that the Duffing resonator improves the bandwidth
comparedwith the linear resonator which have similar quality
factor (Q). TheWPT systemwith parity-time (PT) symmetric
Duffing resonators is presented in Ref. [22], which is imple-
mented with nonlinear capacitor and negative resistor, it has
been shown that the two issues of resonance and distance
sensitivity for WPT systems can be addressed in a certain
range. Although the current methods present the principle,
analysis and design of the Duffing resonator forWPT system,
the nonlinear resonator is composed of nonlinear capacitor

FIGURE 1. The typical block diagram of the MCR-WPT system.

and linear inductor, it is difficult to find or construct nonlinear
capacitor which is suitable for low-frequency and high-power
applications [23]. Therefore, it is necessary to research low-
frequency and high-power Duffing resonator employing non-
linear inductor and linear capacitor for WPT system.

As shown in Fig. 1, different primary and secondary
compensation networks constitute MCR-WPT systems with
different topologies, and different topologies show different
output characteristics. By adding parallel saturation induc-
tor to MCR-WPT system with different topologies, the
NLR-WPT system with corresponding topologies can be
constructed. This method is suitable for MCR-WPT sys-
tem in various topologies such as SS (series-series), SP
(series-parallel), PS (parallel-series), PP (parallel-parallel) or
high-order compensation network. Therefore, on the basis of
the traditional MCR-WPT system, a variety of NLR-WPT
system with novel and different topologies can be imple-
mented. The proposed NLR-WPT system can automatically
track the power frequency by adjusting the natural resonance
frequency without the need to modulate the source frequency,
add additional active control circuits, or utilize impedance
matching networks. The non-linear resonator can be usually
described by a set of second-order differential equations
with cubic nonlinearity, collectively referred to as Duffing
resonator. The NLR-WPT system can maintain a similar
output voltage value over wide bandwidth compared with the
traditional WPT system, and its bandwidth is independent of
the quality factor (Q). The presented method can effectively
enhance tolerance to frequency misalignment and frequency
drift of theWPT system. Furthermore, the NLR-WPT system
can also effectively improve the position-insensitive capabil-
ity by employing a nonlinear resonator at the receiver side.

This paper is organized as follows. The background and
characteristics of the Duffing resonator are discussed in
Section II. The principle, analysis and circuit design of
nonlinear resonator using magnetic saturation inductor are
described in Section III. The experiment and result analysis
are presented in Section IV.

II. THE BACKGROUNG AND CHARACTERISTICS OF THE
DUFFING RESONATOR
Duffing nonlinearity, named after Georg Duffing, is one of
the most widely explored nonlinear vibratory phenomena
in the engineering field. The oscillatory system relevant to
such nonlinear dynamics is called the Duffing resonator and
the differential equation which is used to characterize the
dynamics is called the Duffing equation [24], [25].
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The Duffing equation is a second-order differential equa-
tion with cubic nonlinear term, the original purpose was to
describe mechanical vibration in terms of nonlinear restoring
forces [23], [26]. If the viscous damping is not neglected,
the Duffing equation can be obtained as

ẍ + β ẋ + ω2
0x + αx

3
= F cosωt, (1)

where x is displacement, β is the coefficient of damping term,
ω0 is the natural vibration frequency, α is the coefficient of
the third-order nonlinear term, and F cosωt is the excitation,
where F represents amplitude, ω = 2π f represents power
angular frequency, and f represents power supply frequency.
The approximate steady-state solution of (1) can be

expressed as

x(ω, t) = A(ω) cos(ωt − θ ), (2)

where ‘‘A’’ represents the resonance amplitude which is rele-
vant to angle frequency ω, and θ represents the phase differ-
ence in relation to the power supply [27], [28]. The response
amplitude ‘‘A’’ as a function of power supply frequency can
be gotten from

A2[(ω2
0 − ω

2)+ 0.75αA2]2 + (βAω)2 = F2. (3)

The typical frequency-amplitude response curve of a Duff-
ing resonator is shown in Fig. 2(a). It is different from the
central symmetric bell-shaped response curve of a linear res-
onator, the frequency-amplitude response peak of the Duffing
resonator is ‘‘tilted’’ to the right side, also known as hysteretic
characteristic. Due to the hysteretic characteristic of the Duff-
ing resonator, making for a particular frequency range where
three distinct response values are existed (referred to as the
particular frequency range). However, the middle solution
points are unstable, the steady-state response of Duffing
resonator converges to the upper equilibrium points or the
lower equilibrium points according to the preliminary condi-
tions [29], [30]. If the input excitation amplitude is constant,
the resonance amplitude changes along the point 1, 2, 3,
4, 5 when the power frequency f increases tardily, and the
amplitude jumps from point 3 to point 4 (the point 3 is known
as the jump-down point). Similarly, the amplitude varies
along points 5, 4, 6, 7, 2, 1 when the excitation frequency f
decreases slowly, and the amplitude jumps from point 6 to
point 7 (the point 6 is known as the jump-up point). The
amplitude of the resonator described by the Duffing equation
suddenly increases or decreases depending on the boundary
frequency of the jumping point, such behavior is called a
jumping phenomenon [31].

As can be seen from Fig. 2(b), The frequency-amplitude
response characteristic is dependent on α (the coefficient of
third-order nonlinear term). The response curve is symmetric
bell-shaped when α = 0, the response curve is bending to the
right side (called hardening systems) when α > 0, and the
response curve is bending to the left side (called softening
systems) when α < 0 [32]. The peak response of the nonlin-
ear resonator is bending to the left or right side,which increase

FIGURE 2. The features curves of the Duffing resonator: (a) Amplitude
versus frequency response ; (b) Amplitude versus frequency response
with different α; (c) Response amplitude versus excitation amplitude.

the bandwidth compared to the linear resonator having the
similar quality factor Q. Therefore, a properly designed Duff-
ing resonator can achieve a much wider bandwidth by adjust-
ing the value of α. The purpose of using Duffing resonator in
WPT is to tap into the bending characteristic of the response
as a means of solving the amplitude-bandwidth limitation
issue.

The curve of the response amplitude as a function of the
excitation amplitude is shown in Fig. 2(c). It can be seen
that the steady-state response of Duffing resonator converges
to the upper or the lower equilibrium branch based on the
preliminary conditions. If the system operates at the desired
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FIGURE 3. The basic schematic circuit of the NLR-WPT system and its equivalent circuits: (a) The basic schematic circuit of the NLR-WPT
system; (b) The equivalent circuit of the NLR-WPT system; (c) The simplified equivalent circuit of the NLR-WPT system.

source frequency, the resonance amplitude changes along the
point 1, 2, 3, 4, 5 when the excitation amplitude increases
slowly, and the amplitude jumps from point 3 to point 4.
Similarly, the amplitude varies along points 5, 4, 6, 7, 1 when
the excitation amplitude decreases tardily, and the amplitude
jumps from point 6 to point 7. Due to the hysteretic char-
acteristic, the response amplitude remains constant basically
regardless of the variation of the excitation amplitude in a
certain range. Therefore, the output response amplitude of
NLR-WPT system can be maintained as the coupling coef-
ficient varies.

III. PRINCIPLE, ANALYSIS, AND DESIGN OF NONLINEAR
RESONATOR FOR NLR-WPT SYSTEM
In this paper, a NLR-WPT system with LCC-P-LN topology
is implemented by adding parallel saturated inductor based
on the traditional linear LCC-P topology WPT system. The
basic schematic circuit of the NLR-WPT system described
in this paper is shown in Fig. 3(a). The primary resonator is
linear, while the secondary resonator is nonlinear due to the
introduction of magnetic saturation inductor. For the purpose
of studying the overall circuit characteristics, an equivalent
resonant circuit with the same behavior can be developed by
decoupling the primary coil and secondary coil, as shown
in Fig. 3(b). The secondary compensation capacitanceCS can
be splitted into two parts – CS1 and CS2, and the correlation
among them can be expressed as CS = CS1 + CS2. If the
nonlinear system can be replaced with an equivalent lin-
earized system, the NLR-WPT system can be further simpli-
fied as Fig. 3(c) when parallel resonance occurs between the

secondary inductance LS and a part of secondary capacitance
CS, i.e., CS1.
The equivalent parallel nonlinear resonator consists of a

sinusoidal equivalent excitation current source iS, compen-
sation capacitance CS2, equivalent ‘‘average’’ inductance LN
and equivalent load RL. The equivalent excitation current
source iS = IS cos(ωt) =

√
2ωMIPLS

cos(ωt), where IP is
current RMS value of primary coil, ω = 2π f is angular
frequency, M is the mutual inductance between the primary
coil and the secondary coil, LS is inductance of secondary coil
(according to the characteristics of LCC-P compensation net-
work). The equivalent capacitance CS2 is a part of CS which
resonate with nonlinear inductor. As shown in Fig. 6, the LN
and iLN relationship of the nonlinear inductor is symmetric
(even function of current), i.e., LN(iLN) = LN(−iLN), where
iLN is the current through the nonlinear inductor. Ignoring the
inherent loss of the resonator, the equivalent load RL which
include the diode rectifier, filter and resistive load R0 can be
calculated by RL = π2

8 R0.
The time-domain dynamic equation representing the prop-

erties of the nonlinear parallel RLC resonant circuit can be
procured by applying the Kirchhoff current law (KCL) and
with the use of u = dψ/dt

iLN +
1
RL

dψLN

dt
+ CS2

d2ψLN

dt2
= iS, (4)

where iS = IS cos(ωt) is sinusoidal excitation current, iLN
is the current across the nonlinear inductor, and ψLN(t) is
the amount of magnetic flux stored in the nonlinear inductor.
In order to describe the current across the nonlinear inductor
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on the basis ofψLN, the detailed analysis is applied as follows

dψLN = LNdiLN + iLNdLN. (5)

Thus, the total amount of stored magnetic flux during one
period can be calculated by

ψLN =

∫
(LNdiLN + iLNdLN)

=

∫
(LN + iLN

dLN
diLN

)diLN. (6)

Because of the LN and iLN symmetric correlation of non-
linear inductor, the LN and iLN relationship is approximately
described by a Taylor polynomial of order n, where the odd-
order terms in the Taylor expansion of (7) vanishes and the
even-order terms can be used to express the weak nonlinearity
of LN

LN = L0 + L2i2LN + L4i
4
LN + L6i

6
LN + · · · + Lni

n
LN. (7)

By substituting (7) into (6), ψLN can be described as

ψLN =

∫ n(even)∑
i=0

(i+ 1)LiiiLNdiLN =
n(even)∑
i=0

Lii
i+1
LN . (8)

Therefore, iLN can be expressed in terms ofψLN according
to inverse Taylor expansion. In order to express nonlinear
resonator in the form of Duffing equation, neglecting the
higher than third-order terms for simplicity, iLN can bewritten
as

iLN =
1
a1
ψLN +

1
a3
ψ3
LN, (9)

where a1 = L0 is the inverse of the linear coefficient, and a3
is the inverse of the nonlinear coefficient. In general, a1 and
a3 can be approximately obtained from the inductor-current
relationship for any nonlinear inductor. Substituting (9) into
(4) results in

dψ2
LN

dt
+

1
RLCS2

dψLN

dt
+

1
a1CS2

ψLN

+
1

a3CS2
ψ3
LN =

IS
CS2

cos(ωt). (10)

It’s worth noting that (10) has the same form as the Duffing
equation presented in (1). The solution of (10) can also be
described as a sinusoidal function ψLN(t) = ψm cos(ωt −
θ ), where ψm is the response amplitude of time dependent
magnetic flux, i.e., the maximum amount of magnetic flux
stored in the inductor during one cycle, and θ represents the
phase difference in respect of the power supply.

The restoring force consist of both the linear term
1

a1CS2
ψLN and the third-order nonlinear term 1

a3CS2
ψ3
LN.

In order to facilitate the analysis, an equivalent linear induc-
tance Leff can be defined to quantify the restoring force which
is contributed by the nonlinear term, according to the law of
conservation of energy, the following relation can be

obtained∫ T
4

0

d( 1
LeffCS2

ψLN)

dt

1
LeffCS2

ψLN

LN
dt

=

∫ T
4

0

d( 1
a3CS2

ψ3
LN)

dt

1
a3CS2

ψ3
LN

Leff
dt. (11)

According to (11), Leff can be calculated as

Leff =
a3
ψ2
m
. (12)

In the actual system, the nonlinear term only exists in
part of each cycle, so Leff should be multiplied by a coeffi-
cient greater than 1, but the coefficient does not affect the
system analysis qualitatively. Because the nonlinear term is
linearized, (9) can be written as

iLN =
1
a1
ψLN +

1
a3
ψ3
LN =

1
L0
ψLN +

1
Leff

ψLN, (13)

Hence, equivalent ‘‘average’’ inductance LN can be expressed
as

1
LN
=

1
L0
+

1
Leff

, (14)

based on (12), (13) and (14), the natural frequency of the
Duffing resonator ω0 can be derived as

ω0 =

√
1
CS2

1
LN
=

√
1
CS2

(
1
a1
+
ψ2
m

a3
). (15)

Similarly, equation (10) can be written as

dψ2
LN

dt
+

1
RLCS2

dψLN

dt
+

1
a1CS2

ψLN

+
1

LeffCS2
ψLN =

IS
CS2

cos(ωt). (16)

Furthermore, differential equations (16) can be written in
frequency domain form, the amplitude-frequency relation-
ship of the circuit is given by

(jω)2 Z+
1

RLCS2
(jω)Z+(

1
a1CS2

+
1

LeffCS2
)Z=

IS
CS2

, (17)

where, Z = ψme−jθ is the phasor form of ψLN(t). Finally,
substituting (12) in (17) results in

ψ2
m(ω

2
0 − ω

2)2 + (
1

RLCS2
ψmω)2 = (

IS
CS2

)2. (18)

The magnetic flux amplitude ψm can be obtained from
(18) as a function of ω, Subsequently, the magnetic flux can
be calculated using equation ψLN(t) = ψm cos(ωt − θ ) and
current iLN can be calculated from (9).

Based on the above analysis, the following conclusions can
also be drawn:

1) The saturation inductor with LN and iLN symmetric
correlation curve has a3 > 0, the NLR-WPT system
containing such magnetic saturation inductor have a
frequency response bending to the right;

VOLUME 9, 2021 489



X. Yang et al.: Bandwidth Enhancement for WPT System Employing Non-Linear Resonator

FIGURE 4. Negative feedback of the NLR-WPT system, showing the
feedback term provided by the magnetic saturation inductor.

2) The equivalent linear inductance Leff is closely related
to the resonance amplitude during one resonant cycle.
More specifically, the higher the response amplitude,
the smaller the equivalent inductance, vice versa;

3) The nature resonance angular frequency ω0 of the
NLR-WPT system can automatically track excitation
angular frequency ω by adjusting its own inductance
value. Assuming that the NLR-WPT system originally
converges to the upper equilibrium points, when the
excitation frequency ω is reduced, the amplitude of
magnetic flux will decrease, so the equivalent ‘‘aver-
age’’ inductance will increase. The increase of induc-
tance value will result in decrease of the natural
resonance frequency, vice versa;

4) As shown in Fig. 4, the nonlinear resonator has the
function of negative feedback due to the introduction of
magnetic saturation inductor, which decrease the differ-
ence value between the excitation angular frequency ω
and the natural resonance angular frequencyω0. There-
fore, The NLR-WPT system described in this paper
can effectively enhance the tolerance to frequency
misalignment and frequency drift, and the amplitude-
bandwidth limitation issue can also be solved.

The LN and iLN relationship of the nonlinear inductor can
be provided by a plurality of coils wound around a magnetic
ring. As shown in Fig. 5, the magnetic ring is made of TDK
PC95material, its outside diameter, inner diameter and height
are 25mm, 15mm, and 13mm, respectively. According to
electromagnetic equation B = µH and Hl = NI, the char-
acteristic curve of PC95 magnetic ring can be measured and
calculated. It can be seen that the relative permeability µr
of magnetic ring varies as magnetic field intensity H varies.
Therefore, the value of the saturated inductance LN will
change with the variation of the current iLN.

Based on the magnetic saturation characteristic of the mag-
netic ring, the magnetic saturation inductor is designed by the
following equation

LN = N 2µ0µrS
l

, (19)

where N is the coil turns wound around the magnetic ring, S
is cross-sectional area of magnetic ring, l is circumference of
magnetic ring, µ0 = 4π10−7NA−2 is vacuum permeability,
µr is relative permeability.

FIGURE 5. The characteristic curve of PC95 magnetic ring. Insert figure:
Photo of TDK PC95 magnetic ring.

FIGURE 6. The LN and iLN relation curve of the magnetic saturation
inductor. Insert figure: Photograph of the magnetic saturation inductor
designed in this paper.

Furthermore, the equation that describes the output voltage
and the magnetic flux of the saturation inductor is given by

U0 = 4.44fNψm, (20)

where U0 is output voltage of the saturation inductor, f is
frequency, ψm = BS is saturation magnetic flux.

Based on the above analysis, an experimental satura-
tion inductor containing 16 turns coils have been designed.
As shown in Fig. 6, the LN is even function of current,
i.e., LN(iLN) = LN(−iLN). It is worth noting that the appro-
priate operating frequency of the NLR-WPT system is mainly
determined by the magnetic core material. If the operating
frequency exceeds this frequency, the eddy current loss will
increase rapidly and the magnetic core temperature will also
increase. With the development of magnetic core material,
the magnetic core suitable for all kinds of standard frequency
ofWPT system can be within reach. Therefore, the saturation
inductor can be designed over different frequency ranges by
selecting different magnetic ring (including materials and
dimensions). According to (19) and (20), the output voltage
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FIGURE 7. The Photograph of the NLR-WPT system prototype.

and power of the NLR-WPT system can be adjusted by
changing the number of turns or wire running method wound
around the magnetic ring.

IV. THE EXPERIMENT AND RESULT ANALYSIS
In order to verify the analysis of the proposed NLR-WPT
system with nonlinear resonator, an experimental prototype
using the configuration of Fig. 3(a) has been built. The proto-
type has been designed to operate at approximately 30 kHz
with a similar output voltage of 140 V and a maximum
power of 300 W. It is constructed by adding parallel satu-
rated inductor at the receiving end of the traditional linear
LCC-P topology WPT system, and the saturated inductor is
the key to the efficient and stable operation of the system.
Therefore, it is necessary to adopt appropriate materials and
sizes of magnetic rings, and design the corresponding non-
linear inductor according to the standard of frequency range,
power level, distance, etc., so as to study the standardized and
practical NLR-WPT system.

The photograph of the NLR-WPT prototype is shown
in Fig. 7, the experiment system consist of ITECH auto range
power supply, driver, full-bridge inverter, primary linear res-
onator, secondary nonlinear resonator, rectifier, MAYNUO
DC electronic load, RIGOL oscilloscope, etc. Here, four
drivers used to drive inverter switchs are 1EDI20N12AF,
the inverter MOSFETs are C3M0120090 and rectifier diodes
are IDW20G65C5SiC. The output filter uses Lf of 60µH
and Cf of 6µF. The parameters of primary resonator and
secondary resonator are measured and listed in Table 1. Both
the primary coil and secondary coil adopt DD structure,
i.e., double D coil, where DD type coil is composed of two
rectangular coils connected in parallel and magnetic circuits
in series. As shown in Fig. 1, the upper coil is the DD type
transmitting coil and the lower coil is the DD type receiving
coil, and their self-inductance satisfy LP = LS = 112µH.
The primary compensation network consist of LP1 = 56µH,
CP1 = 0.47µF, and CP2 = 0.47µF (parameters can be
obtained from the principle of linear LCC compensation
ω = 1/

√
LC ). The capacitance of secondary compensation

network CS = 0.34µF, where CS is splitted into two parts –
CS1 and CS2, the correlation among them can be expressed as
CS = CS1 + CS2. CS1 can be obtained from the principle of

TABLE 1. Parameters of the experimental prototype.

linear compensation ω = 1/
√
LSCS1, as a rule of thumb, CS2

is generally 0.5 times of CS1.

A. WAVEFORMS ANALYSIS OF NLR-WPT SYSTEM IN
LINEAR AND NONLINEAR STATE
The experimental waveforms of NLR-WPT system in linear
state are shown in Fig. 8 (a)-(b) when f = 30.9 kHz, IP =
6A, R0 = 100�, and CS = 0.34µF. It can be seen that
output voltage and current of linear state are standard sine
wave, zero voltage switching (ZVS) can be realized through a
weak inductive input impedance. The reason for such behav-
iors is that the current across the nonlinear inductor is too
small and the inductor is not saturated. The inductance value
of saturated inductor is very large compared with that of
the secondary side coil, so the saturation inductor branch is
almost equivalent to open circuit. All else being equal, when
IP = 10A, the system goes into a nonlinear state due to the
inductor is saturated. As shown in Fig. 8 (c)-(d), ZVS can
also be realized, the waves of output voltage and current are
quite different compared with that of the traditional linear
state. As the current increases, the nonlinear inductor goes
into saturated condition, the value of the nonlinear inductor
becomes small, and the inductance value is closely related
to the response amplitude. The current flowing through the
saturation inductor changes dramatically, and the voltage
waveform is no longer a sine wave.

The NLR-WPT system requires certain excitation condi-
tions to transfer the secondary resonator from linear work-
ing state to nonlinear resonant state. It can be operated
in nonlinear resonate state by increasing the amplitude
of the excitation or adjusting the power frequency to the
optimum operating frequency. Furthermore, the experiment
results show that as long as the NLR-WPT system enters
nonlinear resonant state, the output voltage waveform is
stable and the RMS value of output voltage is basically
unchanged, even while the power frequency, excitation
amplitude, equivalent load, compensation capacitance and
coupling coefficient vary in a certain range (the experi-
ments and detailed analysis are described below). There-
fore, the NLR-WPT system described in this paper has high
robustness.
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FIGURE 8. Experimental waveforms of NLR-WPT system in the linear and the nonlinear states:(a) Input voltage, current and primary coil
current waveforms of linear state; (b) Output voltage and current waveforms of magnetic saturation inductor in linear state;(c) Input
voltage, current and primary coil current waveforms of nonlinear state;(d) Output voltage and current waveforms of magnetic saturation
inductor in nonlinear state.

B. HYSTERESIS AND JUMPING CHARACTERISTICS OF THE
NLR-WPT SYSTEM
The frequency response of the NLR-WPT system ismeasured
to study its hysteresis and jumping characteristics. Accord-
ing to the characteristics of LCC-P compensation topology,
the equivalent excitation current source of the secondary
nonlinear resonator iS =

√
2ωMIPLS

cos(ωt). The voltage-
frequency waveforms are shown in Fig. 9 where the operation
frequency is varied continuously from 25.6 kHz to 36.5 kHz.
It can be seen that the output voltage changes along the upper
curve (nonlinear resonant state curve) when the excitation
frequency f increases tardily, and the output voltage jumps
from point 1(35.1 kHz corresponds to the jump-down point)
to point 2. Similarly, the output voltage varies along the
bottom curve (linear resonant state curve) when the excitation
frequency f decreases slowly, and the output voltage will
jump from point 3 (32.5 kHz corresponds to the jump-up
point) to point 4. Therefore, the experimental results show
that the NLR-WPT system has hysteresis and jumping char-
acteristics, which also proves the correctness of simplifying
the model based on Duffing equation.

C. BANDWIDTH ENHANCEMENT
The frequency response of the NLR-WPT system ismeasured
to study its bandwidth enhancement capability. Fig. 10 shows

FIGURE 9. The hysteresis and jumping characteristics curve of the
NLR-WPT system with IP = 10 A, R0 = 100�, and CS = 0.34µF.

the output voltage-frequency (ranging from 25.6 kHz to
36.5 kHz) waveforms at three different current RMS value
of primary coil IP = 6A, 8.5A, and 10A, respectively.
It can be seen that when IP = 6A, the system enters
a linear state due to the inductor is not saturated. When
IP = 8.5A or 10A, the system goes into a nonlinear
state due to the inductor is saturated. The bandwidth in this
paper is defined as the frequency range where the output
voltage amplitude is greater than 1/

√
2 of its maximum

value. It should be noted that the bandwidth in the nonlinear
state(25.6 kHz-35 kHz) is 1.7 times larger than that in the
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FIGURE 10. Comparison of the measured output voltage versus frequency
in the linear state and the nonlinear state with R0 = 100�, and
CS = 0.34µF.

FIGURE 11. Comparison of the measured power transfer efficiency versus
frequency between the nonlinear state and the linear state with
R0 = 100�, and CS = 0.34µF.

linear state (25.6 kHz-31.2 kHz). When IP = 10A (denoted
by green color curve), the output voltage stabilizes at the
same level, and the fluctuation between the maximum voltage
and minimum voltage is less than 12.46% over the power
frequency ranging from 25.6 kHz to 35.1 kHz. When the
operation frequency is varied continuously from 25.6 kHz
to 31.8 kHz, the output voltage fluctuation is only less than
5%. Therefore, the NLR-WPT system employing the non-
linear resonator at the receiver side can effectively enhance
tolerance to frequency misalignment and frequency drift.
In addition, such NLR-WPT system can maintain a similar
output voltage value over wide bandwidths compared with
traditional WPT system.

The influence of the available power level (current RMS
value of primary coil) on the performance of NLR-WPT
system has been studied, as showed in Fig. 10. It can be seen
that the system goes into nonlinear state when IP = 8.5A
or 10A. The slopes of the output voltage-frequency curves are
not affected by the current RMS value of primary coil. It can
be also seen that with the increase of the current RMS value,
the peak of output voltage increases, and the jump-down
point transfers to higher frequencies. The reason for such a
characteristic is that the equivalent average inductance of the
magnetic saturation inductor decreases with the increase of
current swing across it.

The power transfer efficiency η of the NLR-WPT system
as a function of excitation frequency is shown in Fig. 11.

The overall efficiency η is calculated by Pout/Pin, where Pin
is the system input power of DC power supply, Pout is the
system output power of DC electronic load. When IP =
10A, the NLR-WPT system goes into a nonlinear state, high
efficiency over 78.3% is maintained in the range of f from
25.6 kHz to 35.1 kHz.When the operation frequency is varied
continuously from 25.6 kHz to 31.2 kHz, the system overall
efficiency is not less than 84%, and high overall efficiency
of 86.5% can be achieved under a wide range of frequency
(27.5 kHz-30.1 kHz). The overall efficiency in the nonlinear
state is slightly less than that in the linear state under the
same frequency. The reason for such phenomenon is that the
heating of magnetic saturation inductor increases the losses
of the NLR-WPT system.When the NLR-WPT system enters
the linear state, the saturated inductor branch is almost equal
to open circuit, and the nonlinear inductor has no loss. When
the NLR-WPT system enters the nonlinear resonant state,
the nonlinear inductor participates in the resonance, the tem-
perature of the nonlinear inductor increases, and the system
generates additional losses. The nonlinear inductor losses is
composed of copper loss and iron loss, the copper loss of the
coil can be ignored, and the iron core loss is closely related
to the magnetic material characteristics, working frequency
and temperature. Although the efficiency of linear system is
slightly higher, the stability of output voltage is far behind
that of the nonlinear system designed in this paper. In actual
application, the traditional linear WPT system often needs
an extra DC-DC voltage regulating module at the output end
due to large voltage fluctuation, which increases the loss of
the system. The NLR-WPT system can be designed without
voltage regulation module, so the efficiency of the practical
MCR-WPT system and the NLR-WPT system is very close.

D. THE INFLUENCES OF PARAMETERS VARIATION
ON THE NLR-WPT SYSTEM
The effect of the secondary compensation capacitance values
on the performance of NLR-WPT system has been investi-
gated experimentally. When the working frequency is varied
continuously from 25.6 kHz to 36.5 kHz, Fig. 12 shows the
output voltage-frequency waveforms at three different com-
pensation capacitance CS = 0.3µF, 0.34µF, and 0.38µF,
respectively. When CS = 0.3µF, the frequency of jump-
down point is 35.1 kHz, and the peak output voltage is
153.1V. When CS = 0.38µF, the frequency of jump-
down point is 35 kHz, and the peak output voltage drops
to 146.5V. The voltage-frequency curves for different com-
pensation capacitance values have similar slopes. It can be
also observed that the output voltage fluctuation varies sig-
nificantly when the NLR-WPT system changes from the
nonlinear resonant state to the linear resonant state, which
also proves that the sensitivity of nonlinear resonance WPT
system to parameters is lower than that of linear resonance
WPT systems.

The influence of different load values on the opera-
tion of the NLR-WPT system has been studied experimen-
tally. Fig. 13 shows the waveforms at three different load
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FIGURE 12. Experimental results when IP = 10 A and R0 = 100� under
three different compensation capacitors CS.

FIGURE 13. Comparison of the measured output voltage versus frequency
when IP = 10 A and CS = 0.34µF under different load R0.

resistances R0 = 70�, 100�, and 150�, respectively.
It can be observed that as the load resistance increases,
the peak of output voltage increases, and the jump-down
point transfers to higher frequencies. When R0 = 150�,
the frequency of jump-down point is 36 kHz, and the peak
output voltage is 155.7V. When R0 = 70�, the frequency
of jump-down point drops to 34 kHz, and the peak output
voltage drops to 141.7V.Moreover, the slopes of the voltage-
frequency curves are not affected by the variation of load
resistance. Therefore, the bandwidth of the NLR-WPT with
magnetic saturation inductor is not obviously influenced by
load resistance. This characteristic is obviously different from
the response of a traditional MCR-WPT system whose band-
width is proportional to load resistance value.

In order to improve the anti-offset ability of the system,
both the primary coil and secondary coil adopt DD struc-
ture. When the vertical distance between transmitting and
receiving coils is 10 cm and there is no deviation in the
horizontal direction, the coupling coefficient k = 0.27.
When the receiving coil is shifted 5 cm from the transmit-
ting coil in the X-axis direction, the coupling coefficient
is 0.25. when the receiving coil is shifted 5 cm from the
transmitting coil in both the X-axis direction and the Y-axis
direction, the coupling coefficient is 0.22. The frequency
response as a function of the coupling coefficient has been
investigated experimentally. Fig. 14 shows the waveforms
at three different coupling coefficients k = 0.27, 0.25,
and 0.22, respectively. It can be observed that the output

FIGURE 14. Experimental results when IP = 10 A, R0 = 100�, and
CS = 0.34µF under different coupling coefficient k .

voltage maintains a similar resonance amplitude in the case
of different coupling coefficients. As the coupling coefficient
is varied, the amount of energy which is transmitted to the
receiver varies correspondingly. The secondary coil can be
equivalent to a variable excitation source, the excitation cur-
rent source iS =

√
2ωMIPLS

cos(ωt), where M = k
√
LPLS,

i.e., the excitation current source iS changes with the variation
of coupling coefficient k . Due to the hysteretic characteristic
of the nonlinear resonator, the response amplitude remains
constant basically regardless of the variation of the equivalent
excitation amplitude. Thus, the output voltage of the load is
kept basically constant as the coupling coefficient varies in a
certain range. The NLR-WPT system employing the nonlin-
ear resonator at the receiver side can effectively improve the
position-insensitive capability.

E. SELECTION OF OPERATION POINT
Based on the experiment and result analysis, the optimal
operating point can be determined. In order to attain stable
output voltage under parameters variation, the NLR-WPT
system should be operated in nonlinear state by increasing
the amplitude of the excitation power supply or adjusting
the power frequency to the optimum operating frequency.
If the input excitation amplitude is constant, the peak output
voltage of NLR-WPT system appears at the jump-down fre-
quency. If the system operates at the desired source frequency,
the amplitude will increase as the excitation increase slowly.
However, the jump point will move due to a wide range of
changes in excitation amplitude, load and coupling coeffi-
cient. Therefore, when selecting the working point, a safety
margin should be established to ensure that the working point
is not too close to the jump-down frequency based on the
preconditions as well as the needs.

V. CONCLUSION
This paper presents a novel NLR-WPT system with enough
bandwidth and high robustness, which is implemented with
a nonlinear resonator at the receiver side. Compared with
conventional linear resonance WPT system, the NLR-WPT
system can achieve 1.7 times bandwidth while the output
voltage fluctuations is smaller and the overall efficiency can
maintain the similar level. Since the magnetic saturation
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inductor used for the nonlinear resonator is a passive com-
ponent, the method is simple, low cost, and high efficient.
The approach can automatically track the power supply fre-
quency by adjusting the natural resonance frequency without
the need to modulate the source frequency, add additional
active control circuits, or utilize impedance matching net-
works. The NLR-WPT system designed in this paper is
suitable for constant voltage charging applications, where
the stable and flexible output voltage is needed over a wide
frequency range under the variation of compensate capaci-
tance, load, or coupling coefficient. In addition, the nonlinear
resonator using magnetic saturation inductor can potentially
be utilized for other applications such as wireless energy
harvesting or impedance matching network.
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