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ABSTRACT This work focuses on exponential synchronization for a class of partially coupled heteroge-
neous networks with time-delays and heterogeneous impulses. The synchronization targets are selected as
the common equilibrium solution and the average trajectory, respectively. Some synchronization criteria are
deduced by using Lyapunov function and comparison principle.

INDEX TERMS Exponential synchronization, heterogeneous networks, partially coupled, comparison

principle, impulse.

I. INTRODUCTION

As an important mathematical model to describe the real
world, complex dynamic networks have aroused strong
research interests from scholars at home and abroad in
recent years. Research on the cooperative collective behavior
of complex networks is a mainstream direction of current
complex network research. Cooperative collective behavior
of networks mainly includes consistency [1], [2], stability
[3]-[5] and synchronization [6], [7].

For a long time, research of complex networks has mainly
focused on homogeneous networks that consist of a single
type of objects and links, and the state of each network
node follows the same evolutionary laws. Homogeneous
networks cannot completely reveal the differences in indi-
vidual state evolution and the corresponding changes in net-
work couplings. Conversely, heterogeneous network models
have advantages in revealing these differences. Therefore,
the study of heterogeneous complex networks has great prac-
tical importance and application values.

When many individuals with different state evolution laws
are coupled together to form a self-organizing and collab-
orative heterogeneous network, their cooperative collective
behavior has great uncertainty. In the process of information
transmission, a time-delay phenomenon inevitably occurs
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due to the influence of factors such as spatial distance, lim-
ited speed of information transmission, node competition,
channel congestion and memory effect. The existence of
time delay causes instability and oscillation of dynamic sys-
tems. Network nodes exchange information through multiple
channels, which may be different for different nodes [8].
Therefore, studying the cooperative collective behavior of
partially coupled heterogeneous networks with time-delay
effects is important. Research on synchronization is widely
investigated.

Synchronization refers to the process that all network
nodes starting from a certain initial state reach the same
state through the dynamic evolution of nodes own state,
the coupling between the nodes, and the external control
operations on the network. Only a few networks can achieve
synchronization by adjusting system parameters, whereas
most of the networks need to use control strategies to realize
synchronization in accordence with the specific character-
istics of the network [9]-[11]. For heterogeneous networks,
the difference in node evolution makes it difficult to achieve
full synchronization by virtue of static linear controllers.
Some new control strategies have been proposed to real-
ize synchronization. Reference [12] used a state-feedback
control strategy to achieve synchronization by adding con-
straints or controllers to each node for compensating the
differences between nodes. Some new synchronization con-
cepts were introduced to replace the full synchronization.
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References [13]-[15] proposed the concept of output syn-
chronization. Cooperative control was added to achieve syn-
chronization by using the output information of neighboring
nodes. References [16] and [17] introduced the concept of
quasi-synchronization that enables the network to achieve
synchronization within a certain error bound.

Compared with continuous control strategies, impulsive
control has obvious advantages because it only needs to
design the controller in sparse time sequence, and has been
successfully applied to many synchronization problems [12],
[18]-[22]. In recent years, research on the synchronization
of heterogeneous networks based on impulsive strategy has
attracted considerable interests. He et al. analyzed the syn-
chronization problem of master-slave heterogeneous network
on the basis of distributed impulsive control [23], and pre-
sented a method to optimize the synchronization error bound
and controller design. Reference [24] discussed the synchro-
nization of heterogeneous networks with impulsive effects
and coupling delays. This process compensates for the dif-
ferences between nodes by adding additional constraints and
control to each node.

This paper studies the synchronization of a class of het-
erogeneous networks. Different from the existing results that
only consider time delays [12] or only consider partial cou-
pling [8], [25], the network model in this paper simultane-
ously considers the effects of time delays and partial coupling
on the cooperative collective behavior of heterogeneous net-
works. Under the action of a class of heterogeneous impulses
that depend on time and node states, the heterogeneous net-
work achieves exponential synchronization. The main results
of this study are twofold. First, the exponential synchroniza-
tion of the partially coupled time-delay network with het-
erogeneous impulses is proven by means of the comparison
theorem and Lyapunov function if the nodes of the hetero-
geneous network have a common equilibrium state; Second,
the partially coupled time-delay network with heterogeneous
impulses exponentially synchronizes to the average state of
the nodes if they do not have a common equilibrium state.

Notations: Throughout this paper, A is the set of pos-
itive integers, I, is the n x n identity matrix, R”" is the
n—dimensional column vector space, R"*" is the set of all
n x n matrices. For A € R™", let Amin(A) and Amax(A)
be the minimum eigenvalue and maximum eigenvalue of
A, respectively. The norm of A is denoted by ||A]|, |All =
VAmax(AT A), where AT is the transpose of A. For A € R™*",
A < 0 implies xTAx < 0 for any x € R",x # 0. For
two matrices A = (a;)mxn and B, their Kronecker product
A®B = (a;jB)mxn- For a continuously differentiable function
f:R" — R" Df denotes the Jacobian.

Il. MODEL DESCRIPTIONS AND PRELIMINARIES
We consider the following dynamical networks

Xi(t) = Aixi(t) + Bifi (xi(0)) + Cifa(xi(t — (1))

N
+o Y dgRHy(x(t) — xi(t), i=1,--- N, (1)
Jj=1j#i
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where x;(7) = [xi1(¢), - - - , xin(H)]T € R" is the state vector of
the ith node at time ¢; A;, B;, C; € R"*" are constant matrices.
7(t)1is the time-varying delay satisfying 0 < t(t) < 1; fi(x) =
ii(x1), - finCea)]T forx = [xp, -+, x,]T € R"i=1,2;
¢ > 01is the coupling strength; R = diag{ry, --- , r,}(ri > 0)
is the inner coupling matrix; D = (djj)1<ij<n € RNXN g
a symmetric matrix which denotes connection weight of the
dynamical networks: d;; = dj; > 0 if there is a connection
from node j to node i (i # j), otherwise djj = 0; H; =
diag{hg/., . hZ} is the channel matrix defined as follows:
if there is an information transmission in the kth (1 < k < n)

channel from node j to node i, then hg. = 1, otherwise, hg- =0.

Let I'; = diag{yi,~-~ ,y,;’} dyHy; for 1 < |,
j < N,i #j ie,y; = dghlk = 1,--- n Suppose
Ly =

— Z{\;l’j#i I'j, 1 <i < N. Then the network (1) can
be rewritten as

j
Xi(1) = Aixi(t) + Bif1 (xi(1)) + Cifa (xi(t — ©(1))

N
+cY ROy, i=1,---,N. (2)
j=1

We consider (1) or (2) with the following impulsive effects
X)) = xi(t) + warxi(t), 3)

where 1, denotes the impulsive strength; {#;} is an impulsive
sequence satisfying 0 = 90 < 1] < h < - < K <
- limy, = ook — o) xi(t,j') and x;(t, ) denote the
limit from the left and the right at time #, respectively.
In this paper, we assume that the solution to (2) is right-hand
continuous, thenxi(t,j) =xi(tx),i=1,2,--- ,Nandk e \.

Remark 1: (2) is heterogeneous because A;, B;, C; vary
with node state x;. The impulse in (3) is also heterogeneous
because w;, depends on impulsive time # and node state x;.

We make the following assumptions:

(A1) fi and f, satisfy the Lipschitz conditions:
i) = il < Billx —yll, i=1,2.

(A2) The impulsive sequence {f; } satisfies that there exists
Ny € Zt and T, > 0 such that

T —1t T —1t

— Nog <N:(T,t) <
T, 0 <N (T,1) < T,

+ No

forany fo <t < T, where N, (T, t) is the times of impulses
in the interval [¢, T'].

Definition 1: The upper-right Dini derivative DV u(z) is
defined as

D u(t) = Timy,_, o+ (u(t + h) — u(0))/h.

Lemma 1 [9]: Suppose that 0 < 1(f) < =,

i = 1721"'5m7 F(tvu’it)ﬁlvﬁz"”’ﬁm) RJ’_ X
R™1 - R is nondecreasing in #; for each fixed
(taualjtlv"'7'21'—1’;![-'1-17""’1}11)7[. = 1729"'am7 and

It(uw) : R — R is nondecreasing in u, k € N7, If

DYu(t) < F(t,u(®), u(t — t1(2)), -, u(t — tp(1))), 1 # I,
utd) < L(ut), k e N+,
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and

D)= F(t, v(t), vt —T1(1)), - - , v(t =T (1)), t#H,
v(t") = L)), keNt,

then u(r) < v(t) for —t <t < 0 implies that u(¢) < v(¢) for
t>0.

Lemma 2: Let Q € R™" be a positive semi-definite
matrix, then the following inequality holds

2T Qy < xTox 4+ yTQy

forx,y e R".

IIl. SYNCHRONIZATION CRITERIA

This section aims to supply some synchronization criteria
for the network (1). Difference is found in achieving syn-
chronization when different synchronization targets are con-
sidered, and the network synchronization to the anticipated
states often fails. Therefore, the choice of target states is
extremely crucial to achieve synchronization, especially for
heterogeneous networks. In this paper, we focus on two types
of target synchronization states of (1). The first type is the
common equilibrium solution, and the second type is the
average trajectory.

A. SYNCHRONIZATION TO THE COMMON

EQUILIBRIUM SOLUTION

We assume that all the isolated nodes in the network (1) (or
(2)) have a common equilibrium solution s(z), that is s(¢)
satisfies

$(t) = Ais(t) + Bifi1(s()) + Cifa(s(t — (1)),
i=1,---,N, 4

and the network (1) (or (2)) is anticipated to synchronize to

s(1).
Let e;j(t) = xi(t) — s(t), then the error system is

e;(t) = Ajei(t) + Big1(ei(t)) + Cigalei(t — (1))

N
+CZRrijej(t), i=1,---,N, (5
j=1
where gi(ei(r)) = fi(xi(t)) — fi(s(t)), g2(eit — (1)) =
La(xi(t — (1)) — fa(s(r — 7(1))).
Considering the effect of heterogeneous impulses (3),
we obtain the following network:

ei(t) = Ajei(t) + Bigi(ei(n)) + Ciga(ei(t — (1))
+ XN RUyej(t), t#n.ke Nt (6)
ei(t;) = ei(ty) + wiei(ty).
The network (6) subject to the initial condition can be

rewritten as

e(t) = Ae(t) + BGi(e(t)) + CGale(t — t(t))

+He(t), t#t;,keNT, o
e(t;") = Uke(t;),
e(t) = (1), te[-1,0],
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where e(t) = (el (1), el (1), -+, el ()T, A = diag{A1, Az,
--- ,An}, B =diag{B1, B>, --- ,Bn},C = diag{C1, Ca, - - -,
Cn), Gie) = (gf (e1(0), gf (e2(®)), -+, g} (en (),
Gae(t — (1) = (gzg(el(t — (). g3 (e2(t —
(@), . g (en(t — T, T = Tinxn, H =cly ®
R, Uy =diag{l+p1,, 14+ o, -+, 1+un ) ®1,, ®@) €
PRC([—1,0], R"™N) = {¢ : [-1,0] = R"™|¢ is piecewise
right continuous}, endowed with norm | - ||, lell: =

sup_;<p<o 9(0)].

Theorem 1: Suppose that (A]) and (A,) hold, there exist
a positive definite matrix-valued function P(#) and positive
numbers A, o, 8 and p € (0, 1) such that

In
B+ 1ot (o + T—”“) <0. (8)

a

Fort € [t, tys1), k € N,
P(t) < A, ©)
P(HA + ATP(t) + P()H + HT P(r)
+ (2 — )P(t) + MT|IB| Ly + P(t) <0, (10)
and
M3CIP L — BP(t — T(1)) < 0. (11)
Fort =1,k e N,
Uf P(t) Uy < pP(t), (12)

then (1) exponentially synchronizes to s(z).
Proof: Consider the following Lyapunov function

V() = el ()P(1)e(r).

Taking the derivative of V(¢) along the trajectories of (7),
we obtain
DYV(r) = T [ATP(t) + P()A + HT P(t) + P(t)H]e(r)
+ Gl (e(t)BT P(t)e(t) + e (t)P(t)BG1(e(1))
+Gr (et — T())CT P(t)e(t) + €T (1)P(1)CGy
s (e(t — T(1))) 4+ el P(t)e(t), t € [tx, tks1)
By Lemma 2 and (A1),

G (e(t)BT P(t)e(t) + e’ (1)P(1)BG (e(1))
< " ()P(t)e(t) + G (e(t)B" P(1)BG) (e(1))
< el (OPW®)e(t) + AT |BI*e” (D)e(t);
G (e(t — 1(1)))CT P(t)e(t)
+ " (OP(H)CGa(e(t — T(1)))
< el (HP@)e(t)
+ GL(e(t — T(1)CTP(1)CGa(e(t — T(1)))
< el (P(1)e(t)
+ 23| Cl1%el (t — T(0)e(r — (1))

Then, we obtain

DYV(r) = el [P(HA + AT P(t) + P()H + HT P(t)
+ @2 — &)P(t) + AT |BI* Ly + P()]e(t)
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+el(t — tDIABICII L — BP(t — T(1))]
xe(t —t()) +aV(@)+ BV — t(1))
< aV(O) + BVt — (1), 1€ Ilt, tks1).
By (30), we have
V() = e’ (t)P(t)e(t) = €' (t;, YU P(ty)Uke(ty)
< pel OPA)e(ty) = nV ). (13)

For any € > 0, let v(¢) be the unique solution to the following
comparing system

v(it) = av(t) + vt — t(t)) +€, tF#K,
vt = uv(t)), keNt (14)
v(t) = V(1), tel—r,0],

By (13),(13) and (14), using Lemmal, we obtain
V() <v(t) fort=>0. (15)

In the following, we estimate the solution of (14). We start
from solving the linear system

v(t) = av(t), t# Ik,
vt = uv(ty), keNT (16)
v(t) = V(1), t e[—rt,0]

The solution to (16) is
v(t) = V(O e",  t € [ty tmy1), m e N.

Using the idea of variation of parameters, we suppose that

(14) has a solution of the form
v(t) = COU"e”,  t € ltm, tup1),meN,

where C(t) is undetermined.
Substituting v(¢) into (14), we obtain

C'(t) = [Bv(t — t(t) + €le™ ™™, 1 € [tm, tmi1), m € N.

Therefore, for any m € N, and t € [t,, t,yr1), We have

C(t) = C(0) = C(t) = Cltw) + Y _[C(tx) — Cltx—1)]
k=1

t
= / [Bv(s — T(s)) + €le ™ u™"ds

t’n
+2
k=1

t
= / [Bv(s — T(5)) + €le™* u;*ds,
0

4
' [Bv(s — T(5)) + ele " *1ds

k-1

where /L;k = /fk when s € [#, tx+1),0 <k < m.

Hence, for any m € N, and t € [t;, tpy1),
t
v(t) = CO)u"e™ + / [Bv(s — T(5)) + €]
0

*ea(t_s),u;”_kds,

where ugn—k = ,um_k when s € [fx,1+1),0 < k < m.
C(0) = V(0) = ®(0)T P(0)®(0).
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By (A2), for t € [ty, tmt1) and s € [, tr11), 0 < k < m,

t—s
o —No<m—k+1,
and then
k< Nt ﬁe%u_”’ ("
w" < MN})+16%I' (1%)
Letn = —(a + h}_f), & = ﬁsupfrstso o o),

o = uMo+1, Substituting (17) and (18) into (17), we obtain

()

v(t) < Ee” M 4 / [Bv(s — T(s)) + €lds. (19)
0
Let ¢(x) = Be™ — po(n — x), then ¢’'(x) > 0. By (8),
$(0) = B — pon = B+ Mo+ (@ + ) < 0. Obviously,
¢(+00) = +o00.
Therefore, there exists a unique A such that ¢p(1) = 0,
which derives

B = po(n — A). (20)

Since puon — B > 0, we have
€
V) <E <M ——
pon — B
We claim that (21) holds for all # > 0.
If not, there exists a #* > 0 such that
€

te[—r,0] 21

Wr*) > e M ——— (22)
pon — B
and
W) < Ee M+ —S 1<t (23)
non — B
By(19) and (23), we obtain
. t* efn(t*fs)
v(t*) < e +/ ——[Bv(s — T(5)) + €lds
0 1224]
)" *
<e Mg+ — pee” /l M5 ds
mon — B mo Jo
l*
L_me / o ds)
won — B Jo
* € ﬂ%’e“ *
— e—nl {S + (6(77—)»)[ _ 1)
Hon—pB  po(n—2)
(" — 1))
pon — B
= MM M + S s
non — B
* €
=g M 4 —
Hon — B

This contracicts (22), and then (21) holds for all # > 0.
Letting € — 0, we obtain from (15) and (21) that

V() < v(t) < ge ™.

Therefore, (1) exponentially synchronizes to the common
equilibrium solution.
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Remark 2: The positive definite matrix P(t) is used
to design the Lyapunov function V(¢). In [24], a linear
matrix-valued function P(¢) connecting two fixed matrices in
each impulsive interval is designed to construct the Lyapunov
function. Compared with the synchronization criteria in [24],
Theorem 1 in this work has a wider application.

In Theorem 1, if P(¢) is constant P, then we can easily
obtain the following result.

Corollary 1: Suppose that (A1) and (A) hold, there exist
a positive definite matrix P and positive numbers A, B and
i € (0, 1) such that (9) holds and

A
=1

3 FICHI* < Amin(P) < Amax(P) < X, (24)
PA+H)+[AT + HT + 2 — a)l v )P
+ MBI L <0, (25)
and
Ul Pu, < P, (26)

then (1) exponentially synchronizes to s(z).

Remark 3: In Corollary 1, inequality UkT PU, < puP
implies that the impulses in (1) are synchronizing up to
|l + pr| < 1. Theorem 1 can be applied to investigate the
synchronization problem of dynamical networks when the
impulses are synchronizing, desynchronizing (|1 + x| > 1)
or inactive (|1 4+ ugx| = 1). If the impulses are inactive
or desynchronizing, then P(¢) is used to offset the negative
impulsive effects, as shown in (12).

Remark 4: The impulsive intervals are usually assumed
to be bounded when the synchronization problem with
impulsive effects is considered, especially with inactive or
desynchronizing impulsive effects. This assumption limits
the frequency of these negative impulses in a fixed time
period. This work uses the average impulsive interval to limit
the impulsive interval bounds. Thus, the results in this work
are less conservative.

B. SYNCHRONIZATION TO THE AVERAGE TRAJECTORY
In this subsection, we consider the following average state

1 N
s = kZ::lxk(t).

Let ¢;(t) = x;(t) — s(¢). Obviously, va:l ei(t) =0.
Since

1 N
5 =+ Y _lAws(t) + Bifi (w ()
k=1

N
+ Cifa(ur(t — (@) + ¢ ) RUgxi(0)]

j=1

1 N
= 5 DAKGO) + en®) + Bifi(s(0) + ex(1)
k=1

+ Cifa(s(t — T(0)) + ex(t — T(1)],
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we obtain
i(t) = Ai(s(t) + ei(1)) + Bifi(s(t) + ei(1))

N
+ Cifa(s(t — T(1) + et — T(1) + ¢ Y RTyej(1)
j=1

1 N
— 5 DARGO) + ex () + Bifi (1) + ex(t))
k=1
+ Cifas(t — T(0) + ex(t — T(1)]
= Ai(s(t) + ei(1)

1
4 B / DFfi (st) + weit)dw)ei(t)
0

1
+ Bifi(s(t)) + Ci(fo Dfa(s(r — (1))
+ wei(t — T()))dw)ei(t — (1)) + Cifa(s(t — (1))

N N
1
+c E RTjjej(t) — N E Ar(s(t) + ex (1))
j=1 k=1

. !
DB fo Dfi(5(6) + wer(D)dw)er(r)
k=1

N N 1
- > Bifils(t) — L et f Df(s(t — (1))
N k=1 N k=1 0
+wer(t — T(t))dw)ex(t — T(t)
N
- % Y Cifalstt — (@)
k=1
Then
1
e(t) = He(t) + diag{A| + B / Df1(s(t) + we(H)dw,
0
1
co Ay + By f Dfi(s(1) + wen (1)) dwle(r)
0

1
+ diag{C / Dfr(s(t — (1)) + wei(t — t(2)))dw,
0

1
,CN/O Dfa(s(t — ©(1)) + wen(t — T(1))dw)}

se(t — (1))
1_/\1’ ’/\N_

_ﬁ ...... e(t)
LA A
[V ’\/N_( o)

B e(t — 1(t
A VST Vv
Ay

i
L An
- v,

+1
| Vn,
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where

1
A =4+ [ DAGEH + vando,
; 0

1
\/ =¢ / Df(s(t — T(1) + weilt — T(t))dw,
; 0

1 g
Ai = (Ai =+ Y ADSO) + (B =+ 3 BOfi(s(1)),

k=1 k=1

1 N
Vi== (G- ,; Cf(s(t — (1)),
i=1,2---,N.

Let
1
O(t) = diag{A| + B / Df1(s(t) + wei(t)dw, - - -,
0
1
Ay + By / Dy (5(t) + wen (1)dw),
0

2(t — (1))
1

= diag{C, / Dfa(s(t — ©(1)) + we(t — T(1)))dw,
0

1
,CNfO Dfa(s(t — (1)) + wen(t — T(1))dw)},

CTAS A
H(t)zﬁ ......
LA A
Y(t — (1))
LTV
N _\/1’ ’\/N_

and

Vi
Qi —t@) = I
Vv,

then the error system with initial condition reads as

e(t) = He(t)+O()e(t)+ E(t —t(t))e(t —t(t))—T1(t)e(t)
=Yt —t@)e(t — () + V(@) + Q1 — (1)),
e(t;) = Uke(t).
Theorem 2: Suppose that (A1) and (A;) hold, there exists
a positive definite matrix P(¢), positive numbers X, B and
€ (0, 1) such that

1
28 + Moo + %) <0, 27)

a

and fort € [t, try1), k e N,

P(t) < My, (28)
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HTP(t) + P)H + OT (1)P(t) + P(1)O(1)
—7(1)P(t) — P(TI(t) + (4 — «)P(t) + P(t) < 0,
BT (t — tt)POEB( — (1))
+YT(t — TPt — (1))
< BP@ — (1)) (29)

Letn = —(a + 5£).& = T SUP_p <=0 7 (®(1) and
be the unique solution to 28e™ — puNotl (5 — x) = 0, satisfy

WP () + QT (t — t(0)PO)QUr — (1))
E ﬁge—l(t—‘t(t))'

Fort =1,k e N,
UL P(t)Ux < nP(t), (30)

then (1) synchronizes to the average state s(t) =

N Dt X (D).
Proof- Let V(1) = e (t)P(t)e(t). Then

DYV(@t) = T OHT P(t) + P()H + OT (1)P(1)
+ P(1)O(t) — l‘IT(t)P(t) — P(OII() + P(t)]e(t)
+el(t — t()ET(t — T(1))P(D)e(r)
+el (OPE(E — T(1))e(t — T(1))
—e'(t =TT (t = T()P(De(t)
— e (POt — T(1))e(t — T(1)
+ W T ()P@)e(t) + €T (1)P(1)W (1)
+ QT (t — 1()P()e(t) + T (HPQU — T(1)).

By Lemma 2,
e (t — t)ET(t — T()Pt)e(?)
+ el (HP()E(—1(1))e(t — T(t)
< el (OP(t)e(t)
+el(t —t()ET(t — T(t))P)E({ — T(1))e(t — (1)),
e (t — T )Y (¢ = T()P(D)e(t)
— " OPOY(t — T(1))e(t — T(1))
< el (P(1)e(t)
+el (t —t(NYT(t — ()P Y(t — T(1))e(t — T(1)),
W (OP(t)e(t) + €' (1)P(1)¥(r)
< el (OPWe(t) + W (PH)V (1),
QT (t — t()P()e(r) + €T (HP(H)QUt — (1))
< el (OP()e(t) + QT (1 — T()P(1)QAL — T(2)).

Therefore,

DYV(1) < " WO[H" P(t) + P()H + O (1)P(1)
+ P(1)O(t) — l'[T(t)P(t) — P()I1(¢)
+ P(1) + 4P(1)]e(t)
+e'(t — T)IET(t — T(1)P)E( — (1))
+ TT(t —T(@)P)Y(t — t(t))]e(t — (1))
+wT(O)P@)W(r)
+ Q" (t — t)POQUL — T(1)).
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Then, we obtain
DYV(t) <aV(t)+ BVt — T(0)) + BT, (31)
Obviously,
Vi) < uV). (32)

Similar to the proof of Theorem 1, we consider the following
modified comparing system

v(t) = av(t) + Bv(t — 7(1))

+ BESTT e, t# i,
V() = (), ke NT (33)
w(t) = V(1), t €[—rt,0],
By Lemmal,
V() <v(t) fort=>D0. (34)

We use the method of variation of parameters to estimate the
solution of (33), and suppose that the solution of (33) has the

form of
v(t) = C(t)ﬂmeat’ t € [ty, tyuy1), m € N.

Substituting v(z) into (33), we obtain, for any m € N,
re [tma tm+l)]

t
C(1)=C©0) +/ [Bv(s — () +BEM T rele ™ u*ds,
0

where /L;k = M’k when s € [#, tx+1),0 <k < m.
Then, using the same estimation in the proof of Theorem 1,

we have, for any m € N and t € [ty, tymi1),
v(t) = C(O)u™e™
t
+ /0 [Bv(s — () + BT + el K,

< g™

P (G ]
+ / [Bv(s — T(5)) + BECT) + elds,
0 Mo

where M’S"’k = w"* when s € [, tk+1),
0 <k <mpy = pNot! and &, and A are defied as in
Theorem 2.

We show that

At €
_ 35
v(t) < e +M077—2,3 (35)

holds for all + > 0.
If not, there exists a t* > 0 such that
€

W) > e ———
Hon — 28

(36)

and

—At € *
vit) < e+ ——, <t 37
mon — 2B
By(35) and (37), we obtain

w(t*) < EeTM

t* e—n(l*—s)
+ f ————[BV(s — T(s)) + BESTTY) + €lds
0 J2%]
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< e_”t*{é + —
mon — 2B
r* e
+f _[ﬂse—)\(s—f(s)) + ﬂéek(f—s)]ds
0 Mo
t*
+ _ne / eds
mon — 2B Jo
AT
<+ 2PEE_ (gt _
pmon — 28 po(n —2)
+——— (" = 1)
non — 28
* * * € *
— e M {genl e—)»t + e }
Hon — 2B
% €
=M 4 ——0,
non — 2

which is contradictory to (1), and the proof is completed.

Remark 5: An error system is usually nonstandard when
a heterogeneous network is considered to synchronize a
non-common equilibrium point. Thus, investigating the full
synchronization for heterogeneous network is difficult. The
quasi-synchronization is raised, thereby allowing all node
states tend to a manifold rather than a fixed point [23]. This
work transforms the error system into a standard form when
the average trajectory is selected as the target state and gives
a full synchronization criterion.

Remark 6: Linear matrix inequality (LMI) is unsuitable to
solve (32) and (33) due to the presence of fol Dfi(s + wej)dw
and [} Dfi(s(t — ©(1)) + wej(t — ©(1)))dw. However, finding
solutions to (32) and (33) is possible in some special cases.
The details can be found in [26].

Remark 7: The time-dependent Lyapunov function plays
an important role when heterogeneous impulses are
considered. Reference [24] investigated the exponential syn-
chronization of time-delay homogeneous networks with het-
erogeneous impulses by virtue of Lyapunov function and
the comparison principle. Different from [24], here we con-
sider time-delay heterogeneous networks with heterogeneous
impulses and deduce a synchronization criterion such that all
nodes synchronize to the average trajectory. Reference [26]
used matrix decomposition techniques to synchronize a het-
erogeneous network to the average trajectory. However, this
method is unsuitable for time-delay heterogeneous networks.
In this work, we use the Lyapunov function combined with
the comparison principle to investigate the exponential syn-
chronization for a class of time-delay heterogeneous net-
works with heterogeneous impulses.

Remark 8: we need carefully analyze the decay rate of
Lyapunov function over time when we consider exponential
synchronization of networks. Estimating the Lyapunov func-
tion is difficult when time-delays and impulses are simul-
taneously considered. The reason lies in that time-delays
and impulsive intervals are usually mixed up. The compar-
ison theorem supplies us a method of applying ODE theory
to investigate synchronization of networks. After obtaining
some preliminary estimation to the Lyapunov function, com-
parison theorem allows us to consider an ODE. Then we can
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FIGURE 1. Synchronization error ej;(t),i =1,2,...,6.

use the method of variation of parameters to investigate the
effects of time-delays and impulses, and obtain an accurate
estimation of the Lyapunov function. In recent years, Lya-
punov function combined with the comparison principle has
been widely applied in impulsive systems [9]-[11], [21], [27].

IV. NUMERICAL EXAMPLES
In this section, a numerical example is presented to illustrate
the effectiveness of the theoretical results.

The common equilibrium solution s(¢) satisfies the
following system described by

5(t) = Ais(t) + Bifi1(s(0)) + Cifa(s(t — ©(1)))

where s(t) = (s1(2), s2(), s3()7, Ay = —0.1, By =
0.09 0 —0.1 0.1 -0.2
0 002 0 |, C = 0 02 0 |, A =
—-0.06 0 —0.1 -0.5 0 —0.1

.6A1, B = 0.8B1, C, = 0.8C1, A3 = 0.7A1, B3 = 0.9B1,
C3 =0.8C1,A4 = 0.5A1, B4 = 0.7B1, C4, = 0.7C1, A5 =
0.4A1, Bs = 0.4B1, C5s = 0.6C1, A¢ = 0.3A1, B¢ = 0.5B1,
Cs = 0.5C1, fi(s(t)) = (0.5(|s1 + 1] — |s1 — 1]), 0, 0)7, and
Sa(s@ — (@) = (0.5(]s1(t — (1)) + 1] — [s1(¢ — (@) —
1)), 0, O)T. Then, Lipschitz constants can be got /1 =1, = 1.

Referring to the topology of the heterogeneous partial
couple network in the work of Lu et al. [28], the network is
described by

Xi(t) = Aix;(t) + Bif1 (xi(1)) + Cifo(xi(t — ©(1))
N

+e Y dgRHy(xi(t) — xi(1)),i=1,--- .6,
janpr

where x;(1) = (x;1 (1), x2(t), x3(0)", ¢ = 1, R = 0.0213,

42 —112 7 0 0 .

bo| 0 41 -1 7 0 0
=l 0o o1 41 —112 7 o |

0 0 0 39 —109 7

7 0 0 0 4 -1

The channel matrix of H;; can be seen in the work [28].
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FIGURE 3. Synchronization error e;3(t),i =1,2,...,6.

Let No = 2,0 < 7(t) < 7, v = 0.25, according to
Corollary 1, by solving the linear matrix inequalities (9), (27),
and (28), we can find a feasible solution with 7, = 0.01,
a=112,8=155n=0.9,P=0.1/3.

Consequently, by Corollary 1, we can obtain exponen-
tial synchronization of the heterogeneous systems. Fig.l,
Fig.2 and Fig.3 depict the trajectory of the error state
eit) =x;(t) —s(1),i=1,2,3,4,5,6.

V. CONCLUSION

In this paper, we investigate the synchronization for a class
of partially coupled heterogeneous impulsive networks with
time-delays, and obtain some sufficient conditions to realize
exponential synchronization. The main results are divided
into two parts, where the networks are anticipated to syn-
chronize to the common equilibrium solution and the average
trajectory. The method is based on Lyapunov function and the
comparison principle. The results serve as a useful supple-
ment to the full synchronization of heterogeneous impulsive
networks with time-delays. The heterogeneity of networks
makes the form of the error system unstandard if the nodes
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have no common equilibrium point. Fortunately, we obtain
some standard error system by linearization when we select
the average trajectory as the synchronization target. The con-
ditions in Theorem 2 are difficult to solve by using LMIL.
Thus, we will modify or simplify these conditions in future
works.

ACKNOWLEDGMENT

The authors wish to thank the editor and reviewers for a
number of constructive comments and suggestions that have
improved the quality of the paper.

REFERENCES

[1]1 L.Li, D. W. C. Ho, and J. Lu, “A unified approach to practical consensus
with quantized data and time delay,” IEEE Trans. Circuits Syst. I, Reg.
Papers, vol. 60, no. 10, pp. 2668-2678, Oct. 2013.

[2] X. Liu, D. W. C. Ho, J. Cao, and W. Xu, “Discontinuous observers
design for finite-time consensus of multiagent systems with external
disturbances,” IEEE Trans. Neural Netw. Learn. Syst., vol. 28, no. 11,
pp. 28262830, Nov. 2017.

[3] X. Li and J. Wu, “Stability of nonlinear differential systems with state-
dependent delayed impulses,” Automatica, vol. 64, pp. 63—69, Feb. 2016.

[4] X.Li, X. Zhang, and S. Song, “Effect of delayed impulses on input-to-

state stability of nonlinear systems,” Automatica, vol. 76, pp. 378-382,

Feb. 2017.

J. Ding, J. Cao, G. Feng, A. Alsaedi, A. Al-Barakati, and H. M. Fardoun,

“Stability analysis of delayed impulsive systems and applications,” Cir-

cuits Syst. Signal Process., vol. 37, no. 3, pp. 1062—-1080, 2018.

[6] Y. Liu, L. Sun, J. Lu, and J. Liang, “Feedback controller design for the
synchronization of Boolean control networks,” IEEE Trans. Neural Netw.
Learn. Syst., vol. 27, no. 9, pp. 1991-1996, Sep. 2016.

[71 Y. Xu, R. Lu, H. Peng, K. Xie, and A. Xue, “Asynchronous dissipative
state estimation for stochastic complex networks with quantized jumping
coupling and uncertain measurements,” IEEE Trans. Neural Netw. Learn.
Syst., vol. 28, no. 2, pp. 268-277, Feb. 2017.

[8] C. Huang, D. W. C. Ho, and J. Lu, ‘“Partial-information-based distributed
filtering in two-targets tracking sensor networks,” IEEE Trans. Circuits
Syst. I, Reg. Papers, vol. 59, no. 4, pp. 820-832, Apr. 2012.

[9] W. Zhang, Y. Tang, Q. Miao, and W. Du, “Exponential synchroniza-
tion of coupled switched neural networks with mode-dependent impul-
sive effects,” IEEE Trans. Neural Netw. Learn. Syst., vol. 24, no. 8,
pp. 1316-1326, Aug. 2013.

[10] W. Zhang, Y. Tang, J.-A. Fang, and X. Wu, “Stability of delayed neural
networks with time-varying impulses,” Neural Netw., vol. 36, pp. 59-63,
Dec. 2012.

[11] H. Zhang, T. Ma, G.-B. Huang, and Z. Wang, “Robust global exponential
synchronization of uncertain chaotic delayed neural networks via dual-
stage impulsive control,” IEEE Trans. Syst., Man, Cybern., B, Cybern.,
vol. 40, no. 3, pp. 831-844, Jun. 2010.

[12] B. Liu and D. J. Hill, “Impulsive consensus for complex dynamical net-
works with nonidentical nodes and coupling time-delays,” SIAM J. Control
Optim., vol. 49, no. 2, pp. 315-338, Jan. 2011.

[13] Z.Ding, “Consensus output regulation of a class of heterogeneous nonlin-
ear systems,”” IEEE Trans. Autom. Control, vol. 58, no. 10, pp. 2648-2653,
Oct. 2013.

[14] P. Wieland, R. Sepulchre, and F. Allgéwer, “An internal model principle
is necessary and sufficient for linear output synchronization,” Automatica,
vol. 47, no. 5, pp. 1068-1074, May 2011.

[15] L. Zhu, Z. Chen, and R. H. Middleton, “A general framework for robust
output synchronization of heterogeneous nonlinear networked systems,”
IEEE Trans. Autom. Control, vol. 61, no. 8, pp. 2092-2107, Aug. 2016.

[16] D. J. Hill and J. Zhao, “Global synchronization of complex dynamical
networks with non-identical nodes,” in Proc. 47th IEEE Conf. Decis.
Control, Dec. 2008, pp. 817-822.

[17] W.-S. Zhong, G.-P. Liu, and C. Thomas, “Global bounded consensus of
multiagent systems with nonidentical nodes and time delays,” IEEE Trans.
Syst., Man, Cybern., B, Cybern., vol. 42, no. 5, pp. 1480-1488, Oct. 2012.

[18] J. Hu, J. Liang, and J. Cao, ““Synchronization of hybrid-coupled het-
erogeneous networks: Pinning control and impulsive control schemes,”
J. Franklin Inst., vol. 351, no. 5, pp. 26002622, May 2014.

[5

41040

[19] X. Liu, K. Zhang, and W. Xie, “Pinning impulsive synchronization
of reaction—diffusion neural networks with time-varying delays,” IEEE
Trans. Neural Netw. Learn. Syst., vol. 28, no. 5, pp. 1055-1067, Feb. 2016.

[20] W.He,F. Qian, and J. Cao, “Pinning-controlled synchronization of delayed
neural networks with distributed-delay coupling via impulsive control,”
Neural Netw., vol. 85, pp. 1-9, Jan. 2017.

[21] J.Lu, J. Kurths, J. Cao, N. Mahdavi, and C. Huang, ‘““Synchronization con-
trol for nonlinear stochastic dynamical networks: Pinning impulsive strat-
egy,” IEEE Trans. Neural Netw. Learn. Syst., vol. 23, no. 2, pp. 285-292,
Feb. 2012.

[22] B.X.Jiang,J.Q.Lu, and Y. Liu, “Exponential stability of delayed systems
with average-delay impulses,” SIAM J. Control Optim., vol. 58, no. 6,
pp. 3763-3784, 2020, doi: 10.1137/20M1317037:in.press.

[23] W. He, F. Qian, J. Lam, G. Chen, Q.-L. Han, and J. Kurths, “Quasi-
synchronization of heterogeneous dynamic networks via distributed impul-
sive control: Error estimation, optimization and design,” Automatica,
vol. 62, pp. 249-262, Dec. 2015.

[24] W.Zhang, Y. Tang, X. Wu, and J.-A. Fang, ““Synchronization of nonlinear
dynamical networks with heterogeneous impulses,” IEEE Trans. Circuits
Syst. I, Reg. Papers, vol. 61, no. 4, pp. 1220-1228, Apr. 2014.

[25] Y. Q. Wang, J. Lu, J. Lou, C. Ding, F. Alsaadi, and T. Hayat, “Synchro-
nization of heterogeneous partially coupled networks with heterogeneous
impulses,” Neural Process Lett., vol. 48, no. 6684, pp. 1-19, 2017.

[26] J. Zhao, D. J. Hill, and T. Liu, “Synchronization of dynamical networks
with nonidentical nodes: Criteria and control,” IEEE Trans. Circuits Syst.
I, Reg. Papers, vol. 58, no. 3, pp. 584-594, Nov. 2010.

[27] W. K. Wong, W. Zhang, Y. Tang, and X. Wu, “‘Stochastic synchronization
of complex networks with mixed impulses,” IEEE Trans. Circuits Syst. I,
Reg. Papers, vol. 60, no. 10, pp. 2657-2667, Oct. 2013.

[28] J.Lu, C.Ding,J. Lou, and J. Cao, “Outer synchronization of partially cou-
pled dynamical networks via pinning impulsive controllers,” J. Franklin
Inst., vol. 352, no. 11, pp. 5024-5041, Nov. 2015.

GUIZHEN FENG received the M.S. degree in
applied mathematics from Southeast University,
Nanjing, China, in 2002, and the Ph.D. degree
from the School of Automation, Southeast Univer-
sity, in 2015. Her research interests include stabil-
ity theory, synchronization of complex dynamical
networks, and consensus in multi-agent systems.

JINDE CAO (Fellow, IEEE) received the B.S.
degree from Anhui Normal University, Wuhu,
China, in 1986, the M.S. degree from Yunnan Uni-
versity, Kunming, China, in 1989, and the Ph.D.
degree from Sichuan University, Chengdu, China,
in 1998, all in mathematics/applied mathematics.

He is currently an Endowed Chair Professor and
the Dean of the School of Mathematics, and the
Director of the Jiangsu Provincial Key Laboratory
of Networked Collective Intelligence of China and
the Research Center for Complex Systems and Network Sciences, Southeast
University.

Dr. Cao is elected as a member of the Academy of Europe and the
European Academy of Sciences and Arts, a Foreign Member of the Russian
Academy of Engineering, the Russian Academy of Natural Sciences, and the
Lithuanian Academy of Sciences, a Foreign Fellow of the Pakistan Academy
of Sciences, a Fellow of the African Academy of Sciences, an IASCYS
academician, and a Full Member of the Sigma Xi. He was a recipient of
the National Innovation Award of China, Obada Prize, and the Highly Cited
Researcher Award in Engineering, Computer Science, and Mathematics by
Thomson Reuters/Clarivate Analytics.

VOLUME 9, 2021


http://dx.doi.org/10.1137/20M1317037:in.press

G. Feng et al.: Exponential Synchronization of Partially Coupled Heterogeneous Networks

IEEE Access

VOLUME 9, 2021

JIAN DING received the B.S. degree in mathemat-
ics from Qufu Normal University, Qufu, China,
in 1998, and the M.S. and Ph.D. degrees in mathe-
matics from Southeast University, Nanjing, China,
in 2002 and 2010, respectively. His research inter-
ests include stability theory, Hamiltonian systems,
and variational method.

YISHU WANG received the B.S. degree in
mathematics from Xiangtan University, Xiang-
tan, China, in 2014, and the M.S. and Ph.D.
degrees from the Academy of Mathematics and
Systems Science, Chinese Academy of Sciences,
Beijing, China, in 2016 and 2019, respectively. His
research interests include numerical solution of
partial differential equations, finite element meth-
ods, and domain decomposition methods.

41041



