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ABSTRACT In the last few years, orthogonal time frequency space (OTFS) modulation has received signif-
icant attention as an alternative to OFDM especially for high mobilty scenarios. In this work, we develop a
delay-Doppler domain embedded pilot based time domain channel estimation for cyclic prefix (CP)-OTFS
in the presence of residual frame timing offset, carrier frequency offset and fractional multiple Doppler. One
of the reasons for time domain processing is that the time domain channel representation is relatively more
sparse as compared to its delay Doppler domain representation in the presence of residual synchronization
errors. We also describe a time domain low complexity linear minimum mean square error (MMSE)
equalization and successive interference cancellation (SIC) receiver for LDPC (low density parity check)
coded CP-OTFS in this work. We further show the impact of residual frame timing offset, carrier frequency
offset and fractional multiple Doppler on OTES symbols. It is seen from the extensive Monte Carlo simulation
results that the estimation and compensation methods presented here provide necessary resilience properties
to OTFS. We bring out the tolerance of OTFS to such residual synchronization errors. It is further observed
that the SIC is able to improve the performance of the system such that it almost matches that of the ideal
knowledge based MMSE equalization. We also show the performance of RCP (reduced CP)-OTFS when
used with the developed channel estimation and equalization algorithms. A unified signal processing flow
for OTFS and orthogonal frequency division multiplexing (OFDM) is also described in this work to motivate
studies on coexistence between the two as well as to encourage investigations on a seamless transition
between OFDM and OTFS based systems for future adaptive air interface design.

INDEX TERMS Channel estimation, CFO, carrier frequency offset, equalization, ICI, MMSE, OFDM,
orthogonal time frequency space modulation, OTFS, SIC, successive interference cancellation, Doppler.

I. INTRODUCTION

IMT-2020 [1], [2], aka 5G, aims to provide high spectral
efficiency and high reliability in high mobility scenarios,
where the wireless link becomes a highly time varying mul-
tipath channel (TVMC) [3], [4]. The modified avatar of
orthogonal frequency division multiplexing (OFDM), namely
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OFDM numerology [5] is the fundamental physical layer sig-
nalling technique used in 5G-New radio (5G-NR) to address
this operating requirement. OFDM numerology is essentially
variable subcarrier bandwidth [6] along with variable guard
interval [7] as described in [8]. Such modifications not only
improve the immunity of OFDM to inter-carrier interference
(ICI), which is caused by high Doppler in high mobility
conditions and phase noise at high carrier frequencies, but
also allow a smooth transition from 4G (IMT-Advanced [9])
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to 5G with minimal changes. In a recent work by the
authors [10], it is shown that orthogonal time frequency
space (OTFS) [11]-[13] outperforms adaptive OFDM used
in 5G-NR in such high ICI conditions.

In OTFS, symbols from complex constellation are placed
in the delay-Doppler grid. The signal in delay Doppler
domain is converted to frequency-time domain signal by
inverse symplectic finite Fourier transform (ISFFT). This
frequency-time domain signal is then converted to time
domain by applying inverse fast Fourier transform (IFFT)
along the fequency axis for each time bin. The last part
can also be identified as OFDM modulation. In situations
when one cyclic prefix (CP) is added before the entire
block of OFDM symbols then a reduced CP-OTFS, namely
RCP-OTFS [14] signal is generated. Whereas, when a CP
is added before each OFDM symbol [13], then CP-OTFS
signal is created. This work is mainly focused on CP-OTFS,
however a result on RCP-OTFS is also included.

Although OTEFS is an orthogonal modulation scheme,
yet when the signal passes through a TVMC, the received
delay-Doppler domain signal encounters inter symbol inter-
ference. To demodulate the interference affected signal,
receiver designs have been proposed in the literature which
include linear equalizers [15], [16] and non-linear equalizers
[17]-[20]. The works [18] and [19] describes a belief propa-
gation receiver for OTFS. In [17] Markov chain Monte Carlo
sampling based on the low-complexity OTES signal detec-
tion scheme is presented. The work [16] describes localized
search based non-linear receiver for rectangular pulse shaped
OTFS. These receivers have a non-linear signal decoding
structure and result in very high complexity. The work [16]
also presents a linear receiver architecture however it is
limited because it considers ideal pulse shape and hence
is not practical. In [15] a low complexity linear receiver
for rectangular orthogonal pulse shaped OTFS system is
described. Most of the articles mentioned above assume the
availability of ideal channel estimates for demodulation of the
delay-Doppler OTFS data symbols.

Channel estimation being an important element of signal
demodulation, a delay-Doppler domain channel estimation
algorithm is described in [14]. Authors of [17] also presents
a delay-Doppler domain channel estimation. Channel estima-
tion in delay-Doppler-angle dimension for OTFS-MIMO is
shown in [21]. Some initial ideas about time domain channel
estimation is presented in [22]. The channel estimation and
equalization for OTFS, described in the above-cited works,
considers ideal synchronization conditions. To the best of the
authors’ knowledge there is hardly any literature available on
the synchronization aspects of OTFS. In this article we con-
sider the above-mentioned aspects in receiver design. To do
so we first develop system model considering residual syn-
chronization errors which is further used to construct channel
estimation and equalization methods. The contribution in this
article are summarized below.

o We describe the complete system model of CP-OTFS

including the effects of residual frame timing
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offset (FTO) and residual carrier frequency offset (CFO)
on CP-OTFS, considering that training sequence [23]
based initial synchronization is already achieved, which
is not available in literature to the best of the authors’
knowledge. We establish that the integer FTO and inte-
ger CFO create a cyclic shift in delay and Doppler
dimensions respectively, thus introducing interference
in the received delay-Doppler signal (Section III). The
interference gets further enhanced with fractional CFO.

o The expression of an equivalent channel matrix in time-
domain, which includes the combined effect of the
TVMC, FTO, and CFO is presented in Section IV.

o We show that the structure of time domain equivalent
channel matrix is invariant to Doppler values. We also
demonstrate that the time domain channel matrix is more
sparse than delay-Doppler domain channel matrix in the
presence of fractional Doppler in Section IV-A. This
makes time domain channel estimation and equalization
more attractive than the delay-Doppler domain process-
ing as in earlier reported works on channel estimation
and equalization.

o We present the method for estimating time domain
equivalent channel matrix in Section V, which is nec-
essary for equalization of received signal. Unlike earlier
methods which describe delay-Doppler domain channel
estimation for OTFS, our channel estimation which uses
energy thresholding and spline based interpolation, and
equalization performed in time domain is invariant to
synchronization errors. The results bring out the toler-
ance of OTFS to such synchronization errors.

o The time-domain channel estimation and equalization
described here not only includes compensation for syn-
chronization errors but also provides an opportunity to
develop a unified representation framework for OTFS
and OFDM, which helps in paving the path for a flex-
ible reconfigurable air interface for future air interface
design.

o A low complexity LMMSE based time-domain chan-
nel equalization as well as a successive interference
cancellation (SIC) algorithm, which can cancel the inter-
ference emanating from the channel as well as syn-
chronization errors, is described in Section VI and VII
respectively.

Notations: We use the following notations throughout the
paper. We consider x, X and x to be vectors, matrices and
scalars respectively. Complex conjugate value of x is given
by X whereas j = +/—1. We denote the set of integers
between a and b Integers by Z[a b]. For brevity,a mod M is
represented by [a]ys. Expectation, Ceil, and Kronecker prod-
uct operation is denoted by E{—}, [—], and & respectively.
Matrices Oy 7, Iy and W;, are zero matrix of size N x L,
identity matrix with order N and L-order normalized inverse
discrete Fourier transform (IDFT) matrix respectively. The
superscripts (—)Tand (=)' denote transpose and conjugate
transpose operators, respectively. The operator diag{x} gen-
erates a diagonal matrix with the diagonal entries of the
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vector x. Circulant matrix is represented by circ{x} whose
first column is x. The operator vec{X} denotes Column-wise
vectorization of matrix (X).

Il. SYSTEM MODEL

We consider a CP-OTFS system with M sub-carriers, each
of Af Hz bandwidth, N symbols of duration 7,, = ALf
sec. each with T¢cp sec. long CP. The system has bandwidth
B = M Af Hz. and total frame duration 7y = NT sec., where
T=T,+Tcp.

A. TRANSMITTER

QAM modulated data symbols, d(k,[) € C,k € Z[ON — 1],
l € ZI0 M — 1], are arranged over Doppler-delay lattice
A = {(§r 37%7))- We assume that E[d(k, Dd(K', )] =
od28(k — k',)1 — I'), where § is Dirac delta func-
tion. Doppler-delay domain data d(k,l) is mapped to
time-frequency domain data X(m,n) on lattice A+ =
{(mAf,nT)}, m € ZI0OM — 1] and n € Z[0 N — 1] by
using inverse symplectic finite Fourier transform (ISFFT).
Following [3], [24], X (m, n) is expressed as,

N—-1M-1

1 K 1 pul
T SN dtk nePE L (1)

k=0 [=0

X(m,n) =

X(m, n) is converted to a time domain signal s'(z) through a
Heisenberg transform as,

N—-1M-1

DY X(m,mg(t — nT, ) ¥ =T (2)

n=0 m=0

s'(1) = \/_M

After appending CP to the baseband signal s'(7) we get,

N—1M-1

s(t) = «/LM Z ZX(m’ n)g(t — nT)eizﬂmAf(l‘chp—nT)’

n=0 m=0
3

where, g(¢) is transmitter pulse of duration 7. In this work,
we use rectangular pulse ie. gt) = 1if 0 < r <
T and g(¢) = 0, otherwise. The baseband signal s(¢) is
up-converted to the RF carrier frequency f, to obtain the RF
signal sgr (1) = s(t)e/>™Iet

We consider a baseband time varying channel with P paths
having h, complex attenuation, 7, delay and v, Doppler
values for the p path where p € Z[1 P]. The delay-Doppler
channel spreading function is written as,

P
(T, v) =Y " hpd(T — 1,)8(v — v)). (4)
p=1

The delay and Doppler values for p" path is given as
T = a7 and v, = ]% where [, and k, are delay and
Doppler bin number on Doppler-delay lattice A for p* path.
Let T4 and vy,4, be the maximum delay and Doppler spread.
Then, channel delay length becomes I; = [TpaMAf]

and channel Doppler length becomes k, = [vxNT].
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The RF equivalent channel can be given as, hgp(t,v) =
h(t, v)el?TleT,

The received signal can be written as, rgrrp(t) =
S e (e (o vysir (e = D00 ) dvde e (),
where vgp(1) is Gaussian noise with variance avz. Therefore,
rr () = 2521 hyel 27 51 — tp)eﬂnfc(tft,,)eﬂnv,,(tft,,)) +
vrr(t). The received signal after downconversion to base
band is 7(1) = rre(t)e 72, where f/ = f. — &f, is the
receiver carrier frequency with offset §f,.. The signal r(¢) is,

P
r(t) =Y hpel st — 1) TR (s)
p=1
The signal r(¢) sampled at F's = B = 1/T;, = (M + L)/T,
where L = [TcpB] is the length of sampled CP and
T=T,4+ Tcp =M + L)T;, becomes,

r()=r('Ty)

P 1 N—-1M-1
= theﬂ”‘sf“rp <— Z ZX(m, n)
p=1 M n=0 m=0

T DamAf (-2 —
g1l — 2 = n( 4 LIy 2D
N

€i2ﬂ(5fc+vp)(l/Ts*fp), (6)

where I’ € Z[0 N(M + L)]. The n'th OTFS symbol with
CP can be collected from the samples of received signal as
rM +L)+1),VI=0,1,--- ,(M +L)— 1 and can be
written as,

r(n'(M + L)+ 1)

P
— Z hpejZnéfCrp
p=1

1 N—-1M-1 ) ‘Cp
(J_M go r;)xw, Mgl = (M +L)+1 = Z1T)

ejznmAf([(n’—n)(M +0)1Ty)
J2mAf (- %]TS)) o2 OfeAvp) T (MA+L)+1— #) (7

We assume that, after initial coarse synchronization,
a residual synchronization error of /, samples from the start-
ing index of CP removed OTFS symbol as shown in Fig.1
exists. We also assume (lp7Ts + Tnax) < Tcp so that no inter-
ference is experienced from the neighbouring OTFS symbols.
The first step towards decoding the signal is to perform dis-
crete Fourier Transform (DFT) on the CP removed samples
of n’th OTFS symbol to obtain the time-frequency data and
can be given as,

—lol—

[t}

[ce] paa | - [cp| Daa | - [cP | Daa
L M

OTES Symbol 1 OTES Symbol n’ OTES Symbol N

FIGURE 1. FFT Window Matching.
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M—1 ,
2mwm’ ke

1 .
YO n)= = 3O L)+ L= o + ke
k=0

3
Using (7) we can write,
Y(m', n')
s
2 8fet, j2 Sf)Ts(L+n'(M+L)—I,
=M2hp61”ffpelﬂ(vp+f) (L+n'(M+L)—1,)
p=1
‘ o NoIM-]
e_]zn(vp"’"sfc)Ts(TT,) Z 2:)((”17 I’l)
n=0 m=0
mllo+ e+ —m(M+L1)

D S 7 —
M—1 .

> (8 = mM + L)+ L—l,+ & = 21T)
k=0 §

e (m+(\7p‘;jf(')TS —n) )

Since, g(t) is a rectangular pulse,
T
g =M + L)+ L =l +k — Z1T)
s
T
1, ifn=n&0<L—Ilg+k — )T, <T
- Tt 9)

0, otherwise

Then, (9) can be written as,
Y, 1)
P o -
— Z h;, eJvast(LJrn’(MJrL)fo';)

p=1

M-1 . mip
> X(m. n')e PPTHE W (m + 5, T — m'), M), (10)
m=0

where i, = hyd?W v, = (v, + 8f), & = (1, +
2k x

lo T, W(x.M) 2 LYW e M . When x € Z

W(x,M) = &([x]y). The time-frequency signal is trans-

formed to delay-Doppler domain using symplectic finite

Fourier transform (SFFT) as,

N—-1M-1

1 P Wkl
YK )= —== "> " ¥, n)e P, (1)
NM n'=0m'=0
which can be simplified to (as shown in appendix C)
y(k' 1
P . N-1M-1
— Z}i})e]ZTFVPTxL Z Z d(k, l)
p=1 k=0 =0
- A e
Uk — k' + -2, N)W( —I' + =, M) 2v0FLN |
Av At

(12)
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where Av = m and At =Ty = lla are Doppler and
delay resolution at the receiver. Let 7, = [,At and v, =

kpAv =5 VT, = gy where by, &, € R, then (12) can
be written as,

y(k', 1)
g Nolmod
= 3 [t 3 ace
=1 k=0 1=0

kp(!'~1p)

Wk =K'+ ks N)W( = 1+ [y, M) 00 | (13)

lll. EFFECTS OF RESIDUAL SYNCHRONIZATION ERRORS

In this section, we describe the effects of residual FTO and
CFO errors in the receiver. From (12), it may be noted that
y(k', ) experiences ISI in both delay and Doppler dimension.

A. INTEGER DELAY AND INTEGER DOPPLER VALUES
When l;, and k~,, are integers, then (12) simplifies as,

P
y(k/, l/) _ Z (hpeﬂnéfctpejvaI’,TsL
p=1

’

T.

YU 1
v~ &%)

Ak — ky, I — 1) Av’<M+L>N) (14)

If we consider an AWGN scenario, then integer time and
frequency errors result in a cyclic shift in delay and Doppler
direction respectively thus cg/clically shifting the origin of
delay-Doppler grid to (l,, %). It can also be observed
that, (14) resembles the received delay-Doppler signal as
described in equation (24) of [3]. Thus the effect of syn-
chronization error can be considered as a part of the channel
itself, with modified channel taps h, = h,e?* %%, ¢, =
7, + loTs & V), = v, + 8fc. Thus, it may be conjectured that
channel equalization with appropriate channel coefficients
may be able to equalize the effects of TVMC and residual
synchronization errors.

B. INTEGER DELAY AND FRACTIONAL DOPPLER VALUES

By observing the the summation terms on the running vari-
ables [ and k in (13) we can infer the following. If any
Doppler or delay value of the modified channel is fractional,
ie, k~,, or l;, ¢ 7, then every symbol experiences interference
in Doppler or delay dimension accordingly. The interfer-
ence in the Doppler axis is observed frequently because the
Doppler values of channel are not usually resolved to integer
values. The residual synchronization error, éf., can lead to
a modified fractional Doppler value even though the actual
channel Doppler values (k) are integers since k, = k, + %.
Fractional delay values are not observed since the sampling
of the received signal in time domain approximates the effect
of fractional channel delay to the nearest integer time bin [3].
Thusl, € Z = (—1U'+l) e ZVI €[ON —1] =
vl -1+ l;,, M) = &I - U + l;]M). Therefore (13)
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becomes,

P e N-l )
WL =3 [h,,e'2” TN 3 dlk, [~ )

p=1 k=0

B k(' =1y)
Wik — k' + Ky, N)e/>™ Grw } (15)

In (15), each received symbol experiences interference from
all other symbols in Doppler dimension. In the sections that
follow, we describe the construction of the equivalent channel
matrix, its estimation and compensation of the effects of
synchronization errors described here.

IV. EQUIVALENT CHANNEL MATRIX FOR OTFS
INCLUDING SYNCHRONIZATION ERRORS

In this section, we derive the expression of equivalent channel
matrix in time domain, which includes the effect of residual
synchronization errors and time varying channel. For this,
we establish the equivalent system model in matrix-vector
form for CP-OTFS. Symbols d(k, [) are arranged in M x N
matrix as,

d(0, 0)
d, 1)

d(1,0)
dd, 1)

d(N —1,0)
d(N —1,1)

D=

dO.M—1) d(1.M—1) AN —1.M — 1)

(16)

Delay-Doppler to frequency-time domain conversion (after
the ISFFT) is done following X = WLDWN, where,
X={X(m,n)|Vm e Z[I0OM — 11 & n € Z[0 N — 1]}, such
that frequency is along m and time is along n. Frequency-time
domain to time domain signal is obtained using OFDM mod-
ulation, as S = Wy X = DWy, where S = [sp S| -+ Sy_1]
is concatenation of OTFS symbol vectors s;, Vi € [ON — 1].
The pulse shaped samples of the signal is written as,
Sps = GT Wy X. Gr is the pulse shaping matrix [25]. Since
g(?) is rectangular, we have G = Ijy.
The CP appended signal is given as, Scp = BcpSps =
BCPGTWMX = BCPGTDWN, where Bcp =
Orm-1 I, I is operator for appending CP. Thus,
the transmit signal can be given as, scp = vec{Scp} =
vec{BcpGTDWy }. Using the identity vec{Ag «1.Brxm}
Iy ® Ayec{B} = (B ® Iyvec{A}, scp = Iy
BcpGr))vec{DWy} = (Iy @ Bep)(WL @ Iy)vec{D}
Iy ® Bep)(Wy ® I)d. Therefore,

&l

scp = Acpd, an

where d = vec{D} is data vector, Acp = (Iy ® Bcp)A and
A = Wy ® I,. We also introduce the transmit signal vector
s = vec{S} without CP added and can be given as s = Ad
by putting Bcp = Iy in (17). At the receiver, the noiseless
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received signal in discrete form [3] can be written as,

P
. (I—Ip)k;
rep(l) = Y hyscp(l — 1) GRDNV (18)

p=I1

where [ € Z[0 ((M + L)N — 1)]. We collect the samples
rep(gqM +L)+1)Y1 € Z[0 M + L — 1] to obtain gth OTFS
symbol vector r&, with CP. Then the CP removed vector ry
can be given as,

I'q = chl‘[ép, where RCP = [ 0M><L IM] . (19)
Therefore,
r,() =rcp(gqM +L)+L+1), 1 € [0 M —1]. (20)

With the introduction of CFO at the receiver, the samples of
gth received OTFS symbol r’;(l) is

ko(qgM +L)+L+1)

r() = rep(gM + L)+ L +DeNmD (21

where kg = % With residual time synchronization error of
1, samples,

OES AUSEH
From (18), (20) and (21),

£q()
_ o Z e
o (L+1=lp—Ip)kp
ST TORIN sep(q(M + L)+ L+1—1,—1,). (22)

We assume [, + [; < L. Therefore,

r,() = Zh e]27Z <M+L)N o2 (karkO)q e]2 W
p=1
oL = Iy = lolu). (23)
Then,
F,0)
- ry(1)
I, = :
ryM —1)

P i —lpko
Z hyye T BN Il Akptko
p=1

el-zﬂ (kp+ko)L—Ip—1lo)

kp +k0
WTDN 27

N s, (24)

where I1 = circ{[0 10- - - O]},[X 1} 1s a circulant delay matrix

and A = diag{[1 e’zn~ e’zf GIFD 1"} is a diagonal
Doppler matrix. Let, [, = I, + Iy, k, = kp + ko and h, =

o ko ) )
hpe’ ™+DN ' When we include noise,

1
(M+L)N ..

i, = Hysy + vy, (25)
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where v, is M length Gaussian noise vector with elemental
variance o2 and

Y T
H, = thr[lpAkpe/ T DN @27 W4 | (26)
p=1

The above can be modified as,

Ix
5 - o k(L=D)
H, =Y 1" diagihy e DV
=0 ek,

JTRA STARDY L TN T, (27)
where l; = [; + lp is maximum excess delay bin value of
channel. We let k,, be the set of Doppler indices for the /th
channel tap such that P = Zﬁ;o ky,. Then k,, = {(k+ko)| k €
ky,} and
hy, ifl,=1landk, =k

hix = .
0, otherwise.

Therefore, the concatenation of CP removed vectors can be
given as,

) Hy S0
_ ry H; S1
r == . = . . +V7
Iy—1 Hy_ ] [ sv-1
H S

(28)

which can be written as, ¥ = Hs + v = HAd + v, v
being MN length concatenated white Gaussian noise vector.
Equation (25) suggests that the effect of synchronization
errors can be considered as part of time domain channel
matrix. Equation (26) shows that the structure of the channel
matrix is invariant to the introduction of synchronization
errors which is an added advantage as the number of elements
in the matrix does not change with residual synchronization
errors and hence the sparsity of the matrix is unaltered.
Next, we propose an estimation algorithm to estimate this
equivalent channel matrix, however we first give a short
justification for chooseing time domain channel estimation
over delay-Doppler domain processing.

A. OTFS CHANNEL MATRICES

Delay-Doppler channel matrix Hpp and time domain channel
matrix H are related as [25], Hpp = ATHA. Using the
definition of A = Wy & I, Hpp can be simplified as a
block matrix with blocks of size M x M and can be written
g ... g¥-

dd dd

as, Hpp = : : , whose (I, k)"
Hg,d(N—l) H%—l),(N—l) )
block can be given as, HZ’LI; = 22’501 wg.iwq kHy, where,

o Ik
Wik = &N

10566

Finally, using the definition of H, in (29), H,} can be
further simplified as,

| R T P D) -
szl Jip T AR 2 G 5([k — 1 + Ry ),

1.k for kp ez

Hj) = N U -

> Il AR TORIN Wk — 1 4k, N),
p=1

for k, ¢ Z

We can infer the following from the above equation. When
channel Doppler values are resolved in integer Doppler bins,
each row of Hpp contains P matrices where [ —k = 1;,,, Vp =
1, ---, P whichresults in NPN, number of non-zero elements
in Hpp. However, when fractional Doppler is observed,
the delay-Doppler channel matrix Hpp contains N2N, num-
ber of elements. Thus, structure of channel matrix varies with
the nature of channel Doppler values which is not observed in
time domain channel matrix. Therefore, H is at least P times
and at max N times sparse than Hpp. Therefore, equalization
with H will result in lower complexity than equalization
with Hpp.

V. ESTIMATION OF EQUIVALENT CHANNEL MATRIX

In this section, we propose an algorithm to estimate the equiv-
alent channel matrix specified in (27). From (27), we can
write,

I

H, = ) M'H,, where, (29)
=0
H,, = diag{[h(g(M + L)+ L, 1) h(gM +L)+ L +1,1)
oo h@M +LY+M+L—1,D1"}, (30)
where,
i kom D7 k(n—m)
h(n,m) =Y hy e NOSD STNGED (31)
kel?um

Vne[ONM+L)—1],me [0 [].

A. PILOT STRUCTURE IN DELAY-DOPPLER DOMAIN

We extend on the pilot structure described for OTFS
in [14]. The pilot is a 2-dimensional (2D) impulse in
delay-Doppler domaini.e. d(k, ) = «/Pp 76k —Kp, [ —Ly),
Vk e [0 N—-1],l e [L, — L L,+ L — 1], where Ppyr =
N, = 2NL is the pilot power. At the receiver, the received
delay-Doppler signal corresponding to pilot signal, with syn-
chronization error is,

P Nl
VK1 = e OO S Prrk — Ky,
p=1 k=0

/ I ’ ~ '27TM
(' — L, — [Im)W(k — k' + Kp, N)e/™" 00N } (32)

From the above, one may infer that the transmitted 2D
impulse pilot, after going through the channel, spreads over
the entire Doppler axis while the spread in delay is limited
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to (L, + l;) starting from L,. We collect received signal
yk', 1), Yk € [0 N — 11,1 € [L, L, + L — 1] for
channel estimation. This part of the received signal contains
the response of the channel to the 2D-delay-Doppler impulse
pilot signal, which is not-interfered by data symbols. This is
because we have assumed that L > [, + [, — 1.

B. CHANNEL ESTIMATION
Here we describe theorems necessary to obtain the time
domain channel estimates from the received time domain sig-
nal. Theorem 1 relates the time domain channel coefficients
and the received delay-Doppler signal y(k’, I’). Theorem 2
establishes the relationship between the estimates of time
domain channel coefficients and the received time domain
signal rcp(l).

Theorem 1: The intermittent time-domain channel coeffi-
cients are directly proportional to the N point IDFT values
obtained from pilot section of received delay-Doppler grid,

: _ 7j2nﬂ N—1 /
ie, laM~+L)+L+Ly,+1,1)=e N v—o Yk, Ly+

o~ ak! ~
DN ), ¥ a e ZI0O N — 11, 1 € Z[0 I — 1].

Proof is given in Appendix A.

Theorem 2: The intermittent time-domain channel coeffi-
cients are directly proportional to the samplis of received
signal, i.e, @M + L) + L, +1,1) = e 2" F rep(a(M +
Ly+L+L,+1), ac[0N—-1]

Proof is given in Appendix B.

From the above theorem, we see that the estimate of chan-
nel coefficients at time instances ((M +L)+ L, + DTy, o €
[0 N — 1] for Ilth channel tap can directly be obtained
from R(l, k) = r(l), as in Algorithm 1, without going
through the FFT-ISFFT path to reach delay-Doppler domain
as described in [14]. This creates the opportunity for esti-
mating time domain channel coefficients from delay-Doppler
domain embedded pilot. Using the estimated channel coef-
ficients we obtain the values at time instances nTs, n €
Z[0 N(M+L)—1] for each channel tap through interpolation.
Since the coefficients to estimate (30) resembles a signal
comprising sum of sinusoids, we considered the polynomial
interpolation techniques (spline [26]) in this work. In other
words,

hn, 1) = spline_interpolate([h(Lp +1,1)
hM+L+L,+1,1)
h((N =DM + L)+ L, + 1. D],
~[0M +LWN — DM +L)]",
012 WM +L)=11"), (33)
V1 € [0 I; — 1], where spline_interpolate (using ‘interpll’
inbuilt function in Matlab®), returns the interpolated signal
at points # when y is the part of signal known at points x.

Algorithm 1 describes how channel estimates for the entire
time duration are generated from the received signal as well

as how to estimate gth channel matrices ICIq, i & flq, which are
described in (30) & (29) respectively.
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Algorithm 1 Esitmation of I:Iq
1. Given : The received signal (/)
2: Output : H,
3: R(, k) =1 (D)
4: for!’=0:L do

S: y =0
6: fork=0:N—1do
7: y =y +IRIL, + 1, k)|?
8:  end for
9 ify > 3(7n2 then
10: [=[11]
11: }:z(n(M+L)+L+Lp+l/,l/) =ijp7 o+ 1)
12: h(n,l") = spline_interpolate({A(n(M + L) + L +
L,+0U'I')lne[0N—11}, [L+L,+1I':M+L:
NM+L)], [0:NM+L)—1])

13:  endif
14: end for
15: forAq=O:N—ldo
16: q =0y xm
17: forz eldo
18: gi = = diag{{h(gqM +L)+L+1', il € [0 M—1]}}
19: H, =H, + I'H,
20:  end for
21: end for

L M
[e] | [mafor] | [ma] . [op] | [(Bwa]

2L
OTES Symbol 1 OTFS Symbol 2 OTFS Symbol N

FIGURE 2. Time domain CP-OTFS frame.

C. TIME DOMAIN INTERPRETATION OF THE CHANNEL
ESTIMATION

The frame structure used in delay-Doppler domain turns out
to be a impulse train in the time domain modulated by sinu-
soid superimposed without interfering with the equivalent
time domain data as shown in Fig.2 and is given as,

s(n) = sp(n) + sq(n). (34)

Symbols s4(n) and s,(n) are the corresponding time domain
equivalent signal of the the delay-Doppler data and pilot.
Since pilot is a 2-D discrete impulse at location (K, L),

N-1
PpLr jom Art
Te’ TNOED Y " §(n — (@M + L)+ L + L)

sp(n)=
a=0
(35)
Using (18), (31), (34) and (35), the received signal is,
r(n)
= PPLT o A D
— Zh( 1)(,| P 27 K1y Z
1=0
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lr—1
51 —1— (@M +L)+L+L)+ Y hn, Dsatn =)
=0

which can be simplified as,

N-—1
r(n)=,/PPLT > h(nn — (@M + L)+ L+ Ly))

a=0

Kp(o(M+L)+L+Lp) I -1
TN Z h(n, Dsq(n — ).
1=0

% e]27'r

With length of CP being greater than 1,,,,y,

Pprr

N
X h(@(M + L)+ L, + 1, )"

reM +L)+L+L,+1) =

Kp(a(M+L)+L+Lp)
NM+L)

which implies that the result as obtained using theorem 2.
From this time domain interpretation one can visualize the
time domain frame as pilots embedded in each symbol.
After such a pilot passes through a channel, one can obtain
the channel impulse response directly. This can be interpo-
lated to obtain the channel coefficients at all time instants
as described earlier. In the next section we propose a low
complexity LMMSE equalization technique, which uses the
estimated equivalent channel matrix, to compensate for the
channel induced distortions and residual synchronization
errors.

VI. LMMSE EQUALIZATION

In this section, we explain a low complexity LMMSE
receiver for CP-OTFS based on [15]. The LMMSE equal-
ization of r in (28) results in estimated data vector d
given as,

d = (HA) [HAHA) + &1 'r. (36)
94

When g(t) is rectangular, A becomes unitary. Thus (36) can
be written as,

H,,

d=AtHIHH + 51 r. (37)
94

ree=Hegr
Thus LMMSE equalization can be performed as a two stage
equalizer. In the first stage, LMMSE channel equalization
is performed to obtain r. = Hr. Second stage is a
OTFS matched filter receiver to obtain d = Afr.. The
direct implementation of roe = Heyr requires inversion of
v = HHf + - o 21 and multiplication of H', which needs

O(M>N?) complex multiplications (CMs). Thus, it is desired
to reduce the complexity of r,, = Hegr. It is evident

from (28), that H matrix is a block diagonal matrix W1th
blocks H of size M x M. This leads to ¥ = HH + o o1 =
diag{¥o, Wy, --- Wy_1}, which is a block diagonal matrlx
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with blocks W, of size M x M . Itis well known that the inverse
of a block diagonal matrix is also a block diagonal matrix.
In addition to that, the inverse of a block diagonal matrix can
be computed using the inverse of individual blocks. Similar
to the decomposition of r into r(s), re, can also be written
as e = [rce 0 rze L Ze’N_l]T, where Tee g = [Fee(qg(M +
L)+L) rce(q(M+L)+L+ D) ree(gM+L)+(M+L)—1)]T
is the ¢, ¢ € [0 N — 1] channel equalized vector. Thus we
can write,

Fee.q = H)[H H] +2 I]’ r;, g€ ZION — 11, (38)
which can be computed using inversion and multiplication
of M x M matrices. The required complexity is of O(NM?).
Generally, the value of M is in the order of 100’s. Although
the above simplifications significantly reduce complexity,
yet LMMSE processing remains a computational burden.
We investigate the structure of W, involved in channel equal-
ization described earlier, in order to reduce the complexity
further.

~ o~ o2
A. STRUCTURE OF Wiq = [HoH + 7411

Using (26), I:IquI:; can be expressed as,

mz

T
q

P - - -
I S N
= (Z hpe’Z" WTTON Al Tl /27 %(1)
p=1
L ks(L—I5) % = k
(D he @i mh AR ¥ C0) - (39)
s=1

Since IT is a circulant matrix, it can be verified that

N> = WA~»WT'. Therefore, I:IqI:Ij; = 25=1|ﬁp|21 +
p=s
. kp—k.

Z§=1 P ey Tl AR 274 where ¢, =

pEs
~ = oo *kp1p+ksls - L(k —ks)
hyhye " OTFDN 7T G0N . Thus, we can write
\pq_Z(m 1? + Z)I+chp 1 X

p=1 p=1 s=1

p=s pPF#ES

(40)

From this, it can be concluded that the maximum shift of
diagonal elements in A can be +(I; — 1). Additionally, due
to the cyclic nature of the shift, W, is quasi-banded with
bandwidth of 21, —1. AsI; < M, W, is also sparse for typical
wireless channel. Structure of W, is similar to the channel
matrix of RCP OTFS as described in equation (13) specified
in [15]. Thus W ! can be computed using LU factorization
of ¥, in a similar way as described in Sec. III B of [15],
ie. v, =L,U,.
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B. COMPUTATION OF &
After LU decomposition of W, r.. 4 is simplified to,

(2)
Ty

(1)
Ty

As Ly is a quasi-banded lower triangular matrix, rgl) =
L, ! r, can be computed using low complexity forward substi-
tution as explained in Algorithm 2 in [15]. Algorithm 3 of [15]
can be used to evalaute r(qz) = U;lr(ql). Using the definition

of Hy, Fee g = Ijlgrgf) can be written as,

P
Teeq = Z i_sz_kP l'[_lﬂrglz)
p=1 . .
circular shift
. To compute r, g, r(qz) is first circularly shifted by ‘-1,
and then multiplied by hpdiag{A’kl’} using point-to-point
multiplication for each path p. All vectors obtained above are
summed to obtain re. 4. Then, {rc., q}g;()] are concatenated to
obtain r... Finally, d= ATrce can be implemented using M
number of N-point FFTs (Sec. III-C, [15]).

C. COMPUTATION COMPLEXITY

With some effort it can be shown that the number of CMs
required to implement our proposed LMMSE algorithm is
MN logy N+MN[212+2 P? k, +91; — Pk, — 3]+ N[22 +
2 I; + P]. The order of complexity achieved through our
receiver is MN log(MN), which is significantly lower than
the direct implementation, which is of the order of M3N3.
Our proposed receiver requires around 10’x lower CMs than
the direct implementation following (36), if we consider a
typical OTFS system with Af = 15 KHz, fo = 4 GHz,
N = 128, M = 512, speed of 500 kmph and the extended
vehicular A (EVA) 3GPP channel model [27] with P = 9 and
Tmax = 2.51 1 sec.

It is worthwhile to note that we can also implement
LMMSE receiver for OFDM [15] using the methods devised
in the last section. The only difference between the receiver
for OFDM and OTES is the length of FFT used. For OTFS,
we need M numbers of N-point FFTS whereas for OFDM
we require N numbers of M-point FFTs. Thus, OTFS has
complexity of O(MN log,(N))and OFDM has complexity of
O(MN log, (M)). In a typical OTFS settings, M > N, thus
OFDM receiver has more computational burden than OTFS
receiver.

VIi. LDPC CODED LMMSE-SIC RECIEVER

We present the successive interference cancellation receiver
for LDPC coded OTFS which uses the estimated channel
coefficients instead of ideal channel coefficients [28]. In this
description ™ contains the interfering signal for the i

iteration, where 1 < i < Ngjc. The initial value is set as
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r’l’” = 0. In the i iteration, interference is cancelled using,

ri=r—r" (4D

It is required that r; be equalized as,
Ags 2
d? = ATHT[HHT + Z—}I]_lri. (42)

Soft demapper output of d® are given to the LDPC [29]
decoder to estimate the message bits b;. The indices of
correct blocks after i iteration are stored indexc® with
indexc = 0. Instead using the entire message, only the
incorrectly decoded code blocks of the previous iteration are
considered for decoding. The following is done accordingly

d?[indexinc] = d', where indexinc contains the indices of
incorrect code words. The log-likelihood ratios(LLRs) of d
are calculated as,

|ld’ — s

in—————) (43)

- q— 2
LLR(®)|d()) ~ (min 1d =517y 5
seSjl a“(n,n)

ses? @2(n, 1)
where ai(n) is the n”* element of d' mapped from the bits
b(,)) b,ll . ~bf]_1, J is the number of bits per symbol and

02(n, n) is the element of 62 = onz(HmmseHjnmse), where
2

Hymse = ATHIHHT + %I]_l. SJQ and Sj1 represent the
d

constellation symbol sets where the bit b’,7 = 0 and b’,7 =1
respectively forj =0, 1, --- ,J — 1. These LLRs are given as
input to the LDPC decoder, which is based on the Min-Sum
algorithm [30].

To generate the interference pattern

i11- only the correctly

decoded &,- are used following,

| = HAd,. (44)
It may be noted that since we use correctly decoded code
blocks for generation of interference pattern, error propaga-
tion is minimized unlike other SIC schemes which operates
at uncoded symbol level.

Stopping Criteria: The SIC receiver is considered to iterate
at most Ngjc times. Additional stopping criteria are with
respect to improvement over iterations, i.e. iterations will stop
if impge = N. — Ni=! < 5y, where 5, is improvement
tolerance constant and N is the number of blocks in error
after i iteration. We also stop the SIC iterations if errg,. =
Nei < 17, where 1, is error threshold value, i.e. number of
error blocks are very low already.

VIIl. UNIFIED FRAMEWORK FOR ORTHOGONAL
MULTICARRIER SYSTEMS

In this section, we describe a generalized framework for
orthogonal waveforms. Modulation techniques following this
framework will be able to take advantage of the chan-
nel estimation and equalization algorithms proposed earlier.
Let D be the data matrix of size (M) x N. Then the transmit
signal which can be of the form

S = (BDC} = Avec{D}, (45)
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LMMSE di | rLpeC
Equalizer Decoder
d i+1
OTES QAM
- -
H Modulation Mapping

FIGURE 3. Schematic block diagram representing signal flow of our
proposed code word level SIC receiver.

Algorithm 2 SIC Receiver
1: Given:r, H, n1 and
: Output : b
: Initialize : impy,c = 100 errjse = 10n;, indexc! = 0
;1" =0andd; =0
: Compute ¥V = [HH' + Z—”EI]
: Compute LU = ¥ ‘
: while (i < Ngjc && impgyc > 11 && errgye > 12) do
ri=r—r"
d® = ATHTU-'L 'y
10:  d9[indexincV] = d’ y
11: [5,-, indexinc(i)] = LDPCdecoder (&(i))
122 diy1 = QAMmod (b;)
13:  diy[indexinc?”] = 0
14: l'?_:_tl = HA&,'_H
15:  imppe = Nei — Nei_1
16:  errge = N!
17: end while
18: 5 = I;NSIC

where 28 and € are modulation specific matrices. A in (36)
can be computed using A = (€@ DI ® B). We define S, as
the constant pilot matrix of size 2L x N as

0rxn
[T1---1]ixn |- (46)
0 _1xN

S, =

The combined time domain matrix with N symbols each

Sp
S, | We append

CP as described before, i.e. Scp = B¢pS. Then, the transmit
vector can be given as s = vec{Scp}. This transmit vector will
resemble the time domain frame illustrated in Fig. 2. Hence,
the same time domain channel estimation and low complexity
LMMSE equalization proposed can be used to equalize the
combined effects of channel and residual synchronization
errors.

CP-OTES presented in this work can be fitted in this
framework when one sets 8 = Ij; and € = Wy in
above equations. Similarly, when 8 = W), and € = Iy,
the above system becomes an OFDM system with no differ-
ence in the equalization techniques at the receiver. Hence, this
generalized description of system can pave the way to realize

containing M samples can be given as, S =
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a flexible communication system which can change its wave-
form with changing nature of channel, for e.g., the transceiver
pair can use OFDM in low mobility scenarios while switching
to OTFS under high speed scenario.

IX. RESULTS

In this section, we present the performance of low density par-
ity check (LDPC) coded CP-OTFS system with time domain
channel estimation and equalization in presence of residual
FTO and CFO errors. Since we present a unified model for
constructing OFDM signal as well as OTFS signal, therefore
we also present the performance of an equivalent OFDM
system. We also present the performance of the developed
time domain channel estimation when used with RCP-OFTS,
however without residual synchronization errors. The simu-
lation parameters used are mentioned in Table 1. For each
channel delay tap value, Doppler is generated using Jake’s
formula, v, = Vyax cos(6y), where 6, is uniformly dis-
tributed over [—m ]. CP length is chosen longer than 7,4, of
the TVMC.

TABLE 1. Simulation parameters.

Parameter Value

Carrier 6 GHz

Frequency( f.)

Bandwidth(B) 7.68 MHz

Frame Time(T) 8.7 ms

Subcarrier 15 KHz

Bandwidth(A f)

OTFS parameters | M=512, N=128 , Av = 117.18 Hg,
A7 =130.21 ns

Pilot location K,=0, L,=10

Channel Model EVA [27]

CP duration Tep =1.302 us, L =10

UE speed 500 kmph

Modulation 16-QAM

FEC (LDPC) Coderate %, Codeword Length 648

The curves labeled ‘Ideal’ represent the performance of
LMMSE equalization with ideal channel estimate with-
out any residual synchronization error. The legend ‘mmse’
indicates the performance of LMMSE equalizer while using
estimated channel coefficeints, similary ‘sic’ indicates per-
formance of SIC receiver with estimated channel coefficients.
The numeral following these key words indicates the number
of Doppler taps per delay tap (‘Dpt’) used in evaluation. The
legend ‘synch’ indicates situations where lp = 2 and ko = 20.
In case of ‘synch’ estimated channel coefficients are used
in LMMSE equalization and ‘sic’. Normalized CFO error
ko = ¢ = 20 results in 8f, = koAv = 2.33 KHz.

A. BLOCK ERROR RATE (BLER) PERFORMANCE

We begin with the BLER performance of CP-OTFS system
using Figure 4. Let us first consider the ‘Ideal’ performance.
It is observed that as ‘Dpt’ increases, the performance of
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the system improves. At BLER of 10~!, the difference in
performance is nearly 4 dB. At BLER of 1072, the SNR gain
is approximately 6 dB. At higher reliability the gain increases
further. This gain in performance with increasing value of Dpt
can be attributed to Doppler diversity. This diversity is due
to increase in the number of independent channel paths with
increasing value of Dpt. It also indicates that the LMMSE
receiver is able to extract this diversity from the received
signal.

BLER

4 t—g—mmsel
—s—sic 1
—-O-—mmse 1 synch .
108 | —-¥g-—sic 1 synch

—:O-=1deal 3
—-@-—mmse 3
10 | % —sic 3
== mmse 3 synch
g sic 3 synch | | C L :
14 16 18 20 22 2

SNR in dB

FIGURE 4. BLER Vs SNR (dB) for CP-OTFS with 16-QAM, Idpc code word
length 648, code rate = % at 500 kmph.

Next, we consider the performance of CP-OTFS with the
proposed channel estimation algorithm but without residual
synchronization error. The degradation in performance in
‘mmse’ from ‘Ideal’ is limited to approximately 1 dB for all
considered Dpt. Whereas for ‘sic’ the performance loss from
‘Ideal’ is negligible.

Now we turn our attention to the performance of CP-OTFS
system with synchronization errors (legend marked with
‘synch’) while using the estimation and compensation tech-
niques described above. In case of ‘mmse’, it can be seen that
for 1 Dpt, the degradation in performance when compared
to no synchronizatin error is nearly 0.5 dB, which is about
1.5 dB for 3 Dpt. Whereas, in case of ‘sic’ it may be noted that
the performance is not much deviated from ‘Ideal’ untill error
floor starts to appear at higher SNRs. It may also be noted that
CP-OTFS is fully immune to residual synchronization error.

After having discussed the performance of CP-OTFS with
16-QAM, which captures the impact of phase modulation as
well as amplitude modulation we include the performance of
the proposed algorithms for a higher order QAM, namely 64-
QAM. The BLER vs SNR of 64-QAM is presented in Fig. 5.
It can be seen that at a BLER of 10!, the additional SNR
required, over 16-QAM, is about 7 dB. Whereas, it is around
10 dB at BLER of 1073 and below. A very interesting obser-
vation that can be made for higher order QAM is that the SIC
performance improves significantly over single stage MMSE.
Such results are supported in [28], [31].
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FIGURE 5. BLER Vs SNR for 64-QAM with Idpc code word length 648,
code rate = % at 500 kmph.

From the above it can be said that the proposed channel
estimation algorithm along with the SIC receiver can be
highly recommended for CP-OTFS systems.

We present additional results related to larger code block
length, lower mobility and lower code rate in Appendix D for
the sake of completeness.

Considering that RCP-OTFS is more spectrally efficient
than CP-OTFS, we intend to examine the performance of the
proposed time domain channel estimation for RCP-OTFS as
well through Fig. 6. We have extending the above desribed
algorithms for RCP-OTFS by cosidering the CP length to
be zero for all except the first CP, which is drawn from the
entire OTFS block. Due to brevity we do not provide the
details which are all but similar to what has been described
in the above sections however without effects of residual syn-
chronization errors. Since RCP-OTFS with residual synchro-
nization errors require development of dedicated algorithims,
which is beyond the scope of this work, we present results
with only channel estimation without residual synchroniza-
tion errors.

—0O--Ideal 1 1
—-O-—mmse 1
N, —-Kx-—sic 1
AN @ Tdeal 3 4
SN
&\\ '\ -0 mmse 3

BLER

14 16 18 20 22 24
SNR in dB

FIGURE 6. BLER Vs SNR (dB) for RCP-OTFS with 16-QAM, Idpc code word
length 648, code rate = % at 500 kmph.
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Upto BLER of 1072 we can see there is not much dif-
ference in performance between CP-OTFS and RCP-OTFS.
Although RCP-OTFS is expected to encounter a large amount
of interference owing to lack of CP between the OFDM
symbols, however the pilot structure as explained above helps
to reduce inter-OFDM-symbol interference. At higher SNR
RCP-OTFS is found to perform slightly better than CP-OTFS.
This can be attributed to improved channel estimation owing
to higher rate of pilot sampling due to lesser time interval
between the pilot sample points. It is also noted that with
3 Doppler taps per delay tap the performance of RCP-OTFS
is slightly better than CP-OTFS. The most significant point
to be noted here is that the developed channel estimation
can be translated to RCP-OTFS, however without ‘synch’
errors.

Now we present the performance of OFDM system, which
is described in Section VIII, in Fig. 7. The very first obser-
vation one can make is that SIC does not provide any
notable improvement in performance. The reason being that
in OFDM systems, the QAM symbols are carried on each
sub-carrier whereas in OTFS they are spread over the entire
time-frequency space. Another quick observation reveals that
with Dpt of 3, the performance is better by nearly 5 dB over
the scenario of 1 Dpt. Now let us compare OFDM against
CP-OTFS. We first consider that ‘Ideal, ‘mmse’ and ‘sic’
cases without residual synchronization errors. When Dpt 1
scenario is taken, we find that OFDM is poorer by nearly 3 dB
at BLER of 10~!. The gap increases to nearly 5 dB at BLER
of 10~ and it continutes to increase further as SNR increases.
This clearly indicates the superiority of OTFS over OFDM
by virtue of its diversity gain. If we consider the case of
3 Dpt, we again find that at low SNR, CP-OTFS is better than
OFDM by nearly 3 dB. The difference is about 7 dB at BLER
of 1072, again indicating higher diversity gain obtained by
OTFS over OFDM. When we turn our attention to the ‘synch’
cases, we find that OFDM is severly limited, which is not
a new finding. In comparison we find the CP-OTFS has
significant resilience to such large residual synchronization
error although not completely immune to it.

From the above discussions, it can be said that the
proposed algorithms can provide sufficient resilience to
OTFS against synchronization errors while compensating
for TVMC and thus makes OTFS a potential transmission
technology candidate for use especially in high mobility
scenarios.

Having exposed the most important performance metrics
of OTFS under TVMC and residual synchronization errors,
we now take a look at the mean square error (MSE) of the
channel estimates for the strongest tap against varying SNR
for different Dpt as shown in Fig. 8. It can be observed that
the MSE increases with Dpt. Thus, one can infer that the
channel coefficients obtained from the interpolation based
channel estimation deviate from actual channel coefficients
as Dpt increases. Although MSE for Dpt of 3 is worse than
that for Dpt of 1, the BLER performance of Dpt 3 is better.
This can be attributed to the improved diversity experienced
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104 F —-O-—mmse 1 synch
Qe Ideal 3
o mmse 3 R 3
e sic 3 B\
10°F .o \\g

- mmse 3 synch

16 18 20 22 24 26 28 30 32 34
SNR in dB

FIGURE 7. BLER Vs SNR for CP-OFDM with 16-QAM, Idpc code word
length 648, code rate = % at 500 kmph.

due larger number of independent paths available. Further,
the MSE values are small enough so as not to affect the
performance significantly. One of the reasons is that the pilot
being an impulse in delay-Doppler as well as in time domain
enjoys significantly higher SNR than the data part of the
signal.

—— 1 Doppler tap / delay tap
—m—3 Doppler taps / delay tap

10

MSE
oo

0 10 20 30 40
SNR(dB)

FIGURE 8. MSE of channel estimates for CP-OTFS.

It can also be observed that MSE saturates even when SNR
increases. This indicates that the proposed estimation and
compensation methods are effective only in the mid-SNR
region. One may wonder that the saturation in MSE should
be observed in the BLER curves as well. This is indeed true,
however, the saturation in BLER starts to appear below the
level of 1073.

B. LIMIT OF CFO TOLERANCE

Since we are concerned about the effect of residual synchro-
nization errors, of which the CFO has more significant effect
on the received signal, we present the BLER performance of
CP-OTFS against normalized CFO (%) in Fig.9. For Dpt
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FIGURE 11. BLER Vs SNR for 16-QAM with Idpc code word length 648,
code rate = % at 500 kmph.

of 1, we consider SNR of 20 dB, whereas for Dpt of 3, we use
SNR of 14 dB.

It can be observed that BLER does not increase notably
untill normalized CFO reaches a value of 20, beyond which it
grows exponentially. This increase in BLER can be attributed
to increase in MSE with CFO observed in Fig.10, which
shows the MSE of channel estimates for the strongest tap.
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FIGURE 13. BLER Vs SNR for 16-QAM with Idpc code word length 648,
code rate = % at 100 kmph.

The increase in MSE is due to an increasing mismatch
between the estimates of channel coefficients obtained using
the proposed method and the actual value of channel coef-
ficients. An increase in CFO, which has a similar effect as
increase in Doppler, results in a higher rate of channel fluctua-
tions. An increase in the frequency of time-domain pilots may
help in improving the situation but it has its associated penalty
in terms of spectral efficiency loss, the detailed analysis of
which is beyond the scope of this work.

Therefore it may be said that, with a limited allowable
SNR degradation from the ideal performance, our proposed
channel estimation method can compensate normalized CFO
value up to 20. However, it may also be stated that beyond
such values the performance of CP-OTFS degrades at sig-
nificantly. A normalized CFO value of 20 leads to an offset
value of éf, = 20Av = 2.33 kHz which is 15% of the
sub-carrier bandwidth and is 0.4 ppm of carrier frequency.
This value can be considered as a significantly high limit
of residual frequency error, which can be addressed by the
methods described in this work. It is important to mention that
the performance is evaluated considering channel conditions
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where the maximum Doppler frequency is 2.76kHz, which is
additive in nature with CFO as discussed in Section III. This
results in a significantly high value of equivalent maximum
Doppler of 5.09 kHz.

X. CONCLUSION

We have started by describing the system model of a rect-
angular pulse shaped CP-OTFS system with residual frame
timing offset and residual carrier frequency offset errors.
We exposed that integer time and frequency errors result
in a cyclic shift in delay and Doppler dimensions. We also
show that fractional Doppler or delay causes interference in
Doppler or delay dimension respectively. Since we found that
the effect of synchronization errors can be considered as a
part of the channel itself, however with modified channel
taps, we developed a time domain channel estimation method
for delay Doppler domain embedded pilot based CP-OTFS
system to estimate the effective channel matrix. It is brought
out that the time domain processing offers lower complex-
ity owing to higher sparsity compared the delay Doppler
domain channel under the presence of residual synchroniza-
tion errors.

Using the estimates of the effective channel matrix, we pre-
sented a low complexity LMMSE receiver as well as a SIC
based receiver for LDPC coded CP-OTES system. It is seen
that CP-OTFS has significantly large tolerance to residual
CFO, however it is not completely immune to it. It is found
that the maximum SNR loss at BLER 1072 is around 1 dB in
the absence of residual synchronization errors when LMMSE
is used, however the loss is negligible when SIC is used.
It is also shown that the described compensation methods
show promise to compensate for residual CFO of up to 15%
of subcarrier bandwidth or 0.4 ppm of carrier frequency
with a loss in SNR up to 1.5 dB at BLER 1072 in case
of LMMSE. However it is found that SIC can bring the
performance close to LMMSE with ideal channel estimates.
Itis also seen that iterative SIC gives massive gains especially
for higher order QAM modulations. We have verified that
the presented channel estimation and compensation methods
can be translated to RCP-OTFS as well. We have shown
that OTFS with practical channel estimation in presence
of residual synchronization errors significantly outperforms
OFDM (by 3 - 7 dB) especially when such errors are high as
encountered in high ICI conditions. With the above, it can be
stated that the proposed time domain channel estimation and
LMMSE based SIC receiver for LDPC coded CP-OTFS can
enable OTFS for use as potential air interface in high mobility
conditions.

Considering that OFDM with frequency-domain adaptive
modulation and coding is known for providing high spec-
tral efficiency especially in low mobility conditions and that
OTFS provides much superior reliability in high mobility
conditions, the unified framework for representing both mod-
ulations depicted in this work can help pave the path for a
flexible and reconfigurable future air interface.
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APPENDIX A
PROOF OF THEOREM 1
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APPENDIX B
PROOF OF THEOREM 2

Proof- We know, h(a(M + Ly + L, + 1) =
e_ﬂ”#( e Oy(k’ L, + Del?™ N ) Also, as explained
in the [10], the time domain signal can be viewed as the
interleaved OFDM, in which an N-point FFT is taken along
the Doppler axis and then interleaved to get the time domain
signal. If this is applied to the received delay-Doppler sig-
nal y(k’, "), then the signal without CP can be given as,

ren) + 1) = ( 5;5y(k’,1/)ef'2”“7”) Due to addition
of CP, @M + L) + L +1') = ( Ny, 1)el> )

~ aKp
Therefore, h(e(M +L)+L,+1,1) = e*ﬂ”Tr(a(M +L)+
L+L,+1). O
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APPENDIX C

PROOF:DELAY-DOPPLER INPUT-OUTPUT RELATION
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APPENDIX D

ADDITIONAL RESULTS

In this section we present additional results pertaining to the
effect of lower code rate, larger code word length, and lower
mobility conditions on 16-QAM based CP-OTFS system.
We begin with the performance of rate code % in Fig. 11.
We compare it against the result shown in Fig. 4, which is for

code rate % At a BLER of 10~ it can be observed that

code rate % provides approximately 3 dB improvement

over code rate % A gain of around 4 dB is found at lower
BLER values.

The effect of larger code block length is shown in Fig. 12.
By comparing against Fig. 4 it can be seen that at BLER
of 10~ there is only little gain, however the gain is around
1 dB near BLER of 1073 and it increases further at lower
BLER values. Thus the gain with higher code block length
is observed with more intensity at lower BLER / higher SNR
regions.

The performance at lower mobility, i.e., at 100 kmph is
shown in Fig. 13. Again we take Fig. 4 as reference for
comparison. It can be observed that there is no note worthy
difference. Such observation is also reported in [3].
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