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ABSTRACT In this paper, we apply polar codes to a modified version of OFDM systems with index
modulation which is called OFDMwith in-phase/quadrature indexmodulation (OFDM-I/Q-IM).We provide
general design guidelines for the proposed polar-coded OFDM-I/Q-IM systems. In the proposed system,
at the transmitter, we employ a random frozen bits appending scheme which not only makes the polar code
compatible with OFDM-I/Q-IM but also improves the bit error rate (BER) performance of the system.
Furthermore, at the receiver, it is shown that the a posteriori information for each index provided by
the index detector is essential for the iterative decoding of polar codes by the belief propagation (BP)
algorithm. Simulation results show that the proposed polar-coded OFDM-I/Q-IM system outperforms its
OFDM counterpart in terms of BER performance.

INDEX TERMS Bit error rate (BER), orthogonal frequency division multiplexing (OFDM), index modula-
tion, polar codes, log-likelihood ratio (LLR).

I. INTRODUCTION
Polar codes, introduced by Arikan in 2009 [1], can achieve
symmetric capacity of binary-input discrete memoryless
channels (B-DMC) for the input letters with equal probability.
In some scenarios, it has been shown that the bit-error-rate
(BER) performance of polar codes can be similar to that
of turbo or LDPC codes with lower complexity by utiliz-
ing successive cancellation list (SCL) decoding scheme [2].
Furthermore, the polar codes aided by cyclic redundancy
check (CRC) can achieve even better performance than other
channel coding schemes [3]. For these reasons, polar coding
has been adopted to the 5G new radio (NR) interface by the
third-generation partnership project (3GPP) [4].

Beside applying polar coding, to meet the requirements
of the next generation of high-speed wireless communi-
cation networks, also new waveform formats have been
proposed. The orthogonal frequency division multiplexing
with index modulation (OFDM-IM) is a modified version
of OFDM by extending the concept of spatial modula-
tion (SM) to the frequency domain. The idea of OFDM-IM
was firstly proposed in [5], and an overview of this tech-
nique can be found in [6], [7]. Compared with the con-
ventional OFDM, OFDM-IM offers a trade-off between
energy efficiency and system performance with the adjust-
ment of the number of active sub-carriers in the sys-
tem [8]. Hence, OFDM-IM is suitable for some businesses in
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next generation communication networks. Since OFDM-IM
has unique advantages, as an extended version of OFDM,
it is also considered as a promising candidate for 5G [9].
However, OFDM-IM performs weaker than OFDM in low
signal-to-noise ratio (SNR) [5]. Hence, some modified
OFDM-IM schemes with better performance have been pro-
posed. In [10], the number of active sub-carriers was adaptive,
which increased the spectral efficiency (SE) of OFDM-IM.
In [11], interleavers were adopted to enhance the performance
of OFDM-IM at the cost of higher latency. In [8] and [12],
two methods with higher diversity gain were introduced,
which significantly improved the performance of OFDM-IM
while reducing SE. In [13], OFDM in-phase/quadrature IM
(OFDM-I/Q-IM), which can be considered as a generalized
OFDM-IM, was proposed. Compared with the conventional
technique, OFDM-I/Q-IM not only has higher SE but also
achieves better BER performance. Hence, OFDM-I/Q-IM
can be considered as a promising candidate for the next
generation of high-speed wireless communication networks.

The application of polar codes in conventional OFDM
systems has been discussed in [14]. It has been shown the
design of a polar-coded OFDM system is very straight for-
ward. However, a major drawback of polar-coded OFDM
systems is that increasing the transmission rate in these
systems leads to substantial performance degradation [15].
Because of some advantages of OFDM with index modu-
lation, it seems intuitively that polar-coded OFDM-IM or
polar-coded OFDM-I/Q-IM systems can outperform their
OFDM counterpart. However, combining polar codes with

VOLUME 9, 2021 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ 237

https://orcid.org/0000-0002-3531-9228
https://orcid.org/0000-0001-6457-4167
https://orcid.org/0000-0002-0414-4349


S.-Y. Zhang, B. Shahrrava: Polar-Coded OFDM With Index Modulation

any type of OFDM-IM is a challenging problem, whereas the
design of polar-coded OFDM is very straightforward. It is
shown that the idea of applying polar codes in the conven-
tional OFDM-IM scheme [5], [16]–[18] is limited to the case
in which a BPSKmodulator is employed as a symbol mapper;
while, in practice, the design of most systems is based on
higher order modulations to reach higher spectral efficiency.
Hence, in this paper, we focus on OFDM-I/Q-IM since it
has more flexibility in the allocation of bits in a polar-coded
system and also better performance compared to OFDM-IM.
We try to provide a general design guideline for polar-coded
OFDM-I/Q-IM.

Application of polar codes in OFDM-I/Q-IM systems
presents new challenges, and dealing with these is the main
focus of this paper. One of the challenges is to combine polar
coding with restricted length with OFDM-I/Q-IMmodulators
employing different constellations symbols. The other chal-
lenge is to include the a posteriori information provided by
the index detector for polar decoding to take further advan-
tage of the structure signaling. Hence, in order to propose
a polar-coded OFDM-IM system, the following step will be
taken:
• In the proposed system, at the transmitter, in order to
make the polar code compatible with OFDM-I/Q-IM,
we employ a random frozen bits appending scheme.
In the design of polar-coded OFDM-I/Q-IM, this novel
scheme not only helps us to make the polar code com-
patible with OFDM-I/Q-IM but also improves the BER
performance of the system.

• At the receiver, the channel detectors, based on the
received signal and the a priori information, provide
soft information for both the index detector and the
polar decoder. Next, the index detector produces the a
posteriori information for the index bits, by utilizing the
information from the channel detectors and the lookup
tables for mapping. Then, the information provided by
the index detector is fed to the polar decoder. Finally,
the proposed polar decoder, which is based on the belief
propagation (BP) algorithm, computes the a posteriori
information for the information bits based on the code
constraints, the input information given by the channel
detectors and utilizing the information provided by the
index detector.

The remainer of this paper is organized as follows.
Section II gives the preliminary knowledge, including polar
codes and OFDM-I/Q-IM. We give the proposed polar-coded
OFDM-I/Q-IM system in section III by introducing its trans-
mitter and receiver, respectively. Simulation results of the
proposed system are presented and evaluated in section IV.
The conclusion of this paper is given in section V.

II. PRELIMINARY KNOWLEDGE
In this section, a background knowledge of polar codes
is presented first. Then, the OFDM-I/Q-IM technique is
introduced.

A. POLAR CODES
Polar codes can achieve channel capacity through channel
polarization [1], which operates N synthetic channels from
N independent channels of a B-DMC. The polarized channels
with near one capacity are regarded as noiseless, and selected
to carry information bits. The rest unreliable channels are set
to fix-valued bits. These bits are called frozen bits. We note
that the values and positions of frozen bits are pre-known by
transceivers. An important thing for polar codes construction
is to determine the noiseless channels. Bhattacharyya param-
eters [1] and Gaussian approximation (GA) [19] are common
ways to build a polar code. We note that there are some works
investigate polar codes design in channels with memory [20],
[21]. For simplicity, in this paper, we apply GA scheme as the
polar encoding method.

Let assume m information bits after N −m zeros insertion,
which are denoted as: UN

1 = [U1,U2, . . . ,UN ], where N is
the code length, m bits of UN

1 are messages, and the rest of
them are frozen bits. The values and positions of frozen bits
are known in advance by transceivers. The encoding process

can be described as XN1 = UN
1 G

⊗
v

2 , where G2 =

[
1 0
1 1

]
,

v = log2N , and G
⊗

v
2 indicates the vth Kronecker product of

G2. The code rate Rcode is defined as: m/N .

B. OFDM WITH IN-Phase/QUADRATURE INDEX
MODULATION
By independently implementing index modulation on the
in-phase and quadrature components of OFDM signals,
OFDM-I/Q-IM achieves more transmit diversity than con-
ventional OFDM-IM. Moreover, thanks to the higher SE,
OFDM-I/Q-IM is able to transmit polar-coded signals, which
may have restricted length and variant constellations. Hence,
in this paper, we apply OFDM-I/Q-IM to the proposed system
to achieve better performance and flexibility. This sub-section
gives a brief introduction on OFDM-I/Q-IM.

The block diagram of an OFDM-I/Q-IM transmitter is
given in Fig.1.(a). For OFDM-I/Q-IM, the available number
of sub-carriers is denoted as: Nfft . First, m information bits
Um
1 are divided into 2G groups, each of which has p bits,

thus m = 2Gp. Each group of p bits are sent to an OFDM-
I/Q-IMmodulator to generate an in-phase or quadrature com-
ponent of an OFDM sub-block with n available sub-carriers,
where n = Nfft/G. Unlike conventional OFDM-IM that maps
a complex symbol to an available sub-carrier, OFDM-I/Q-
IM implements index modulation on in-phase and quadra-
ture dimensions separately. The p bits of an OFDM-I/Q-IM
sub-block are divided into two parts: the first p1 bits are used
for index modulation, and the remaining p2 bits are mapped
to constellations on in-phase or quadrature dimension. Let
take the first p bits on in-phase dimension as an example,
the p1 bits iI1 = [iI1(1), . . . , i

I
1(p1)], where i

I
1(α) ∈ {0, 1}, are

sent to an index selector to generate an indices indicator II1,
which indicates to activate k sub-carriers out of n available
ones, while the rest of n− k sub-carriers are null. For the gth
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FIGURE 1. System model of (a).an OFDM-I/Q-IM transmitter (b). an example of an OFDM-I/Q-IM modulator for n = 4, k = 2.

(1 ≤ g ≤ G) sub-block, the indices of k active sub-carriers
in the in-phase and quadrature dimensions are denoted
as:

IIg = [I Ig (1), . . . , I
I
g (k)], I

Q
g = [IQg (1), . . . , I

Q
g (k)] (1)

where I Ig (γ ), I
Q
g (γ ) ∈ {1, . . . , n} for γ = 1, . . . , k . The

indices selection is implemented by using the look-up table
or combinational methods [5]. Then, based on the first p1 bits
of ig, the remaining p2 bits are mapped to M -PAM symbols
in in-phase/quadrature dimensions. After index modulation
using the first p1 bits, the in-phase/quadrature part of the gth

OFDM sub-block can be denoted as:

SIg=

{
SIg(η), η ∈ IIg
0, otherwise,

SQg =

{
SQg (η), η ∈ IQg
0, otherwise

(2)

where SIg(η) and S
Q
g (η) are independently obtained from a

M -PAM constellation 2 for η = 1, . . . , n. Then, the in-
phase/quadrature parts in (2) are combined to generate a
complex OFDM sub-block:

Sg = SIg + jS
Q
g , g = 1, 2, . . .G. (3)

An OFDM-I/Q-IM encoder with n = 4, k = 2 using Table.1
is given in Fig.1.(b). In this example, if the first p1 bits is
[0, 1], then the symbols S(1) and S(2) generated by the p2
bits should occupy the 2nd and 4th sub-carriers while the rest
ones are idle.

After concatenating Sg, the OFDM block is transformed
to time domain by using Nfft points inverse fast Fourier
transform (IFFT). After P/S converter and cyclic prefix (CP)

TABLE 1. A look-up table example for k = 2, n = 4, p1 = 2.

insertion. The vector is sent to a frequency selective channel.
The transmission rate of the OFDM-I/Q-IM is:

R =
2(p1 + p2)

n
= 2G(

blog2Ck
nc + klog2M
Nfft

) (4)

where b c is the floor function and C is the combinatorial
operation.

At the receiver, after the removal of CP, a FFT operation
needs to be implemented. The OFDM-I/Q-IM receiver needs
to detect both the indices of active sub-carriers and the corre-
sponding data symbols. For each sub-block, by considering
a joint detection for the indices of active sub-carriers and
the transmitted symbols carried on, the maximum likelihood
(ML) detector for OFDM-I/Q-IM is given by [13]:

{Ŝg(η)}nη=1 = argmin
{Sg(η)}nη=1

n∑
η=1

|yg(η)− Hg(η)Sg(η)|2 (5)

where Hg(η) denotes the channel frequency response (CFR)
on the ηth sub-carrier of the gth sub-block. More details for
ML decoding in OFDM-I/Q-IM can be found in [13]. The
searching space of the ML detection per bit is given by the
order of O(

(n
k

)
+ M k ) [22]. Hence the optimal ML detector

has high complexity. To achieve near optimal performance,
two low-complex detectors have been proposed, including the
low-complex ML and the a posteriori probability detection
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FIGURE 2. Block diagram of the proposed polar-coded OFDM-I/Q-IM transmitter.

methods [9]. In this paper, the a posteriori probability detec-
tion method is used and the corresponding process will be
introduced in the next section. The OFDM-I/Q-IM can obtain
around 4-6 dB performance gains in mid-high SNR compared
with the conventional OFDM scheme [13].

III. THE PROPOSED POLAR CODED OFDM-I/Q-IM
SYSTEM
The powerful polar codes allow us to achieve channel
capacity performance. In this section, the polar-coded
OFDM-I/Q-IM is proposed, and the design guideline of the
system is introduced in terms of the transmitter and receiver,
respectively.

A. THE TRANSMITTER DESIGN
Block diagram of the proposed polar-coded OFDM-I/Q-IM
transmitter is given in Fig.2. The system aims to transmit
m-bits message Um

1 . These bits are processed by a polar
encoder to have a length N codeword XN1 . Then, they are
divided into 2G groups, each of which contains b bits. These b
bits need to be further divided into two parts, which contain b1
and b2 bits for index modulation and constellation mapping,
respectively.

We note that the amount of bits carried by a pure OFDM-
I/Q-IMmust be 2G(klog2M+blog2Ck

nc), which is not always
equal to the length of a polar code (We note that although
in some works, polar codes can be constructed with vari-
ant length [23], [24], these methods suffered performance
degradation.). Therefore, compared with a pure OFDM-I/Q-
IM, when applying polar coding, the selection of b1 and b2
have to be carefully implemented when splitting bits. For a
polar-coded OFDM-I/Q-IM, the available b1 and b2 needs to

be selected based on the following rule:

G(b1 + b2) ≥ klogM2 + blog2C
k
nc (6)

Proof: first, we assume the length of a polar code is 2v,
thus G(b1 + b2) = 2v−1. Then, since each b2 bits need to
be modulated by M -PAM, we have 2v−1

G − b1 = klog2M .
Moreover, the first group of b1 bits are required for index
modulation. In a pure OFDM-I/Q-IM system, b1 is required
to be exactly equal to blog2Ck

nc. Nevertheless, as long as
b1 ≤ blog2Ck

nc, the b2 bits can be successfully used for index
modulation. Therefore, we use this loose constraint in the
proposed polar-coded OFDM-I/Q-IM. Combining the above
three conditions, we can obtain (6). For an example, consid-
ering a length N = 128, Nfft = 64, and 4-QAM polar-coded
OFDM-I/Q-IM system. If G = 16, we can set b1 = b2 = 2
bits, n = 4, and k = 2. In such scenario, the value b1 for index
modulation is exactly equivalent to p1 that is used in pure
OFDM-I/Q-IM systems, and Table.1 can be used. However,
considering a pure OFDM-I/Q-IM case with G = 8, thus
n = 8, if we set k = 6, the corresponding p1 should be
4 bits. However, since the length of polar code is N = 128,
for a 4-QAM system, the amount of available bits for index
modulation is only 32, thus b1 has to be 2 bits, resulting in
b1 < p1. To activate 6 out of 8 available sub-carriers with less
bits, instead of all 16 patterns, only 4 sub-carrier activation
patterns (SAPs) can be selected, which is shown in Table.2.
However, to maintain the compatibility of OFDM-I/Q-IM
with polar codes, in this paper, we propose a scheme that
appends ba = p1−b1 random frozen bitsUf at the end of the
original b1 length index vector. We take a 2-bit-length vector
iI = [iI (1), iI (2)] in the in-phase dimension as an example.
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TABLE 2. A look-up table example for k = 6, n = 8, b1 = 2.

TABLE 3. A look-up table example for k = 6, n = 8, b1 = 2, ba = 2.

To align with the pure OFDM-I/Q-IM that requires 4 bits for
IM, two frozen bits needs to be appended at the end of iI ,
given by:

iI = [iI (1), iI (2),Uf (ζ ),Uf (ζ + 1)] (7)

where Uf (ζ ) ∈ {0, 1} is the ζ th frozen bit, and 1 ≤ ζ ≤

N − m. Therefore, similar to the pure OFDM-I/Q-IM, all
24 = 16 SAPs in Table.3 have a chance to be selected. At the
receiver, since Uf (ζ ),Uf (ζ + 1) are pre-known, the selector
only needs to choose patterns that the last two bits are Uf (ζ )
and Uf (ζ + 1) as possible answers. For example, based on
Table.3 and pre-known frozen bits (for example: Uf (ζ ) =
0,Uf (ζ + 1) = 0), the estimated SAP can be only selected
from P1,P5,P9,P13.
By using the random frozen bits, the available SAPs are

extended. This proposed method is equivalent to a random
interleaver, which may provide potential benefit to the pro-
posed system. Here, we briefly analyze the advantage of
the appending method using random Uf compared with the
scheme that uses fixed frozen bits (The conventional scheme
without appending frozen bits is equivalent to that uses fixed
bits.) based on distance. First, we introduce the following def-
initions. For a n-elements vectorVg = [Vg,1,Vg,2, . . . ,Vg,n],
the distance between any two vectors Vm and Vq is given

as: D(m, q) =
√∑n

j=1 |Vm,j − Vq,j|
2. For simplicity, we con-

sider an all one BPSK OFDM-I/Q-IM system with n = 4,
k = 2, and p1 = 1. We assume that sub-carriers in the
same sub-block have similar CFR Hg. In this case, based on
Table.1, the average distance (AD) of the appending method
using fixed frozen bits (0) in a single OFDM block is derived
as:

ADf =
2
√
2

G(G− 1)

G−1∑
g=1

G∑
i=g+1

|Hg − Hi| (8)

Then, using the same system above, we assume that the
first sub-block utilizes a non-zero appending frozen bit, such
as 1. Based on Table.1, the AD of the appendingmethod using
random frozen bits in a single OFDM block is derived as:

ADr=
2
√
2

G(G−1)
(
G∑
g=2

√
|H1|2−|Hg|2+

G−1∑
g=2

G∑
i=g+1

|Hg−Hi|)

(9)

The difference between ADr and ADf , denoted by 1,
is expressed as

1 = ADr − ADf

=
2
√
2

G(G− 1)

G∑
g=2

(
√
|H1|2 + |Hg|2 − |H1 − Hg|) (10)

The advantage of the proposed appending method using
random frozen bits over the one using fixed frozen bits 1 is
proved in the case of 1 ≥ 0, i.e.

(
√
|H1|2 + |Hg|2 − |H1 − Hg|) ≥ 0 (11)

The inequality (11) can be shown to hold as follows:

(
√
|H1|2 + |Hg|2 − |H1 − Hg|) ≥ 0

⇒ (|H1|
2
+ |Hg|2)− |H1 − Hg|2 ≥ 0

⇒ 2|H1||Hg| ≥ 0 (12)

Simulation results in the following section also verified above
assumption that compared with the appending method using
fixed frozen bits, the proposed appending method is helpful
to decrease the BER.

The bits after appending Uf can be treated by an
OFDM-I/Q-IM modulator given in Fig.1.(b). Then, after
IFFT and CP insertion, an OFDM block is generated
and transmitted. Also, as what we note before, an advan-
tage of OFDM-I/Q-IM compared with OFDM-IM is that
OFDM-I/Q-IM is more flexible for polar-coded systems
when variant constellations are applied. After introducing
the bits appending method, we show the advantage of
OFDM-I/Q-IM for polar-coded systems in Table.4, where
ba is the number of random frozen bits appended after the
original b1 bits. Table.4 illustrates that with the restriction of
polar codes, OFDM-I/Q-IM can be adopted in more scenar-
ios, which is more flexible than OFDM-IM. For the proposed
system, unlike pure OFDM-I/Q-IM, b1, b2, ba need to be
carefully selected under the restriction of polar codes.

B. THE RECEIVER DESIGN
After removing CP and invoking the fast Fourier transform
(FFT), unlike the conventional polar-coded OFDM system,
the proposed polar-coded OFDM-I/Q-IM system needs to
detect the indices of active sub-carriers and the corresponding
information bits according to the received vector y(β) with
β = 1, 2, . . . ,Nfft . In this paper, the channel detector in [5] is
applied to obtain the active indices patterns IIg and I

Q
g .We note

that the indices detection for the in-phase and quadrature parts
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TABLE 4. The bits allocation schemes for polar-coded OFDM-IM and
polar-coded OFDM-I/Q-IM with Nfft = 128.

are same and implemented simultaneously. Hence, in the
following section, we only take the in-phase sub-blocks as
an example, and the superscript I is omitted for simplicity.
The channel detector of OFDM-I/Q-IM gives the a posteri-

ori probabilities of frequency domain signals by considering
the case that the values are either non-zero or zero [5]. For
the gth sub-block, channel detectors provide the probabil-
ity of the active status of the corresponding index η with
η = 1, 2, . . . , n, given by:

λg(η) = ln

M∑
χ=1

P(Sg(η) = Qχ |yg(η))

P(Sg(η) = 0|yg(η))
(13)

whereQχ is the element of aM -array PAM constellation, and
yg(η) is the received vector for the gth sub-block after FFT
operation, which can be written as:

yg(η) = Hg(η)Sg(η)+ wg(η), for η = 1, . . . , n (14)

where wg(η) denotes the zero-mean complex additive white
Gaussian noise (AWGN) with variance σ 2

k on the ηth

sub-carrier of the gth sub-block. It is assumed that the noise
variance in the time domain is σ 2, which is related with the
noise variance in the frequency domain via σ 2

k = (k/n)σ 2

due to the normalization factor
√
(k/n) of the FFT at the

receiver [10].
The lager the value of λ(η), the higher the probability that

the corresponding η is an active sub-carrier. Using Bayes
formula, (13) can be expressed as:

λ(η) = ln(k)− ln(n− k)+
|yg(η)|2

σ 2
k

+ ln((
M∑
χ=1

exp(−
1

σ 2
k

|yg(η)− Hg(η)Qχ |2)) (15)

The complexity of a channel detector is O(M ) per
sub-carrier and dimension. Also, like conventional OFDM-IM,
the Jacobian logarithm [25] can be applied in (15).
For example, the identity ln(ea1 + ea2 , . . . + eaM ) =∫
max(

∫
max(

∫
max(a1, a2), a3, . . .), aM ), where

∫
max(a, b) =

ln(ea1+ea2 ) = max(a1, a2)+ln(1+e−|a1−a2|) can be utilized
to simplify (15). Then, the channel detector can do conjunc-
tion based on a look-up table. Let denote the set of possible

active indices of the gth sub-block by I = {I1g, I2g, . . . , IVg }
for which Iωg ∈ I, where Iωg = [Iωg (1), I

ω
g (2), . . . , I

ω
g (k)] with

ω = 1, ..,V and V = blog2Ck
nc. For example, for Table.1,

we have I1g = [1, 3], I2g = [2, 4], I3g = [1, 4], I4g = [2, 3].
After obtaining all a posteriori probabilities based on (15),
for each sub-block, the receiver can calculate the following
V summations for all possible set of active indices using the
corresponding look-up table as [5]:

dωg =
k∑

γ=1

λ(n(g− 1)+ Iωg (γ )) (16)

for ω = 1, 2, . . . ,V . Let take Table.1 as an example, for
sub-block g, we have d1g = λ(1) + λ(3), d

2
g = λ(2) + λ(4),

d3g = λ(1)+λ(4), d
4
g = λ(2)+λ(3). Then, the receiver makes

decision on the set of active sub-carriers based on the max-
imum sum among all V probability sums: ω̂ = argmax

ω
dωg .

Then, the estimated Ig can be mapped to the index bits ig
according to the corresponding look-up tables.

The block diagram of the proposed polar-coded
OFDM-I/Q-IM receiver is given in Fig.3.(a). For each
in-phase or quadrature sub-block g, after obtaining the esti-
mated Ig from channel detectors, the initial LLRs for polar
decoding need to be calculated. The initial LLRs of the
index bits for decoding rely on the a posteriori information
provided by the index detector, and the corresponding infor-
mation can be calculated from the hard valued detected index
bits or the soft information obtained from the a posteriori
probabilities λ(η) of channel detectors and look-up tables.
These initial LLRs for polar decoding are more reliable than
the LLRs used in polar-coded OFDM because the index
error rate (IER) for OFDM-I/Q-IM is lower than the BER
ofM -QAM demodulation. The corresponding proof is given
in appendix. Therefore, by utilizing these reliable initial
LLRs, we expect that the proposed system can achieve better
performance than that of polar-coded OFDM.

For each in-phase or quadrature sub-block g, after obtain-
ing the estimated Ig, these index indicators are de-mapped
to the indices bits ig = [Xg(1),Xg(2), . . . ,Xg(k)] based on
look-up tables. After de-mapping all ig, the detected indices
are combined to have a 2Gb1 length sequence Xid . The
initial LLRs for polar decoding can be obtained through Xid ,
denoted as:

Xid = [Xid (1),Xid (2) . . . ,Xid (2Gp1)] (17)

The LLRs obtaining method using hard information is given
in the lower part of Fig.3.(b), where

√
Eb is the energy per bit.

This sequence (17) can be seen as a bit stream that is perfectly
transmitted without affected by noise.

Nevertheless, intuitively, for a sub-block g with index bits
ig = [i(1), i(2), . . . , i(b1)], the initial LLR of index bit i(j)
in ig can be obtained by fully utilizing the probability related
to λ(η). However, (15) only reflects the probability that the
corresponding position η is zero or not. Therefore, by com-
bining the look-up tables for mapping, we can indirectly
obtain the LLR of i(j) for polar decoding, where 1 ≤ j ≤ b1.
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FIGURE 3. Block diagram of (a). a polar-coded OFDM-I/Q-IM receiver (b). an example of the initial LLR generation process of the indices bits using hard
or soft information.

Here, we define a mapping according to the look-up tables:

i(j) = b⇔ Pi(j)=b (18)

where Pi(j)=b = [Pb,1, . . .Pb,ω . . . ,Pb,V ] is the pattern cor-
responding to i(j) = b, where b ∈ {0, 1}. Pattern Pb,ω is a
length n sequence where the active position is denoted as ×
and the null position is denoted as 0. For example, according
to Table.1, P0,1 and P0,2 can be written as: [×, 0,×, 0] and
[0,×, 0,×], respectively. The probability that the ηth element
in pattern Pb,ω is zero or × can be written as:

P(Pb,ω(η) is 0) =
1

1+ exp(λ(η))

P(Pb,ω(η) is×) =
exp(λ(η))

1+ exp(λ(η))
(19)

Then, the corresponding LLR of bit i(j) can be written as:

LLRi(j) = ln
P(i(j) = 1|y)
P(i(j) = 0|y)

= ln

V∑
ω=1

n∏
η=1

P(P1,ω(η)is fi(j)=1)

V∑
ω=1

n∏
η=1

P(P0,ω(η)is fi(j)=0)

(20)

where f ∈ {×, 0}, and fi(j)=b represents the active status of
Pb,ω corresponding to i(j) = b. The initial LLR calculation
method using soft information is given in the upper part of
Fig.3.(b).

For example, considering a sub-block with n = 4, k = 2,
and Table.1, according to (19), the probability that Pb,ω(η)
with b = {0, 1} equals to zero or not can be written as:
P(Pb,ω(η)is0) = 1

1+exp(λ(η)) and P(Pb,ω(η)is×) =
exp(λ(η))

1+exp(λ(η))

with η = 1, 2, 3, 4. Then, based on the mapping between i(j)
and Pi(j) with 1 ≤ j ≤ 2. The probability that i(1) equals to
0 or 1 can be written as (i(2) can be obtained in a similar way):

P(i(1) = 0|y) = P(P0,1(1) is×) · P(P0,1(2) is 0) · . . .

·P(P0,1(3) is×) · P(P0,1(4) is 0)

+P(P0,2(1) is 0) · P(P0,2(2) is×) · . . .

·P(P0,2(3) is 0) · P(P0,2(4) is×)

P(i(1) = 1|y) = P(P1,1(1) is 0) · P(P1,1(2) is×) · . . .

·P(P1,1(3) is×) · P(P1,1(4) is 0)

+P(P1,2(1) is×) · P(P1,2(2) is 0) · . . .

·P(P1,2(3) is 0) · P(P1,2(4) is×)

Then, according to (20), the corresponding LLR value of i(1)
can be obtained.
Compared with the LLR calculation method that using

hard values, method that using soft information from λ(η)
fully takes advantage of the probabilities provided by chan-
nel detectors, which should bring benefit in terms of BER
performance. However, this method owns higher complexity,
especially whenCk

n is large. The computational complexity of
the soft information basedmethod can be roughly generalized
to O(2blog2C

k
nc) per sub-carrier and dimension. The simula-

tion result (Fig.5) show that although using (19) and (20)
to generate initial LLRs can achieve better performance,
using (17) can still obtain a good performance with lower
complexity.
After obtaining the LLRs of index bits, which are denoted

as LLRid , LLRs of the rest transmitted codewords need
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TABLE 5. Simulation parameters.

to be confirmed. First, for the gth sub-block, we write the
symbols after idle sub-carriers removal as:

{Sg(η)}kη=1 = [Sg(1), Sg(2), . . . , Sg(k)] (21)

Each symbol Sg(η) consists log2M bits. Denote Qc,i as the
sub-constellation of Q corresponding to bit c among log2M
bits when bit c is i ∈ {0, 1}. Then, for a given Sg(η), the LLR
of bit c is given by:

LLRg,c(η) = ln
P(yg(η)|

〈
Sg(η)

〉
c = 0)

P(yg(η)|
〈
Sg(η)

〉
c = 1)

= ln

∑
S∈Qc,0 exp(−

|yg(η)−Hg(η)S|2

σ 2k
)∑

S∈Qc,1 exp(−
|yg(η)−Hg(η)S|2

σ 2k
)

(22)

where 〈S(η)〉c denotes the cth bit of the symbol S. Then,
combining with the LLRid , the N length LLRs becomes the
initial input of the polar decoding part to obtain the estimated
information bits Ûm

1 . In this paper, a widely used BP decoding
scheme [26], which is a type of soft input and soft out-
put (SISO) decoding, is applied in both the proposed system
and the polar-coded OFDM system for fair comparison. Also,
we note that the successive cancellation (SC) based decoding
can be used in the proposed system.

IV. SIMULATION RESULTS AND EVALUATION
In this section, methods proposed in above sections are veri-
fied, and the BER performance of the proposed polar-coded
OFDM-I/Q-IM system is investigated. To make fair com-
parisons, both the proposed polar-coded OFDM-I/Q-IM and
polar-coded OFDM are compared with the same transmis-
sion rate R, where R = m/Nfft . Perfect channel estimation
was assumed. The parameters used in simulations are given
in Table.5.

Fig.4 gives the BER performance between the polar-coded
OFDM-I/Q-IM systems using different bits appending meth-
ods. The number of sub-block G is 8. When b1 = 2, each
sub-block has n = 8 available sub-carriers, and k = 6
sub-carriers are activated. Hence, p1 − b1 = 2 extra bits are
appended. By appending random frozen bits, the correspond-
ing BER performance can be improved. Therefore, we note
that in the following simulations, the proposed appending
method is applied whenever p1 > b1.

Then, BER performances of the proposed systems utilizing
different LLRs calculation methods in Fig.3.(b). are investi-
gated. Fig.5 illustrates that compared with the initial LLRs
obtained from (20), using the initial LLRs obtained through
hard information caused BER degradation. In low-mid SNR,
the gap is negligible. Nevertheless, the gap becomes larger

FIGURE 4. BER performance between the polar-coded OFDM-I/Q-IM
systems using different appending methods.

FIGURE 5. BER performance between different LLR generation methods.

in high SNR scenarios. At probability 1.6 × 10−4, the black
line which soft information are applied has around 2 dB
performance gain compared with the red line that hard values
are utilized. However, in terms of computational complexity,
using hard valued sequence is an effective way to imple-
ment the decoding procedure. Therefore, in the following
simulations, the LLRs calculation method using hard-valued
sequences is utilized for simplicity.

The BER comparison between the proposed polar-coded
OFDM-I/Q-IM system (denoted as ‘‘proposed’’) and the
conventional polar-coded OFDM system (denoted as
‘‘P-OFDM’’) with different transmission rate R is given
in Fig.6. As a reference, the performance of a pure OFDM-
I/Q-IM [10] and a polar-coded OFDM in slow Rayleigh fad-
ing channel (denoted as ‘‘O-PC-Frequency non selective’’)
[14] are also included. In the simulation, G = 16, b1 = 4.
It was illustrated that compared with the OFDM-I/Q-IM,
adding polar codes was helpful in terms of BER performance.
Then, the proposed system can achieve significant BER
enhancement compared with the conventional polar-coded
OFDM. For example, when R = 1, at probability 10−3,
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FIGURE 6. BER performance between the proposed system and
polar-coded OFDM.

FIGURE 7. BER performance of the proposed systems with various G and
b1.

the proposed system obtained around 6 dB gains than that
of the conventional polar-coded OFDM system.

Then, BER performance of the proposed polar-coded
OFDM-I/Q-IM system by utilizing different number of
sub-block G and index bits b1 is investigated. Fig.7 indicates
that various G and b1 can cause different BER performances.
When G = 8, and b1 = 4, no matter what transmis-
sion rate R is, the corresponding BER performance is the
worst compared with other allocation ways due to its large
SAPs [27]. Intuitively, it was expected that when b1 is same,
larger G would bring better performance because more index
bits can be used for decoding. However, it is shown that in
some cases, the allocation method using G = 8, b1 = 2
achieves better BER performance than that of the method
using G = 16, b1 = 2 (The red and blue solid lines when
R = 1.32). It can be explained by the index error rate (IER).
We provide the corresponding IER result among different
index allocations in Fig.8. It is illustrated that although the
scheme using G = 16, b1 = 2 has more index bits sent to the
BP decoder, it also causes higher IER. Therefore, it is possible
for the scheme using G = 8, b1 = 2 to achieve better overall
BER performance.

FIGURE 8. IER performance of the proposed systems with different index
bits allocations.

V. CONCLUSION
In this paper, a polar-coded OFDM-IM system is proposed.
By introducing the concept of index modulation, the polar
codeword can be transmitted not only by OFDM blocks,
but also indices of active sub-carriers. For the proposed sys-
tem, a part of polar codewords are transmitted implicitly
through index modulation. Unlike the polar-coded OFDM,
using polar codes in OFDM-IM systems has difficulties in
terms of bits allocations due to the length and constellation
restrictions of polar codes. Therefore, OFDM-I/Q-IM and
random frozen bits appendingmethod are introduced and pro-
posed to make polar codes more compatible for OFDM-IM
based systems. At the receiver, the index detector and a
BP decoder are utilized for data recovery. For the proposed
system, the detected index bits are regarded as reliable and
the corresponding initial LLRs for decoding can be obtained
through soft or hard information provided by such index
detector. These initial LLRs are helpful to achieve better
decoding performance. Simulation results show that the pro-
posed polar-coded OFDM-I/Q-IM system can achieve signif-
icantly better BER performance than that of the conventional
polar-coded OFDM system with different transmission rate.
Nevertheless, how to obtain the initial LLRs of index bits with
low complexity is still open for future research.

APPENDIX
Here, we prove the conclusion claimed in the previous section
that the IER of OFDM-I/Q-IM is lower than the BER of
M-QAM demodulation. Let take an OFDM-I/Q-IM scheme
with parameters n and k as an example. On the one hand,
it is known that the estimation procedure of the activity of a
single sub-carrier is similar to coherent binary ASK detection
which probability of error over Rayleigh fading channels can
be given as [28]:

PBASK = 0.5(1−
√

γb

1+ γb
) (23)

where γb = α2
Eb
N0

is the average SNR per bit, α is the average
fading amplitude and Eb is the average bit energy. To have d
errors, for a given n and k , the number of different sub-carrier
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states between a transmitted SAPi and incorrectly received
SAPj is given as [27]:

di,j =
n∑

µ=1

(SAPi,µ ⊕ SAPj,µ) (24)

where 1 ≤ i ≤ 2p1 , 1 ≤ j 6= i ≤ Ck
n, µ is denoted as

an inactivated sub-carrier index and ⊕ is an exclusive NOR
operator. Hence, the probability of incorrectly detecting an
SAP with di,j sub-carrier detection errors is:

PICi,j = P
di,j
BASK (25)

The average probability of incorrectly detecting SAPs can
be written as:

PIC =
1

2p1 (Cn
k − 1)

2p1∑
i=1

Cnk∑
j=1,j 6=i

PICi,j (26)

Considering an incorrect SAP, it is shown in [29] that an
incorrect detected SAP causes an average error of about 0.5p1
in the de-mapped p1 bits. Hence, the IER contribution of an
incorrect detected SAP is:

BIC = PIC (
0.5p1
p1

) = 0.5PIC (27)

On the other hand, the approximate BER Pb of M -QAM
demodulation over Rayleigh fading channels can be written
as [30]:

Pb =
2

log2M
(

√
M − 1
√
M

)

× (1−

√
1.5γs

M − 1+ 1.5γs
)− (

√
M − 1
√
M

)2

×
1

log2M
[1−

√
1.5γs

M − 1+ 1.5γs
)

× (
4
π
tan−1

√
1.5γs

M − 1+ 1.5γs
)] (28)

where γs = γblog2M is the average SNR per symbol.
To prove the IER for the OFDM-I/Q-IM scheme is lower

than the BER of the conventional M -QAM demodulation
(BIC < Pb), let assume M = 4, n = 4, and k = 2 (using
Table.1). It is illustrated that when using Table.1, the errors d
in a received SAP is larger than 2, given as:

di,j =
n∑

µ=1

(SAPi,µ ⊕ SAPj,µ) > 2

Thus PIC,i,j ≤ P2BASK . Then, the BIC in (27) can be rewritten
as:

BIC = 0.5PIC

=
0.5

2p1 (Cn
k − 1)

2p1∑
i=1

Cnk∑
j=1,j 6=i

PICi,j

≤ 0.5× 1× P2BASK
≤ 0.5P2BASK (29)

Then, for the conventional 4-QAM demodulation, the cor-
responding Pb can be denoted as:

Pb ≥
1
2
(1−

√
γb

1+ γb
)−

1
8
(1−

√
γb

1+ γb
×

4
π
×
π

4
)

≥ PBASK −
1
4
PBASK

≥
3
4
PBASK (30)

Therefore: BIC −Pb ≤ 1
2P

2
BASK −

3
4PBASK < 0. Thus the bits

detected by indices detector is more reliable and may benefit
the decoding procedure.
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