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ABSTRACT We propose a new flexible class called the Marshall-Olkin odd Burr IIT family for generating
continuous distributions and derive some of its statistical properties. We provide three special models which
accommodate symmetrical, right-skewed and left-skewed shaped densities as well as bathtub, decreasing,
increasing, reversed-J shaped and upside-down bathtub failure rate functions. The parameters are estimated
by maximum likelihood, least squares and a percentile method. Some simulations investigate the accuracy

of the three methods. We illustrate the utility of a special model through three applications to engineering
field.

INDEX TERMS Burr III distribution, engineering data, exponential distribution, parameter estimation,

maximum likelihood, stochastic ordering.

I. INTRODUCTION
There has be an increasing motivation for constructing new
generated families of continuous distributions by adding
shape parameters to a baseline distribution due to desirable
properties of the generated models. Some well-known gener-
ated families were introduced recently such as the Marshall-
Olkin-G (Marshall and Olkin, 1997), exponentiated-G
(Gupta et al., 1998), Kumaraswamy-G (Cordeiro and
de Castro, 2011), Lomax-G (Cordeiro et al., 2014),
Kumaraswamy Marshall-Olkin-G (Alizadeh et al., 2015),
odd Burr generalized-G (Alizadeh et al., 2016), general-
ized odd log-logistic-G (Cordeiro et al., 2017), generalized
tan family (Al-Mofleh, 2018), generalized odd Lindley-G
(Afify et al., 2019), odd Lomax-G (Cordeiro et al., 2019) and
odd Dagum-G (Afify and Alizadeh, 2020) among others.
Jamal et al. (2017) proposed the odd Burr-1I1I-G (OBIII-G
for short) class, based on the Burr III distribution, by intro-
ducing two extra parameters to a baseline G distribution
to obtain a more flexible class. Let G(x; ) be the parent
cumulative distribution function (cdf) with parameter vector
8, and G(x;8) = 1 — G(x;8). The OBII-G family cdf
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follows by integrating the Burr III density with positive shape
parameters b and ¢, namely

G(x;8)
G(x:8)

Wom(x; §) = be / w1+ W) gy

0
G(x; 6)

ey b
Z{H[—l—(}(x;a)} } L x>0, (1)

By differentiating (1), we obtain its probability density
function (pdf)

woBI (X; 6)
G(x; )

- ol _c) b1
cbgx;8)G; 6 (x;6)
= 1+ ——— .
G~ 1(x; ) { [1 - G(x; 5)] }
2

Marshall and Olkin (1997) proposed a general method
to construct new models by adding a shape parameter to a
specified distribution. Let W (x; §) and w(x; §) be the cdf and
pdf of a specified distribution G. The cdf and pdf of the
Marshall-Olkin-G (MO-G) class have the forms

W(x; )
o+ —PW(x;8)’

>0 3

Fmo(x; a, 8) =
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and

¢ w(x; 8)
[¢ + (1 — HW(x; O
respectively. Clearly, Fmo(x; ¢, §) reduces to W(x; §) when
¢ = 1. For different values of ¢, Fpmo(x) can have more
flexibility than W (x; §).

‘We propose and study a new generator called the Marshall-
Olkin odd Burr II1I-G (MOOB-G) family by taking (1) as the
baseline cdf in Equation (3). Thus, the cdf of the MOOB-G
family has the form

Fyvoos(x; ¢, ¢, b, 8) b
{1+[ G:d) ]‘C}
1-G(x;0)

= » e
1—<1—¢><1—{1+[1%i;‘?3;>] | )

where ¢ > 0, b > 0 and c > 0 are the shape parameters and
3 is the baseline parameter vector.

The cdf (5) can be explained by combining the Burr III
distribution to generate W(x) with the distribution of an
unknown geometric number N of independent risk factors
or components generated by the baseline odds ratio. Let T
be a random variable (rv) having cdf G(t; §) describing a
stochastic system and Z be a rv representing the odds ratio.
The risk that a system having the lifetime 7 will be not
working at time z is G(z; §)/ G(z; 8). If the randomness of the
odds ratio Z is modeled by the Burr III distribution given by
Equation (1), the cdf of Z can be written as Pr(Z < z) =
H(z; b, c, 8). Further, consider a sequence of independent and
identically distributed (iid) odds ratio rvs Zj, Z;, - - - with
associated risks H(z; b, ¢, §). We define the minimum odds
ratio X = min{Zy, ..., Zy}, where N is an unknown number
described by a discrete geometric random variable (with sup-
portin {1, 2, ...} and probability parameter ¢») independent of
the Z;’s. The probability generating function (pgf) of N takes
the form E(sV) = t(s; ¢) = ¢ s[1 — (1 — ¢)s]~'. Under this
set-up and 0 < ¢ < 1, the cdf of X is given by (5). For the
case ¢ > 1, the cdf of X is equal to (5) if N has a geometric
rv with probability 1/¢.

Furthermore, the sub-models of the MOOB-G family
can provide symmetrical, left-skewed, symmetrical, right-
skewed, and reversed-J densities, and upside-down bathtub,
increasing, decreasing, bathtub, and reversed-J shaped hazard
rates. These sub-models are also capable of modeling differ-
ent shapes of aging and failure criteria. Hence, the MOOB-G
family can be a useful alternative to many classes for model-
ing skewed data in real-life applications.

The pdf corresponding to (5) has the form

JmooB(x; @, ¢, b,8) _ bt
bebsti &) |1+[%2] )

—c —b 2
G+ (x; §) |:1—(1—¢) (1—{14{%] } )]

(6)

Mox) = “®

x>0, (5
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For ¢ = b = 1, we obtain as a special case the MO-G
family (Marshall and Olkin, 1997). The MOOB-G family is
identical to the OBIII-G class (Jamal et al.,2017) when ¢ = 1
and it reduces to the baseline G distribution when ¢ = ¢ =
b = 1. The MOOB-G family can be quite effective for real
data analysis.

Henceforth, let X ~MOOB-G(¢, b, ¢, ) be a rv with
density (6). The hazard rate function (hrf) of X is (7), as
shown at the bottom of the next page.

The quantile function (qf) of X (for 0 < u < 1) follows by

inverting (5) as
up \
()

OmooB () = Fyyo0p (W) =G 1

1+[(1f§u)_;_1} C
(3)

We organize the article as follows. In Section 2, we define
three special models in the new family. In Section 3, we obtain
a useful linear representation for the family density. Some
of its mathematical properties are reported in Section 4.
In Section 5, we discuss the estimation of the unknown
parameters using three methods (maximum likelihood, least
squares and percentile estimation). In Section 6, some simu-
lation results validate the proposed methods. The usefulness
of the new family is illustrated in Section 7 using three appli-
cations. Finally, some conclusions are addressed in Section 8.

Syl
|
=

Il. THREE SPECIAL DISTRIBUTIONS

In this section, we present three special distributions of the
MOOB-G family by choosing some baseline distributions
commonly used in lifetime data analysis along with their
density and hazard rate plots.

A. MOOB-EXPONENTIAL (MOOB-EX)

Consider the exponential (Ex) distribution with parameter
a > 0and cdf G(x) = 1 — exp(—ax), x > 0. Then,
the MOOB-Ex density follows from (6) as f(x), shown at the
bottom of the next page.

The MOOB-Ex distribution includes the OBIII-Ex distri-
bution (Jamal et al., 2017) when ¢ = 1. For ¢ = b =
¢ = 1, we obtain the Ex distribution. The MO-Ex distribution
(Marshall and Olkin, 1997) follows when b = ¢ = 1. Some
plots of the density and hrf of the MOOB-Ex distribution are
shown in Figure 1. They show that the MOOB-Ex density
can be reversed J-shape, right-skewed, left-skewed and con-
cave down, whereas the hrf can be decreasing, increasing or
bathtub.

B. MOOB-LOMAX (MOOB-LX)
The cdf of the Lomax (Lx) distribution is G(x) = 1 —
(1+x/d)™", where a > 0 and d > 0. Then, the
MOOB-Lx density can be expressed from (6) as shown at the
bottom of the next page.

Three special cases of the MOOB-Lx distribution
are: the MO-Lx distribution (Ghitany et al, 2007)
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FIGURE 1. Density and hrf plots of the MOOB-Ex distribution.

when b = ¢ = 1; the OBIII-Lx distribution
(Jamal et al., 2017) when ¢ = 1; the Lx distribution when
¢ = b = ¢ = 1. Some plots of the density and hrf of this
distribution are given in Figure 2. They show that the pdf can
be unimodal, reversed J-shape and right-skewed, and the hrf
can be increasing, decreasing, bathtub or unimodal.
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FIGURE 2. Density and hrf plots of the MOOB-Lx distribution.

C. MOOB-LINDLEY (MOOB-LI)

Consider the cdf G(x) = 1 — 1-%{1% exp(—ax),a > 0, of the
Lindley (Li) distribution. Then, the pdf of the MOOB-Li
density follows from (6) as f(x), shown at the bottom of the
next page.

Three special cases of the MOOB-Li distribution are: the
MO-Li distribution (Ghitany et al., 2012) when b = ¢ = 1;
the OBIII-Li distribution (Jamal et al., 2017) when ¢ = 1;
the Li distribution when ¢ = b = ¢ = 1. Some plots of

paf
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FIGURE 3. Density and hrf plots of the MOOB-Li distribution.

the density and hrf of this distribution are given in Figure 3
for some scenarios. They show that the density can be uni-
modal, bimodal and reversed J-shape, and that the hrf can be
decreasing, increasing, or bathtub.

Ill. LINEAR REPRESENTATION
Following Cordeiro et al. (2014), we obtain a linear represen-
tation for the MO-G density

> ik () ifg e (0. 1),
fuao) = {75

Y gihi (x) if > 1,

j=0
where (forj=0,1,2,...)

—1Y e (1 —
p=2 )]Z<j>(l+l)¢l if .1,
I=j

Jj+1
_¢71)j

g=¢""(1 if ¢>1,

and

hjy1 (x)

VG (- . —) ~UFDE=L
=(j+1)cbg(x,8)G (x,S){l |:G(x,8):| } |

1—G(x; 8] <! 1-G(x; 8)
)

hvoos(x; ¢, ¢, b, 8) =

B } _c) b1
pcbg(x; )G (x; )G (x; ) {1 + [—1_68(3?;)5)] }

(1 B {1 i [lfg(ﬁ)“]c}_b) [1 —(=9 (1 - {1 + [lf(é‘(}s;)»]c}_b)]

- b1
¢cba exp (—acx) [1 —exp (—ax)] © ! {1 + [%] }

(N

f) =

_p\ 12
[1—(1—¢)<1—{1+[%]_6} )}
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Consider the power series (which converges everywhere)

[e¢]

A+ =)" <_id> Z. (10)

i=0
Applying (10) to (9) leads to
hjt1 (x)
=G+ Dcbglx; )
o .
> (_ e 1>G1(i+‘)c<x; 8 [1-Ga: ),
l
i=0
By expanding the binomial term in power series, we can
write

o0
hig1 (1) = g(x18) Y AYFV G- e ) (1)
i,r=0
where (for i, r > 0)
; —(+Db—1 [+ 1 1
Agrﬂ)z(i+1)cb(—l)’< o )((Hr e )

For any real a, the following power series (converges
everywhere) holds

G(x; 8 =Y sm(a) G(x; &)™, (12)

m=0

(@) = Y (=1 (Z) (Zl)

Applying (12) to equation (11) and changing the order of
the sums, we can write

where

where

oo
vm =y pBy

m=0

and

o0
wn =3 gy BYD.

m=0

Equation (13) proves that the density of X is a linear
combination of exp-G densities and then some MOOB-G
properties (see Section 4.2) can follow from those of the
exp-G distribution. We can adopt at most ten terms for each
sum in (13) to provide accurate results in most analytical
platforms.

IV. THE MOOB-G PROPERTIES

A. SHAPES AND ASYMPTOTICS

We can determine, numerically, the critical points of the
density and hazard rate functions of X. For the density, they
are the roots of the equation:

g x;8) g(x; 8) g(x; 8)
o TV T 6w T VG
EPPSNPNI S (G:)) Gl 9)

) —C
G4 ) {1 + [ s ] }

_ _ ' _e) b1
2cb¢g(x;6)G"](x;8){l+[%] }

> o 171" !
. x;
hjt1 (x) = Z BYD g1 (1), I-=-¢f1- {1 + [1—0(;:;5)] }
m=0
where Tm+1 ) = (m + 1? 8(x; 8) Glx; 8)" is the For the hazard rate, they follow from the equation
exponentiated-G (exp-G) density with power parameter m—+-1
(for m > 0) and g8 -1 gx;d) (et 1) g(x; 8)
G+1) L1 LG4 : g(x; ) 1 — G(x; 3) G(x; 8)
BID = m+ 17" Y AV su(r + 1= i+ Do) e g )G (x: )
i,r=0 - (b +1) _c
Hence, the density of X is rewritten as G (x; 8) {1 + [1fg(f;)a)] }
- . ) b1
Z Vin a1 (x)  if ¢ € (0, 1), be? g(x; 8) G (x; 8) {1 + [lfg(f;)a)] }
fuoop(®) = 15" (13) x =
. . —c
> Vo T () i > 1, G+ (x: ) (1 - {1 + 12525 ] } )
m=0
c—1 I+a+ A
2 I+a+ - - e exp(—ax)
q&cba“?(l + x)exp (—ax) [% exp (—ax)] {1 + [W} }
fx) = o\ 2
Ctarar oo oo 1 C a1 1 b epian) |
[1 LH exp ( ax)] I-(1-¢)|1 {1 + [ LERETER
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~ . _c) b1
¢ be? g(x: 8) G (x; 8) {1+ E }

—c —b '
Gtl(x; §) |:1—(1_¢) (1_{1+|:1—GC(;8‘(?33)] } ):|

We can examine the critical points of the pdf and hrf
of X from the last two equations by using many easy-to-use
programming environments including Matlab, Mathematica,
Maple and Ox.

The tail behaviors of the cdf, pdf and hrf of X are
(when G(x; §) — 0)

+

F(x) ~ <l> G(x; §)b¢

¢ b b

1 bc—1
flx) ~ <5>b6g(X;3)[G(x; 8] ,

h(x) ~ (%) beglx; $)IG(x; §)1° <.
If x — oo,

F(x) ~1—-¢b[l—-Gx; 91,

fG) ~ ¢pbeg; 8)[1—Gx; 8!,
hx)y ~ _C88)
1 — G(x; 6)

B. MOMENTS
Let Y, +1 be the exp-G rv with power parameter m + 1. The
rth moment of X follows from (13) as

oo

S v E(Y,) ifee(.1),
Y wwE(Yp,) if¢>1
m=0

Similarly, the rth incomplete moment of X can be expressed
as

* t
S [ ¥ ifeeo.
o =1"5""

Zom

—00

x" e (x) if g > 1.

The integral in the last two equations represents the
rth incomplete moment of Y, 1.

The moment generating function (mgf) of X comes
from (13) as

> v M1 (1) ifp € (0,1),
Mx () = 1"S
D W M1 (1) if > 1,

m=0

where M,,,+1(t) is the mgf of Y41 (for m > 0). Then, Mx (¢)
can be obtained from the exp-G generating function.

4380

We provide some numerical values of the first four
moments denoted by u). (r = 1, 2, 3, 4), variance o2, skew-
ness (Sk), and kurtosis (Kur) of the MOOB-Ex distribution
for different parameter values. Table 1 lists these numerical
values.

TABLE 1. The Numerical Values of the First Four Moments, o2, Sk, and
Kur of the MOOB-Ex Distribution for Some Parametric Values.

(9,c,b,a) T I 4 1y o’ Sk Kur
(05.05.0505) 101372 7.59493 92.21433 1492.68605 6.56726 4.23045 27.08413
(1.5.0.5,0.5.0.5) 2.39992 20.55147 262.73193 4359.96201 14.7918452.50333 10.20705
(3.0,0.5.0.5.0.5) 3.80713 36.54753 493.08842 8422.16504 22.05318 1.79623 4.89005
(6.0,0.5,0.5,0.5) 5.63804 61.65663 893.12122 15906.37333 29.86875 1.27843 0.98814
(0.5,2.0,0.5,0.5) 0.81273 1.24493 2.90042 9.44915 0.58443 2.10122 21.66604
(05.6.0.0.5.0.5) 1.075824 127863 1.65062  2.20803  0.12123 033354 508.17355
(6.0.6.0,0.5.0.5) 1.568364 2.59465 4.50321  8.19189  0.13489 022435 1238.51904
(0.5.0.5.2.0,0.5) 3.56625 20.48014 365.49743 595257802 16.76208 2.05188  6.60155
(6.0,6.0.6.0,0.5) 2.12327 4.63435 1041455 24.14698 0.12608 0.88032 3506.16206
(0.52.02.02.0) 043354 023535 0.16176  0.14166  0.04738 1.80974 258.12465
(6.0,6.0,6.0,6.0) 0.17699 0.03213 0.00603 0.00112 0.00081 0.87983 44376.80374

C. STOCHASTIC ORDERING

The stress strength model has been widely used in
applications of engineering and physics. Consider two inde-
pendent rvs X; ~MOOB-G(¢1, c, b, §) and X, ~MOOB-
G(¢2, ¢, b, §). The stress strength model can be expressed as

- . —c) Y
1 cbglx; 8) G l(x; 5) {1+[£gﬁg)] }

fx)= -n\1?
G (x: 6) [1—(1—¢1) (1— {1+[1%f§?3s>]c} )}
and
) b1
#2cbg(x; 8) G l(x; 8) {H‘[%] }
glx) =

—C _h 2.
rerfrrnftsr ]

Then, the ratio % takes the form

@zﬁ(l—d_’lz>2
gx) ¢ \1—¢oz/) '

. -]
wherez=1— 471+ [fg(ﬁ)a)]

By differentiating the last equation in relation to x, we have
dfo_a (1 —¢'>1z> $1 — )7
dxg) ¢ \1=¢oz) (1-¢22?

After some algebra, we obtain

AI0 b g o [1—_¢]

dxgx) ¢ (1-¢22)°
where 42 = 7. Finally, if ¢ hen L8 — () and th
=2 Y, if ¢2 < ¢y then 77055 < 0 and the

likelihood ratio exists X <j Y.
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V. ESTIMATION METHODS

Letxp, ..., x, be the observations from the MOOB-G family
with vector of parameters 8 = (¢, ¢, b, 8T)T . This section
is devoted to address the maximum likelihood, least squares
method and a percentile method to estimate 6 from com-
plete samples only. The performances of the three meth-
ods are investigated through Monte Carlo simulations using
Mathematica software.

A. MAXIMUM LIKELIHOOD
By maximizing the total log-likelihood function

0®) = nlog(¢cb) + ) " logg(xi: 8)
i=1

+e=1) ) logG(xi: §)

i=1

—(c+1) ) logGlxi; §)

i=1

—(b+1) ) log(z)

i=1

—2Y log [1 —(1—¢)1— z;b)] . (14)

i=1

where z; = 1 + [G(x’ ‘”l , we can find the maximum
likelihood estimates (MLEs) of the parameters in 6.

Equation (14) can be maximized either directly under
statistical computing environment such as Ox (sub-routine
MaxBFGS), SAS (PROC NLMIXED), R, Maple or Mathe-
matica or by solving the nonlinear likelihood equations by
differentiating (14). The distributions in the MOOB-G family
can also be fitted to real data using the AdequacyModel pack-
age (see https://www.r-project.org/). We can
compute the MLE:s, their standard errors and goodness-of-fit
statistics from this package by defining only the pdf and cdf
of the distribution under study.

The score functions for the model parameters are

h) ’
n n
Ue = —+ ) log Glxi; 6) - Z log G(x;: 8)
¢ i=1 i=1
G(xi:d)
1 Ogl:é . ]
(xi:d)
1 - -
o )Z .[G(xi;S)]c
=19 Gass)
n [qm;»]‘“ log [c_;<x,~;6)]
Lob(1 - g) Y —LOwD Gxi:)

P Zb+1 [1 —a _¢)(1 —Zfb>]’

7 "log (z)
=—— Y log(z)+2(1—¢)
Z 121:1 (1-¢)(1-57)

fb

_n %
S

= 1—(1—¢>)(
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and Us, as shown at the bottom of the next page, where the
vectors

9g(x;; 8) 9G(x;; )
/ L 8) = ! L 8) =
g('xla ) _83 ’ G(xla ) 88 ’
= dG(x;; 8)
G(xj;8) = —>—~
(xi3 8) 55

have the same dimension of §. These equations can be solved
numerically from the statistical software above.

B. LEAST SQUARES

Suppose that x1.,, . . . , Xu:, are the ordered observations from

F(x; ¢, c, b, §) given by (5). Note that E[F (X;.,] = ﬁ
Hence, The least square estimates (LSEs) can be deter-

mined by minimizing the function

n . 2
l
S(9)=§[F<x,-;n,¢,c,b,a)— HJ ,

with respect to the model parameters. The LSEs of ¢, c, b
and § can be found by solving the nonlinear equations

3S(9) T i
-2 F(xXjn; b, c,b,8) —
3 ;_ (Xins @, € ) n+1—

F/(xi:n; ¢s c, b? 8)(P = O?

35(0) - _ i
BC 222 F(xilnvd)acabv(s)_n_i_l_

F/(xi:n; ¢7 c, b9 6)(,‘ = 07

35(0) - _ j
5 =22 Flini¢.¢.b.8) = o

F/(xi:n; ¢s c, b? 8)b = 03
n r . -

i
n+1 |

88(9) =2 Z F()Ci:n; ¢’ ¢, b’ 8) -

a6

F/(xi‘n; ¢v c, b, 8)5 == 0»

3F(x1 ns

where F'(xi.n; 0)y = 9 for any component n of 6 =

(¢,c,b,8T)T. We can solve these equations numerically to
obtain the estimates ¢ sg, CLsE, brsg and 81sk.

C. PERCENTILE ESTIMATION
Let p; = i/(n 4+ 1) be an estimate of F(x;.,; ¢, c, b, §) for
i=1,...,n Let Op(¢, c, b, ) be the gf obtained from (8)
by settingu = p; = i/(n+ 1).
Then, the percentile estimates (PCEs) of the unknown
parameters ¢, ¢, b and § can be derived by minimizing
n
2
M©) = [xin — Op(d. c. b, 8)],
i=1
with respect to the model parameters or by solving the non-
linear equations

oM ()

79 =2 D [xin — Qpi(@. . b, 8)] Q),($. ¢, b, 8)3 =0,

i=1
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TABLE 2. MSEs and AEs for the MOOB-Ex Distribution.

TABLE 3. MSEs and AEs for the MOOB-Ex Distribution.

n Parameters PCE LSE MLE

n Parameters PCE LSE MLE

MSEs AEs MSEs AEs MSEs AEs

MSEs AEs MSEs AEs MSEs AEs

¢ =0.8 0.023650.75625 0.00017 0.80106 0.00434 0.80357
50 c¢=1.5 0.258851.23699 0.00022 1.49488 0.07658 1.54477
b=15 0.71613 1.35755 0.00141 1.50163 0.05512 1.52599
a=0.1 0.842590.11118 0.00002 0.09983 0.00068 0.10578

¢ =0.8 0.02536 0.77259 0.00016 0.799946 0.004175 0.801616
50 c¢=12 0.163121.01736 0.00013 1.19658 0.051372 1.24173
b=1.5 0.94427 1.45910 0.00133 1.49845 0.056156 1.53026
a=0.1 1.03099 0.10954 0.00001 0.100097 0.000439 0.104232

¢ =0.8 0.013210.78389 0.00008 0.80075 0.00217 .80243
100 c¢=1.5 0.16421 1.34225 0.00010 1.49735 0.03669 1.52211
b=1.5 0.48057 1.44864 0.00068 1.50144 0.02620 1.51526
a=0.1 0.213250.12854 8.0x 10~ 0.09985 0.00029 0.10257

¢ =0.8 0.01358 0.77540 0.00008 0.799989 0.002182 0.805079
100 c¢=1.2 0.119151.05245 0.00006 1.19798 0.023637 1.22275
b=1.5 0.475631.40783 0.00068 1.49914 0.028053 1.52768
a=0.1 0.039150.12168 5.5x 10~° 0.100039 0.000172 0.101079

¢ =0.8 0.00887 0.78580 0.00006 0.80035 0.00146 0.80162
150 c¢=1.5 0.133591.36533 0.00007 1.49780 0.02210 1.50604
b=15 027976 1.42857 0.00049 1.50037 0.01713 1.50409
a=0.1 0.005720.12464 5.7x107° 0.09994 0.00018 0.10173

¢ =0.8 0.00960 0.78691 0.00006 0.800086 0.001586 0.802496
150 c¢=1.2 0.08960 1.09502 0.00004 1.19861 0.015888 1.2125

b=15 031271 1.44252 0.00049 1.49971 0.018424 1.51332

a=0.1 0.005550.11745 3.9x 1076 0.100006 0.000135 0.101127

¢ =1.0 0.04069 0.96196 0.00026 1.00020 0.00683 1.00309
50 c¢=1.5 0.23737 1.24107 0.00030 1.49469 0.08615 1.55098
b=15 0.70676 1.40265 0.00125 1.49882 0.04643 1.52109
a=0.1 3.729140.17824 0.00002 0.10010 0.00078 0.10653

¢ =0.8 0.024320.76639 0.00015 0.800011 0.00465 0.804949
50 ¢=0.5 0.028240.41767 0.00002 0.498403 0.00821 0.512498
b=1.5 0.843331.41064 0.00124 1.49842 0.05688 1.53309
a=0.1 0.000600.10965 2.6x107° 0.099916 0.00016 0.101204

¢ =1.0 0.021050.96477 0.00013 1.00065 0.00360 1.00476
100 c¢=1.5 0.16594 1.28907 0.00016 1.49715 0.03910 1.51671
b=1.5 0.340821.35769 0.00060 1.50069 0.02483 1.51584
a=0.1 0.963450.186128.3x107° 0.09991 0.00031 0.10224

¢ =0.8 0.013490.78085 0.00009 0.799835 0.00212 0.801308
100 ¢=0.5 0.02093 0.44062 0.00001 0.499353 0.00411 0.507379
b=1.5 046569 1.42331 0.00075 1.49887 0.02445 1.50984
a=0.1 0.000200.10484 1.5x 107 0.099994 0.00008 0.101055

¢ =1.0 0.01473 0.98425 0.00009 0.99984 0.00208 1.00137
150 c¢=1.5 0.114251.37234 0.00011 1.49878 0.02417 1.52061
b=15 0.259141.43886 0.00041 1.49927 0.01389 1.51116
a=0.1 0.010120.12758 5.8x 10 0.10009 0.00017 0.10170

¢ =0.8 0.02536 0.77259 0.00016 0.799946 0.004175 0.801616
50 c¢=12 0.163121.01736 0.00013 1.19658 0.051372 1.24173
b=1.5 0.94427 1.45910 0.00133 1.49845 0.056156 1.53026
a=0.1 1.03099 0.10954 0.00001 0.100097 0.000439 0.104232

¢ =0.8 0.01358 0.77540 0.00008 0.799989 0.002182 0.805079
100 c¢=1.2 0.119151.05245 0.00006 1.19798 0.023637 1.22275
b=1.5 0.475631.40783 0.00068 1.49914 0.028053 1.52768
a=0.1 0.039150.12168 5.5x 10~° 0.100039 0.000172 0.101079

¢ =0.8 0.00960 0.78691 0.00006 0.800086 0.001586 0.802496
150 c¢=1.2 0.08960 1.09502 0.00004 1.19861 0.015888 1.2125

b=1.5 031271 1.44252 0.00049 1.49971 0.018424 1.51332

a=0.1 0.005550.11745 3.9x10~° 0.100006 0.000135 0.101127

¢ =0.8 0.00944 0.78068 0.00005 0.800283 0.00147 0.801575
150 ¢=0.5 0.01567 0.44618 7.0x107° 0.499417 0.00250 0.50372
b=1.5 0.288861.39817 0.00045 1.50033 0.01760 1.51024
a=0.1 0.000130.10386 9.4x 1077 0.099934 0.00005 0.100361
¢ =0.8 0.024320.76639 0.00015 0.800011 0.00465 0.804949
50 ¢=0.5 0.028240.41767 0.00002 0.498403 0.00821 0.512498
b=1.5 0.843331.41064 0.00124 1.49842 0.05688 1.53309
a=0.1 0.000600.10965 2.6x 106 0.099916 0.00016 0.101204
¢ =0.8 0.01349 0.78085 0.00009 0.799835 0.00212 0.801308
100 ¢=0.5 0.02093 0.44062 0.00001 0.499353 0.00411 0.507379
b=1.5 046569 1.42331 0.00075 1.49887 0.02445 1.50984
a=0.1 0.000200.10484 1.5x10~° 0.099994 0.00008 0.101055
¢ =0.8 0.00944 0.78068 0.00005 0.800283 0.00147 0.801575
150 ¢=0.5 0.01567 0.44618 7.0x107° 0.499417 0.00250 0.50372
b=1.5 0.288861.39817 0.00045 1.50033 0.01760 1.51024
a=0.1 0.000130.10386 9.4x 1077 0.099934 0.00005 0.100361

where Q;,i(o9),7 = an%(o)’ and 1 denotes any component
IM(H) " , of 6 = (¢,c,b,8")". The software mentioned before can
dc =2 Z [xi:” — Opi(d.c. b, 8)] 0 i(¢’ ¢,b,8)c=0, produce the PCEs ¢pcE, ¢pcE, bpce and Spck.
i=1
IM(6) . / V1. SIMULATION STUDY
— =2 in — Opi(¢p, ¢, b, 8 (¢,c,0,6)p=0 ) . . .
ab ;[Xm (9. ¢ )] (0. ¢ )b We perform a detailed simulation study to compare the
aM(6) n precision of the estimators of the unknown parameters
1 _9 Z [xin — Opi(d, . b, 8)] Q;,i(qﬁ, c,b,8)s;=0 for the MOOB-Ex.and MQOB-Li distributions. The ade-
98 i—1 quacy of these estimators is based on the mean squared
g (xi; ) G( Xi; 0 G(xu 3)
— t-D —(c+1D
— 8(xi;d) Z G(xi; ) Z G(xi; 8)
= / =/ L. —c—1
" [G(xl-; §)G (1i: 8) - Gl )G (i )] [ G |
—2bc1=9) bl 7 b
= 2T Cwe [1-a-e(1-57)]
= ’ =/ . —c—1
n (Gl )G (s 8) — G G (i 9)| [
+C(b+])z =1 ) :
P 7 G*(xi3 0)
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TABLE 4. MSEs and AEs for the MOOB-Li Distribution.

TABLE 5. MSEs and AEs for the MOOB-Li Distribution.

n Parameters PCE LSE MLE n Parameters PCE LSE MLE
MSEs AEs MSEs AEs MSEs AEs MSEs AEs MSEs AEs MSEs AEs
¢ =0.8 0.012530.78171 0.000095 0.80014 0.00199 0.80171 ¢ =1.0 0.022720.95928 0.000112 0.99882 0.00345 1.00314
100 ¢=1.2 0.10817 1.06704 0.000073 1.19807 0.02433 1.22297 100 ¢=1.2 0.12127 1.01203 0.000082 1.19912 0.02367 1.21599
b=1.5 0.45130 1.43071 0.000770 1.49966 0.02378 1.51413 b=1.5 0.42624 1.33600 0.000555 1.49673 0.02402 1.51442
a=0.2 2.840330.32391 0.000062 0.20018 0.00037 0.20441 a=0.4 1.50032 0.60642 0.000192 0.40181 0.00187 0.41363
¢ =0.8 0.005720.78111 0.000035 0.79908 0.00109 0.80122 ¢ =1.0 0.00807 0.99090 0.000089 0.99933 0.00163 1.00299
200 c¢=1.2 0.06754 1.07868 0.000026 1.19964 0.01069 1.20482 200 c¢=1.2 0.05484 1.09804 0.000046 1.19959 0.01204 1.21115
b=1.5 0.16729 1.37291 0.000296 1.49702 0.01312 1.50620 b=1.5 0.13158 1.41557 0.000443 1.49819 0.01131 1.51026
a=0.2 0.058050.23124 0.000023 0.20083 0.00019 0.20326 a=0.4 0.429300.52371 0.000154 0.40131 0.00085 0.41112
¢ =0.8 0.00338 0.80643 0.000033 0.79962 0.00073 0.80051 ¢ =1.0 0.00736 0.99045 0.000041 1.00101 0.00112 1.00175
300 ¢c=1.2 0.04194 1.16965 0.000019 1.19947 0.00751 1.20957 300 ¢=1.2 0.03898 1.11307 0.000025 1.19878 0.00756 1.20942
b=1.5 0.12041 1.51267 0.000273 1.49856 0.00847 1.50422 b=1.5 0.11452 1.42561 0.000203 1.50205 0.00846 1.50871
a=0.2 0.004320.21070 0.000021 0.20042 0.00014 0.20334 a=0.4 0.028200.45983 0.000068 0.39882 0.00061 0.41046
¢ =0.8 0.012350.78462 0.000092 0.80037 0.00212 0.80048 ¢ =1.0 0.017520.98113 0.000149 1.00032 0.00344 1.00215
100 ¢=1.2 0.10346 1.09470 0.000072 1.19889 0.02330 1.20695 100 ¢=1.2 0.10692 1.07976 0.000116 1.19808 0.02024 1.20220
b=1.5 0.34968 1.45164 0.000756 1.50072 0.02655 1.50455 b=1.5 0.33369 1.42923 0.000702 1.50009 0.02270 1.50538
a=0.4 9.79763 0.29146 0.000211 0.40007 0.00142 0.40450 a=0.2 0.582350.29580 0.000062 0.20012 0.00045 0.20678
¢ =0.8 0.00782 0.78891 0.000039 0.79965 0.00114 0.80177 ¢ =1.0 0.01549 0.99755 0.000061 1.00027 0.00144 1.00414
200 ¢=1.2 0.08537 1.09970 0.000030 1.19896 0.01078 1.20280 200 ¢=1.2 0.07721 1.11020 0.000043 1.19886 0.00977 1.21151
b=1.5 0.26358 1.43599 0.000329 1.49838 0.01347 1.50732 b=1.5 0.31670 1.48354 0.000296 1.50018 0.00981 1.51313
a=0.4 0.736160.39329 0.000089 0.40075 0.00070 0.40123 a=0.2 0.058430.25663 0.000026 0.19992 0.00018 0.20463
¢ =0.8 0.00487 0.79675 0.000033 0.79959 0.00070 0.80018 ¢ =1.0 0.00723 0.99707 0.000058 1.00007 0.00095 1.00175
300 c¢=1.2 0.04968 1.13262 0.000019 1.19940 0.00742 1.20812 300 c¢=1.2 0.04531 1.13246 0.000044 1.19929 0.00737 1.20519
b=1.5 0.15738 1.46643 0.000285 1.49844 0.00850 1.50393 b=1.5 0.19654 1.46842 0.000274 1.49991 0.00625 1.50616
a=0.4 0.02012 0.44780 0.000075 0.40081 0.00045 0.40180 a=0.2 0.00716 0.22467 0.000026 0.20008 0.00014 0.20478
¢ =1.0 0.02260 0.96963 0.000110 1.00246 0.00345 1.00839 ¢ =1.0 0.02080 0.94871 0.000132 1.00032 0.00378 1.00260
100 ¢=1.2 0.13029 1.05072 0.000067 1.19751 0.02130 1.21385 100 ¢=1.2 0.09971 1.02132 0.000186 1.19857 0.02372 1.22277
b=1.2 0.24491 1.11514 0.000321 1.20374 0.01484 1.21295 b=1.8 0.46374 1.57681 0.000896 1.80027 0.03382 1.80983
a=0.2 0.172250.29510 0.000039 0.19866 0.00034 0.20346 a=0.2 0.32599 0.20543 0.000071 0.20021 0.00083 0.21135
¢ =1.0 0.01196 0.97503 0.000059 0.99981 0.00177 1.00297 ¢ =1.0 0.011010.97917 0.000053 0.99984 0.00162 1.00139
200 ¢=1.2 0.07520 1.10694 0.000028 1.19886 0.01033 1.21157 200 ¢=1.2 0.04883 1.11342 0.000077 1.19948 0.01095 1.21745
b=1.2 0.14519 1.13300 0.000180 1.19930 0.00740 1.20903 b=1.8 0.23897 1.70458 0.000365 1.79920 0.01556 1.81480
a=0.2 0.01558 0.25013 0.000020 0.20018 0.00018 0.20338 a=0.2 0.04207 0.25224 0.000029 0.20025 0.00033 0.20855
¢ =1.0 0.00700 0.98475 0.000049 1.00067 0.00093 0.99932 ¢ =1.0 0.00716 0.98468 0.000045 0.99965 0.00128 1.00125
300 ¢=1.2 0.05078 1.11803 0.000018 1.19875 0.00851 1.20972 300 c¢=1.2 0.04786 1.08239 0.000064 1.19978 0.00796 1.20972
b=1.2 0.07234 1.13296 0.000150 1.20085 0.00490 1.20132 b=1.8 0.197751.67096 0.000303 1.79874 0.01161 1.80970
a=0.2 0.00543 0.22710 0.000017 0.19963 0.00010 0.20367 a=0.2 0.01421 0.24958 0.000024 0.20034 0.00024 0.20811

errors (MSEs). All calculations are done automatically
using Mathematica. We generate 1, 000 samples of the
MOOB-Ex and MOOB-Li distributions. We take n = 50,
100, 150 for the MOOB-Ex model and n = 100, 200, 300 for
the MOOB-Li model. The average estimates (AEs) and MSEs
of the MLEs, LSEs and PCEs for the MOOB-EXx distribution
are given in Tables 2-3. Further, the AEs and MSEs of the
MLEs, LSEs and PCEs for the MOOB-Li distribution are
listed in Tables 4-5. We note that all the estimators reveal
the consistency property. Also, the figures in these tables
indicate that the LSEs produce the best results for estimating
the parameters of the MOOB-Ex and MOOB-Li distributions
in terms of their MSEs in most cases.

VII. DATA ANALYSIS

We prove the flexibility of the MOOB-Ex distribution
by comparing with some competitive distributions given
in Table 6 by means of three real data sets. The
Cramér-Von Mises (CVM), Anderson-Darling (AD) and the
Kolmogorov-Smirnov (KS) statistics and the KS p-values of

VOLUME 9, 2021

the last one are calculated for the fitted distributions using the
R software.

The first data set refers to 63 observations of the strengths
of 1.5 cm glass fibres (see, Smith and Naylor, 1987) analyzed
by Alizadeh et al. (2020). The second data set represents 74
observations of the gauge lengths of 20 mm (see, Kundu and
Ragab, 2009) analyzed by Afify and Mohamed (2020). The
third data set consists of 100 observations of breaking stress
of carbon fibres (in Gba) (see, Nichols and Padgett, 2006)
analyzed by Cordeiro et al. (2017).

Tables 7-9 report the values of the goodness-of-fit mea-
sures, the MLEs and associated standard errors (SEs) (in
parentheses) for the MOOB-Ex model and other fitted dis-
tributions. Some of the fitted distributions in Tables 7-9 have
very large SEs compared with their MLEs, wheres all MLEs
for the fitted MOOB-Ex distribution are accurate.

Figures 4, 6 and 8 display some plots of the fitted densities
for these sets. Further, the corresponding PP plots for the
fitted distributions are given in Figures 5, 7 and 9. These plots
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TABLE 6. Some Competitive Models for the MOOB-Ex Distribution.

Distribution

Author(s)

Exponential (Ex)

Marshall-Olkin Nadarajah-Haghighi (MONH) Lemonte et al. (2016)
0Odd exponentiated half-logistic Ex (OEHLEX) Afify et al. (2018)

Beta generalized Ex (BGEXx)

Kumaraswamy transmuted Ex (KTEx)

Kumaraswamy Ex (KEx)
Marshall-Olkin Ex (MOEXx)
Beta Ex (BEx)

Barreto-Souza et al. (2010)
Afify et al. (2016)

Marshall and Olkin (1997)
Nadarajah and Kotz (2006)

TABLE 7. Goodness-of-Fit Measures, MLEs and (SEs) for Data Set I.

Model CVM AD KS KS p-value MLEs

MOOB-Ex 0.0407 0.2512 0.0758 0.8612  4.1455 12.9915 0.1652 0.4177
(9,¢,b,a) (3.8866) (2.7502) (0.0834) (0.0211)
MONH  0.10150.5750 0.0955 0.6132 85199 0.1516 162.103
(@,1,6) (17.310) (0.3563) (173.39)
OEHLEx 0.1356 0.7698 0.1227 0.2982 15776 0.0345 24614

(9,4,a) (0.5047) (0.0334) (0.4798)

BGEx 0.2021 1.12110.1469  0.1314  0.5583 224589.2 0.1810 9.5989
(a,b, 1, 0) (0.2513) (72373.3) (0.0955) (3.6562)
KTEx 0.2496 1.3697 0.1574  0.0879  4.8796 2145.5 0.2910 -0.7206
(a,b,1,9) (2.0384) (4196.05) (0.1283) (0.4561)
KEx 0.2687 1.47240.1614  0.0749  6.8785 25532 0.2373

(a,b, ) (1.1075) (5216.1) (0.1228)

MOEx  0.2596 1.4304 0.1254 02750 8247.4 5.8503

@,1) (7982.2) (0.6033)

BEx 0.56863.1184 0.2163  0.0054 17.4699 154.884 0.0711

(a,b,A) (3.0852) (242.09) (0.1054)

Ex 0.57023.1270 0.4179  0.0000  0.6636

(a) (0.0836)

Density
L

Density

FIGURE 4. The fitted MOOB-Ex density and other densities for data set I.

TABLE 8. Goodness-of-Fit Measures, MLEs and (SEs) for Data Set Il

MOOB-Ex

MONH

Expected

0.0 04 08

Expected

0.0 04 08

Observed

BGEXx

0.0 0.4 0.8

Observed

KTEx

Expected
0.0 04 08
|

Expected

00 04 08

0.0 0.4 0.8

Observed

MOEXx

Observed

BEXx

Expected

Expected

00 04 08

Observed

00 04 08

Observed

Expected

Expected

Expected

OEHLEXx

0.0 04 08

Observed

00 04 08

0.0 0.4 0.8

Observed

00 04 08

Observed

FIGURE 5. PP plots of the MOOB-Ex distribution and other models for
data set 1.

— MOOB-Ex

Density

Density

MOOB-Ex

MONH

FIGURE 6. The fitted MOOB-Ex density and other densities for data set II.

OEHLEX

Expected

00 04 08

Expected

L

00 04 08

Expected

00 04 08

L1

o Al 111

0 04 08

Observed

BGEx

00 04 08

Observed

KTEx

Observed

KS KS p-value

MLEs

0.9698

0.9802

0.9663

0.9673

0.9674

0.9537

0.8809

Model CVM AD

MOOB-Ex 0.0233 0.1738 0.0496  0.9932
(¢,¢,b,a)

MONH  0.0336 0.2310 0.0569
(¢,n,0)

OEHLEx 0.0264 0.1995 0.0545
(9.n,a)

BGEx 0.0267 0.2132 0.0576
(a,b,m,9)

KTEx 0.0267 0.2097 0.0575
(a,b,n,9)

KEx 0.0267 0.2104 0.0574
(a,b,1)

MOEx  0.0443 0.2723 0.0598

¢.m

BEx 0.0874 0.5737 0.0682
(a,b,m)

Ex 0.0875 0.5749 0.4495 0.0000
(@)

03270 11.5848 04421 0.2269
(0.4850) (4.5771) (0.1682) (0.0286)
2.1710 0.5784 389.87
(1.4589) (0.6743) (540.85)

3.8721 0.3004 0.8837
(1.9472) (0.2850) (0.2609)

0.5689 29513 0.6648 21.846
(0.9764) (87.479) (0.9665) (59.050)
8.8699 112.545 0.3562 -0.1036
(16.810) (627.38) (0.9223) (4.9790)
9.1401 127.95 0.3340
(4.7605) (457.29) (0.3569)

8104.8 3.6184

(7212.5) (0.3468)

24317 92.491 0.0947
(3.9884) (154.90) (0.1426)

0.4037

(0.0469)

also reveal that the MOOB-Ex distribution yields the best fit

to all data sets.
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L

Expected

Expected

00 0.4 08
Expected

00 0.4 08
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MOEx

L1
L1

Expected
00 04 08
L1
\ -
g

Expected
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Expected

00 04 08
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FIGURE 7. PP plots of the MOOB-Ex distribution and other models for
data set II.

The hrf plots of the MOOB-Ex model and the
TTT plots for the three data sets are, respectively, displayed in
Figures 8-10. The TTT plots are concave indicating that the
three data sets have increasing hazard rates as shown from
the hrf plots of the three data sets.
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TABLE 9. Goodness-of-Fit Measures, MLEs and (SEs) for Data Set Ill.

TABLE 10. The Estimates of the MOOB-Ex Parameters for the Three Data

Model CVM AD KS KS p-value MLEs

MOOB-Ex 0.0515 0.3223 0.0575 0.8945 0.5399 5.2672 0.4555 0.1955
(9,¢,b,a) (0.6185) (1.5128) (0.1408) (0.0390)
MONH  0.0730 0.4305 0.0639 0.8084 0.8254 3.0008  145.189

(¢,1,0) (0.4280) (5.2241) (300.701)
OEHLEx 0.0682 0.4011 0.0639 0.8087 2.7130 2.1000  0.2669

(9,2,a) (0.7321) (1.4127) (0.1041)

BGEx  0.0678 0.4007 0.0641 0.8064  0.5169 10.7682 0.3452 7.1016
(a,b, A, 0) (0.8818) (27.8992) (0.5755) (14.7598)
KTEx 0.0685 0.4007 0.0645 0.7995 2.6891  19.4945 -0.6237 0.2270
(a,b,M,9) (3.2607) (38.5474) (1.7109) (0.1943)
KEx 0.0699 0.4091 0.0646 0.7967  3.2780 632256 0.1134
(a,b,n) (0.8372) (217.67) (0.1823)

MOEx  0.06310.41020.0592 0.8746 75.6861 1.6757

(@,m) (33.4913) (0.1534)

BEx 0.14830.7589 0.0935 0.3461  5.9605 345462 0.0615

(a,b,M) (0.8218) (61.1416) (0.1021)

Ex 0.1493 0.7643 0.3206 0.0000  0.3815
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FIGURE 10. The hrf plot of the MOOB-Ex model and TTT plot for data
set Il

Further, we adopt the three estimation methods discussed
in Section 5 to estimate the MOOB-Ex parameters from
the three data sets. Table 10 provides the estimates of the
MOOB-Ex parameters for these data sets, and the maxi-
mized log-likelihoods values (—?) and the CVM, AD and
KS statistics and p-values. Based on the KS and p-values in
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Sets.
Method ¢ ¢ b a —( CVM AD KS KS p-value
Strengths of 1.5 cm glass fibres data
MLE 4.145512.992 0.1652 0.4177 10.295 0.0407 0.25120.0758 0.8612
LSE  28.81613.791 0.0322 0.4252 11.817 0.0352 0.2803 0.0607 0.9744
PCE  4.3044 11.583 0.1577 0.4149 10.873 0.05024 0.3003 0.0928 0.6497
Gauge lengths of 20 mm data
MLE 0.3270 11.5848 0.4421 0.2269 51.165 0.0233 0.1738 0.0496 0.9932
LSE  0.3809 12.7094 0.3674 0.2258 51.327 0.0231 0.1867 0.0546  0.9800
PCE  0.7130 9.1599 0.4843 0.2433 51.458 0.02759 0.1883 0.0533  0.9847
Breaking stress of carbon fibres data
MLE 0.5399 52672 0.4555 0.1955 141.096 0.0515 0.3223 0.0575 0.8945
LSE  0.8400 6.8485 0.2748 0.19407 142.517 0.0557 0.4884 0.0413  0.9956
PCE 09149 4.3532 0.4955 0.2176 141.385 0.0605 0.3518 0.0605 0.8572

15 2.0

Density
1.0

1.0

0.8
L
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Density
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I I
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N
P

0.5

Density
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FIGURE 11. The fitted MOOB-Ex density for data set I (left), for data Il
(middle) and for data Il (right).

Table 10, we note that the LSE provides the best estimates
of the MOOB-Ex parameters for the first and third data sets,
whereas the ML method is recommended to estimate the
MOOB-Ex parameters for the second data set. However, all
estimation methods perform very well for the three data sets.
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The histograms of the three data sets and the fitted MOOB-Ex
densities using the three estimation methods, for the three
data sets, are displayed in Figure 11.

VIil. CONCLUSION

We propose a new class of distributions with three additional
shape parameters, called Marshall-Olkin odd Burr III-G
(MOOB-G) family, from any baseline continuous distribution
G. The new MOOB-G family extends the Marshall-Olkin-
G and odd Burr III-G classes and distributions and three
of its special models, called MOOB-exponential, MOOB-
Lindley, and MOOB-Lomax distributions are discussed. The
family density can be expressed as linear combination of
exponentiated-G densities. We explore some mathematical
properties of the MOOB-G family. The parameters of the
proposed family are estimated by three approaches, called
maximum likelihood, least squares and percentile methods.
The performance of the three methods are assessed via sim-
ulation results obtained for the MOOB-exponential and
MOOB-Lindley distributions. Three real data examples show
empirically that the MOOB-exponential distribution pro-
vides better fits to these data than other known extensions of
the exponential model.
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