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ABSTRACT Quantitative evaluation on the individual’s scientific impact is an important research topic in
the academic evaluation fields. Following the pioneering milestone of h-index, many variants have been
proposed and but still suffer some limitations. In this paper, we propose a novel multi-scale h-index (MH-
index, or Ma-Huang index) to comprehensively measure the scientific impact of scholars based on the
publication record. We investigate the index from the mathematical perspective of correlation function
between citation count and paper number. We reveal that different definitions of the correlation function
lead to different index schemes. By defining the correlation functions with gradually varied slope, we can
obtain a series of index elements, each of which captures the citation record in different granularities. Our
approach can be essentially interpreted as a generalized h-index in multiple scales, which is obtained by first
generating a multi-scale representation of a scholar’s paper citation record and then calculating the h-index
score for each scale. Our approach can be extended to consider all publication citations and subtly emphasizes
those highly cited publications. To validate the proposed indicators, an experimental study is conducted on
82 scholars in the scientometrics field and comparison is made with several existing indices. Our proposed
MH-index is demonstrated to be more balanced and fine-grained for evaluating and comparing the scientific
impact of individual scientists.

INDEX TERMS Multi-scale analysis, bibliometrics, information processing, mathematical model.

I. INTRODUCTION
In the scientific field, there is an important research problem,
i.e., how to quantify the cumulative scientific significance
and broad impact of an individual scholar. A proper overall
quantitative index will provide a useful indicator to evaluate
and compare different individuals competing for the same
resource, such as universities faculty application or advance-
ment and grant award, when scientific achievement is a crit-
ical assessment criterion [1]. Generally, the scientific impact
of an individual scholar is complex and related with many
factors, such as the publication record, the citation record,
the research project commitment, the involvement of editorial
service, etc. To make it tractable and computationally feasi-
ble, only the publication and citation records of an individual
are usually used to extract an overall indicator number for
assessment. Following this paradigm, early criteria which are
commonly used include total number of papers, total number
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of citations, average citations per paper, number of significant
papers, etc. Although intuitive, those criteria suffer from the
imbalance between productivity and paper importance or the
involvement of arbitrary parameters.

To avoid the disadvantage of the above criteria, as a
pioneering milestone, Hirsch [1] proposed the h-index to
measures the scientific impact of an individual’s research
work by simultaneously considering the publication produc-
tivity and the article impact (citation count). The h-index
is an easily computable indicator to characterize the scien-
tific output of a researcher. The definition of h-index can
also be extended to assess other subjects, such as groups
of scholars [2], journals [3], [4], patents [5], countries [6]
and web pages [7]. To date, the h-index has been taken
as one of the most important indicators in both Google
Scholar, Scopus and Web of Science. As a pioneering work,
the h-index measures the scientific impact of an individ-
ual by counting the maximal number of core papers with
citation times over a threshold equal to the core paper
number.
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Although simple and useful, the h-index suffers a nontrivial
limitation that no additional credit is given to those highly
cited articles, whereas every citation counts on scientific eval-
uation [8]–[10] [11]–[15]. To address this weakness, many
h-index variants are proposed, such as g-index [16], [17],
AR-index [18], R-index [18], Tapered h-index [19],
Hg-index [20], q-2 index [21], PR-index [22], ch-index [23],
t-index [24], π -index [25], w-index [26], EM-index [27], etc.
To give credit to excess citation count, some other index
schemes are proposed, such as e-index [28], j-index [29],
Hl-index [30], and EM-index [27].

Another limitation of h-index is that it relies on only
those articles which have significant impact and high citation
record, whereas every article contributes to research output
and scientific impact of an individual. To consider the impor-
tance of all cited articles of an individual, several other indices
are proposed, such as the multidimensional h-index [31],
mock h-index [32], central interval index [33], two sided
h-index [34], l-index [35]. Egghe and Rousseau proposed
to weight the h-index by citation count [36]. To compare
different index methods, comprehensive studies have been
made by Bornmann et al [12], [13].

In addition to the above two main defects: insensitive
to highly cited papers and low cited papers, there are sev-
eral other common shortcomings shared by the h-index
and other citation based indicators: dependence on the
specific research field, sensitivity to self-citations, igno-
rance of multi-authorship, and sensitivity to the scientific
age of a scientist or the age of publication [13]. Besides
the above issues, Waltman and Van Eck [37], [38] argue
that h-index behaves in a counterintuitive way and may
lead to inconsistencies in the way in which scientists are
ranked. Further, they discuss several indicators that can be
used as an alternative to the h-index and make emphasis
on highly cited publications. The definition of h-index is
regarded to suffer some arbitrariness [38], [39], since the
two involved and compared quantities, i.e., publications and
citations, are of different physical meaning [40]. The geo-
metric relation of the Lorenz curve and the h-index is dis-
cussed, which provides a new geometric interpretation of the
h-index [41].

Considering the difficulty to evaluate the scientific impact
of an individual with a single indicator, some other
researchers resort to the combination of two or multiple
indicators [42]. Although such an idea seems interesting and
promising, special concern shall be taken on the combina-
tion or aggregation scheme. Besides, a new criterion for the
h-index is proposed in the form of the citation distribution
among publications [43].

In this paper, we investigate the index from the mathe-
matical perspective of correlation function between citation
count and paper number. We reveal that different definitions
of the correlation function lead to different existing index
schemes. By defining the correlation functions with gradually
varied slope, we can obtain a series of index elements, each
of which captures the citation record in different granularities.

Our approach can be essentially interpreted as a generalized
h-index in multiple scales, which is obtained by first gener-
ating a multi-scale representation of a scholar’s paper cita-
tion record and then calculating the h-index score for each
scale. In this way, a multi-dimensional h-index score vector
is obtained. To obtain a single number for quantitative eval-
uation and comparison, a final index score is calculated by
summarizing those multi-scale h-index scores in an adaptive
weighing manner. Our approach can be extended to consider
all publication citations and subtly emphasizes those impor-
tant papers with high citation count. The proposedmulti-scale
h-index is more comprehensive, which not only considers
those highly cited articles, but also counts those outside the
h-core article set.

The rest of this paper is organized as follows. In Section II,
we make a survey on some preliminary work includ-
ing h-index, e-index, multidimensional h-index, iteratively
weighted h-index, and EM-index, and discuss their advan-
tage together with limitations. In Section III, we elaborate
our novel multi-scale h-index and its properties. After that,
we conduct experimental study in Section IV. Last but not
least, we conclude this work in Section V.

II. RELATED WORK
This work is focused on the quantitative indicator of scien-
tific impact based on an individual’s record of article publi-
cation and citation. In the following, several related indices
are surveyed and analyzed.

As the milestone index to measure an individual’s sci-
entific impact, h-index [1] is defined based on the citation
of an individual’s publication. The h-index of a scholar
is h if h of his or her articles have at least h citations each
while the citation of each of the rest papers is no larger
than h. Geometrically, given the citation curve of all papers
of an individual scholar in descending order, its intersec-
tion with the 45 degree line y = x gives h, as illustrated
in Fig. 1(a).

The h-index only considers those high-cited articles but
ignores those with less-cited ones. To address this problem,
the multi-dimensional h-index is proposed. Given the citation
record of a scientist, his or her multi-dimensional h-index
(h1, h2, h3, · · · , hk ) is generated as follows. All the involved
N articles are sorted by the citation count in descending order.
Then, h1 is obtained as the traditional h-index. After that,
those top h1 most-cited articles are removed and we compute
h2 as the h-index of the remaining (N−h1) articles. Similarity,
hk+1 is obtained by computing the h-index on the remaining
(N−h1−h2−· · ·−hk ) most cited articles, which are obtained
by checking the intersection of the line y = x −

∑k
i=1 hi

with the article citation curve, as illustrated in Fig. 1 (b).
Such process is iterated until all articles with citation count
no less than 1 are checked. Such idea is also taken in the CSS
(Characteristic Scores and Scales) based index scheme [44].
Since multi-dimensional h-index takes a vector form and is
inconvenient for comparison, a global scalar value is defined
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FIGURE 1. Schematic illustration of (a) h-index, (b) multi-dimensional
h-index, and (c) EM-index. The e-index is defined based on h-index with
excess citation count considered, while the iteratively weighted h-index is
a global representation of the multi-dimensional h-index.

by the iteratively weighted h-index [45] as follows,

iw(h) =
K∑
k=1

hk
k
. (1)

To discriminate those highly-cited articles, some variants
of h-index are proposed. Zhang [28] proposed e-index to
consider the importance of the excess citation count over h
obtained by h-index. Specifically, given the sorted article
citations (c1, c2, · · · ) in descending order of a scientist, the
e-index is defined as squared root of the sum over the excess

citation count of h-core articles as follows,

c =

√√√√ h∑
k=1

(ck − h). (2)

The e-index suffers an issue that once the citation counts of
those top h articles are all equal to h, the obtained e-index is
equal to 0, which is unreasonable.

Another recent variant is EM-index [27], which adopts
the concept of multi-dimensional h-index. Concretely
speaking, for a scholar with article citations (c1, c2, · · · )
ranked in descending order, EM-index first generates a
multi-dimensional index vector (h1, h2, h3, · · · , hk ). The first
component h1 is exactly the h-index value. The (K + 1)-th
component hk+1 is obtained by computing the h-index for the
excess citation counts of the h-core papers in the k-th round,
which is obtained by checking the intersection of the line
y = x +

∑k
i=1 hi with the article citation curve, as illustrated

in Fig. 1 (c). Finally, the EM-index is defined as the squared
root of the sum over the all components in the index vector.

The above index schemes only consider the highly cited
articles without proper weighting. Besides, they fail to
explore all articles with at least one citation. To make a
comprehensive evaluation, both the top and the tail citation
counts should be considered in an adaptive weightingmanner.
Towards this goal, [34] proposed a novel two-sided h-index.
Bihari and Tripathi [27] further extended their EM-index to
EM’-index by considering the citation counts of all articles
after subtracting the h-index from the h-core articles.

III. OUR APPROACH: MULTI-SCALE H-INDEX
To evaluate an individual’s scientific impact based on the
publication and citation records, the general principle beneath
the existing schemes, such as h-index, e-index, iterative
weighted h-index and EM-index, is to correlate the publi-
cation count with the citation count under some constraints.
Following such a paradigm, an intuitive idea is to define a
measure as: the index value of an individual is y, if at most
the y articles have citation counts over x while the citation
counts of the remaining articles are all no larger than x. In this
perspective, a function f (·) is defined to correlate y and x as
follows,

y = f (x). (3)

With different definitions of the correlation function,
we can obtain different index schemes, as discussed in the
above section. In h-index, the correlation function is an iden-
tity function f (x) = x, which is inherited by many other
variants. Although such a function is simple and demonstrates
effective in many cases, it is not flexible to well capture
the fine-grained characteristics of the citation curve. Based
on such a motivation, we propose to define the correlation
function as follows,

y = fk (x) = 2kx, (4)
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where k is an integer and 2k indicates the slope. It is notable
that, when k is equal to 0, the above correlation function
degenerates to that of the classic h-index. By checking the
intersection point of the line function y = fk (x) with the
citation count curve, we can obtain the corresponding index
component hk . Through varying the value of k , a multi-
dimensional index vector (· · · , h−2, h−1, h0, h1, h2, · · · ) is
generated, as illustrated in Fig. 2. Each component hk > 0
and h0 is equal to the classic h-index value. With a larger k ,
the corresponding component hk considers articles withmuch
higher citations.

Another perspective to interpret our scheme is the
multi-scale representation of the descending citation curve.
In the above discussion, we fix the citation curve y = g(x)
but change the correlation functions with varying values of
k . Alternatively, we can also fix all the correlation function
y = fk (x) as the identity function f (x) = x, but transform
the citation curve y = g(x) into multi-scale representations:
y = gk (x) = 2−kg(x). As a result, in the k-th scale, after
the transformation of the citation curve, we can calculate
the component hk as the classic h-index on the transformed
citation curve. In this sense, we call our scheme as multi-
scale h-index. Our idea essentially follows the spirit of the
scale space theory [46], which has been widely explored in
the machine vision community of IEEE [47]–[49].

We define two versions of multi-scale h-index. As the basic
multi-scale h-index (MH-index) scheme, we impose that k
is non-negative, as illustrated in Fig. 2(a). Based on that,
we further extend it by keeping the full component vector
with all possible k and call it the extendedmulti-scale h-index
scheme, which is abbreviated asMH(ext)-index, as illustrated
in Fig. 2(b).

The above generated index vector is not convenient for
evaluation and comparison. To summarize a global num-
ber from the multi-dimensional index vector, the multi-scale
h-index score is defined as follows,

MH =
√∑

k

wkhk , (5)

where wk is a weighting scalar to discriminate the component
hk in different scales. Considering the above multi-scale for-
mulation, wk is defined as αk . The selection of value range
for α is based on two considerations. Firstly, α shall be larger
than 1, such that more credit should be assigned to more
highly cited article. Secondly, it is unreasonable to set α as a
very large value, since it will introduce undue weight to those
highly cited article. To this end, it is suggested α < 2. In our
experiments, we set α =

√
2. It is notable that the weighting

parameter αk for yk (k < 0) is decreasing exponentially and
the value of yk (k < 0) is also smaller than yk (k > 0).
Therefore, the citation numbers below the conventional
h-index threshold level onlymake a very small contribution to
four final extended multi-scale h-index value. In other words,
the extended multi-scale h-index value is dominated by the

FIGURE 2. Schematic illustration of our proposed (a) multi-scale h-index
and (b) the extended multi-scale h-index.

number of citations on and above the conventional h-index
threshold level (i.e., h0, h1, h2, · · · ).
To illustrate the advantage of our proposed multi-scale

h-index, we conduct comparison with h-index, iterative-
weighted h-index (iw(h)-index) and EM-index on four syn-
thetic examples in Table 1. Intuitively, the author with citation
count A has less scientific impact than the author with B.
However, both h-index and iterative-weighted h-index get the
same index values for both authors and fail to discriminate
them. In contrast, our multi-scale h-index distinguish A from
Bwith notable difference. On the other hand, it is obvious that
the scientific impact of A is less than that of C but greater
than that of D. However, the EM-index assigns them with
identical index values while our multi-scale h-index clearly
differentiate them with the correct impact rank.

IV. EXPERIMENTS AND DISCUSSION
To comprehensively evaluate our proposed multi-scale h-
index scheme, following [27], we collect the citation data
of 82 scholars in the scientometrics and bibliometrics fields
fromGoogle Scholar. Those scholars are in the same research
community, such that there is no domain gap in their publi-
cation and citation records for assessment and comparison.
The total citation counts of those scholars range from 390 to
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TABLE 1. Comparison of different index schemes on synthetic citation counts of scientists. To show the calculation details, let take the citation record A
as an example. For iw(h)-index, we first get a 2D index sequence (4, 1) as illustrated in Fig. 1(b), then calculate iw(h) = 4

1 +
1
2 = 4.5. For EM-index,

we first get a 5D index sequence (4, 2, 2, 1, 1) as illustrated in Fig. 1(c), then compute EM(h) =
√

4+ 2+ 2+ 1+ 1 = 3.16. For MH-index, we first get a 4D
index sequence (4, 2, 2, 1) as illustrated in Fig. 2(a) together with the corresponding weighting factor (

√
2

0
,
√

2
1
,
√

2
2
,
√

2
3
), then calculate MH(h)

=
√

4 ·
√

2
0
+ 2 ·

√
2

1
+ 2 ·

√
2

2
+ 1 ·

√
2

3
= 3.70. The index value of MH(ext)-index can be obtained similarly.

128,909, while the publication article number varies from
27 to 598. This dataset is diverse, which contains scholars
with both high productivity and high citation count, scholars
with high productivity and less citation count, and scholars
with average productivity and average citation count. The
total publication and citation together with the h-index of the
82 authors are illustrated in Fig. 3.

We compare our proposed MH-index with h-index,
iterative-weighted h-index, EM-index, e-index, and raw total
citation counts. The results of each index scheme on the
82 scholars are listed in Table 2. In Table 3, we show the
rank of the authors based on the index scores calculated
with each method. Our proposed MH-index provides a more
fine-grained representation on the publication and citation
records. Distinguished from h-index, multi-dimensional h-
index and iteratively weighted h-index, our approach gives
credit to those highly cited articles. On the other hand, our
MH-index is different from EM-index in that, we calculate
the significance index factor in a multi-scale paradigm and
assigns more weight to the significance factor from articles
of larger citations. Moreover, compared with e-index and raw
total citation counts which both suffer the risk of overem-
phasizing the extremely highly cited articles, our MH-index
adaptively weights those articles with moderate scale. The
above properties make our MH-index produce more con-
sistent and better ranking results on the scholar’s scientific
impact. More case study results are discussed below.

For instance, for the scholars Linton C. Freeman and Stan
Wasserman, their h-index values are 49 and 45, respectively,
while their iw(h)-index values are 66.47 and 61.41, respec-
tively. As a result, they are ranked to no. 23 and no. 29 by
h-index, and no. 33 and no. 38 by iw(h)-index. In fact, com-
pared with the top-ranking authors, the publication article
number of Linton C. Freeman (109 articles) and StanWasser-
man (106 articles) is relatively few. However, both of them
have quite a few very highly cited articles with remarkable
total citation count (35424 and 39101). Their top 1 citation
counts are 27,680 and 11,329, respectively. Those extremely
high citations are ignored by h-index and iteratively weighted
h-index. In contrast, our MH-index makes a comprehensive
consideration of this fact and rank them to no. 2 and no. 4,
respectively. Similar results are observed by e-index and raw
total citation counts. In other words, our MH-index scheme

FIGURE 3. Illustration of (a) the total citation number, (b) paper number
and (c) h-index of the studied 82 authors. The authors are sorted based
on their MH-index scores in descending order. The data collection date
from Google Scholar is April 26, 2017.
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TABLE 2. Comparison of different index schemes on synthetic citation counts of scientists. In the table, ‘‘raw’’ means the naive
index scheme of simple total citation count.
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TABLE 3. Comparative result of the author rank based on h-index, iteratively weighted h-index, EM-index, e-index, raw (total citation count),
MH-index and the extended MH-index.
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pays special attention and make more emphasize on those
highly cited publication.

Another interesting example is Heidi Winklhofer, whose
h-index is 22 but EM-index is 63.46. As a result, the scholar is
ranked to as high as no. 9 by EM-index, which is unreasonable
considering the relatively less publication article number (31)
and total citation (6270). That is due to the fact that EM-index
extremely favors the case like Heidi Winklhofer, whose top 1
citation is 4027 but the following one takes a cliff-like drop
to 433. OurMH-index well address such cases and rank Heidi
Winklhofer to no. 38.

In Fig. 4, we study four scholars, i.e., Santo Fortunato,
Ben R Martin, Vicenc Torra and Judit Bar-Ilan, with h-index
values of 42, 43, 41 and 41, respectively, which are very close.
However, their citation curves are dramatically different. Our
MH-index well discriminates them with multi-dimensional
impact factor in multi-scale representations. The component
level analysis on the multi-dimensional index vector for the
four scholars is illustrated in Fig. 4. The component numbers
of Santo Fortunato and Ben R Martin are 13 and 12, respec-
tively, which indicates their top-1 citations are above 212 =
4096 and 211 = 2014, respectively. Comparing Vicenc Torra
and Judit Bar-Ilan, it is observed from the component curves
that the former has more highly-cited publication articles
while the latter publishes more articles with citation between
the average and the top ones. As a result, the scientific impact
of Vicenc Torra and Judit Bar-Ilan shall be similar. Finally,
our MH-index assigns the index values of the above four
scholars as 26.96, 22.85, 18.74, and 17.87, whichwell reflects
their citation curve property and is consistent with the general
expectation on scientific impact.

FIGURE 4. Component level analysis of MH-index for four scholars with
similar h-index. The h-index value of each author is indicated by the first
element of the MH-index component vector.

In Fig. 5, the publication citation curves of two scholars,
Linton C. Freeman and Loet Leydesdorff, are illustrated,
together with their index scores by seven different schemes.
It is observed that the top-8 article citation counts of Linton C.
Freeman is notably above that of Loet Leydesdorff. But for
the remaining articles, the latter has better citation record.
The h-index value of the latter is 87, which is significantly
larger than the former whose h-index is only 49, which is

FIGURE 5. Publication citation curves of two scholars: Linton C. Freeman
and Loet Leydesdorff, and the results by different index schemes. In the
figure, ‘‘raw’’ means the naive index scheme of simple total citation count.

due to the ignorance of those excess citation count of those
highly-cited articles. On the other hand, EM-index runs to
another extreme by giving a significantly larger index value
106.39 to Linton C. Freeman, comparing to the EM-index
value of 77.96 for Loet Leydesdorff, thanks to the sensi-
tivity of EM-index to the cliff-like drop in the top citation
counts. Our MH-index is free of the above disadvantages
and assigns very close index values (30.60 vs. 29.96) to the
two referred scholars. Fig. 6 shows another example showing
similar dilemma of the comparison index methods and the
fine-grained result of our MH-index.

FIGURE 6. Publication citation curves of two scholars: Maria Bordons and
Sune Lehmann, and the results by different index schemes. In the figure,
‘‘raw’’ means the naive index scheme of simple total citation count.

In Fig. 7, we further compare the seven index schemes
based on the publication citation records of Heidi Win-
klhofer and Daniel HD. Heidi Winklhofer has 501 more
total citation count than Daniel HD (6270 vs. 5769), which
is dominantly attributed to the fact the highest citation of
Heidi Winklhofer is much larger than that of Daniel HD
(4024 vs. 671). However, besides that, Daniel HD has
similar citation in the second publication and consistently
more citations than Heidi Winklhofer in the remaining ones,
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TABLE 4. Spearman rank correlation of different indices.

FIGURE 7. Publication citation curves of two scholars: Heidi Winklhofer
and Daniel HD, and the results by different index schemes. In the figure,
‘‘raw’’ means the naive index scheme of simple total citation count.

demonstrated by the dashed red curve over the solid blue
one with a notable gap. Besides, Heidi Winklhofer has much
less publications than Daniel HD (31 vs. 148). Based on the
above fact, the index by raw total citation count favors Heidi
Winklhofer, which is followed by e-index and EM-index.
In contrast, a distinct opposite result is suggested by h-index
and iw(h)-index. Different from the above index schemes, our
MH-index suggest similar assessment results for Heidi Win-
klhofer and Daniel HD (17.92 vs. 17.28). With the additional
consideration of the citations below the conventional h-index
threshold level, our MH(ext)-index favors Heidi Winklhofer
less than Daniel HD (19.37 vs. 21.92), which is consistent
with the judgement by common sense. Based on the above
discussion, the key advantage of our index scheme over
e-index and raw total citation count is that, we never risk
to overemphasize the highly cited articles. With the subtly
designed weighting scheme and the implicit consideration of
publication productivity, our index method can achieve more
comprehensive and reasonable results.

To measure the statistical dependency between differ-
ent index methods, we compute the Spearman rank cor-
relation on the ranking results among the studied indices.
As shown in Table 4, our MH-index is highly correlated with
e-index, raw (total citation count), h-index and EM-index,
while our MH(ext)-index is more strongly correlated with
raw (total citation count) and h-index. It indicates that our
MH-index not only considers the overall significant impact as

revealed by total citation count and h-index, but also captures
the fine-grained importance of those highly-cited articles
as revealed by EM-index. Although our MH-index and its
extension are highly correlated with e-index and raw (total
citation count), the key difference lies that our index schemes
well handles the individual highly cited article without giving
undue weight, as demonstrated in Fig. 7. Since the MH(ext)-
index enriches the MH-index with those tailed publication
articles, the contribution of those h-core publication articles
are saturated to some extent, which is reflected by the fact
that the correlation between MH(ext)-index and EM-index
is low. In a nutshell, our proposed MH-index and MH (ext)-
index schemes are more balanced and fine-grained for com-
prehensively evaluating and comparing the scientific impact
of individual scientists.

V. CONCLUSION
In this paper, we propose a novel multi-scale h-index to mea-
sure the scientific impact of individual scholars. We mathe-
matically formulate the index scheme from the perspective
of correlation function to collaboratively investigate the pub-
lication and citation record. With a multi-scale paradigm,
a multi-dimension index factor is generated, which is further
summarized by adaptive weighting into a global index num-
ber. The proposed MH-index (or Ma-Huang index) makes
a fine-grained measure and gives adaptive credit based on
the significance level of the publication article citation count.
We evaluate our index scheme with comprehensive study on
the real scholars and quantitatively demonstrate the advantage
of the proposed MH-index over the comparison indices.
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