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ABSTRACT The inverse dynamicmodel and performance analysis of a new redundant parallel rehabilitation
robot are presented in this paper. First, the kinematics of each part is analyzed based on a closed-loop vector
chain method. Then, the dynamic model of each part is formulated based on the D’Alembert principle
and Euler’s equation. After that, the inverse dynamic formulation of the new redundant parallel robot is
established by utilizing the principle of virtual work and the concept of linked Jacobian matrices. To validate
the approach, dynamic simulations are implemented in ADAMS and MATLAB. The results demonstrate the
correctness of this dynamic formulation. Then, the actuating forces are optimized by utilizing the weighted
Moore-Penrose generalized inverse method, which determines the minimum norm of the least quadratic sum
among the possible actuating force vectors. Finally, two novel dynamic performance indices are defined. The
first index reflects the coupling effect of other neighboring limbs to the dominant limb; the second reflects
the coupling effect of each neighboring limb to the dominant limb. The proposed approach can be used for
the dynamic performance analysis in other types of redundant parallel robots and provides a reference for
dynamic control strategies.

INDEX TERMS Inverse dynamics, redundant parallel robot, rehabilitation robot, performance analysis,
virtual work.

I. INTRODUCTION
With the global escalation of aging populations, the lower
limb dyskinesia case caused by strokes, spinal cord and brain
injuries has increased in recent years. In order to reach the
requirements of high frequency, high intensity, strong perti-
nence, repetition, and continuity for rehabilitation training,
the lower limb rehabilitation robot has become a research
hotspot.

Generally speaking, the lower limb rehabilitation robot has
two configurations: the parallel and the series. Compared
with a serial robot, a parallel robot is a closed-loop mech-
anism whose moving platform is connected with a fixed
base by several independent kinematic branches [1]. This
structure makes it has several advantages, including larger
payload capacity [2], higher mechanical stiffness, and faster
response [3] (or wider bandwidth). So, it has been widely
applied in medical rehabilitation robots. However, parallel
robots also suffer from disadvantages including singularities,
low dexterities, and small workspaces [4]. Redundancy is
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considered as an alternative way to conquer these disadvan-
tages by improving the performance and capability of paral-
lel robots. The redundancy can increase the workspace [5],
reduce or even eliminate the kinematic singularities [6],
improve dexterity, and eliminate force-unconstrained con-
figurations [7]. The redundant robot is a parallel robot
whose actuators exceed the total degrees-of-freedom (DOF)
required for the task [8]. Redundancy in a parallel robot
can be divided into three categories [9]: (1) kinematic
redundancy, which adds additional active joints in one or
more branches than required. This increases the workspace
and avoids most singular configurations effectively, while
increasing the complexity of kinematic analyses. (2) actu-
ation redundancy. This has two types [10], namely ’in-
branch redundancy’ and ’branch redundancy’. The former
one replaces one or more of the passive joints with active
ones without changing the kinematic architecture. The later
one adds at least one extra branch with an active joint.
(3) combined redundancy, which is a combination of the two
above.

As the number of drives is greater than the DOF of the
redundant derived mechanism, the coordination between the
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various drives of the mechanism is required to be higher.
The traditional position control method has been unable
to meet the control performance requirements. In order to
achieve a better therapeutic effect, the force control is pro-
posed. It can be divided into hybrid force/position control and
impedance control [11]. Both of the two control strategies
need the dynamic model of a robot in most cases. Mean-
while, the dynamic model can provide the essential math-
ematical model to research the dynamic characteristics of
robots and determine the parameters of drivers, like rated
speed, torque, and power [12]. So, it is very important to
determine the dynamic equation of a robot [13]. There are
several approaches to develop the dynamic equation of a
parallel robot. They can be classified into five categories:
(1) Newton–Euler method [14], which is based on the balance
of forces/moments and is more suitable for serial robot [15].
(2) Kane’s method [16], which derives the dynamic equations
based on the partial velocities of the constituents of the
system [17]. (3) Lagrange method [18], which formulates
dynamic equations of motion by using Lagrangian functions
and can be expressed in closed form [19]. (4) virtual work
principle method [20], which develops dynamic equations
by using D’Alembert principle to formulate the equilibrium
equations; this category assumes the work performed by
the external forces through virtual displacements compatible
with the system is zero. (5) Gibbs-Appell formulation [21],
which is derived from Gibbs equation (acceleration energy
equation). It can separate some dynamic parameters from
the model very well and has the merits of deriving motion
equations of closed-chain robotic system. The Newton–Euler
method usually requires a large computation time, since it
needs the detailed calculations of all internal constrained
reactions of the system, even if they are not used in the
dynamic analysis or the control strategy of the robot [22]. The
Kane’s method needs to calculate accelerations, partial veloc-
ities of mass centers, and partial angular velocities of all links,
which is computationally expensive. The Lagrangian method
needs to compute large amounts of symbolic partial deriva-
tives, and it may contain some unknown constraint forces
in Lagrangian multipliers when non-independent generalized
variables are introduced. This method requires solving the
kinematic constraint equations and leads to additional com-
putations. The virtual work principle method is an efficient
approach for the dynamic modeling of the parallel robot [23].
Its advantages include less redundant information, concise
representations, and high computational efficiency [24].

Meanwhile, the force control strategies based on joint
space result in a deterioration of performance for the different
DOF that possess significant coupling in parallel robots [25].
The inertia property is a direct reflection of coupling, and are
key parameters to determine the drive system. So, the inertia
property is of great significance for dynamic performance
analysis, design, and control [26]; it has attracted the exten-
sive attention of researchers. Yao [27] researches the block
diagonal dominant property of the Stewart robot based on the
inertia matrix in joint-space to indicate the coupling effect of

neighboring limbs. While Ogbobe [28] analyzes the coupling
effects between the DOF of the Stewart parallel robot based
on the joint-space mass matrix.Wang [29] proposes an inertia
coupling index based on the inertia matrix of 3-PRS parallel
robot and analyses the distribution of the index in workspace;
this work is validated by experiment. Shao [30] proposes
an inertia index, namely the Joint-Reflected Inertia (JRI),
and investigates the inertia matching method by taking the
Stewart parallel robot as a study object. After that, Mo [26]
proposes the joint-space Inertia (CVI) index to address a
limitation of the JRI: it fails to reflect the imbalance of the
inertia property among limbs. Zhao [31] presents a novel
dynamic performance index that has combined the acceler-
ation, velocity, and gravity terms to analyze the dynamic per-
formance in different directions of a redundant parallel robot.
Meanwhile, he adopts a series of kinematics and dynamic
performance indices to compare the performance of the 8PSS
redundant parallel robot to that of the 6PSS parallel robot.
The author concludes the dynamic performance of the 8PSS
redundant parallel robot is better than the 6PSS [32]. After
that, the research on the dynamic performance of redundant
parallel robot seems to have no substantial improvement.
In fact, the Jacobi matrix of a redundant parallel robot is not a
square matrix anymore, since the actuator redundancy estab-
lishes an over-constrained mechanism. This yields the gener-
alized inertia matrix which describes the mapping between
the actuating forces/torques and the accelerations is not a
square matrix [32]. As a result, the conditioning indices can-
not be used in the redundant parallel robot directly. Actually,
the work on the dynamic performance analysis of the redun-
dant parallel robot is sparse. Meanwhile, previous research
has failed to analyze the coupling effects of redundant parallel
robots, and the inertia index cannot reflect the coupling effect
of each neighboring limb to the dominant limb. Therefore,
this paper is dedicated to analyzing the coupling effects of
redundant parallel robots and revealing the coupling effect
of each neighboring limb to the dominant limb by introduc-
ing two dynamic indices. To this end, the inverse dynamic
model of a novel redundant parallel robot actuated with pneu-
matic artificial muscles is established using the virtual work
principle.

The rest of this paper is organized as follows. Firstly, the
architecture of this new robot is introduced briefly, and the
kinematics of each part is analyzed. Secondly, the dynamic
model of each part is formulated based on the D’Alembert
principle and Euler’s equation. After that, the inverse
dynamic formulation of the new redundant parallel robot is
established based on the principle of virtual work [33] and
the concept of link Jacobian matrices [34]. Then, the numeric
simulation is implemented in both ADAMS andMATLAB to
validate the correctness of the inverse dynamic formulation.
Subsequently, the actuating forces of each driving limb are
optimized by using the weighted Moore-Penrose generalized
inverse method. Finally, two novel dynamic performance
indices are defined to reflect the coupling effect of other
neighboring limbs to the dominant limb and the coupling
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FIGURE 1. Main part of AirGait.

effect of each neighboring limb to the dominant limb,
respectively.

II. KINEMATIC ANALYSIS
The kinematic analysis and Jacobian analysis of the proposed
robot are performed in this section.

A. SYSTEM DESCRIPTION
Fig. 1 illustrates the virtual prototype of our study object,
which is the main part of a new parallel rehabilitant robot-
AirGait [35]. It contains two bodies (the moving platform
and the base), PRR limbs, PSS limbs, and PR limbs (also
called restricted limbs). The topological structure is a 3-DOF
2-PSS-(2-PRR-PR) R parallel mechanism. Here, R, P, and S
denote revolute, prismatic, and spherical joints, respectively;
P denotes an actuated prismatic joint. Limb 1 and 2 belong
to the PRR limb, while limb 3 and 4 belong to the PSS limb.
Both of the PRR limbs and PSS limbs can be divided into part
Si1 (consisting of slide block and accessories) and Si2 (moving
limb), and the PR limbs contain part Sr1 (P limb) and Sr2
(R limb). With the notable structure, the mechanism
possesses 3 DOF, including one translation along the verti-
cal direction and one rotation about axis v (called the dor-
sal/plantar flexion movement) and one rotation about axis u
(called the inversion/extroversion movement).

Fig. 2 shows the kinematic diagram of AirGait, where
Bi(i = 1, 2, 3, 4) is the intersection point of the prismatic joint
and the base; A1, A3, P1, and P3 are the centers of revolute
joints of the PRR limbs; A2, A4, P2, and P4 are the centers of
the spherical joints of PSS limbs; O and O′ are the centers
of the base and moving platform, respectively. Coordinate
O − xyz (called K for simplicity) is established in point O
with the axis x along the vector OB1, the axis z is vertical to
the plane consisting of point Bi(i = 1, 2, 3, 4), and the axis
y obeys right-hand rule. θ is the rotation angle of the moving
platform around the axis v (called the dorsal/plantar flexion
angle) and ψ is the rotation angle of the moving platform
around the axis u (called the inversion/extroversion angle).

Fig. 3 shows the schematic diagram of the moving plat-
form. The local coordinateO′−uvw (calledK′ for simplicity)

FIGURE 2. Kinematic diagram of AirGait.

FIGURE 3. Scheme diagram of the moving platform.

is established in point O′ to describe the position and orien-
tation of the moving platform. Here, the axis u points from
O′ to A1, the axis w is vertical to the plan consist of point
Ai(i = 1, 2, 3, 4), and the axis v obeys the right-hand rule.
Then, the orientation matrix of K′ relative to K can be
expressed as

R = Rot (y, θ)Rot (u, ψ)

=

 cosθ sinψ sin θ cosψ sin θ
0 cosψ −sinψ

− sin θ sinψcosθ cosψcosθ


=
[
u v w

]
(1)

where u, v and w represent the unit vectors of the u-, v- and
w-axis, respectively.

In addition, e is the distance between point P and O′, γi is
the angle of OBi relative to the axis x (or PAi relative to the
axis u), and

γi = (i− 1)
π

2
, i = 1, 2, 3, 4. (2)

B. INVERSE KINEMATICS
The closed-loop vector equation of O′ which associated with
the ith kinematic chain is as follows

r = bi + qiz+ liwi − ai, i = 1, 2, 3, 4 (3)

where r, ai, bi, qi, li denote the vector OO′, the vector OAi,
the vector OBi, the ith active joint variable, and the length
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of PiAi, respectively; z denotes the unit vector of the axis
z and wi denotes the unit vector along PiAi.
bi = bi

(
cos γi sin γi 0

)T
,

ai0 = ai
(
cos γi sin γi 0

)T
,

b1 = b3, b2 = b4, a1 = a3, a2 = a4, l1 = l3, l2 = l4

where ai and bi are the length of OAi and OBi, respectively.
By assuming ci = ai − bi, Eq. (3) can be expressed as

rzz+ ci − qiz = liwi, i = 1, 2, 3, 4 (4)

where rz is the length of O′O.
Then, the inverse position solution can be achieved as

follows

qi = (cTi z+ rz)−
√
l2i −

(
(cTi x)

2 + (cTi y)
2
)
, i = 1, 2, 3, 4

(5)

where x denotes the unit vector of the axis x, y denotes the
unit vector of the axis y.
Meanwhile, we can obtain the unit vector of each chain

according to Eq. (3) as follows

wi = (r− bi − qiz+ ai)
/
li, i = 1, 2, 3, 4. (6)

C. VELOCITY ANALYSIS
Taking the differentiation of Eq. (3) with respect to time
yields

ṙzz = q̇iz+ liωi × wi − ω × ai (7)

where ωi and ω are the angular velocity of the ith limb and
the moving platform, respectively.

Taking the dot product with wT
i on both sides of Eq. (7)

leads to
wT
i zq̇i = wT

i zṙz + (ai × wi)Tω. (8)

Substituting ω = θ̇y+ ψ̇u into Eq. (8) yields

q̇i = ṙz + w
−1
iz (ai × wi)

T yθ̇ + w−1iz (ai × wi)
T uψ̇ (9)

where

w−1iz =
1
wiz
=

1

wT
i z

Introducing rz, θ , and ψas an independent generalized
coordinate2, namely2 =

[
rz θ ψ

]T, then Eq. (9) can
be rewritten in the matrix form

q̇ = J2̇ (10)

where

q̇ =


q̇1
q̇2
q̇3
q̇4

,

J =


1 w−11z (a1 × w1)

T y w−11z (a1 × w1)
T u

1 w−12z (a2 × w2)
T y w−12z (a2 × w2)

T u
1 w−13z (a3 × w3)

T y w−13z (a3 × w3)
T u

1 w−14z (a4 × w4)
T y w−14z (a4 × w4)

T u


2̇ =

[
ṙz θ̇ ψ̇

]T
.

Taking the dot product z on both sides of Eq. (9) leads to

q̇i = ṙzz+ w−1iz z (ai × wi)
T yθ̇ + w−1iz z (ai × wi)

T uψ̇

(11)

where

q̇i = q̇iz =
(
0 0 q̇i

)T
.

Rewriting Eq. (11) in the matrix form yields

q̇i = Jqi2̇ (12)

where

Jqi =
[
z w−1iz z (ai × wi)

T y w−1iz z (ai × wi)
T u

]
.

D. ACCELERATION ANALYSIS
Taking the differentiation of Eq. (10) with respect to time
gives

q̈ = J̇2̇+ J2̈ (13)

where

q̈ =
[
q̈1 q̈2 q̈3 q̈4

]T
, J̇i =

[
0 J̇i1 J̇i2

]
2̈ =

[
r̈z θ̈ ψ̈

]T
J̇i1 =

(ωi × wi)T z (ai × wi)T y−
(
wT
i z
)
Jpyiy(

wT
i z
)2

J̇i2 =
(ωi × wi)T z (ai × wi)T u−

(
wT
i z
) (
Jpyiu+ Jpuiu̇

)(
wT
i z
)2 .

Taking the differentiation of Eq. (12) with respect to time
gives

q̈i = J̇qi2̇+ Jqi2̈ (14)

where

J̇qi =
[
J̇qi1 J̇qi2 J̇qi3

]
, J̇qi1 = 0,

J̇qi2 =

(
(ωi × wi)Tzz (ai × wi)T y− wT

i zzJpyiy

(wT
i z)

2

)
,

J̇qi3 =

(
(ωi × wi)Tzz (ai × wi)T u− wT

i zz(Jpyiu+ Jpuiu̇)

(wT
i z)

2

)
,

u̇ =
[
− sin θ 0 − cos θ

]T
,

Jpyi =
(
(aTi wiE3 − wiaTi )ωi + (aiwT

i − w
T
i aiE3)ω

)T
,

Jpui = (ai × wi)T .

III. DYNAMIC ANALYSIS
Fig. 4 illustrates the modeling process of the inverse dynamic
model for the proposed parallel robot. Firstly, the kinematics
of each part of this robot is analyzed. Then, the dynamic
model of each part is established based on the D’Alembert
principle and Euler’s equation. Finally, the inverse dynamic
equation of this robot is formulated by utilizing the principle
of virtual work.
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FIGURE 4. The modeling process of inverse dynamic model.

FIGURE 5. Moving platform.

A. SUBSYSTEM KINEMATIC ANALYSIS
1) KINEMATICS OF MOVING PLATFORM
Fig. 5 illustrates the kinematic parameters and the free-body
diagram of the moving platform.

ṙp = ṙ+ ω × e (15)

where ṙp is the velocity of point P and ω is the angular
velocity of the moving platform.

The angular velocity of the moving platform is

ω = θ̇y+ ψ̇u. (16)

Substituting Eq. (16) into Eq. (15) leads to

ṙp = zṙz − [e×] yθ̇ − [e×]uψ̇

[e×] =

 0 −ez ey
ez 0 −ex
−ey ex 0

. (17)

represents the screw matrix of e. This convention is adopted
throughout the following formulations.

Thus, the kinematic of the moving platform can be
achieved as follows

ω = Rω2̇ (18)

ṙp = Rrp2̇ (19)

where

Rω =

 0 0 cos θ
0 1 0
0 0 − sin θ

,
Rrp =

[
z −(e× y) −(e× u)

]
.

FIGURE 6. Subsystem of restricted limb.

Taking the differentiation of Eq. (18) and Eq. (19) with
respect to time gives

ω̇ = Ṙω2̇+ Rω2̈ (20)

r̈p = Ṙrp2̇+ Rrp2̈ (21)

where

Ṙrp
=
[
0
(
yTeE3−eyT

)
ω
(
uTeE3−euT−eTuE3 + ueT

)
ω
]

Ṙω

=

 0 0 − sin θ
0 0 0
0 0 − cos θ

.
2) KINEMATICS OF RESTRICTED LIMBS
Fig. 6 illustrates the kinematic parameters of the restricted
limb subsystem. It can be divided into two components
according to the nature of motion, namely the restricted limb
1(Sr1) and the restricted limb 2(Sr2).
Since the restricted limb 1 only moves along the axis z, its

kinematic equations can be written as follows:

ṙr1 = Rrv2̇ (22)

r̈r1 = Rrv2̈ (23)

where ṙr1 and r̈r1 are the velocity and acceleration of point
Cr1, respectively. Rrv is the transform matrix restricted limb
1, and

ṙr1 =

 0
0
ṙz

, r̈r1 =

 0
0
r̈z

, Rrv =
 0 0 0
0 0 0
1 0 0

.
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FIGURE 7. Subsystem of actuating limb.

The restricted limb 2 moves along the axis z and rotates
around its mass center. Thus, its kinematic equations can be
written as follows

ṙr2 = Rrv2̇ (24)

ωr2 = θ̇y = Rrω2̇ (25)

where ṙr2 and ωr2 are the velocity and angular velocity
of point Pr , respectively. Rrω is the transform matrix of
restricted limb 2, and

Rrω =

 0 0 0
0 1 0
0 0 0

.
Taking the differentiation of Eq. (24) and Eq. (25) with

respect to time gives
r̈r2 = Rrv2̈ (26)

ω̇r2 = Ṙrω2̇+ Rrω2̈ = Rrω2̈ (27)

where r̈r2 and ω̇r2 are the acceleration and angular
acceleration of point Pr , respectively.

3) KINEMATICS OF ACTUATING LIMBS
Fig. 7 illustrates the kinematic parameters of the actuating
limb subsystem.

Taking the left product of wi on both sides of Eq. (7) gives
(wi × z)ṙz=wi × (q̇iz)+ liwi × (ωi × wi)− wi × (ω × ai).

(28)

The equation can be simplified as follows

liωi = (wi × z)ṙz +
(
wTi aiE3 − aiwTi

)
ω − [wi×] q̇i.

(29)

Then, it can be rewritten in the matrix form

ωi = Jωi2̇ (30)

where

Jωi = Jpωi − Jqωi, Jqωi =
1
li
[wi×] Jqi

Jpωi =
[
1
li
(wi × z)

1
li

(
wTi aiE3 − aiw

T
i

)
y

1
li

(
wTi aiE3 − aiw

T
i

)
u
]

E3 =

 1 0 0
0 1 0
0 0 1

.

Taking the differentiation of Eq. (24) with respect to time
gives

ω̇i = J̇ωi2̇+ Jωi2̈ (31)

where

J̇ωi = J̇pωi − J̇qωi, J̇pωi =
[
J̇pωi1 J̇pωi2 J̇pωi3

]
J̇qωi =

1
li
[(ωi × wi)×] Jqi +

1
li
[wi×] J̇qi

J̇pωi1 =
1
li

(
wizT − zTwiE3

)
ωi

J̇pωi2 =
1
li

(
(ωi × wi)TaiE3 + wTi (ω × ai)E3
−(ω × ai)wTi − ai(ωi × wi)T

)
y

J̇pωi3 =
1
li

(
(ωi × wi)TaiE3 + wTi (ω × ai)E3
−(ω × ai)wTi − ai(ωi × wi)T

)
×u−

1
li

(
wTi aiE3 − aiwTi

)
u̇.

According to Fig. 7, the position of the driving link mass
center can be expressed as

rci = bi + qiz+ lciwi (32)

where rci and lci are the vector of OCi and the length of PiCi,
respectively.

Taking the differentiation of Eq. (32) with respect to time
gives

ṙci = q̇i − lci [wi×]ωi (33)

It can be simplified as

ṙci = Jvi2̇i (34)

where ṙci is the velocity of point Ci, and

Jvi = Jqi − lci [wi×] Jωi

Taking the differentiation of Eq. (34) with respect to time
gives

r̈ci = J̇vi2̇i + Jvi2̈i (35)

where r̈ci is the acceleration of point Ci, and

J̇vi = J̇qi − lci [(ωi × wi)×] Jωi − lci [wi×] J̇ωi.
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B. INVERSE DYNAMIC MODEL
According to ref [34], the velocity and acceleration map-
ping relationship between the operating space and the joint
space can be established by Jacobian matrix and Hes-
sian matrix. The generalized velocity and generalized force
of each moving component can be evaluated accordingly.
Therefore, the virtual work principle is considered to be
the most effective method to establish the inverse dynamic
model of parallel mechanism. Before the formulation of the
inverse dynamic, four assumptions aremade as followed [33]:
(1) neglecting the inertias of all joints; (2) assuming all
limbs are axially symmetrical; (3) assuming the slider and
its accessories are a lumped mass attached to each P limb;
(4) neglecting the friction and clearance between the slider
and the spherical hinge.

The virtual work principle of each subsystem can be
expressed as follows

1) VIRTUAL WORK PRINCIPLE OF PART Si2
According to Newton’s second law, it can be concluded that

Fqi = mqig− mqir̈ci (36)

where mqi is the mass of Si2.
The inertia moment of each branch chain Si2 about its

center of mass is

Tqi = −Iqiω̇i − ωi × (Iqiωi) (37)

where Iqi = RiIqi0RT
i , Iqi0 is the moment of inertia of each

branch chain about the center of mass, and

Iqi0 =

 Iqxi Iqyi
Iqzi

.
The virtual work principle of part Si2 can be expressed as

δPq =
4∑
i=1

(
δṙTciFqi + δω

T
i Tqi

)
. (38)

2) VIRTUAL WORK PRINCIPLE OF THE PART Si1
According to Newton’s second law, it can be concluded that

Fsi = msig− msiq̈i (39)

where msi is the mass of Si1.
The virtual work principle of part Si1 can be expressed as

δPs = δq̇Tf+
4∑
i=1

δq̇Ti Fsi. (40)

3) VIRTUAL WORK PRINCIPLE OF THE RESTRICTED PART
For the restricted limbs, the sum of gravity and inertial forces
of Sr1 and Sr2 can be expressed as follows:

Fr1 = mr1g− mr1r̈r1 (41)

Fr2 = mr2g− mr2r̈r2 (42)

where mr1 is the mass of Sr1, mr2 is the mass of Sr2.

Moment of inertia acting on the mass center of Sr2 can be
expressed as

Tr2 = −Ir2ω̇r2 − ωr2 × (Ir2ωr2) (43)

where Ir2 is the moment of inertia of Sr2 under the coordinate
of O− xyz, and

Ir2 = RrIr20RT
r , Ir20 =

[
Ir2x

Ir2y
Ir2z

]
.

The virtual work principle of the restricted part can be
expressed as

δPr = δṙTr1Fr1 + δṙ
T
r2Fr2 + δω

T
r2Tr2. (44)

4) VIRTUAL WORK PRINCIPLE OF THE MOVING PLATFORM
According to D’Alembert principle, the sum of gravity and
inertial forces of moving platform can be expressed as
follows:

Fp = mpg− mpr̈p (45)

where mp is the mass of moving platform, g is the vector of
gravity, and

g =
(
0 0 g

)T
.

According to Euler’s equation, the moment of inertia about
the center of mass acting on the moving platform can be
expressed as

Tp = −Ipω̇ − ω × (Ipω) (46)

where Ip is the moment inertia of the moving platform under
coordination O− xyz, and

Ip = RIp0RT, Ip0 =

 Ipx Ipy
Ipz

.
The virtual work principle of the moving platform can be

expressed as
δPp = δṙTpF+ δω

TT+ δṙTpFp + δω
TTp. (47)

Then, the virtual work principle of this robot can be stated
as

δPs + δPq + δPr + δPp = 0. (48)

For the robot, we have
δq̇ = Jδ2̇, δq̇i = Jqiδ2̇, δṙci = Jviδ2̇, δωi = Jωiδ2̇,

δω = Rωδ2̇,

δṙr1 = Rrvδ2̇, δṙr2 = Rrvδ2̇, δωr2 = Rrωδ2̇,

δṙp = Rrpδ2̇

Substituting them into Eq. (40) yields

δ2̇
T
JTf+ δ2̇

T
4∑
i=1

JTqiFsi + δ2̇
T

4∑
i=1

JTviFqi

+ δ2̇
T

4∑
i=1

JTωiTqi + δ2̇
T
RT
rvFr1 + δ2̇

T
RT
rvFr2

+ δ2̇
T
RT
rωTr2 + δ2̇

T
RT
rpF+ δ2̇

T
RT
ωT+ δ2̇

T
RT
rpFp

+ δ2̇
T
RT
ωTp = 0. (49)
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Since Eq. (41) is valid for any δ2̇
T
, it follows that

JTf+
4∑
i=1

JTqiFsi +
4∑
i=1

JTviFqi +
4∑
i=1

JTωiTqi + R
T
rvFr1

+RT
rvFr2 + R

T
rωTr2 + R

T
rpF+ R

T
ωT+ R

T
rpFp + R

T
ωTp=0

(50)

The inverse dynamic equation of the robot based on the
virtual work principle is as follows:

JTf = D(2)2̈+H(2, 2̇)2̇+ G(2)+ E(2) (51)

It can be further simplified as follows:

JTf = 0 (52)

where

E = −
(
RT
rpF+ R

T
ωT
)

0 = D(2)2̈+H(2, 2̇)2̇+ G(2)+ E(2)

H =



4∑
i=1

(
msiJTqiJ̇qi

)
+

4∑
i=1

(
mqiJTviJ̇vi

)
+

4∑
i=1

(
JTωiIqiJ̇ωi + J

T
ωi [ωi×] IqiJωi

)
+RT

rω [ωr2×] Ir2Rrω + RT
ωIpṘω

+RT
ω [ω×] IpRω + mpR

T
rpṘrp



D =



4∑
i=1

(
msiJTqiJqi

)
+

4∑
i=1

(
mqiJTviJvi

)
+

4∑
i=1

(
JTωiIqiJωi

)
+ mpRT

rpRrp + mr1R
T
rvRrv

+mr2RT
rvRrv + R

T
rωIr2Rrω + R

T
ωIpRω


G = −


4∑
i=1

(
msiJTqig

)
+

4∑
i=1

(
mqiJTvig

)
+mr1RT

rvg+ mr2R
T
rvg+ mpR

T
rpg

.
C. VIRTUAL PROTOTYPE VALIDATION
The dynamic simulation is carried out in ADAMS to verify
the correctness of the inverse dynamic formulation before
the analysis of its dynamic performance. Since the actuating
forces are not unique as previously noted, the 4th limb is
removed to implement the simulation. As a result, the redun-
dant parallel mechanism degenerates into normal one. The
validation process of the inverse dynamic model is shown
in Fig. 8.

Themoving platform trajectory’s combined translation (rz)
with rotation (θ , ϕ) in the base reference frame is defined as

rz = r0 + A sin (2π ft + π/2)
θ = θmax sin (2π ft)
ϕ = ϕmax sin (2π ft)

(53)

r0 = 0.52m, A = 0.02m, θmax = 30◦, ϕmax = 20◦, f =
0.4Hz.

FIGURE 8. Validation process of inverse dynamic model.

TABLE 1. Kinematic parameters.

With the kinematic and dynamic parameters listed
in Table 1 and Table 2, the simulation results of ADAMS
and the inverse dynamic formulation are shown in Fig. 9.
The red line is the result of the dynamic formulation and the
blue dot line is the simulation result in ADAMS. As we can
see, the simulation results are very close and the errors of
the second limb are greater than the other limbs, which can
be explained as follows. The mass center bias to the norm
direction of the axis v after the fourth limb is removed is not
reflected in the dynamic formulation. This result indicates
that the correctness of the inverse dynamic model.

D. ACTUATING FORCE OPTIMIZATION
The solution of the inverse dynamic equation is not unique,
since the Jacobi matrix is not a square matrix. Therefore,
the number of the unknown quantities is larger than that of
the equations of dynamics. This infinite number of possible
solutions allows the actuating forces to be optimized accord-
ing to the requirements. According to ref [36], the analytical
relationship between the binding force of each branch of this
special mechanism and the external force can be solved by
Moore-Penrose generalized inverse method.
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TABLE 2. Dynamic parameters.

FIGURE 9. Simulation results comparison between dynamic model and virtual prototype.

FIGURE 10. Limb force in non-redundant condition.

FIGURE 11. Limb force in redundant condition.

Thus, the actuating force f can be further solved as follows:

f = J
(
JTJ

)−1
0 = J+T0 (54)

where J+T is the Moore-Penrose generalized inverse of Jaco-
bian matrix J.
Fig. 10 and Fig. 11 illustrate the actuating force of

each limb in non-redundant and redundant conditions,
respectively. As we can see, the forces of each limb in

the non-redundant condition are extremely unbalanced. The
maximal force of the driving joint is 27 N, while the minimal
force is only 6 N. After utilizing the weightedMoore-Penrose
generalized inverse method to optimize the force of each
limb, the maximal force reduces to 18.7 N; the force is much
more balanced. This indicates that the actuation redundancy
can improve the performance of the parallel robot compared
with the non-redundant mechanism.

IV. INERTIA INDICES AND DYNAMIC PERFORMANCE
ANALYSIS
In this section, two dynamic inertia indices are introduced and
the dynamic performance analysis of AirGait is carried out.

A. INERTIA INDICES
The parallel robot has several limbs. This structural character-
istic incurs coupling in each limb. The change of the actuating
force in one limb results in the change of the velocity and
acceleration in other limbs. Thus, it affects the dynamic char-
acteristic and control accuracy of the robot. To analyze the
coupling effect between different limbs, the dynamic model
in the joint space is first derived.

According to Eq. (10) and Eq. (13), we can obtain

2̇ = J+q̇ (55)

2̈ = J+q̈− J+J̇J+q̇. (56)

Substituting Eq. (55) and Eq. (56) into Eq. (51) yields

f = Mq̈+ Cq̇+ K (57)

where

M =
(
J+
)T D(2)J+

C =
(
J+
)TH(2, 2̇)J+ −

(
J+
)T D(2)J+J̇J+

K =
(
J+
)T
(G(2)+ E(2)).

Matrix M is the inertia matrix in the joint space. The
principle diagonal elements reflect the inertia properties of
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FIGURE 12. Distribution of CEON index.

the corresponding limbs, and the other elements reflect the
coupling between the limbs of the parallel robot [26].

Considering in the condition of acceleration and decel-
eration, the terms related to acceleration and deceleration
will play a leading role in the dynamic model, so the terms
of velocity, gravity and external force are not considered in
the dynamic index. In this paper, two indices are defined
to reflect the coupling effect of the other neighboring limbs
(CEON index) and the coupling effect of each neighboring
limb (CEEN index). They are defined as follows.

1) CEON INDEX
This index is the ratio of the sum of absolute values of
the elements except the principle diagonal element to the
principle diagonal element in the ith row of matrixM.

σi =

n∑
j6=i

∣∣Mij
∣∣

Mii
(58)

where n is the number of branches, and n = 4; σi reflects
the coupling effect of other actuating limb, the value reflects
the coupling strength. The increase of this index indicates the
increase of coupling effect.

2) CEEN INDEX
This index is the ratio of the absolute values of the ele-
ments except the principle diagonal element to the principle
diagonal element in the ith row of matrixM.

µij =

∣∣Mij
∣∣

Mii
(59)

where µij reflects the coupling effect of the jth limb to the
actuating limb i, the value reflects the coupling strength, and
j 6= i. The increase of this index indicates an increase of the
coupling effect.

It should be pointed out that the CEEN index needs to be
adopted with the CEON index to carry out a comprehensive
analysis on the coupling effect of parallel robot. The next
section will introduce the distribution of the coupling effect
among limbs based on these two indices.

B. DYNAMIC PERFORMANCE ANSLYSIS
In this section, the dynamic performance analysis is carried
out by using the two dynamic indices.

1) DISTRIBUTION OF CEON INDEX
The distribution of the dynamic performance index to reflect
the coupling effect of the other neighboring limbs to the
dominant limb is shown in Fig. 12. Fig. 12 (a) indicates
that the coupling effect is nearly constant in the range
of θ ∈ [−15, 15] and φ ∈ [−20, 20], and the cou-
pling effect smoothly changes after exceeding this range.
Fig. 12 (b) indicates that the coupling effect is nearly constant
in the range of θ ∈ [−10, 10] and φ ∈ [−10, 10], and
the coupling effect smoothly changes after exceeding this
range. Fig. 12 (c) indicates limb 3 has the same constant
range as limb 1, and the changing trend is contrary to limb 1.
Fig. 12 (d) indicates limb 4 has the same constant range as
limb 2, and the changing trend is contrary to limb 2. These
results indicate that significant coupling exists among the
limbs, since the ratio of the four actuating limb is consistently
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FIGURE 13. Distribution of CEEN index for limb 1.

FIGURE 14. Distribution of CEEN index for limb 2.

near the value of 1 in the working space. Thus, the coupling
effect cannot be neglected in the design of dynamic control
strategies.

2) DISTRIBUTION OF CEEN INDEX
Fig. 13 illustrates the distribution of the dynamic performance
index to reflect the coupling effect of each neighboring limb
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FIGURE 15. Distribution of CEEN index for limb 3.

to the dominant limb 1. Fig. 13 (a) illustrates that the coupling
effect of limb 2 reaches the maximal value in the position
of θ = 0. It decreases along the direction of θ , and is
constant in the direction of φ; Fig. 13 (b) illustrates that the
coupling effect of limb 3 reaches the minimal value in the
range of θ = 0. It increases along the direction of θ , and is
constant in the direction of φ. Fig. 13 (c) illustrates that the
coupling effect of limb 4 reaches the maximal value in the
position of θ =0. It decreases along the direction of θ , and is
constant in the direction of φ. Fig. 13 also illustrates that the
coupling effect of limb 3 exceeds those of limb 2 and limb 4.

Fig. 14 illustrates the distribution of the dynamic perfor-
mance index to reflect the coupling effect of each neighboring
limb to the dominant limb 2. Fig. 14 (a) illustrates that the
coupling effect of limb 1 decreases along the direction of φ
when the value of θ is greater than 0, while it increases along
the direction of φ when the value of θ is less than 0. Fig. 14 (b)
illustrates that the coupling effect of limb 3 increases along
the direction of φ when the value of θ is greater than 0, while
it decreases along the direction of φ when the value of θ is
less than 0. Fig. 14 (c) illustrates that the coupling effect of
limb 4 reaches the minimal value in the position of θ = 0
and φ = 0. It increases along the direction of θ and φ; it is
symmetric around θ and φ. Fig. 14 also illustrates that the
coupling effect of limb 4 is not more significant than that of
limb 1 and limb 3.

Fig. 15 illustrates the distribution of the dynamic perfor-
mance index to reflect the coupling effect of each neighboring

limb to the dominant limb 3. Fig. 15 (a) illustrates that the
coupling effect of limb 1 reaches the minimal value in the
range of θ = 0. It increases along the direction of θ , and is
constant in the direction of φ. Fig. 15 (b) illustrates that the
coupling effect of limb 2 reaches the maximal value in the
position of θ = 0. It decreases along the direction of θ , and
is constant in the direction of φ. Fig. 15 (c) illustrates that the
coupling effect of limb 4 reaches the maximal value in the
position of θ = 0. It decreases along the direction of θ , and is
constant in the direction of φ. Fig. 15 also illustrates that the
coupling effect of limb 1 exceeds those of limb 2 and limb 4.

Fig. 16 illustrates the distribution of the dynamic perfor-
mance index to reflect the coupling effect of each neighboring
limb to the dominant limb 4. Fig.16 (a) illustrates that the
coupling effect of limb 1 increases along the direction of
φ when the value of θ is greater than 0, while it decreases
along the direction of φ when the value of θ is less than 0.
Fig. 16 (b) illustrates that the coupling effect of limb 2 reaches
the minimal value in the position of θ = 0 and φ = 0.
It increases along the direction of θ and φ; it is symmetric
around θ and φ. Fig. 16 (c) illustrates that the coupling effect
of limb 3 decreases along the direction of φ when the value
of θ is greater than 0, while it increases along the direction of
φ when the value of θ is less than 0. Fig. 16 also illustrates
that the coupling effect of limb 2 is not more significant than
those of limb 1 and limb 3.

From Fig. 13 to Fig. 16, we can see that the coupling effect
is symmetric between the dominant limb and its neighboring
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FIGURE 16. Distribution of CEEN index for limb 4.

limbs; this is caused by its symmetrical structure. These
figures also indicate that the coupling property of this robot
is different from the Steward parallel robot. In the Steward
parallel robot, the neighboring limbs have a significant effect
on the dominant limb. However, in the proposed robot, signif-
icant coupling exists between limb 1 and limb 3. In addition,
the coupling of limb 1 and limb 3 to limb 2 and limb 4 is
similar to the coupling that exists between limb 2 and limb 4.
These coupling characteristics may be caused by its unique
structure: limb 2 and limb 4 connect themoving platformwith
the spherical joints directly; limb 1 and limb 3 connect the
restricted limb with revolution joints; and the restricted limb
connects the moving platform with the revolution joints. This
structure reduces the coupling between all limbs. Actually,
the forward kinematics of this robot can be obtained analyt-
ically, and can be solved by a planar mechanism (i.e., only
considering limb 1 and limb 3) [32].

V. CONCLUSION
This paper presents a new redundant parallel rehabilitation
robot and implements an in-depth study on the coupling
characteristics of it through its inverse dynamic model. The
dynamic model is based on the virtual work principle and the
concept of linked Jacobian matrices. The major contributions
of this paper can be summarized as follows:

(1) The dynamicmodel of a new redundant parallel rehabil-
itation robot. The dynamic simulation of the non-redundant

condition is implemented in ADAMS and MATLAB. The
simulation results in ADAMS andMATLAB are very similar;
these validate the correctness of the inverse dynamic model
of the proposed redundant parallel robot.

(2) The actuating forces analysis of the new redundant par-
allel rehabilitation robot. The actuating forces are optimized
by utilizing the weighted Moore-Penrose generalized inverse
method. The optimization results indicate that the actuating
force of each limb is much more balanced, and the maximal
force is reduced significantly. As a result, better dynamic
performance, higher stiffness, and bigger carrying capacity
can be achieved.

(3) Two dynamic indices are proposed to reflect the cou-
pling effect of the other neighboring limbs (CEON index) and
the coupling effect of each neighboring limb (CEEN index).
The experimental results reveal that there exists significant
coupling between each actuating limb, and the coupling
effect cannot be neglected in the design of dynamic control
strategies. The significant coupling exists between limb 1 and
limb 3. In addition, the coupling of limb 1 and limb 3 to limb
2 and limb 4 is similar to the coupling between limb 2 and
limb 4.

In our future research, the CEON andCEEN indices will be
employed for the dynamic workspace optimization. Besides,
guidelines for control strategies based on the dynamic model
will be intensively investigated in order to achieve higher
performance and control accuracy. Meanwhile, the motion
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equations in inverse dynamic form are presented in closed
form. However, it is not suitable for numerical calculation.
In our future work, the motion equations will be transformed
in recursive form for the on-line control of this robot [37].
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