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ABSTRACT A novel algorithm for optimization in this article, called hybrid grasshopper optimization
algorithm (GOA) with genetic algorithm (GA): hybrid-GOA-GA, is proposed for solving the system
of non-linear equations (SNLEs). First, the SNLEs are converted into an optimization problem. Then,
the optimization problem is solved by hybrid-GOA-GA. In the hybrid-GOA-GA, a population of randomized
solutions is initialized. These solutions, by GOA, are looking for an optimal solution for SNLE in the
domain of optimization problem. During this process, the evolution of these solutions is carried out by
GA. Hybrid-GOA-GA integrates the merits of both GOA and GA; where GOA’s exploitability and GOA’s
exploration potential are combined. Furthermore, hybrid-GOA-GA has good capability for escaping from
local optima with faster convergence. The hybrid-GOA-GA has been tested by eight benchmarks problems
which include different applications. Additionally, the effect of changing the initial intervals of the variables
on the efficiency of the proposed algorithm is discussed. Also, the computational cost of the proposed
algorithm is studied and compared with other methods. The results show that the hybrid-GOA-GA algorithm
is superior to other algorithms, and return the best solution of SNLEs. Finally, in terms of accuracy, the effect
of changing initial intervals and computational cost, the proposed approach is competitive and better in most
benchmark problems compared to other methods. So, we can say that hybrid-GOA-GA is effective to solve
a SNLEs.

INDEX TERMS Grasshopper optimization algorithm, genetic algorithm, system of non-linear equations,
hybrid algorithm, optimization.

I. INTRODUCTION
The system of non-linear equations (SNLEs) is known as the
basis for many engineering and scientific models, and their
efficient solution is very important to achieve progress in
these fields. SNLEs appears directly in some applications, but
they may also appear indirectly from the transformation of
practical models into SNLEs [1], [2]. Theoretically, finding
an effective and robust solution for the SNLEs can be a very
challenging problem.

The single nonlinear equation solution is an easy
process but, solving a set of nonlinear equations is very
difficult. SNLEs traditionally solved by bisection method,
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false-position method, Muller’s method, Levenberg–
Marquardt algorithm, the steepest descent methods, Broy-
den method, Halley’s method, branch and prune approach,
Newton method, damped Newton methods, and Secant
method [3]–[6]. In general, secant and Newton are the recom-
mended methods to solve the system of nonlinear equations.
On the other hand, some methods convert the SNLEs into a
single optimization problem [7], [8], then used the augmented
Lagrangian method to solve it [9]. These methods are very
time-consuming, might be diverged, not efficient to solve a
set of nonlinear equations, need a tedious task to calculate the
partial derivatives to form the Jacobian matrix and sensitivity
to initial guess [10].

Due to these limitations, the researchers turned to the
population based approaches (PBAs) to solve SNLEs. PBAs

220944
This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 8, 2020

https://orcid.org/0000-0002-8115-0638
https://orcid.org/0000-0002-6959-0569


M. A. El-Shorbagy, A. M. El-Refaey: Hybridization of GOA With GA for Solving SNLEs

can be described as the collective behavior that emerged from
social insects working under very few rules. The famous
algorithms of PBAs come from the world of animals, such as
fish school, birds flock and bugs swarm. In addition, PBAs
are considered as computational models simulating natu-
ral swarm systems. Until now, many PBAs have been pro-
posed in the literature and have been successfully applied to
solve optimization problems. Examples of PBAs models are:
genetic algorithm (GA) [11], [12], ant colony optimization
(ACO) [13], particle swarm optimization (PSO) [14]–[16],
artificial bee colony (ABC) [17], bacterial foraging (BF) [18],
cat swarm optimization (CSO) [19], glowworm swarm opti-
mization (GSO) [20], firefly algorithm (FA) [21], monkey
algorithm (MA) [22], krill herd algorithm (KHA) [23], sine
cosine algorithm (SCA) [24] and grasshopper optimization
algorithm (GOA) [25], cuckoo search algorithm (CSA) [26],
salp swarm algorithm (SSA) [27], gradient-based optimizer
(GBO) [28], slime mould algorithm (SMA) [29], and harris
hawks optimization (HHO) [30], etc.

There are many PBAs [31]–[38] that were used to solve
SNLEs such as GA, PSO, ABC, CSA and FA. In [31] Chang
proposed an improved real-coded GA for parameters estima-
tion of the nonlinear system. In [32] the authors proposed
a new perspective for the solution of complex SNLEs by
introducing them as a multiobjective optimization problem
and resolving it via GA. While, in [33] SNLEs are solved
by an efficient GA with harmonious and symmetric indi-
viduals. In [34], Mo and Liu proposed conjugate direction
to PSO for the solving of SNLEs, which would incorpo-
rate conjugate direction method (CDM) into PSO in order
to improve PSO and enable high-dimensional optimization
problems to be optimized effectively. CDM also helps PSO
overcome local minima by shifting the problem of high-
dimensional function optimization to low-dimensional func-
tion optimization. In [35] Jaberipour et al. proposed a new
version of PSO for solving SNLEs. They modified the way
of updating each particle to overcome the problems of the
basic PSO method such as trapping in local minima and
slowing convergence. In addition, In [36], Jia and He pre-
sented a hybrid algorithm for solving SNLEs through com-
bining ABC algorithm and PSO together. The principle of the
hybrid algorithm is using the advantages of both algorithms
to ameliorate the defect of slumping into premature or into
local optimum. Furthermore, In [37], Zhou and Li proposed
an improvement CSA, to solve the SNLEs. They used a
new encoding method which guarantees that the obtained
solution is a feasible solution without needing to modify
the evolution of cuckoo. Finally, in [38], Ariyaratne et al.
presented an amended FA which treats the SNLEs as an
optimization problem, where initial assumptions, differentia-
tion, and even function continuity were not required and it is
capable of providing several root approximations at the same
time.

In order to improve the productivity of the solutions,
benefit from their advantages, and correct any weaknesses,
the majority of researchers suggest integration between PBAs

such as: hybrid PSO [39], [40], hybrid ACO [41], hybrid
GA [42], [43], hybrid ABC [44], hybrid BF [45], hybrid
CSO [46], hybrid GSO [47], hybrid FA [48], hybrid MA [49],
hybrid KHA [50], hybrid SCA [51], and etc.

Grasshopper optimization algorithm (GOA) is one of the
novel PBAs which is based on the swarm nature of grasshop-
pers. It mainly depends on the forces of social interaction to
find the global optimum values of the optimization problem.
Due to its easy deployment and high accuracy, robustness and
effectiveness, it is widely used in a variety of optimization
problems. But, GOA has some limitations such as: 1) unbal-
ancing between the processes of exploitation and exploration;
2) convergence speed is unstable; and 3) may be fall into
the local optimum. So, there are several hybrid algorithms
between GOA and other PBAs have been proposed in the
literature [52]–[59]. In [52], the authors proposed a dynamic
population quantum binary GOA based on shared knowledge
and a rough set theory for the selection of features; where
GOA was improved by the quantum method. The search
scope was improved by the quantification of grasshopper
individuals and a good balance between exploitation and
exploration was achieved. In addition, premature and catas-
trophe methods have also been used to avoid premature
convergence and failure to get an optimal position. While,
In [53], Singh and Prakashthe optimized multiple optical
network units (ONUs) placement in Fiber-Wireless (FiWi)
access network using two recent optimization algorithms,
HHO and GOA. Dwivedi et al. proposed in [54] a new
technique for the selection of features by combining the
feature Selection Ensemble and the chaotic adaptive GOA.
The chaos principle in GOA has been used to create a uni-
formly distributed population to boost the efficiency of the
initial populations, control the capacity to look for new space
referred to as exploration, and use existing space referred
to as exploitation in the optimization process. In addition,
Raeesi et al. (55) proposed an inverse magneto-rheological
(MR) damping model Takagi-Sugeno-Kang for the control of
non-linear vibrations using enhanced GOA, which improved
by incorporating opposition-based learning and merit func-
tionmethods to enhance its exploration and exploitation capa-
bilities. In [56], the author proposed a new model to reliably
forecast the monthly volatilization of the price of iron ore.
This model integrates chaotic behavior into GOA in order to
form a newGOAcalled a chaotic GOA that is used to learn the
neural network (NN) of multi-layer perceptions as a trainer.
Purushothaman et al. [57] also suggested a hybrid algorithm,
between GWO and GOA, for text selection and clustering;
where it has a reasonable convergence rate and a minimum
computational time. In [58] Ewees et al. suggest an improved
GOA approach based on opposition-based learning (OBL) for
the resolution of benchmarking optimization functions and
engineering problems, where OBL is used to reduce time
complexity by applying it to half of the solutions. Finally,
in [59], Alphonsa and Sundaram have used a hybrid algorithm
for the data sanitation and restoration process, known as the
grasshopper optimization with GA. These hybrid algorithms
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[52]–[59] aim to enhance GOA by generating a uniformly
distributed population, improving the search scope, achieving
good balance between exploration (the ability to search for
new space) and exploitation (use existing space), producing
a mature convergence rate or reducing the computational
time.

On the other hand, GA is one of the PBAs that intro-
duced in 1975 by Holland [60], and described in 1989 by
Goldberg [61] as a proficient global technique for solving
complex optimization problems based on the technicalities
of natural selection, evolution, and genetics. GA is well
suitable for solving optimization problems and has still gar-
ners great attention by researchers [62]–[65]. From the lit-
erature we can see that GA was widely applied to solve
SNLEs [66]–[72]. However, GA when dealing with com-
plex and large systems has many disadvantages such as:
extreme slow and the difficulty in ensuring access to the
global optimum solution as it requires an increase in the
number of iterations (i.e. long search time). Hence, it is
suggested that the implementation of GOA and GA in hybrid
form results in superior characteristics; where GA with its
operators (ranking, selection, crossover and mutation) has
good exploitation ability. While, GOA updates the loca-
tion of each agent on the basis of their actual position,
the global best position, and the locations of all other search
agents. This mean that GOA has good exploration abil-
ity. From this motivation, this study makes the following
contributions:

1. Proposing a novel hybrid-GOA-GA algorithm for solv-
ing system of non-linear equations (SNLEs).

2. The proposed algorithm includes the key merits of
the autonomous GOA and GA and integrates the GA
exploitation and GOA exploration capabilities.

3. The novel hybrid algorithm is realized on eight bench-
marks problems that includes different applications.

4. The effect of changing the initial intervals of the vari-
ables on the efficiency of the proposed algorithm is
discussed.

5. The Computational cost of the proposed hybrid algo-
rithm is investigated and compared with other tech-
niques.

6. The outcomes show that the proposed hybrid-GOA-GA
is superior to other algorithms and that it provides the
best solution for SNLEs.

7. With the effective performance characteristics on
the benchmarks problems, in terms of accuracy,
effect of changing initial intervals and computa-
tional cost, the use of the hybrid algorithm is
recommended for solving system of non-linear
equations (SNLEs).

This article is organized as follows: Non-linear system
of equations are described in Section II. In Section III The
proposed methodology is presented. Section IV shows the
numerical results. Discussions about the results are intro-
duced in section V. Remarks and conclusions are given in the
concluding Section VI.

II. NON-LINEAR SYSTEM OF EQUATIONS
The system of non-linear equations (SNLEs) are defined
mathematically as:

SNLE =


f1 (x) = 0
f2 (x) = 0
...

fN (x) = 0;

(1)

where each function fi ∀i = 1, . . . ,N is a nonlinear func-
tion, which maps the vector x = (x1, x2, . . . , xn)T of the
n-dimensional space Rn to real line. May be some of the
functions are nonlinear and others linear. The solution for
SNLEs involves finding solution so that each of the function
above fi ∀i = 1, . . . ,N is equal to zero.
There are many methods that convert the SNLEs

(fi = 0, i = 1, . . . ,N ) to an optimization problem. The first
technique is used by in Nie [7], [73]; where the SNLEs
(fi = 0, i = 1, . . . ,N ) is transformed into a constrained opti-
mization problem. The original equations is divided into two
groups S1 and S2; S1 contains the equations that form the
objective function and S2 contains the equations that used as
equality constraints. In addition, the two groups are updated
due to the optimization process in every step. Then, the con-
strained optimization problem can be written as:

F (x) = min
∑
i∈S1

f 2i (x)

Subject to: fj (x) = 0, j ∈ S2 (2)

Secondly, the SNLEs are converted to a multi-objective
optimization problem [32], [74] as follow:

f1 (x) = 0
f2 (x) = 0
...

fN (x) = 0

−→


F1 = min abs (f1 (x)) = 0
F2 = min abs (f2 (x))) = 0
...

FN = min abs (fN (x)) = 0

(3)

This function (Eq. (3)) is aimed to minimize the differ-
ence in the absolute value of the equations between the left
and the right sides. This technique has no additional con-
straints are required and has the capability to find the solu-
tions even for large-scale SNLEs. But, the functions values
(fi = 0, i = 1, . . . ,N ) is not sufficiently close to zero.
Finally, with the inclusion of the left side of all equations

and the use of the absolute value function, the SNLEs is
transformed into a constrained optimization problem as fol-
lows [71]:

F (x) = abs (f1 (x)+ f2 (x)+ · · · + fN (x))

Subject to:


f1 (x) = 0
f2 (x) = 0
...

fN (x) = 0

(4)

The definition of this objective function is quite dif-
ferent from that proposed by Grosan and Abraham [32].
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The objective function in Eq. (4) has a global minimum if all
the nonlinear equations equal to zero (fi = 0 ∀i = 1, . . . ,N ).

III. PROPOSED METHODOLOGY
This section introduces a brief description of GA and GOA.
Then, the hybrid version between them is presented in detail.

A. GENETIC ALGORITHM
Holland introduced the genetic algorithm (GA) and Goldberg
defined it in 1975 and 1989, respectively [60], [61] as an
optimization technique. It starts with a group of chromo-
somes (solutions). Genetic operators (selection, mutation,
and crossovers) were then used to generate a new set of
chromosomes (solutions). The efficiency of the newly pro-
duced chromosomes is predicted to be better than the initial
generation. The procedures will proceed until the completion
test is completed and the finishing solution is registered on
the best chromosome (solution) of the last generation. The
basic steps of GA are defined as follows:

Step I: An initial population of chromosomes are gener-
ated randomly and it is must be suitable for the problem.

Step II: The fitness value is evaluated of each chromosome
in the population.

Step III: A new population is generated by applying the
following steps repeatedly:
1) Two parents are selected from the population depending

on selection mechanism.
2) Crossover the parents to create new offspring.
3) Mutate new offspring at each locus.
Step IV: If the termination criterion is met, the run is

stopped; otherwise, the algorithm returns to step II. The
flowchart that represents GA is shown in Figure 1.

FIGURE 1. The flowchart of GA.

B. GRASSHOPPER OPTIMIZATION ALGORITHM
Grasshopper optimization algorithm (GOA) is one of
the newly algorithms for optimization that proposed by
Saremi et al. [25]. GOA is an evolutionary computation
technique simulates the social behavior of grasshoppers
in nature to solve optimization problems. As in Figure 2,

FIGURE 2. The flowchart of GOA.

The algorithm initially has a population of random (grasshop-
pers) solutions; where the position of the i-th grasshopper in a
d-dimensional space is denoted as Xi and represented as
Xi = (xi1, xi2, . . . , xid ).

The grasshoppers positions are updated according to the
following equations:

Xi = c

 N∑
j=1
j6=i

c
ubd − lbd

2
s
(∣∣∣xdj − xdi ∣∣∣) xj − xidij


+T̂d ∀i = 1, . . . ,Ngrasshoppers,

s
(∣∣∣xdj − xdi ∣∣∣) = fe

−

∣∣∣xdj −xdi ∣∣∣
l − e

−

∣∣∣xdj −xdi ∣∣∣,
dij =

∣∣xj − xi∣∣ ; (5)

where Xi is the position of the i-th grasshopper, ubd and
lbd are the upper bound and the lower bound in the d-th
dimension respectively, xdi and xdj are the i-th and the j-th
grasshopper in the d-th dimension respectively, s is a function
to define the strength of social forces, f is the intensity of
attraction, l is the attractive length scale, dij is the distance
between the i-th and the j-th grasshopper, T̂d is the value
of the d-th dimension in the target (the best grasshopper
among all the grasshopper in the population found so far) and
c is a decreasing coefficient proportional to the number of
iterations and is calculated as follows:

c = cmax − t
cmax − cmin

T
, (6)

where cmax is the maximum value, cmin is the minimum
value, t indicates the current iteration, and T is the maximum
number of iterations.

C. COMBINED ALGORITHM: HYBRID-GOA-GA
Hybrid-GOA-GA blends the merits of both the GOA and
GA algorithms. It blends GA exploitation capacity and GOA
exploration capacity; where GA operators (crossover and
mutation) prevent the proposed algorithm from falling into
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the local optima while GOA’s procedures accelerate the
search process and convergence to reach a global solution.
In the proposed algorithm, a population of solutions are
randomly initialized. These solutions, by GOA, are searching
in the domain of the optimization problem to obtain optimal
solution. The evolution of these solutions is carried out byGA
during this process. The flow chart of the proposed approach
is shown in Figure 3. The proposed algorithm details are
explained as follows:

FIGURE 3. The flow chart of the proposed algorithm.

Step 1 (Initialization):

-- A population of agents (in d-dimensions) are Initialized
with random positions in the search space and set GOA
and GA parameters.

-- For each agent, the desired fitness function is evaluated
in d variables.

-- Determine the target position T as the position of best
initial agent.

Step 2 (Traveling in the Search Space by GOA):

-- Update the position of each agent as in (5).
-- For each agent, the desired fitness function is evaluated

in d variables.
-- The target position T is updated as the best agent posi-

tion found so far.

Step 3 (Evolution by GA):

-- Selection [75]: In the proposed approach, tournament
selection (TS) will be used; where a number Tour of
agents are chosen randomly from the population and the
best agent from this group is selected as parent. This
process is repeated as often as agents must be chosen.

-- Crossover [75]: Two agents, A = [a1, b1] and
B = [a2, b2], are selected as parents by tournament
selection. Suppose a is the crossover point for a par-
ticular A and B, and the a-values in the offsprings are
determined by:

anew1 = (1− γ ) a1 + γ a2,

anew2 = (1− γ ) a2 + γ a2; (7)

where γ is a random number between 0 and 1. The
remaining parameter (b in this case) is inserted directly
from each parent, so the new offsprings are:

offspring1 = [anew1, b1] ,

offspring2 = [anew2, b2] . (8)

-- Mutation [77]: We mutate each agent in a string
xi ∈ [ai, bi] with mutation probability Pm by addition of
small random values according to the equations below:

Xi =

{
Xi +1(t, bi − Xi) if δ = 0
Xi −1(t,Xi − ai) if δ = 1,

1 (t, y) = y
[
1− r (1−t/T )

β
]
; (9)

where r is a random number r ∈ [0, 1] and β is a positive
constant chosen arbitrarily.

-- Elitist strategy: The list of best agents directly entered
into new set of agents are elitism.

-- Evaluation: For each agent, the desired fitness function
is evaluated in d variables.

-- Updating: Updating the target position T as the best
agent position found so far.

Step 4 (Termination Criteria):
If the maximum number of generations is reached or the

agents converge, the proposed algorithm will be terminated.
Finally, the target position T is set as the optimal solution.
Pseudo code of the proposed algorithm is shown in Figure 4.

FIGURE 4. The pseudo code of the proposed algorithm.
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IV. NUMERICAL RESULTS
In order to evaluate the proposed approach, eight systems
of nonlinear equations are solved. These eight test cases
are general problems and known as benchmarks which
were studied by other researchers. The proposed algo-
rithm was programmed in Matlab (R2016b) on a PC with
3.00 GHz P4 CPU, 1 GB of RAM for i5 processor, and
Windows 7 for OS.

A. BENCHMARK 1
This benchmark problem consists of the following two of
nonlinear algebraic equations [33]:

F (x) =

{
f1 (x1, x2) = x21 + x

2
2 + x1 + x2 − 8 = 0,

f2 (x1, x2) = x1x2 + x1 + x2 − 5 = 0,

x1 ∈ [−3.5, 2.5] , x2 ∈ [−3.5, 2.5] . (10)

B. BENCHMARK 2
This benchmark problem consists of the following two of
nonlinear algebraic equations [33]:

F (x) =


f1 (x1, x2, x3) ,

f2 (x1, x2, x3) ,

f3 (x1, x2, x3) ,

where

f1 (x1, x2, x3) = 3x21 + sin (x1x2)− x23 + 2 = 0,

f2 (x1, x2, x3) = 2x31 − x
2
2 − x3 + 3 = 0,

f3 (x1, x2, x3) = sin (2x1)+ cos (x2x3)+ x2 − 1 = 0,

x1 ∈ [−5, 5] , x2 ∈ [−1, 3] , x3 ∈ [−5, 5] .

(11)

C. BENCHMARK 3
This benchmark problem consists of the following two of
nonlinear equations [33]; where f is non-differentiable:

F (x) =


f1 (x1, x2) = x21 − x2 + 1+

1
9
|x1 − 1| = 0,

f2 (x1, x2) = x22 − x1 − 7+
1
9
|x2| = 0,

x1 ∈ [−2, 2] , x2 ∈ [1, 6] . (12)

These benchmark problems are solved by EGA: efficient
GA, SHEGA: GA with harmonious and symmetric individ-
uals [33] and the proposed algorithm. In [33], the authors
introduced [λ× N ] pairs of harmonious and symmetric indi-
viduals; whereN is the size of population (N = 40 for bench-
mark 1 and 3, N = 50 for benchmark 2) and λ ∈ [0, 0.5)
is a parameter, while G is the fixed maximal generation.
Benchmark problem 1 is solved 30 times by the proposed
algorithm, while benchmark problems 2 and 3 are solved
20 times. The comparison results between the proposed algo-
rithm, EGA and SHEGA with different values of λ for the
three benchmarks are given in Tables 1-3. Figures 5-7 show
the convergence curves of the best F obtained so far by
the proposed algorithm, in different 10 runs that randomly

selected from among the total number of runs. Tables and
Figures show that the proposed algorithm converges well
and performs better than EGA and SHEGA; where our
results are completely less than that that obtained by both
algorithms.

FIGURE 5. The convergence curves of the best F obtained so far by the
proposed algorithm in 10 random runs out of 30 different runs for
benchmark 1.

FIGURE 6. The convergence curves of the best F obtained so far by the
proposed algorithm in 10 random runs out of 20 different runs for
benchmark 2.

FIGURE 7. The convergence curves of the best F obtained so far by the
proposed algorithm in 10 random runs out of 20 different runs for
benchmark 3.
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TABLE 1. The comparison results of the best function value F for benchmark 1.

TABLE 2. The comparison results of the best function value F for benchmark 2.

TABLE 3. The comparison results of the best function value F for benchmark 3.

D. BENCHMARK 4: EXPERIMENT TEST
In this benchmark, the following system of nonlinear equa-
tions has been considered [71]:{

f1 (x1, x2) = cos (2x1)− cos (2x2)− 0.4 = 0,

f2 (x1, x2)=2 (x2−x1)+sin (2x2)−sin(2x1)−1.2 = 0.

x1 ∈ [−10, 10] ,

x2 ∈ [−10, 10] . (13)

Table 4 summarizes the results of this nonlinear system
by five different methods [71]: Newton’s method, Secant’s

method, Multi objective optimization’s method, GA and the
proposed algorithm. Figure 8 show the convergence curve
of the best F that obtained by the proposed algorithm in
three different runs. While the methods (Newton’s method,
Secant’s method and multi objective optimization’s method)
found only one solution for the problem and GA found two
solutions for the problem, three solutions were obtained by
the proposed algorithm.Moreover, in the proposed algorithm,
the obtained values for the functions are sufficiently close
to zero in comparison with the other methods. In addition,
the quick convergence of the algorithm is noticeable as shown
in Figure 8.
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TABLE 4. The comparison results of the best function value F for benchmark 4, experiment test.

TABLE 5. The comparison results of the best function value F for benchmark 5, arithmetic application obtained by three studies.

E. BENCHMARK 5: ARITHMETIC APPLICATION
This benchmark problem consists of complex set of nonlinear
equations as follows [32]:

f1 = x1 − 0.25428722− 0.18324757x4x3x9 = 0,
f2 = x2 − 0.37842197− 0.16275449x1x10x6 = 0,
f3 = x3 − 0.27162577− 0.16955071x1x2x10 = 0,
f4 = x4 − 0.19807914− 0.15585316x7x1x6 = 0,
f5 = x5 − 0.44166728− 0.19950920x7x6x3 = 0,
f6 = x6 − 0.14654113− 0.18922793x8x5x10 = 0,
f7 = x7 − 0.42937161− 0.21180486x2x5x8 = 0,
f8 = x8 − 0.07056438− 0.17081208x1x7x6 = 0,
f9 = x9 − 0.34504906− 0.19612740x10x6x8 = 0,
f10 = x10 − 0.42651102− 0.21466544x4x8x1 = 0.

−10 ≤ x1, x2, . . . , x10 ≤ 10 (14)

Table 5 shows the solution of this system using the pro-
posed algorithm, GA [71] and Grosan and Abraham [32].
Figure 9 show the convergence curve of the best F that
obtained by the proposed algorithm in two different runs.
In addition, this problem is solved in [66]; where the best
obtained fitness function value F equal to 0.040217. We can
see that the values that obtained for the functions by the
present study is closer to zero in comparison with the values
of the other three methods. In addition, the algorithm have

FIGURE 8. The convergence curves of the best F obtained so far by the
proposed algorithm in 3 different runs for benchmark 4, experiment test.

the same convergence in the two different runs which mean
that it is stable for the different conditions of optimizations as
shown in Figure 9.

F. BENCHMARK 6: FLUID MECHANICS APPLICATION
The following nonlinear equation, was developed by
Colebrook–White equation [78], is used to determine the
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FIGURE 9. The convergence curves of the best F obtained so far by the
proposed algorithm in 2 different runs for benchmark 5, Arithmetic
application.

friction coefficient (f ) in a straight pipeline as:

F (f ) =
1
√
f
+ 2 log10

(
ε
/
D

3.7
+

2.51
Re
√
f

)
; (15)

where ε is the pipe surface roughness, D is the pipe diameter
and Re is a dimensionless Reynolds number. The problem
was solved for ε

/
D = 0.001, Re = 10∧n for n = 5, 6, 7.

Table 6 shows the values of friction coefficient and the func-
tion that obtained by our algorithm. While Figure 10 show
the convergence curve of the best F that obtained by the
proposed algorithm in three ceases n = 5, 6, 7. We can see
that, our results have good agreement with the data in the
Moody chart [78] and our algorithm can easily get on friction
coefficient for a wide range of Re and ε

/
D. In addition, our

results are better than that obtained by GA [71].

FIGURE 10. The convergence curves of the best F obtained so far by the
proposed algorithm in 3 different runs for benchmark 6, Fluid mechanics
application.

TABLE 6. The comparison results of the best function value F for
benchmark 6, Fluid mechanics obtained by two studies.

G. BENCHMARK 7: COMBUSTION APPLICATION
This benchmark problem consists of a complex set of non-
linear equations which governs a combustion problem as
follows [32]:

f1 = x2 + 2x6 + x9 + 2x10 − 10−5 = 0,
f2 = x3 + x8 − 3.10−5 = 0,
f3 = x1 + x3 + 2x5 + 2x8 + x9 + x10 − 5.10−5 = 0,
f4 = x4 + 2x7 − 10−5 = 0,
f5 = 0.5140437.107x5 − x21 = 0,
f6 = 0.1006932.10−6x6 − 2x22 = 0,
f7 = 0.7816278.10−15x7 − x24 = 0,
f8 = 0.1496236.10−6x8 − x1x3 = 0,
f9 = 0.6194411.10−7x9 − x1x2 = 0,
f10 = 0.2089296.10−14x10 − x1x22 = 0.

−10 ≤ x1, x2, . . . , x10 ≤ 10 (16)

Some obtained solutions by the proposed algorithm,
GA [71] and Grosan andAbraham [32] as well as the function
values are listed in Table 7. In addition, this problem is solved
in [66]; where the best obtained fitness function value F
equal to 0.024030224. Moreover, the convergence curves of
the best F that obtained by the proposed algorithm in two
different runs are depicted in Figure 11. We can be seen that
the results of our algorithm are very close to zero and has
more convergence than other algorithms.

FIGURE 11. The convergence curves of the best F obtained so far by the
proposed algorithm in 2 different runs for benchmark 7, Combustion
application.
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TABLE 7. The comparison results of the best function value F for benchmark 7, Combustion obtained by three studies.

TABLE 8. The comparison results of the best function value F for benchmark 8, Neurophysiology obtained by three studies.

H. BENCHMARK 8: NEUROPHYSIOLOGY APPLICATION
This benchmark problem consists of a complex set of nonlin-
ear equations that concerns problem of a neurophysiology as
follows [32]:

f1 = x21 + x
2
3 − 1 = 0,

f2 = x22 + x
2
4 − 1 = 0,

f3 = x5x33 + x6x
3
4 = 0,

f4 = x5x31 + x6x
3
2 = 0,

f5 = x5x1x23 + x6x
2
4x2 = 0,

f6 = x5x21x3 + x6x
2
2x4 = 0,

−10 ≤ x1, x2, . . . , x6 ≤ 10 (17)

Table 8 contains some results of this benchmark with
the functions values that obtained by the proposed algo-
rithm, GA [71] and Grosan and Abraham [32]. Furthermore,
Figure 12 show the convergence curve of the best F that
obtained by the proposed algorithm in two different runs.
The nearness of the objective functions values to zero in the
results of the current study are noticeable. In addition, the
proposed algorithm is stable for the different conditions of
optimizations in the two runs as shown in Figure 12.

FIGURE 12. The convergence curves of the best F obtained so far by the
proposed algorithm in 2 different runs for benchmark 8, Neurophysiology
application.

V. DISCUSSIONS
The research proposed is divided into three parts. In the
first part, The system of non-linear equations (SNLEs)
is transformed into an optimization problem. The hybrid-
GOA-GA was used to solve this optimization problem.

VOLUME 8, 2020 220953



M. A. El-Shorbagy, A. M. El-Refaey: Hybridization of GOA With GA for Solving SNLEs

TABLE 9. Results of benchmark 1 at different initial intervals.

TABLE 10. Results of benchmark 2 at different initial intervals.

TABLE 11. Results of benchmark 3 at different initial intervals.

In general, the proposed algorithm quickly converges without
being influenced by the difficulty or complexity of the equa-
tion system. The second part was to solve four benchmarking
problems and compare the results with other methods. Com-
pared to other approaches, the precision of results is obvious
especially with conventional methods (Benchmark 4, Experi-
ment test). We can see that the suggested methodology is very
fast and easy to implement and hence we can recommend
using it to solve a set of nonlinear equations with any number
of variables.

Finally, a complex system of nonlinear equations (Bench-
mark 5, Arithmetic applications) and three examples of differ-
ent applications have been resolved. It is noted that the objec-
tive functions values that obtained by the proposed algorithm
approaching to zero and the proposed algorithm is very stable
and able to solve this kind of problems. In order to investi-
gate the ability of the proposed algorithm to solve nonlinear
systems thoroughly, Effect of changing initial intervals and
computational cost are discussed in the coming subsections.

A. EFFECT OF CHANGING INITIAL INTERVALS
In this subsection, we study the sensitivity of the pro-
posed algorithm when the initial intervals are changed.

All benchmark problems are resolved at the initial intervalD,
10D, 100D, 1000D and 10000D. At each interval, the objec-
tive function F is calculated for each benchmark problem as
shown in tables 9-16. In addition, Figures 13-20 show the
convergence curve of the objective function for all benchmark
problems at each interval.

FIGURE 13. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 1 at different initial intervals.
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TABLE 12. Results of benchmark 4 at different initial intervals.

TABLE 13. Results of benchmark 5 at different initial intervals.

TABLE 14. Results of benchmark 6 at different initial intervals.

TABLE 15. Results of benchmark 7 at different initial intervals.

TABLE 16. Results of benchmark 8 at different initial intervals.

From these results, it is obvious that for benchmarks 1,
5, 6 and 8 that the proposed algorithm doesn’t affect by
changing the initial intervals and give better results than
other algorithms (Tables 9, 13, 14 and 16). For Benchmark
No. 3, changing the initial interval led to bad results and
this is probably because of that the objective functions are
non-differentiable. Also, For Benchmark No. 7, changing the
initial interval led to bad results. Finally, for Benchmarks 2

FIGURE 14. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 2 at different initial intervals.

FIGURE 15. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 3 at different initial intervals.

and 4, the proposed algorithm yields a satisfactory result
compared to other methods.

B. COMPUTATIONAL COST
The computational cost of the proposed algorithm is analyzed
in this sub-section and contrasted with other approaches.
Table 17 shows the CPU time for the eight benchmarks for
the three studies: Grosan and Abraham [32] and GA [71]
and the present study hybrid-GOA-GA. It should be noted
in the present study that the CPU time is the average of
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FIGURE 16. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 4 at different initial intervals.

FIGURE 17. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 5 at different initial intervals.

FIGURE 18. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 6 at different initial intervals.

100 independent runs for all the test problems. The table
shows the comparison between the proposed algorithm and

FIGURE 19. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 7 at different initial intervals.

FIGURE 20. Convergence curves of the best F obtained so far by the
proposed algorithm for benchmark 8 at different initial intervals.

othermethods in terms of time, population size and number of
generations (Iterations). As shown in Table 17, the difference
of running times between the three studies is clear. This is
attributed to the number of generations and population size
considered in these studies. The more population/generation
the more the objective function evaluation, the higher the
computational costs. So, we can say that our algorithm out-
performs the two algorithms in terms of accuracy of results.
But in terms of time, computational cost of the proposed
algorithm is acceptable.

Finally, For fair comparisons and prove our motivation
to propose this hybrid algorithm, a comparison between
Hybrid-GOA-SA, GA, and GOA is achieved under the same
conditions (number of population and number of iterations
and the same equipment). Table 18 shows the compari-
son between Hybrid-GOA-GA, GA, and GOA according
to the best function value F for all benchmarks problems,
while Figure 21 shows the convergence curves for the
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FIGURE 21. The convergence curves of the best F obtained by Hybrid-GOA-GA, GA, and GOA for all benchmark problems under the same
conditions.
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TABLE 17. Comparison of required computational cost between two studies and Hybrid-GOA-GA.

TABLE 18. The comparison results between Hybrid-GOA-GA, GA, and GOA OF the best function value F for all benchmarks problem under the same
conditions.

three algorithms. We can see that Hybrid-GOA-GA outper-
formed the original GA and original GOA concerning the
absolute value function F, convergence to the best solution of
SNLEs, and CPU time. Also, both GA and GOA are stuck
in a local optimum in some cases. For GOA, it is trapped
in local optima in benchmarks No. 1, 5, 7, and 8. While,
for GA, it is trapped in local optima in Benchmark No. 5.
These results reinforce our motivation to introduce a hybrid
algorithm between GOA and GA.

Comparative studies have been performed in this section
to determine the proposed hybrid algorithm efficiency of the
solution. First of all, PBAs are suffering from the consistency
of the solution. Therefore, the proposed hybrid algorithmwas
used to increase the quality of the solutions by integrating the
merits of two PBAs. On the other hand, unlike deterministic
algorithms our method searches by a population of points,
not a single point. So, it can provide a globally optimal solu-
tion. In addition, our algorithm uses only objective function
information, not derivatives or other auxiliary knowledge. So,
it can deal with the problems of non-smooth, non-continuous,
and non-differentiable optimization that currently occur in
real-life applications. Also, the convergence of deterministic
algorithms and their performance properties can be highly
sensitive to the initial guess of the solution provided. How-
ever, it is very difficult to pick a good initial estimate for
most SNLEs. Another positive observation is that the results
of the simulation show that the proposed hybrid is superior

to those stated in the literature, as it is better than both
GA, GOA, and other PBAs in terms of accuracy, the effect
of changing initial intervals, and computational cost. The
reason for this is due to the integration between GOA (explo-
ration ability) and GA (exploitation ability) which makes
solutions sufficiently diverse. Moreover, due to its simplic-
ity, the new hybrid algorithm tackles higher-order non-linear
equations that we mostly face in the engineering field such
as weather forecasting, geological oil exploration, computa-
tional mechanics and control fields, etc. Finally, it can be said
that Hybrid-GOA-GA is competitive and able to solve SNLEs
efficiently.

VI. CONCLUSION
In this article, we proposed a hybrid grasshopper algo-
rithm (GOA) with a genetic algorithm (GA) to solve the
system of non-linear equations (SNLEs). Hybrid-GOA-GA
integrates the merits of both GOA and GA; where it combines
the exploitation capability for GA and exploration capability
for GOA. In the hybrid-GOA-GA, a population of random
solutions is initialized. These solutions, by GOA, are search-
ing in the domain of the optimization problem to obtain an
optimal solution for SNLE. During this process, an evolution
of these solutions is performed by GA. The optimization
problem is configured from a system of non-linear equations
(SNLEs). Then, this optimization problem is solved by the
hybrid algorithm. Eight benchmarks problems with different
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applications are considered. The main research findings of
the proposed algorithm mention as follows:
1) Using GOA with GA strikes a good balance between

exploration and exploitation capabilities, improving the
performance of the proposed algorithm.

2) Combining GOA with GA avoids the trapping into local
minima, accelerates the seeking operation, and speeds
the convergence to the best solution of SNLEs.

3) Hybrid-GOA-GA can be used to handle large-scale
SNLEs due to its simple procedures.

4) Numerical results have proven the superiority of the pro-
posed algorithm over those reported in the literature, as it
is significantly better than other comparison methods
and finds the best solution with high accuracy for the
eight benchmark problems.

5) The proposed algorithm is not affected by changing the
initial intervals of the SNLEs and gives better results
than other algorithms in most cases.

6) In terms of time, the proposed algorithm is acceptable.
The potential weakness of the proposed algorithm, as all

population-based approaches (PBAs), is that the guarantee of
improvement in the computational speed or accuracy is not
guaranteed when solving any optimization problem. This due
to that PBAs are random approaches. So, in future works,
other large-scale and more complex SNLEs can be consid-
ered to test the ability of the algorithm and know its poten-
tial weakness. Also, if there are any potential weaknesses,
the proposed hybrid algorithm can be improved by using a
chaotic local search. It is also suggested that other optimiza-
tion approaches, such as sine cosine algorithm (SCA), salp
swarm algorithm (SSA), gradient-based optimiser (GBO),
slime mould algorithm and harris hawks optimization (HHO)
be used to solve SNLEs.
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