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ABSTRACT Control allocation is still a challenge for tiltrotor aircraft due to effectors’ redundancy, dramatic
nonlinearities and cross-coupling. Besides this, the external disturbance caused by the unique configuration
of tiltrotor such as larger wing area and tiltable mechanism puts forward extra security requirement on
control allocation method. Thus, this paper proposes an innovative control allocation framework from the
perspective of flight safety to address this problem. Firstly, an effector distribution management scheme
based on remaining control ability index (RCAI) is developed to reduce the effector saturation and ensure
flight safety. Secondly, the energy consumption models for two classes of effectors: thrust vectoring and
aerodynamic surfaces are introduced respectively for the subsequent optimization problem mathematically.
Then, the null space transition is used to find the minimum-energy control input of effectors. Finally,
key parameters of energy consumption model are identified by experiments. The real-time hardware-in-
loop simulation platform is adopted to demonstrate the effectiveness of the proposed control allocation
framework. Experimental results show that the energy consumption of proposed method can reduce by about
63.5% comparing to traditional control allocation method.

INDEX TERMS Novel tiltrotor aircraft, effector distribution management scheme, flight safety, energy
consumption model, minimum-energy control allocation.

I. INTRODUCTION
During recent years, tiltrotor aircraft has gained remarkable
attention on aviation industry [1]–[4] due to the broad flight
envelope: from hover state, typical of rotorcraft, to high
cruising-speed characteristic of fixed-wing aircraft. However,
the unique structural characteristics, such as larger wing area
and tiltable mechanism, make it a strong nonlinear and cou-
pling system [5], [6]. Besides this, the number of control
effectors and their dramatically change effectiveness with
different flight states are great challenges for tiltrotor aircraft.
According to [7]–[9], the best option to solve this problem is
to design a control allocation framework that distributes the
virtual moment commands to the redundant effectors.

Many control allocation methods have been proposed
to solve the problem of redundantly-actuated unmanned
aerial vehicles (UAVs). Reference [10] proposes a control
allocator for a fully-actuated tilting quadrotor platform to
decouple the platform’s rotation and translation by mapping
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the attitude and position commands to the unique actua-
tor. In [11], a control allocation strategy based on genetic
algorithms is designed to find the optimal actuator’s solu-
tion. The method is validated in two simulation scenarios
of a redundantly-actuated planar robot and a generalized
hexa-rotor. For a generically tilted multirotor, [12] pro-
poses a decoupling method between the total force and
total moment by the definition of some algebraic conditions
on the control allocation matrices. For a hexacopter with
tiltable rotors, [13] transforms the nonlinear allocation prob-
lem into a linear problem through variable transformation,
then Moore–Penrose pseudoinverse is used to get the mini-
mum norm solution.

An actuator-dynamics-based dynamic control alloca-
tion [14] scheme is developed for flight control of a small
fixed-wing UAV. Stability analysis and high-fidelity sim-
ulations both demonstrate the effectiveness of the pro-
posed method. Weighted Pseudo-Inverse [15], Redistributed
Pseudo-Inverse [16] and Cascading Generalized Inverse [17]
have also been proposed to address allocation problem for
fixed-wing.
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Differing from the typical tilting multirotor and fixed-
wing aircraft, tiltrotor aircraft usually possess two class of
effectors: the only control effectors in hover are thrust vec-
toring, whereas classical aerodynamic surfaces are used in
forward flight. Thus, some researchers [18]–[20] propose
a weight allocation method which is concerned with air-
speed or rotor-tilt angle of tiltrotor. The open source flight
control system PixHawk [21] also adopts this control concept
to control the tiltrotor aircraft. A control allocation method
based on the channel throttles and trim calculations is pro-
posed for the hover state of tiltrotor in [22]. Due to limited
onboard computational power, [23] designs a daisy-chaining
approach to handle allocation of redundant actuators for
a tiltwing UAV, which gives a defined order of priority
among redundant actuators. Reference [24] also adopts a
daisy-chaining logic to manage effector redundancy for a
tiltrotor according to the actuator availability and effective-
ness. A prioritized control allocation in [25], which aims to
prevent control saturation, is proposed for a quad tiltrotor.
Reference [26] designs a series-parallel control allocation
method combined by choosing the appropriate bandwidth
in the frequency domain for all-state flight of a tri-tiltrotor.
Paper [27] proposes a control allocation method based on
null space to solve path dependency problem caused by the
incremental controllers. Flight tests were performed to verify
the effectiveness of the proposed method.

Common control allocation algorithms focus on three
principal approaches: Direct Allocation (DA) [28], Gener-
alized Inverse (GI) [29] and Mathematical Programming
(MP) [30] or their variants. Apart from the above methods,
some advanced algorithms such as additional dynamic aug-
mentation [31], and input matrix factorization [32] have also
been used in control allocation. However, limited by the com-
puting capability, the DA andMPmethods are difficult to run
in real time for the digital flight control system whose control
frequency is up to 200-400 Hz. Traditional GI method and
its variant are not suitable for solving the allocation problem
of tiltrotor aircraft which may yield the potential suboptimal
result due to position and rate limits of the effectors.

The advantage of redundancy effectors not only allows to
optimize some objectives such as minimum energy or drag,
but also provides the possibility of improving flight safety.
Most research work such as [33]–[35] focus on fault tolerant
control after actuator faults happened, which not exploits
the potentiality of redundancy effectors before the failure
of actuators. The larger wing area and tiltable mechanism
of tiltrotor will bring more external disturbance and model
uncertainty, which put forward higher security requirement
on control. However, it seems that few literatures take flight
safety into consideration during the design process of con-
trol allocation. From the analysis of effectors’ control effec-
tiveness, we have found that the proper selection of switch
point between the thrust vectoring and aerodynamic surfaces
(the time of aerodynamic surfaces participating in control
and the time of thrust vectoring exiting control) can effec-
tively guarantee the control ability of tiltrotor, thus leading to

certain anti-interference ability and ensure flight safety. Thus,
we introduce the remaining control ability index (RCAI)
is utilized to determine these switch points and an effector
distribution management scheme (EDMS) based on RCAI is
developed. Besides this, the primary target of control allo-
cation is that the commanded three-axis moment should be
produced exactly by the effectors’ action. On the basis of
realizing commanded moment, secondary objectives such as
minimum energy can be achieved due to redundancy. Con-
sidering that the energy efficiency of thrust vectoring and
aerodynamic surfaces are quite different, we further study
the energy consumption model for two class of effectors.
Then, the energy optimized method based null space tran-
sition [36], [37] is developed due to its low computational
complexity.

Therefore, we develop an innovative control allocation
framework from the perspective of flight safety to distribute
the virtual moment commands for tiltrotor. The main contri-
butions of this work can be summarized as follows:

(1) The RCAI is utilized to determine the switch point
between the thrust vectoring and aerodynamic surfaces based
on the analysis of effectors’ control effectiveness. An EDMS
based on RCAI is developed to select the proper effector com-
binations according to flight state and ensure flight safety.

(2) The energy modeling methods for two classes of effec-
tors: thrust vectoring and aerodynamic surfaces are studied.
Ground tests and real flight data are utilized to determine key
model parameters.

(3) Control allocation method based on null space tran-
sition is proposed to find minimum-energy control input of
effectors by using the energy consumption model.

The paper is organized as follows: the tiltrotor aircraft con-
figuration and the control allocation problem are formulated
in Section II. Section III introduces the EDMS, which is
based on RCAI. We discuss the energy modeling methods
for two classes of effectors and the minimum-energy control
allocation method based on null space transition is presented
Section IV. Followed by conclusion in Section V.

II. PROBLEM FORMULATION
A. TILTROTOR AIRCRAFT CONFIGURATION
The 3-D model of the novel tiltrotor and corresponding
control effectors are presented in Figure 1. The coordinate
systems are defined as follows: Ob − XbYbZb is the body
frame. WhereOb is at the center of gravity, Xb pointing to the
front of the tiltrotor, Yb pointing right and Zb pointing down.
On − XnYnZn is the navigation frame which coincides with
the geographic frame (north, east and down). For the reader’s
convenience, Table 1 summarizes all the main symbols used
in the paper.

The novel tiltrotor has three flight phases: vertical takeoff
and landing (VTOL), transition and level flight. Differing
from traditional UAVs, this aircraft adopts flying wing con-
figuration, which improves the lift-drag ratio. Besides this,
normal horizontal tail, elevator and rudder are cancelled,
which also increases the difficulty of control.
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FIGURE 1. 3-D model and three flight phase of the novel tiltrotor.
(a) VTOL phase. (b) Level phase. (c) Transition phase.

TABLE 1. Main symbols used in the paper.

As seen in Figure 1(c), the aircraft features eight effectors
in all. The two main rotor at both ends of the wings can tilt
with Yb from -10◦ to 90◦ (0◦ tilt angle means VTOL phase,
and 90◦ tilt angle means level flight phase). The ducted fan,
which equipped at the end of vehicle can swing with Xb
from -45◦ to 45◦ to provide both the pitch and yaw moment
during hover and transition flight. Combining the functions
of an elevator and an aileron, the two elevons are used to
provide aerodynamic moment in transition and level flight,
which can swing up and down from -20◦ to 20◦. The whole
effectors can be divided into two classes: thrust vectoring
and aerodynamic surfaces. These effectors are summarized
in Table 2.

During VTOL phase, two main rotors in vertical state are
the main lift source for hover flight. The two elevons provide

TABLE 2. List of control effectors.

trivial moment due to low dynamic pressure, while a ducted
fan is designed to produce pitch and yaw moment. In level
flight phase, gravity is mainly countered by aerodynamic
forces. The two rotors are tilted to 90◦ and provide thrust to
overcome aerodynamic drag in level flight. The ducted fan is
inactive to reduce additional energy consumption, while two
elevons are utilized to generate roll and pitchmoment. During
transition phase, the tiltrotor is controlled by all control effec-
tors with the increase of aerodynamic effects. It should be
noted that the nonlinearities and cross-coupling of effectors’
effectiveness introduced by tilt mechanism and airspeed lead
to challenges during transition phase, thus we will discuss
reasonable arrangement between the thrust vectoring and
aerodynamic surfaces in detail in section III from flight safety
point of view.

B. THREE-AXIS MOMENT DEMANDS
The general relationship between pseudo-controls v, states x
and effectors u can be described as:

v = h(x, u) (1)

where v ∈ R3×1 is the desired three-axis moment, u ∈ Rn×1

denotes the nth effectors input. For different flight operating
point [x0, u0], the local linear effectiveness matrix Blocal ∈
R3×n is defined as:

Blocal =
∂v
∂u

∣∣∣∣
x0,u0

=
∂h(x, u)
∂u

∣∣∣∣
x0,u0

(2)

Thus, the relationship between pseudo-controls v and
effectors u can be approximated linearly as:

v = Blocalu (3)

C. POSITION AND RATE LIMITS ON THE EFFECTORS
For an actual flight, the effectors are limited by the physical
constraints: position and rate saturation. Both the position and
rate constraints of effectors input u = [u1, u2 · · · un]T can be
expressed as:{

ui
∣∣U i ≤ ui ≤ Ūi

}
, i = 1, 2 · · · n (4)
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where U i and Ūi denote the lower and upper bound for ith
effector respectively, which are given as follows:{

U i = max
{
ui, u

pre
i + u̇i ·1t

}
Ūi = min

{
ūi, u

pre
i +

¯̇ui ·1t
}
,

i = 1, 2 · · · n (5)

where ui and ūi refer to the effectors’ lower and upper
position limit, u̇i and ¯̇ui denote the effectors’ lower and
upper rate limit, 1t is the control sampling time. Thus,
the objective of the control allocation is to find effectors input
u = [u1, u2 · · · un]T satisfying the equation (3) within the
effectors’ physical limits.

Figure 2 illustrates the structure of control allocation
framework that we designed. The control allocation dis-
tributes the virtual moment commands from upper con-
troller to the redundant effectors, which is composed of four
major components, namely effector distribution management
scheme, pseudo-inverse, control decoupling and energy-
optimized. A brief description of each component is given
below. The effector distribution management scheme selects
different effectors combination according to current airspeed
and tilt angle. The pseudo-inverse uses GImethod to calculate
the solution of effector input u0 firstly. Then, the control
decoupling module is to handle the cross-coupling effects
introduced by thrust vectoring, denoted as ucor . Accord-
ing to energy model of control effectors that we modelled,
energy-optimized model is to give the solution u∗ in order
to achieve the minimum-energy effector input of the tiltro-
tor. Therefore, the effector input signal u contains three
parts as:

u = u0 + ucor + u∗ (6)

III. EFFECTOR DISTRIBUTION MANAGEMENT SCHEME
During transition phase, the thrust vectoring and aerodynamic
surfaces are all involved in control. we analyze the control
effectiveness of effectors with the change of tilt angle and
airspeed, then an EDMSbased onRCAI is developed to deter-
mine the proper switch point between the thrust vectoring and
aerodynamic surfaces.

A. CONTROL EFFECTIVENESS OF EFFECTORS
The total three-axis moment produced by effectors con-
tain two parts: thrust vectoring and aerodynamic surfaces.
As shown in Figure 3, Ob − XbYbZb and On − XnYnZn are
the same body frame and navigation frame described before.
Omr −XmrYmrZmr , Oml −XmlYmlZml,Omb−XmbYmbZmb are
rotor frames which are fixed with three rotors, respectively.

FIGURE 2. Block diagram of the proposed control allocation framework.

Referring to the center of gravity Ob, the coordinate of right
rotor is ERr = [n,L, 0]T , the left one is ERl = [n,−L, 0]T and
the rear one is ERb = [−l, 0, h]T . Oa − XaYaZa is velocity
reference frame. Va is airspeed. The moment generated by
thrust vectoring is presented as, shown at the bottom of
this page.
where

[
Mtx ,Mty,Mtz

]T are roll, pitch and yaw moments of
thrust vectoring, ETr = [Tr sinAr , 0,−Tr cosAr ]T , ETl =
[Tl sinAl, 0,−Tl cosAl]T , ETb = [0,Tb sinAr ,−Tb cosAr ]T

are thrust of three rotors expressed in body frame. For conve-
nience of subsequent discussions, the two main rotors’ thrust
can further be expressed as the function of thrust synchronous
component Tm and thrust differential component Tn.[

Tr
Tl

]
=

[
Tm + Tn
Tm − Tn

]
(8)

Considering that Ar = Al = Arl , h � L. Rewrite
equation (7), as shown at the bottom of the page, as:Mtx

Mty
Mtz

 ≈
 2L · Tn · cosArl
−2n · Tm · cosArl + l · Tb · cosAb
2L · Tn · sinArl + l · Tb · sinAb

 (9)

Similarly, the two elevons can be expressed as the function
of deflection angle of elevator At and deflection angle of
aileron Ad . [

Aar
Aal

]
=

[
At + Ad
At − Ad

]
(10)

Mtx
Mty
Mtz

 = ERr × ETr + ERl × ETl + ERb × ETb
=

 yr · Tr · cosAr + yl · Tl · cosAl − zb · Tb · sinAb + yb · Tb · cosAb
−zr · Tr · sinAr − zl · Tl · sinAl − xr · Tr · cosAr − xl · Tl · cosAl − xb · Tb · cosAb

yr · Tr · sinAr + yl · Tl · sinAl − xb · Tb · sinAb

 (7)
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FIGURE 3. The coordinate systems of tiltrotor aircraft.

The moment generated by aerodynamic surfaces are pre-
sented as:Mmx

Mmy
Mmz

 =
 Q · Sw · Cl (p, r, β,Ad ) · b
Q · Sw · Cm (p, q, r, α,At) · ca
Q · Sw · Cn (p, r, β,Ad ) · b

 (11)

where
[
Mmx ,Mmy,Mmz

]T are roll, pitch and yawmoments of
aerodynamic surfaces, Q = 0.5 · ρ · V 2

a is dynamic pressure,
ρ is air density, Sw is reference wing area, b is wingspan,
ca is mean chord, (p, q, r) are roll, pitch and yaw angular
rates, Cl (p, r, β,Ad ) is roll moment coefficient related to
(p, r), sideslip angle β and Ad , Cm (p, q, r, α,At) is pitch
moment coefficient related to (p, q, r), attack angle α and At ,
Cn (p, r, β,Ad ) is yaw moment coefficient related to (p, r),
β and Ad . Thus, the total moment can be expressed as, shown
at the bottom of this page.

According to equation (2), the local effectiveness matrix
Blocal is defined as, shown at the bottom of this page.
where ClAd = ∂Cl (p, r, β,Ad )/∂Ad |x0,u0 denotes
the roll moment coefficient related to Ad , CmAt =

∂Cm (p, q, r, α,At)/∂At |x0,u0 denotes the pitchmoment coef-
ficient related to At , CnAd = ∂Cn (p, r, β,Ad )/∂Ad |x0,u0
denotes yaw moment coefficient related to Ad .
However, different effectors have different operational

ranges. For example, the ducted fan operates from 0rpm

to 4000rpm, where the elevator At operates between ±10◦

(±π/18rad). Obviously, the pitch moment produced per rpm
by ducted fan is numerically much smaller than produced
per rad by elevator, but it does not mean that the ducted is
inefficient due to its larger operational range. Thus, we need
to map the effectors input into a unit space before computing
the local effectiveness matrix Blocal . Assume the ith effectors’
operational range belongs to

{
ui,min ≤ ui ≤ ui,max

}
, the mod-

ified effectiveness matrix B̃ is presented as:

B̃ = BlocalW−1, ũ = Wu

W = diag
[

1
ui,max − ui,min

]
(14)

During transition phase, the tiltrotor adopts an inclined-
take-off way which increases both the flight height and air-
speed. The two main rotors’ tilt angle and airspeed (see
in Figure 4(a)) are optimized to minimize the take-off time
during the trajectory design step. According to equation (13),
as shown at the bottom of the page, the control effectiveness
of three-axis moments is showed in Figure 4.

As presented in Figure 4(a), the angle of main rotor is
deflected from 0◦ (means VTOL phase) to 90◦ (means level
flight phase), while airspeed grows from 0m/s to 33m/s.
Figure 4(b)-4(d) show the control effectiveness of effectors in
three channels. For convenience of comparison and descrip-
tion, the effectiveness of effectors is computed with respect
to unit effector input (means 1/10 of effectors’ operational
range).

From Figure 4(b), we can see that the aileron Ad pro-
vides valid roll moment with increase of airspeed and does
not have effect on other channel, while the effectiveness of
thrust differential component Tn decreases in roll channel and
increases in yaw channel with tilt angle (see in Figure 4(d)).
It should be noted that the cross-coupling effects between
roll and yaw channel produced by Tn increases difficulty of
control allocation, which we will solve this problem later.
The effectiveness of deflection angle of ducted fan Ab is
degressive due to the reduced trimming force of ducted fan.
Figure 4(c) shows that the elevator At provides valid pitch

Mx
My
Mz

 =
Mtx +Mmx
Mty +Mmy
Mtz +Mmz

 =
 2L · Tn · cosArl + Q · Sw · Cl (p, r, β,Ad ) · b
−2n · Tm · cosArl + l · Tb · cosAb + Q · Sw · Cm (p, q, r, α,At) · ca

2L · Tn · sinArl + l · Tb · sinAb + Q · Sw · Cn (p, r, β,Ad ) · b

 (12)

Blocal =
∂M
∂u

∣∣∣∣
x0,u0

=


∂Mx

∂Tm

∂Mx

∂Tn

∂Mx

∂Tb

∂Mx

∂Ab

∂Mx

∂At

∂Mx

∂Ad
∂My

∂Tm

∂My

∂Tn

∂My

∂Tb

∂My

∂Ab

∂My

∂At

∂My

∂Ad
∂Mz

∂Tm

∂Mz

∂Tn

∂Mz

∂Tb

∂Mz

∂Ab

∂Mz

∂At

∂Mz

∂Ad



∣∣∣∣∣∣∣∣∣∣∣
x0,u0

=

 0 2L · cosArl 0 0 0 Q · Sw · ClAd · b
2n · cosArl 0 −l · cosAb −l · Tb · sinAb Q · Sw · CmAt · ca 0

0 2L · sinArl l · sinAb l · Tb · cosAb 0 Q · Sw · CnAd · b

∣∣∣∣∣∣
x0,u0

(13)
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FIGURE 4. Control effectiveness of effectors in three-axis moments.
(a) Airspeed and tilt-angle. (b) Effectiveness of effectors in roll channel.
(c) Effectiveness of effectors in pitch channel. (d) Effectiveness of
effectors in yaw channel.

moment with increase of airspeed and has no cross-coupling
effect on other channel. The pitch moment produced by
ducted fan Tb also decreases due to the reduced trimming
force of ducted fan. The thrust synchronous component Tm
provides small pitch moment due to short distance off the
center of gravity.

Conclusively, the effectiveness of effectors is nonlinear and
it is important to determine the switch point between thrust
vectoring and aerodynamic surfaces.

B. EFFECTOR DISTRIBUTION MANAGEMENT SCHEME
The vehicle is more easily subjected to external interference
such as wind disturbance due to the larger wing area. As seen
in Figure 4(c), the At cannot be included in pitch control
channel too early due to its trivial effectiveness, whereas the
Tb cannot provide enough torque to maintain maneuvering
capability and resist external interference if At is utilized
into the pitch control channel too late. Thus, the improper
switch point between the thrust vectoring and aerodynamic
surfaces cannot guarantee the control ability of tiltrotor, lead-
ing to threat of flight safety. Inspired by the controllability
of multirotor systems [38], [39], a RCAI ρ (Mdes, ξ) is intro-
duced here to denote the remaining control ability of tiltro-
tor, which is used to determine the switch point and ensure
flight safety.

ρ (Mdes, ξ)

,


min

{
‖Mdes − ξ‖

ξ
: Mdes ∈ �, ξ = max {�}

}
−min

{
‖Mdes − ξ‖

ξ
: Mdes ∈ �

C , ξ = max {�}
}
(15)

where Mdes denotes moment demand of maneuvering capa-
bility, � denotes constraint set of moment, ξ denotes the

maximum limit of �, �C denotes complementary set of �.
When ρ (Mdes, ξ) < 0 means that Mdes exceeds the maxi-
mum limit ξ .

Take the pitch control channel for example, about 10◦

attack angle change within 0.7s during the transition phase
is needed according to trajectory requirement. Therefore,
the pitch moment demand My,des of maneuvering capability
is calculated as:

My,des = Jy ·
2α
t2
≈ 10Nm (16)

where Jy denotes inertia of y-axis, α denotes attack angle, t is
variation time. Considering the error of modeling and actual
flight conditions, the practical pitchmoment is approximately
estimated as 15Nm. According to practical engineering expe-
rience, ρ (Mdes, ξ) ≥ 50% is suitable to resist interference
and ensure control margin. As shown in Figure 4(a) and
Figure 4(c), the maximum pitch moment produced by Tb is
about 29.5Nm on conditional that tilt angle is 10◦ and airspeed
is 10m/s. The RCAI of Tb individually at this operating point
is about:

ρTb (Mdes, ξ) = ‖15− 29.5‖/29.5 ≈ 50% (17)

As airspeed and tilt angle grow, it is not difficult to
conclude that ρTb (Mdes, ξ) will below 50%, thus, the At
should be utilized into the pitch control channel from this
operating point which can guarantee the requirement of
ρ (Mdes, ξ) ≥ 50%. The maximum pitch moment produced
by At individually is about 33Nm when the tilt angle is
45◦ and airspeed is 23m/s. The ρAt (Mdes, ξ) individually
at this point is 54% over 50%. Thus, this operating point
is taken as the time that the ducted fan exits pitch control
channel.

The same method can be used to analysis the roll and
yaw control channel, as the length limit, the detailed anal-
ysis will not discuss here. The whole effector distribution
management scheme for all flight phases is summarized
in Table 3.

IV. ENERGY OPTIMIZED CONTROL ALLOCATION
During transition II phase, thrust vectoring and aerodynamic
surfaces are mixed for control. The energy consumption of
effectors varies with the change of airspeed and tilt angel.
This section further introduces the detailed energy model of
control effectors and three procedures of energy optimized
control allocation.

A. ENERGY MODEL OF CONTROL EFFECTORS
1) THRUST VECTORING ENERGY MODE
This novel tiltrotor adopts a typical propulsion system which
consists of a battery pack, an electronic speed control (ESC),
a brushless direct-current motor, and a propeller. The energy
transmission diagram of this vehicle’s propulsion system is
shown in Figure 5.

According to [40], a widely used index called thrust effi-
ciency ηm(unit: g/W) is introduced here to describe the power
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TABLE 3. Effector distribution management scheme.

FIGURE 5. Energy transmission diagram of propulsion system.

consumption of the thrust vectoring.

ηm =
Tp
Pb
=

Tp
Ub · Ib

= f (2P,2M ,2B,2E ) (18)

where Tp denotes the propeller output thrust, Pb denotes
output power of battery, Ub and Ib are working voltage and
current of battery. 2P are propeller parameters related to
blade diameter, pitch angle and blade number.2M are motor
parameters related to KV value, continuous working current
and inherent resistance. 2B are battery parameters related to
capacity and nominal voltage. 2E are environment parame-
ters related to air density and temperature.

For this novel tiltrotor, ground effect is an important factors
which may affect the thrust efficiency ηm of three propellers.
According to [41], [42] and computational fluid dynamics
analysis of the tiltrotor, the thrust of propeller Tg considering
the effect of ground can be calculated as:

Tg
T
= 1+ 0.01x(1+0.5x)

x = 4−
10
3

(
H
D

) (19)

where T is thrust of propeller faraway from ground effect,
H is the height of propeller above ground, D is the diameter
of propeller. The influence of ground effect Tg/T on pro-
peller thrust with respect to H/D can be further illustrated
in Figure 6.

FIGURE 6. The influence of ground effect on propeller.

FIGURE 7. The configuration of rear ducted fan.

The propeller diameter of this tiltrotor is 910mm, while the
height of propeller above ground is about 800mm, accord-
ing to equation (19), Tg/T ≈ 1.011. Considering that the
height H will increase as vehicle takes off, the Tg/T will be
close to 1. Thus, the influence of ground effect on propeller
thrust can be ignored. Besides this, the rear rotor adopts
ducted fan configuration (see Figure 7), which will increase
efficiency. Thus, we will build a look-up table of thrust effi-
ciency using real flight data for after calculation.

2) AERODYNAMIC SURFACES ENERGY MODE
The aerodynamic surfaces driven by tilting servos require
different power consumption with different deflection angle.
The energy transmission diagram of this vehicle’s aerody-
namic surfaces system is shown in Figure 8.

Similarly, an index called ‘‘deflection angle efficiency’’
ηw ηm (unit: rad/W) is introduced to describe the power
consumption of the aerodynamic surfaces.

ηw =
δw

Ps
=

δw

Us · Is
= f (X ,2W ,2S) (20)

where δw denotes the deflection angle of aerodynamic sur-
faces, Ps denotes output power of servo battery, Us and Is
are working voltage and current of servo battery. X are flight
states related to airspeed, air density and height.2W are aero-
dynamic surfaces’ parameters related to wing area, weight
and airfoil. 2S are servo parameters related to nominal
voltage, current and speed.

Differing from the thrust vectoring, the working voltage
and current of servo battery cannot be measured directly due
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FIGURE 8. Energy transmission diagram of aerodynamic surfaces.

FIGURE 9. Aerodynamic load of aerodynamic surfaces.

to limited space of aircraft. Thus, a practical method is devel-
oped to estimate the power consumption of aerodynamic sur-
faces. The aerodynamic surfaces subjected to aerodynamic
load, gravity load and friction moment will generate a hinge
moment of servo. According to [43], the aerodynamic load
(see Figure 9) is the main source of hinge momentMw, which
can be modeled as:

Mw = CwQSwcwδw (21)

where Cw is the hinge moment coefficient, Q is dynamic
pressure, Sw is the reference area of aerodynamic surface,
cw is the mean chord of rudder, δw is the deflection angle
of aerodynamic surface. After we obtain the Mw, the power
consumption of servo can be calculated using the curve of
torque-power which will be described in latter part.

B. ENERGY OPTIMIZED CONTROL ALLOCATION
1) PSEUDO-INVERSE
GI method is found to be effective and computationally
efficient to implement for real-time flight control system.
Moore-Penrose inverse is a special generalized inverse which
provides a solution with minimum norm. Considering that
the practical flight control system usually adopts a discrete
periodic calculating method. Thus, the optimization objective
is chosen as the error of effector input between current cycle k
and last cycle k − 1.

J = min ‖u (k)− u (k − 1)‖2
s.t. Blocalu (k) = vdes (22)

Define the error of effector input e between current cycle k
and last cycle k − 1 as:

e = u (k)− u (k − 1) (23)

Rewrite equation (23) as:

u (k) = u (k − 1)+ e (24)

Combine with equation (22) and (24), the optimization
objective is written as:

J = min ‖e‖2
s.t. Blocal (u (k − 1)+ e) = vdes

⇓

Blocale = vdes − Blocalu (k − 1) (25)

Here, Moore-Penrose inverse is utilized to calculate the
minimum solution.

u (k)− u (k − 1) = (Blocal)+ (vdes − Blocalu (k − 1))

u (k) =
(
I − (Blocal)+ Blocal

)︸ ︷︷ ︸
F

u (k − 1)

+ (Blocal)+︸ ︷︷ ︸
P

vdes (26)

Thus, the analytical solution of equation (22) is:

u (k) = Fu (k − 1)+ Pvdes

F = I−PBlocal,P=(Blocal)+ = BTlocal
(
BlocalBTlocal

)−1
(27)

2) CONTROL DECOUPLING
Differing from conventional aircraft configuration, the thrust
vectoring would introduce cross-coupling effects in control
allocation. Firstly, the thrust Tb and deflection angle Ab of
ducted fan would produce the coupling effect between pitch
and yaw control channel during VTOL phase. Secondly,
the control efficient of effector Tn would transfer from roll
channel to yaw channel with the tilt angle during transition
phase. Actually, the Blocal used in Pseudo-Inverse ignores the
cross-coupling elements of Breal , which obviously introduces
error. The control decoupling algorithm is meant to correct
this coupling error. The real control matrix Breal can be
expressed as:

Breal = Blocal + Berr (28)

where Berr contains the cross-coupling elements. The solu-
tion from Pseudo-Inverse u (k) is denoted as u0. Thus,
the actual achieved moment vreal is:

vreal = Brealu0 = (Blocal + Berr ) u0 = Blocalu0︸ ︷︷ ︸
vdes

+Berru0︸ ︷︷ ︸
verr

(29)

where verr = Berru0 denotes the error introduced by cross-
coupling effects. We desire to find another ucor to correct this
error.

vreal = Breal (u0 + ucor ) = vdes
⇓

Blocal (u0 + ucor )+ Berr (u0 + ucor ) = vdes
⇓

Blocalucor + Berr (u0 + ucor ) = 0

⇓

Berru0 + Brealucor = 0 (30)
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Given Breal , Berr and u0, the correct norm ucor is easy to
calculate as:

ucor = − (Breal)+ Berru0 (31)

where (Breal)+ denotes Moore-Penrose inverse of Breal .
Furthermore, the effector input can be written as:

u1 = u0 + ucor = u0 − (Breal)+ Berru0
=
(
I − (Breal)+ Berr

)
u0 (32)

3) ENERGY OPTIMIZED METHOD BASED ON NULL SPACE
TRANSITION
Here, the energy optimized method based on null space tran-
sition is designed to find the minimum-energy solution for
this vehicle.

Define the number of effectors is n, r is rank of effective-
ness matrix Breal ∈ R3×n, thus, m = n − r is the redundant
degree of effectors. The effector input staying in the null
space of effectiveness matrix Breal denotes as u∗. The total
input u can be expressed as:

u = u1 + u∗ s.t. Brealu = Breal (u1 + u∗) = Brealu1 (33)

Define [S] =
[
sT1 sT2 . . . s

T
m
]T
∈ Rn×m is the orthog-

onal basis of null space of effectiveness matrix Breal ,
λ =

[
λ1 λ2 . . . λm

]
∈ Rm×1 is the scale coefficient of

orthogonal basis [S]. An arbitrary vector in the null space
can be written as u∗ = [S] λ. The goal is to find a group of
optimal coefficient λ which makes the energy index of effec-
tor minimum. The relationship between energy consumption
P =

[
P1 P2 · · · P6

]
and effectors input is:

P =


1/ηTn 0 0 0 0 0
0 1/ηTm 0 0 0 0
0 0 1/ηTb 0 0 0
0 0 0 1/ηAb 0 0
0 0 0 0 1/ηAt 0
0 0 0 0 0 1/ηAd




Tn
Tm
Tb
Ab
At
Ad


(34)

where ηi, i = Tn,Tm,Tb,Ab,At ,Ad are energy coefficient
described above. And furthermore, the energy index of effec-
tor is defined as:

J =
1
2
‖P‖22 =

1
2

n∑
i=1

P2i =
1
2
PTP (35)

Combined with equation (33), we can obtain:

J =
1
2
(η (u1 + u∗))T (η (u1 + u∗))

=
1
2
(η (u1 + [S] λ))T (η (u1 + [S] λ)) (36)

The optimal coefficient λ should be determined satisfying
the two follow conditions:

∂J
∂λ
= 0

∂2J
∂λ2

> 0
(37)

According to (36), the derivative of J with respect to λ is
written as:

∂J
∂λ
= (η (u1 + [S] λ))T η [S] = 0

[S]T η2 [S] λ = − [S]T η2u1 (38)

Considering that the basis vector of [S] is not zero vector,
thus, the matrix [S]T η2 [S] can be written as:

[S]T η2 [S] =
n∑
i=1

η2i sis
T
i = A (39)

It is obvious that the η2i of any effector has η2i > 0,
thus, it means that the rank of matrix A is m and A is invert-
ible. However, ∂J/∂λ = 0 is only the extremum condition.
In order to guarantee the minimum energy, ∂2J/∂λ2 must be
a positive definite matrix, which means ∂2J/∂λ2 > 0. The
two-order derivative of J can be written as:

∂2J
∂λ2
= [S]T η2 [S] =

n∑
i=1

η2i sis
T
i = A (40)

From the above analysis, we can see ∂2J/∂λ2 = A > 0.
It means that the optimal coefficient λ which guarantees the
minimum energy is calculated as:

λ = −
[
[S]T η2 [S]

]−1
[S]T η2u1 (41)

Furthermore, we can obtain the total effector input as:

u = u0 + ucor + u∗ = u1 − [S]
[
[S]T η2 [S]

]−1
[S]T η2u1

=

(
I − [S]

[
[S]T η2 [S]

]−1
[S]T η2

)
u1

=

(
I − [S]

[
[S]T η2 [S]

]−1
[S]T η2

)
×
(
I − (Breal)+ Berr

)
u0 (42)

V. EXPERIMENTAL RESULTS
For verifying the effectiveness of the proposed method, some
model parameters need to be measured firstly.

A. ENERGY MODEL PARAMETERS MEASUREMENTS
1) THRUST VECTORING MODEL PARAMETER
The propeller output thrust T is controlled by the throttle
signal σ ∈ [0, 1] of flight control system. The relation
between T and σ is measured by the test benches. The test
benches can precisely measure the input voltage, current and
the output rotating speed, thrust of the propeller, which is
convenient to fit the relation. The test bench and fitting curve
are shown in Figure 10.

The relation between thrust Trl of two main rotors and
throttle signal σrl is fitted by least square method as:

Trl = 104σ 2
rl (43)

Similarly, the thrust of rear ducted fan Tb is:

Tb = 8σ 2
b (44)
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FIGURE 10. The propulsion system of tiltrotor aircraft. (a) Test beaches.
(b) Fitting curve.

where σb is throttle signal of ducted fan. Considering that the
ESC actually accepts PWM signal, a reverse transformation
is conducted to calculate the PWM signal up (unit: us):

up = 1100+ 750× σ (45)

Besides this, proper sensors such as voltage and current
sensors are installed in the vehicle to monitor the real-time
working voltage and current. Considering that the thrust effi-
ciency is not a constant, which is affected by the working state
of propulsion system. Thus, we utilize test data of beaches
and a real flight data (see Figure 11) to build a look-up table
of thrust efficiency.

FIGURE 11. The PWM signal, voltage and current of real flight data.

According to equation (18) and equation (43-45), the look-
up table of thrust efficiency of three rotors is shown in Table 4.

2) AERODYNAMIC SURFACES MODEL PARAMETER
The Aerodynamic surfaces driven by the tilting servo (see
Figure 12(a)) accept PWM signal uservo ∈ [1000, 2000] us
of flight control system. Before calculating the ‘‘deflection
angle efficiency’’ ηw described above, we need to identify
the relation between deflection angle δw and PWM signal
uservo. The deflection angle δw is measured by CPLD and
photoelectric encoder whose measuring accuracy is about
0.1
◦

. The relation between deflection angle δw and PWM
signal uservo is fitted by least square method as:

δw = (uservo − 1000)× 0.0923707812 (46)

The parameters related to hinge moment of servoMw such
as Cw, Sw and cw can be obtained by computational fluid
dynamics. After calculating the Mw, the power consumption
of servo can be calculated using the curve of torque-power
(see Figure 12(b)) which is fitted by test data.

TABLE 4. Thrust efficiency of three rotors.

FIGURE 12. The servo of tiltrotor aircraft. (a) Servo. (b) Curve of
torque-power.

B. CONTROL ALLOCATION METHOD VERIFICATION
1) EXPERIMENTAL SETUP
In this part, a real-time hardware-in-loop simulation platform
is adopted to evaluate the performance of proposed control
allocation method for safety considerations. The platform is
shown in Figure 13.

The platform consists of five parts: a master computer,
a self-developed flight controller, a tiltrotor aircraft, a RC
transmitter and a ground station. The master computer acts as
the core of the whole simulation platform, which accepts RC
and user command, monitors effector state of tiltrotor aircraft
and generates simulated navigation data to flight controller
by a high-fidelity tiltrotor dynamic model and environment
model. The flight controller mainly runs the proposed con-
trol allocation algorithm and generates effector command to
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FIGURE 13. The real-time hardware-in-loop simulation platform.

tiltrotor aircraft. In order to simulate and observe the real
execution action of effectors, the tiltrotor accepts effectors’
command to execute the corresponding action. The ground
station can communicate with master computer and display
the flight state. The RC transmitter can send some command
to perform the emergency task.

We involved as much hardware and software as possible in
the simulation platform, which are really used on our tiltrotor.
Although the tiltrotor dynamic model cannot match the real
vehicle completely, we endeavor to utilize ground-based tests
and actual flight results to improve the accuracy of simulation
platform, which ensure enough credibility.

2) EXPERIMENTAL TESTS RESULTS
Figure 14 demonstrates the three-dimensional flying tra-
jectory and airspeed during the whole flight. As seen
in Figure 14, the whole flight can be divided into four parts:
the VTOL, transition I, transition II and transition III. The
corresponding effectors of four parts can be found in Table 3.
The vehicle hovers at 0m for 5s and then starts to adopt an
inclined-take-off way for 35s which increases both the flight
height and airspeed. After climbing to 40m height, the vehicle
turns to the level flight in 33m/s airspeed.

FIGURE 14. Three-dimensional flying trajectory and airspeed. (a) Flying
trajectory. (b) Airspeed.

The Figure 15 shows the flight results of attitude. The roll
and yaw angles keep to 0◦. The pitch angle keeps to the
maximum 10◦ to start transition from 5s. As the airspeed
grows, the pitch angle decreases gradually which still remains
2◦ to provide proper attack angle for level flight.

FIGURE 15. The results of attitude.

The effectors’ behaviors and the correspond PWM
commands are shown in Figure 16-Figure 18. As seen
in Figure 16, the angle of two main rotors varies from
0◦ to 90◦ during the whole flight. The thrust of three rotors are
shown in Figure 17. It is easy to see that the two main rotors
which are designed to provide lift (about 31Kg) for hover,
decreases gradually to about 3Kg with the change of airspeed
and tilt angle, because of only overcoming drag in level flight.
The thrust of ducted fan decreases to 0Kg from the beginning
of transition III due to its lower control efficiency.

FIGURE 16. The effector input of two main rotors. (a) Deflection angle.
(b) PWM command.

As shown in Figure 18, the aerodynamic surfaces mixed
with thrust vectoring are utilized to produce pitch and roll
moment from the beginning of transition II, which is accor-
dance with the effector distribution management scheme
described before. When the vehicle reaches 23m/s, the elevon
is used in pitch and roll control independently and the
deflection angle of ducted fan exits the yaw control during
transition III.

The thrust vectoring and aerodynamic surfaces are mixed
in controlling during transition II phase. Thus, the energy
consumption of proposed method and traditional PI method
during transition II are shown in Figure 19. The energy
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FIGURE 17. The effector input of three rotors. (a) Thrust. (b) PWM
command.

FIGURE 18. The effector input of aerodynamic surfaces. (a) Deflection
angle. (b) PWM command.

FIGURE 19. The energy consumption of proposed method and
traditional PI.

consumption of proposed method reduces by about 63.5%
comparing to traditional GI method.

For a more intuitive comparison of two methods, the effec-
tors actions in three-axis control channel during transition II
phase are illustrated in Figure 20-22. Without loss of gener-
ality, the roll channel was analyzed. From Figure 20, we can
see that the aileron Ad and thrust differential component Tn
are both used in roll channel. The proposed energy-optimized
method improves the deflection angle of Ad , while reduces
the input of Tn, which is in accordance with a fact that the
energy consumption of aerodynamic surfaces is lower than
thrust vectoring in current flight state. The same analysis
method can be used in pitch and yaw channel.

FIGURE 20. Effectors actions in roll control channel.

FIGURE 21. Effectors actions in pitch control channel.

FIGURE 22. Effectors actions in yaw control channel.

VI. CONCLUSION
This paper proposes a control allocation framework for the
novel tiltrotor to solve the problem of three-axis moment
distribution. The proposed method makes attempt to take
flight safety into consideration during the design process of
control allocation which is distinguishing from traditional
method. More specifically, the EDMS based on RCAI deter-
mines the proper switch point between the thrust vectoring
and aerodynamic surfaces which can reduce the effector
saturation and ensure flight safety. This control allocation
framework is easy to be extended to other configuration
of tiltrotor aircraft. Besides this, the energy consumption
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models for two classes of effectors are discussed. Then the
null space transition is used to give the minimum-energy
solution under the premise of allocation precision. Another
feature in the proposed method is the control decoupling
algorithm which aims to address the cross-coupling problem.
Finally, the real-time hardware-in-loop simulation platform
is adopted to demonstrate the effectiveness of the proposed
control allocation framework. Experimental results show that
the energy consumption of proposed method can reduce
by about 63.5% comparing to traditional method. Although
the actuator dynamics of this tiltrotor is fast enough to be
ignored, different kinds of effectors such as thrust vectoring
and aerodynamic surfaces have different bandwidths. Thus,
the influence of actuator dynamics on control allocation will
be investigated in future.
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