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ABSTRACT A multi-objective trajectory planning method for redundantly actuated parallel manipulator
under hybrid force and position control is proposed considering the coordination of its driving forces.
Combining inverse kinematics analysis, the driving force coordination of the manipulator is analyzed using
the virtual work principle. On this basis, the B-spline curve is used to plan the motion trajectory of the
end-effector of the manipulator in the Cartesian space. Subsequently, the driving force coordination, total
motion time, and maximum absolute value of the jerk impulse of the actuator are defined as objective
functions, and a multi-objective optimization problem is solved using the multi-objective particle swarm
algorithm (MOPSO). Finally, the potential optimal solution is selected by constructing a comprehensive
optimal evaluation function. The trajectory simulation results verify that the trajectory planning method is
effective and universal.

INDEX TERMS Redundantly actuated parallel manipulator, trajectory planning, driving force coordination,
multi-objective optimization.

I. INTRODUCTION
Redundantly actuated parallel robots have advantages of con-
ventional parallel robots such as high carrying capacity and
high rigidity. With the introduction of actuation redundancy
in a manipulator, its kinematic singularities [1] can be effec-
tively reduced, and the internal loading of the actuators can
be minimized [2]. In addition, the dexterity [3] and dynamic
performance [4] can be improved. These advantages make
redundantly actuated parallel manipulators suitable for build-
ing construction. The number of linearly independent drives
in this type of manipulator is greater than the number of
independent motion degrees of freedom of the manipulator.
Compared with the conventional non-redundantly actuated
parallel manipulator, the coupling between the drives of a
redundantly actuated parallel manipulator is more compli-
cated and requires higher coordination [5].

The associate editor coordinating the review of this manuscript and
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During operations for example, a manipulator needs to
transport workpieces from the initial pose to the target pose
to complete the installation work, which can be consid-
ered a point-to-point motion trajectory planning problem [6].
By rationally planning the trajectory, a manipulator can
achieve the required performance while meeting the task
requirements. The stability and continuity of the trajectory are
important indicators of the performance of the manipulator.
Therefore, smooth trajectories in terms of the displacement,
velocity, acceleration, and acceleration ratio of the joints
and end-effectors are displayed in the form of continuous
curves in motion, which has been the focus of research
in trajectory planning [7]–[10]. Considering the work effi-
ciency, Liu et al. applied 4-3-3-4-degree polynomial inter-
polation along with an improved particle swarm algorithm
to obtain a time-optimal trajectory [11]. The authors of [12]
employed a combination of multiple spline planning in the
Cartesian space and multiple B-spline planning in the joint
space to plan a smooth trajectory with an optimal motion
time. Kucuk obtained the time-optimal trajectory using the
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cubic spline curve, based on which the first and last nodes
of the trajectory were interpolated using a seventh-degree
polynomial, and combinedwith the particle swarm algorithm,
a smooth trajectory was generated with an optimal motion
time [13].

With the advancements in the field of robotics, in order to
meet the requirements of a variety of practical applications,
multi-objective trajectory planning has attracted consider-
able research attention [14]–[18]. For example, Huang et al.
applied the 5th-order B-spline to perform trajectory inter-
polation in the joint space and then optimized the result
using the elitist non-dominated sorting genetic algorithm
(NSGA-II) to obtain a comprehensive optimal trajectory
in terms of the time and jerk. In addition, two perfor-
mance indicators were proposed to evaluate the effective-
ness of the Pareto optimal front and select the optimal solu-
tion [19]. Recently, Dong et al. used a B-spline curve to
parametrically express a trajectory in the Cartesian space
by considering the working accuracy of the end-effector.
Subsequently, an improved immune cloning algorithm was
proposed to solve the multi-objective optimization prob-
lem, and the potential optimal trajectory was obtained
using an average optimal solution method [20]. Although
there are many trajectory planning studies, there are
few on redundantly actuated parallel manipulators. The
authors of [21] proposed a dynamic trajectory planning
method for a planar two-degree-of-freedom redundant-drive
suspension-cable parallel manipulator. Pham and Stasse used
a dynamic programming method to obtain a time-optimal
trajectory with the finite element approximation of the
Hamilton–Jacobi–Bellman equation [22].

However, there is no trajectory optimization research on
the driving force coordination of redundantly actuated par-
allel manipulators, despite the significant advances in robot
trajectory planning research. Therefore, a trajectory planning
method is proposed in this paper to meet the characteristics
and actual work requirements of redundantly actuated paral-
lel manipulators under a hybrid force and position control.
First, a quintic B-spline curve is used to parameterize all
the trajectories. On this basis, the multi-objective particle
swarm algorithm (MOPSO) is applied to optimize the driv-
ing force coordination, movement time, and jerk. Finally,
a comprehensive optimal method is proposed to obtain the
optimal trajectories of the end-effector and joints of the
manipulator.

The rest of this paper is organized as follows: In
Section 2, the redundantly actuated parallel manipula-
tor and its trajectory planning strategy are introduced,
and the inverse kinematic model and dynamic model
are analyzed. In Section 3, the trajectory generation
method is formulated. In Section 4, a mathematical model
of the multi-objective optimal trajectory is established,
and the MOPSO is introduced. Section 5 presents the
simulation of the trajectory planning problem and the
obtained results. Finally, in Section 6, the conclusions are
presented.

FIGURE 1. Redundantly actuated parallel manipulator.

FIGURE 2. Schematic of the trajectory planning.

II. REDUNDANTLY ACTUATED PARALLEL MANIPULATOR
AND ITS TRAJECTORY PLANNING STRATEGY
Redundantly actuated parallel manipulators are mainly used
in building construction and can be used for installing curtain
walls or panels, as shown in FIGURE 1. The main body of
this manipulator has six bars, and its six joints are driven by
three servo motors and three air cylinders to achieve a hybrid
force and position control [23], [24]. During the motion of
the manipulator, the three servomotors control the pose of the
end-effector, and the three cylinders help adjust each driving
torque and internal loading of the actuators, thus ensuring
that the manipulator has a three-degrees-of-freedom motion
in the working space and driving force-coordinated control
ability.

To ensure that the motion of the end-effector is accurate
and stable, and considering the simple characteristics of the
inverse kinematics, the motion trajectory of the end-effector
is planned in the Cartesian space. FIGURE 2 shows a simple
illustration of the trajectory planning assignment. Joints 1, 2,
and 3 in the force control mode are defined as redundantly

216708 VOLUME 8, 2020



J. Feng et al.: Multi-Objective Trajectory Planning Method for a Redundantly Actuated Parallel Manipulator

FIGURE 3. Geometric structure of a redundantly actuated parallel
manipulator.

actuated joints, whereas Joints 4, 5, and 6 in the position
control mode are defined as non-redundantly actuated joints.
Evidently, the motion trajectory of the end-effector is essen-
tially determined by the motions of the three joints that are
in the position control mode, and the various performance
improvements of the manipulator are closely linked to the
adjustment of the three joints that are in the torque control
mode. Therefore, the kinematics and dynamic analyses of
the manipulator are significant preconditions to meet the
requirements of the trajectory planning task.

A. INVERSE KINEMATICS ANALYSIS OF THE
MANIPULATOR
The manipulator can be simplified as a six-bar manipu-
lator, as shown in FIGURE 3. To facilitate the analysis,
a fixed coordinate system {S} was established at the first
joint, and a moving coordinate system {N} was estab-
lished at the center of the end-effector. The motion trajec-
tory of the end-effector can be described using the pose
parameter (x0, y0, γ0). Accordingly, the generalized coordi-
nates that define the motion of the mechanism in the space
are:

q = [x0 y0 γ0]T, (1)

where [x0 y0]T is the position vector of the origin ON of the
moving coordinate system in the fixed coordinate system {S},
and γ0 is the Euler angle of the mobile coordinate system {N}
in the fixed coordinate system {S}.
Assuming that the joint angle of each driving joint is θi,

the inverse kinematics model of the joints can be obtained
using the closed vector method, which can be simplified
as:

θi = fi
(
x0, y0, γ0

)
(i = 1, 2, · · · , 6) , (2)

where fi is the function of the inverse kinematics model.
Assuming that the generalized velocity coordinate describ-

ing the motion of the manipulator is q̇ = [ẋ0 ẏ0 γ̇0], the

angular velocity of each joint under this coordinate can be
obtained by calculating the first derivative of (1).∣∣∣∣∣∣

θ̇1
θ̇2
θ̇3

∣∣∣∣∣∣ = J−R · q̇∣∣∣∣∣∣
θ̇4
θ̇5
θ̇6

∣∣∣∣∣∣ = J−N · q̇, (3)

where JR and JN are the velocity Jacobian matrices of
the redundantly and non-redundantly actuated joints, respec-
tively. According to (2), the acceleration and jerk of each joint
can be obtained as follows.[

θ̈1 θ̈2 θ̈3 θ̈4 θ̈5 θ̈6
]T
=
∂Jv
∂q
· (q̇)2 + Jv · (q̈)[ ...

θ 1
...
θ 2

...
θ 3

...
θ 4

...
θ 5

...
θ 6
]T
=
∂Ja
∂q
· (q̇)3 + Ja · (3 · q̇ · q̈)

+Jv ·
...
q, (4)

where Jv = [J−R J−N]
T is the velocity Jacobian matrix of each

joint in the generalized coordinates, Ja = ∂Jv
∂q .

B. DYNAMIC ANALYSIS OF THE MANIPULATOR
A manipulator is mainly affected by gravity, external loads,
inertial forces, and driving forces during motion. Therefore,
the virtual power balance equation of the manipulator is
established by the principle of virtual work to establish a
dynamic model. To simplify the analysis, the following cal-
culations are performed under generalized coordinates q =
[x0 y0 γ0]T.
Taking the velocity Jacobian matrix of the moving member

of the manipulator as Ji, the velocity of each moving member
can be expressed as:

vi = Ji · q̇, (5)

Taking the velocity Jacobian matrices of the non-
redundantly and redundantly actuated joints as JNi and JRj,
respectively, the velocities of the two types of joints can be
expressed as:

vNi = JNi · q̇ i = 1− 3

vRj = JRj · q̇ j = 1− 3, (6)

According to (3), JN= [JN1 JN2 JN3] and JR= [JR1 JR2
JR3]. Taking the velocity Jacobian matrix of the component
of the manipulator under an external load force as JFi, the
velocity of this component can be expressed as:

vFi = JFi · q̇, (7)

According to D’Alembert’s principle, the inertial forces
and moment of the moving members of the manipulator can
be expressed as follows.

−mi · ai = −Mi · q̈− Ci · q̇, (8)

where mi denotes the inertia of each moving member, ai
denotes the acceleration vector of each moving member, Mi
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denotes the acceleration term coefficient, and Ci denotes the
velocity term coefficient.

Suppose Qi denotes the gravity vector acting on each
moving member of the manipulator, FFi denotes the external
force borne by each load member, τNi denotes the driving
force of the non-redundantly actuated joint, and τRj denotes
the driving force of the redundantly actuated joint.

Based on the equilibrium equation of virtual work, a virtual
work balance equation for the manipulator is established as
follows.∑

vTi · (−mi · ai +Qi)+
∑

vTFi · FFi

+

3∑
i=1

vTNi · τNi +
3∑
i=1

vTRj · τRj = 0, (9)

Substituting (5)-(8) into (9) yields:∑
JTi · (−Mi · q̈− Ci · q̇+Qi)

+

∑
JTFi · FFi +

3∑
i=1

JTNi · τNi +
3∑
i=1

JTRj · τRj = 0, (10)

If the generalized inverse theory of the matrix is adopted,
the driving force can be used as the minimum two-norm
solution to optimize the distribution, and then τR = [ τR1 τR2
τR3]T as an independent variable and τN = [ τN1 τN2 τN3]T

as dependent variables. Accordingly, further formulating (10)
yields:

τN = (JN )−T ·
[∑

JTi ·M i · q̈+
∑

JTi · Ci · q̇
−
∑

JTi ·Qi +
∑

JTFi · FFi

]
− (JN )−T (JR)T · τR (11)

Assuming that the driving force changes in the redundant
and non-redundant drives are 1τR and 1τN , respectively,
it can be obtained from (11) that:

1τN = − (JN )−T (JR)T ·1τR, (12)

According to the matrix analysis theory, the norm ||(JN )−T

(JR)−T|| reflects the magnification of the generalized length
of the driving force adjustment when mapping the redun-
dantly actuated force space to the non-redundantly actuated
force space. It represents the driving force adjustment capa-
bility of the redundantly actuated joint with respect to the
non-redundantly actuated joint, and its magnitude is related to
the motion trajectory of the end-effector of the manipulator.
When the manipulator is under a hybrid force and position
control, an excessive adjustment will lead to an increase in
the adjustment error, which will cause the manipulator to
generate greater internal forces, causing greater fluctuations
in the control system [5]. From the above, it is necessary to
avoid the excessive adjustment during the motion to enhance
the driving force coordination of the manipulator.

III. PARAMETERIZED TRAJECTORIES WITH B-SPLINE
CURVES
The B-spline curve has the characteristics of local modifi-
cation, convex hull, and continuous derivative, which makes

trajectories planned using the B-spline curve to exhibit con-
tinuity and geometric invariance. Therefore, in this paper,
the trajectory of the end-effector of the manipulator in the
Cartesian space is defined using the B-spline curves.

A k-order B-spline curve with n + 1 control points is
typically defined as follows:

p (u) =
n∑
i=0

di · Ni,k (u)
Ni,0 =

{
1 ui ≤ u ≤ ui+1
0 otherwise

Ni,k(u)=
u−ui

ui+1−ui
Ni,k−1(u)+

ui+k+1−u
ui+k+1−ui+1

Ni+1,k−1(u)

0
0
= 0,

(13)

where di(i = 0, 1, . . . , n) denotes the n + 1 control points,
u = [u0, u1, . . . , un+k+1] denotes the node vector of the
k-order B-spline trajectory curve, and Ni,k (u) (i =

0, 1, . . . , n) denotes the ith basis function of degree k . Addi-
tionally, the r-order differential p(r)(u) at point p(u) on the
k-order B-spline curve can be calculated as follows.

p(r) (u) =
n−r∑
i=0

d (r)i .Ni,k−r (u) , (14)

with:

d (r)i =

di r = 0
k − r − 1

ui+k+1 − ui+r

(
d (r−1)i+1 − d

(r−1)
i

)
r > 0,

(15)

The B-spline curve of k-order function is k-2 times contin-
uously differentiable from (15), so the jerk continuous trajec-
tory should be defined using B-spline curves with a degree
no less than five. Considering the precision of the trajectory
and calculation efficiency, a fifth-order B-spline curve with
eleven control points is eventually selected to express the
end-effector trajectory of the manipulator as follows:

p (u) =
10∑
i=0

dpi ·Ni,5 (u) , (16)

where dpi = [dpix , d
p
iy, d

p
iγ ].

The end-effector of the manipulator is required to start or
stopwith zero linear velocity and acceleration from any initial
pose point and stop at the target pose during actual operation.
Therefore, the first three and last three control points must
be consistent with the initial pose vector and the target pose
vector, respectively.

dp0 = dp1 = dp2 =
[
pxi , p

y
i , p

γ
i

]T
,

dp8 = dp9 = dp10 =
[
pxf , p

y
f , p

γ
f

]T
, (17)

The remaining control points {dp3 , d
p
4 , d

p
5 , d

p
6 , d

p
7} are

generated using a data interval mapping method, whereby
the randomly generated point coordinates are mapped to a
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FIGURE 4. Parametric expression of end-effector trajectory.

data interval determined by the initial posture and the target
posture. Assuming the randomly generated point coordinate
is W p

n , the coordinate of the ith original control point Dpi is
expressed as:

Dpi =
i∑

n=3

W p
n , (i = 3, 4, · · · 8), (18)

After mapping according to the data interval, the coor-
dinates of the ith control point of the motion track can be
obtained as follows:

dpi = P0 +
Dpi
Dp8

(Pe − P0) (i = 3, 4, · · · 7)

dp3 ≤ dp4 ≤ d
p
5 ≤ d

p
6 ≤ d

p
7 , (19)

In addition, the first and last control points of the curve
can be reached while the first and last node vectors of the
clamped B-spline curve are repeated k + 1 times. The time
node ui can be normalized according to the cumulative chord
length parameterization method, and the node vector can be
obtained as follows:

u0 = u1 = · · · = uk = 0

ui = ui−1 +

∣∣1tj−k−1∣∣
n−1∑
j=0

∣∣1tj∣∣ (i = k + 1, · · · , n+ k − 1)

un+k = un+k+1 = · · · = un+2k = 1,

(20)

where 1ti = ti+1 − ti.
After the above steps, the motion trajectory of the

end-effector can be parametrically expressed by the con-
trol points {dp3 , d

p
4 , d

p
5 , d

p
6 , d

p
7} and time nodes {1t1,

1t2, 1t3,1t4,1t5,1t6} as variables. Therefore, with the
same time-node vectors, a motion trajectory of the pose com-
ponents x, y, and γ of the end-effector can be constructed
from the initial pose to the target pose using the B-spline
curve through this parameterized trajectory. Subsequently,
the trajectories of the joint are obtained using the inverse kine-
matics model. FIGURE 4 shows a diagram that intuitively
depicts the parameterized trajectory.

IV. TRAJECTORY PLANNING OPTIMIZATION
For redundantly actuated parallel manipulators used in build-
ing construction, the trajectory planning of the end-effector

needs to be devised considering multiple tasks. For exam-
ple, when the manipulator is used in building construction,
the system stability must be given priority considering that
the load is generally high during construction. The work
efficiency is another important indicator given the numerous
tasks in building construction. In addition, the actuators and
degrade the tracking performance of the trajectory may be
seriously damaged because of the vibrations due to non-
smooth trajectories, so the smoothness of the motion trajec-
tory is another important indicator to reduce vibrations, which
may lead to considerable wear of the mechanical structures
of the manipulator. Based on the above analysis, the driving
force coordination ability, total exercise time, and maximum
absolute value of each jerk of the actuator [25] are defined
as objective functions to realize the optimization of the sta-
bility of the mechanism system, the work efficiency, and the
smoothness of the motion respectively.

A. MATHEMATICAL MODEL OF MULTI-OBJECTIVE
OPTIMAL TRAJECTORY
For redundantly driven parallel manipulators, improving the
coordination of the driving forces will effectively reduce the
internal forces of the manipulator and enhance its system
stability. The norm ||(JN)−T (JR)−T|| average value of n pose
points on the motion trajectory of the end-effector is selected
to evaluate the driving force coordination of the manipulator
through a dynamic analysis. Its expression is shown below:

M =
n∑
i=1

(∥∥∥(JN )−T (JR)T∥∥∥
i

)
/n, (21)

Secondly, the total motion time, which is closely related
to the work efficiency of the manipulator, can be calculated
using the time node, which can be expressed as:

ttotal =
6∑
i=1

1ti, (22)

Finally, the maximum absolute value of each jerk of the
joint can be obtained using (4), which can be expressed as:

N = max {|Ji|} , (23)

In addition, considering the constraints of the angular
displacement, angular velocity, and angular acceleration of
each joint of the manipulator, a mathematical model of
the multi-objective optimal trajectory can be established as
follows. Notably, considering that the manipulator adopts
a hybrid force and position control, the trajectory of the
end-effector is only related to the three joints that are in the
position control mode, so the speed and acceleration of only
these joints are restricted.

minF (x) = (f1 (x) , f2 (x) , f3 (x))

f1 (x) = M =
n∑
i=1

(∥∥∥(JN )−T (JR)T∥∥∥
i

)
/n

VOLUME 8, 2020 216711



J. Feng et al.: Multi-Objective Trajectory Planning Method for a Redundantly Actuated Parallel Manipulator

FIGURE 5. Calculation process of MOPSO.

f2 (x) ttotal =
6∑
i=1

1ti f3 (x) = max {|Ji|}

s.t.|θi| ≤ |θi (P)|max∣∣vj∣∣ ≤ ∣∣θ̇j (P, Ṗ)max

∣∣∣∣aj∣∣ ≤ ∣∣θ̈j (P, Ṗ, P̈)∣∣max(i = 1, 2, · · · , 6j = 4, 5, 6)

(24)

B. MULTI-OBJECTIVE OPTIMIZATION MODEL SOLUTION
BASED ON MOPSO
Amulti-objective optimization problem will require optimiz-
ing two or more functions simultaneously. For this type of
problem, the different objectives have a trade-off relationship,
so there is no single optimal solution but a set of optimal solu-
tions called the Pareto-optimal solution or non-inferior solu-
tion. Common optimization algorithms include the MOGA,
NPGA, PAES, and NSGA-II, and on this basis, for the tra-
jectory optimization problem, a variety of optimization mod-
els are derived to effectively improve the algorithm perfor-
mance [26]–[28]. In this paper, from the perspective of the
solution convergence and diversity, the MOPSO algorithm
proposed by Coello et al. [29], which has shown outstanding
performance, is used.

The PSO algorithm is a population-based search algorithm
based on the simulation of the social behavior of birds in a
flock, which is the basis of the MOPSO algorithm [30]. The
MOPSO algorithm is mainly composed of themaintenance of
external repository, the selection of the best global position,
and the updation of the best individual position. FIGURE 5
shows the calculation process of the MOPSO in solving a
multi-objective optimal trajectory planning problem.

The main steps of the MOPSO algorithm are as follows:
Step 1: Initialize the population, set the number of itera-

tions as i = 1, and combine the control point coordinates and
time nodes in the B-spline parameter curve as one particle.
Randomly generate N particles in the variable decision space
and input the initial particle velocity. At the same time, set the
maximum number of iterations and population size.

FIGURE 6. Pareto optimal fronts obtained from MOPSO.

Step 2: Evaluate each particle. Based on the B-spline tra-
jectory constructed by the particles, determine whether to
meet the constraints of (24), turn to Step 3 if it is satisfied.
Otherwise, keep the particle in an infeasible solution set.
Step 3: Initialize the external repository. Calculate the three

objective function values corresponding to each particle, store
the positions of the particles that represent the non-dominated
vectors in the non-dominant particle groups. The loops will
start from Step 4 to Step 6 to update the population.
Step 4: Particle velocity update. The velocity of each par-

ticle is updated based on the following:

V (i+ 1) = w · V (i)+ r1 · c1 · [Pbest(i)− P(i)]
+r2 · c2 · [REP(h)− P(i)],

(25)

where REP(h) is chosen from the roulette wheel selection.
Step 5: Particle position update. Update the position of

each particle based on the following:

P(i+ 1) = P(i)+ V (i+ 1), (26)

If a particle travels outside the bounds, multiply the velocity
by −1.
Step 6: Particle mutation. Mutate every particle to obtain a

new population.
Step 7: The external repository update. Update the non-

dominated particle groups based on the density adaptivemesh
method, and at the same time update the best position of
the individual. After the non-dominated set reaches the upper
storage limit, relatively sparse particles are retained based on
the distribution density of the particles.
Step 8: Judge the termination condition. If the algorithm

does not reach the maximum number of iterations, set i =
i+1. Otherwise, stop searching.
Step 9: Take the external repository as the Pareto optimal

solution set.

V. NUMERICAL SIMULATION
To obtain the optimal trajectory of the end-effector, the
multi-objective optimization model is solved using the
MOPSO algorithm implemented in the MATLAB software.
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TABLE 1. Lengths of each component of the manipulator.

TABLE 2. Limits of the displacement of the manipulator joints.

TABLE 3. Velocity and acceleration limits of non-redundantly actuated joints.

TABLE 4. Optimal trajectory parameters.

A. CONFIGURATION OF THE PARAMETERS
Table 1 lists the lengths of each component of the manipula-
tor. The limits of the displacement, velocity, and acceleration
of the manipulator joints are used as listed in Tables 2 and 3.

We assume that the motion of the end-effector starts from
Pi = [350 1640 0◦]T in the workspace with zero velocity and
acceleration to the end point Pf = [850 1320 12◦]T, and stops
there. At this time, the maximum motion time is set as 10 s.
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FIGURE 7. Trajectories of the pose components under a single optimal objective.

FIGURE 8. Displacements of six joints under a single optimal objective.

A multi-objective trajectory optimization is carried out
using the MOPSO. The parameters of the MOPSO are set as
follows: The initial population size is 200, and the maximum
iteration number is 300. The learning factor C1 is 0.1, and C2
is 0.2. The inertia weight w is linearly decreased from 0.5 to
0.001, and the mutation probability is 0.1.

B. RESULTS AND DISCUSSION
A total of 133 groups of Pareto solutions are obtained using
the MOPSO under 500 iterations. FIGURE 6 shows the dis-
tribution of the optimal Pareto front of the three objectives.
As shown, the motion efficiency and motion stationarity
represent two conflicting performance indicators, whereas
the driving force coordination is relatively stable. Moreover,
the three objectives can be efficiently balanced using the
MOPSO from a given Pareto front result.

Ten groups of solutions are selected, as listed in Table 3,
to facilitate the analysis. Each of these solutions is a sequence
of 21 parameters that define a B-spline curve trajectory.
Table 4 lists the corresponding values of the multi-objective
functions. The optimal solutions that yield the maximum
driving force coordination, minimum motion time, and min-
imum absolute value of the jerk are presented in columns 1,
2, and 3 of Table 4, respectively. The optimization results
corresponding to the multi-objective functions are listed in
columns 1, 2, and 3 of Table 5.

Based on the corresponding B-spline curve parameters of
a single optimal objective, the motion trajectories of the pose
vector components x, y, and γ of the end-effector can be
obtained, as shown in FIGURE 7.

TABLE 5. Solutions of Pareto optimal front.

The motion trajectories of each joint can be obtained
using the inverse kinematics model. FIGURE 8 shows the
displacements of six joints under a single optimal objective.
FIGURE 9 shows the velocity and acceleration curves of
three non-redundantly actuated joints. Evidently, the values
of the displacement, velocity, and acceleration are within the
upper and lower limits defined in Tables 2 and 3.

Based on the presented results, FIGURE 7 shows that
the end-effector exhibits the fastest possible displace-
ment under the minimum time trajectory whereas the
smoothest motion under the minimum jerk trajectory. The
manipulator has the highest motion efficiency when the
motion time is minimum, i.e., 6.6381 s; however, the maxi-
mum absolute value of the jerk is as high as 4.0252 rad/s3.
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FIGURE 9. Velocity and acceleration curves of non-redundantly actuated joints under a single optimal objective.

FIGURE 10. Comprehensive optimal trajectory of each pose component.

On the contrary, the manipulator has the highest motion
stability when the maximum absolute value of the jerk is
1.2427 rad/s3; however, the total motion time is relatively
high at 9.3743 s. In addition, when the manipulator has the
maximum driving force coordination, its motion time reaches
a maximum of 9.7860 s because of a slow start of the end-
effector, and the maximum absolute value of the jerk reaches
3.8308 rad/s3. Although the best driving force coordination
of the manipulator can be guaranteed at this time, the other
two objectives are far from ideal.

To meet the requirements of tasks and weaken the impact
of conflicts between the objective functions, a fuzzy member-
ship function for the comprehensive analysis of the weight of
each objective is constructed as follows to obtain a potential
optimal solution.

max uP = (ω1 · u1 + ω2 · u2 + ω3 · u3)/3 (27)

where ωi is the weight of each objective, u1 =

(f1max-f1)/(f1max-f1min), u2 = (f2max-f2)/(f2max-f2min), and
u3 = (f3max-f3)/(f3max-f3min). In this paper, to prioritize the
driving force coordination of the manipulator, the following

parameters are set: ω1 = 0.4, ω2 = 0.3, and ω3 = 0.3. Sub-
stituting the objective function values corresponding to the
118 groups of non-inferior sets obtained using the MOPSO
algorithm into (27), a comprehensive optimal solution set is
obtained as follows:

dpjx = [880.254, 984.427, 1094.777, 1168.614, 1242.535]

dpjy = [1384.128, 1460.560, 1516.994, 1584.750,1607.335]

dpjγ = [0.829, 2.241, 4.199, 6.285, 8.190]

(j = 3, 4, . . . , 7)

1ti = [7.883, 6.253, 4.666, 2.706, 8.242, 8.306]

(i = 1, 2, . . . , 6)

Based on this parameter, FIGURE 10 shows the compre-
hensive optimal motion trajectory of the pose components
x, y, and γ of the end-effector. The three objectives (and
their values) corresponding to this curve are the driving force
coordination index (232.9347), exercise time (7.5786 s), and
maximum absolute value of the jerk (2.4206 rad/s3). Com-
pared with the best situation of a single target, the difference
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FIGURE 11. Displacements of six joints of the comprehensive optimal
solution.

FIGURE 12. Trajectories of non-redundantly actuated joints of the
comprehensive optimal solution.

between the driving force coordination evaluation factor is
only 8.3139, the total motion time difference is 0.9405 s,
and the maximum absolute value of the jerk difference is
1.1779 rad/s3. While ensuring better driving force coordi-
nation, the motion time and jerk are both in a relatively
average range, which can effectively balance the optimization
conflict between these objectives. FIGURE 11 shows the
displacements of the six joints of the comprehensive optimal
solution. FIGURE 12 shows the velocity, acceleration, and
jerk curves of three non-redundantly actuated joints.

As depicted in FIGURES 11 and 12, themotion trajectories
of the joints vary smoothly, and their physical parameters are
within the ranges defined in Tables 2 and 3. The velocity
and acceleration trajectories of the non-redundantly actuated
joints both start and end at zero, as shown in FIGURE 12, thus
ensuring a smooth start and stop of the manipulator. However,
the jerk trajectories of the non-redundantly actuated joints
do not start or end at zero; this can be solved by increasing
the repetition of the initial point and the target point to four
times. Notably, the curves can be further optimized if the
number of control points or the degree of the B-spline curve is
further increased. In summary, the simulation results confirm
that the trajectory planning method can effectively produce
a comprehensive optimal trajectory of the end-effector of the
manipulator, thus proving the feasibility of this approach for
redundantly actuated parallel manipulators. However, there
are also cases where the program runs slowly due to the
complexity of the optimization model, 500 iterations take
about an hour, is quite a long-time process, and the number
of Pareto sets is small. By further optimizing the program,
the performance of this trajectory planning method can be
improved.

VI. CONCLUSION
A multi-objective trajectory planning method for redun-
dantly actuated parallel manipulators was developed in this
study. Considering the control characteristics and actual work
requirements of a redundantly actuated parallel manipulator,
combined with the internal relationship between the motion
trajectory and the driving force coordination of the manip-
ulator, a mathematical model of the multi-objective opti-
mal trajectory was established. The optimization model was
solved using the multi-objective particle swarm optimization
algorithm, and the potential optimal solution was obtained
by constructing a comprehensive optimal evaluation method.
The simulation results showed that the method is feasible
and effective, as it can obtain an optimal trajectory that sat-
isfies the work requirements while meeting the manipulator
constraints. Moreover, the method is quite versatile in that it
can provide a reference for the trajectory planning of other
redundantly actuated parallel manipulators.
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