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ABSTRACT This article presents a robust adaptive control based on Immersion and Invariance (I&I)
method for a class of quadrotors subject to disturbances. The nonlinear model of the considered quadrotor
including position subsystem and attitude subsystem is established, which has the characteristics of high
nonlinearity, underactuation and strong coupling between the subsystems. To achieve satisfying position
tracking performance, an I&I adaptive control approach is proposed for the uncertain position subsystem.
To enhance the robustness of the attitude subsystem subject to disturbances, a robust adaptive control
law based on disturbance observer (DO) is developed to stabilize the subsystem. The DO for the attitude
subsystem is constructed to accommodate unknown external disturbances and a robust adaptive bounding
law is designed to dominate the modelling errors. The ultimate boundedness of all the signals in the
closed-loop system is proved by Lyapunov-based stability analysis. Experimental results performed on an
actual indoor micro quadrotor indicate a better performance of the proposed controller compared with the
nominal controller without robust and adaptive parts.

INDEX TERMS Quadrotor UAV, robust adaptive control, immersion and invariance, disturbance observer.

I. INTRODUCTION
Quadrotor, as one type of unmanned aerial vehicles (UAV)
which consisting of four rotors with a crossing arrangement,
has been increasingly used as a preferred UAV platform
for various field applications. The outperformed features of
quadrotor compared to other UAV are its maneuverability,
vertical takeoff/landing (VTOL) ability, low cost and low
maintenance [1]. It is not an easy task to synthesis a control
law for a quadrotor due to its structural problems such as
strongly nonlinearity, coupling characteristics and underac-
tuation of the system.

Based on accurate model, many studies have been explored
on the design of attitude and position controllers for different
types of quadrotors. Backstepping controller is designed
in [2] by decomposing the model into translation part and
rotation part. This decomposition is widely adopted by many
researchers in quadrotor controller design. A full state back-
stepping control for quadrotor is presented in [3] from a
different perspective, in which the quadrotor model is com-
posed of three interconnected subsystems: under-actuated
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subsystem, fully-actuated subsystem and rotors subsystem.
In [4], to compensate the Coriolis and gyroscopic torques
in attitude subsystem, a quaternion-based feedback control
scheme is proposed. The compensation of nonlinearities is
especially effective in the case of large-angle maneuvers.

The aforementioned control schemes are developed based
on accurate model information. However, quadrotor dynamic
systems practically have internal uncertainties and external
disturbances as well. This fact requests researchers to find
effective ways to address these unwanted terms. As a kind
of robust control methods, sliding mode control (SMC) has
been widely used to dominate uncertainties and disturbances
in quadrotor control problem, where control input signals are
switched to enforce system trajectories onto the pre-defined
sliding surface. In [2], a SMC combined with backstepping is
designed and verified both in simulations and experiments.
In [5], a SMC is proposed to stabilize a class of underac-
tuated systems and applied to simplified quadrotor model.
A second order SMC is proposed for quadrotors in [6], where
the coefficients of sliding manifolds are determined through
Hurwitz stability analysis. To address chattering problem,
a chattering-free SMC is presented in [7] for the quadrotor
subject to known bounded disturbances. To counteract the
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mismatched disturbance, DO in conjunction with SMC is
introduced in [8] for a class of systems. In [9], the result
in [8] is extended to deal with the system subject to a large
class of disturbances without any particular form. In [10],
this DO based SMCmethod is successfully applied to control
the quadrotor with disturbance, and the effectiveness is ver-
ified through simulations as well as real flight tests. From a
compensator point of view, separating the quadrotor attitude
model into nominal part and lumped uncertain part, robust
attitude control methods are designed in [11] and [12] for
different models to weaken the influence of lumped distur-
bances on system performance, and the robust properties of
the closed-loop system are highlighted.

Meanwhile, adaptive control attracts great attention for the
researchers to solve control problem of parametric uncer-
tainties in quadrotor systems. In [13], adaptive backstepping
techniques are utilized to compensate for the uncertain
mass, however, over-parametrization is introduced as well.
In [14], a novel adaptive control scheme is presented for
quadrotors subject to external disturbances with varying
center of mass (CoM). To solve the drawback in tran-
sient behaviour of classical adaptive control, I&I adaptive
methodology provides a freedom via tuning function to
shape the attractive estimation error manifold to improve
the transient performance of the error system. In [15] and
[16], I&I estimators are applied to deal with unknown
aerodynamic damping coefficients in the position loop of
a quadrotor, and the asymptotic tracking performance of
the closed-loop system is proved. In [17], a saturated back-
stepping control strategy is developed in the position loop,
where an I&I estimator is introduced to recover the mass of
quadrotor.

In view of the respective advantages of robust and adaptive
methodologies, a robust adaptive controller is developed for
a class of quadrotors subject to disturbances in this article.
To achieve Cartesian position trajectory tracking, integral
action of tracking error is employed in position control to
eliminate the possible steady-state error. To compensate for
the parametric uncertainties in the position dynamics, includ-
ing unknown aerodynamic damping coefficients, mass and
thrust factor, an I&I adaptive method is introduced to recover
them with guaranteed satisfying performance via shaping the
converging dynamics of parameter estimation. To cope with
disturbances in the attitude loop, inspired by [9], the DO is
designed in control law to partially compensate a large class
of disturbances without structure information. Noticing the
fact that there exists uncertainties in the attitude dynamics,
a robust adaptive bounding estimate law is developed to
dominate the modelling errors between nominal parameters
and real parameters. The contribution of this article are given
as follows,

1) Considering unknown thrust factor in the actuator
dynamics of quadrotors, an I&I adaptation law is
designed to estimate it.

2) Under Persistence of Excitation (PE) condition,
the designed I&I adaptation laws guarantees that the

FIGURE 1. A quadrotor sketch.

estimate of unknown control gain in the height subsys-
tem converges to its true value.

3) Except for the use of nominal system parameters in
control law, a robust adaptive bounding estimation law
combined with the DO is developed to enhance the
robustness of the attitude subsystem.

4) Experimental results performed in an actual indoor
micro quadrotor are carried out in different cases, and
the effectiveness of the proposed controller is verified.

The remainder of this article is organized as follows: The
description of the quadrotor model and the control objective
are given in Section II. The control algorithm is proposed in
Section III. Section IV gives the stability analysis of overall
systemwith several notable remarks. Experimental results are
presented in Section V. Finally, the conclusions of this article
and future works are given in Section VI.
Notations: Let IN×N ∈ RN×N denote a unit matrix,

0N×N ∈ RN×N a zero matrix, diag{·} denote a diagonal
matrix, and λmin(·) and λmax(·) denote respectively the mini-
mum and maximum eigenvalue of a matrix.

II. QUADROTOR MODELLING AND PROBLEM
FORMULATION
X-type quadrotor (whose heading direction is between the
two body arms) is considered in this article, whose config-
uration is depicted in Fig 1. Based on right-hand rule, two
reference frames are defined to describe the motion of the
6-degree of freedom rigid body: earth inertial reference frame
and body-fixed reference frame denoted by

∑
e = {xe, ye, ze}

and
∑

b = {xb, yb, zb}, respectively.

A. QUADROTOR KINEMATICS
To describe motion information, let ξ = [x, y, z]T and 2 =
[φ, θ, ψ]T be the variables of the position and the attitude
of the quadrotor in

∑
e, where the Euler angles φ, θ and ψ

denote roll angle, pitch angle, and yaw angle, respectively.
The translational kinematic of the quadrotor can be written
as,

ξ̇ = Rν (1)

where ν = [νx , νy, νz]T is the velocity vector in
∑

b, and the
rotation matrix R can be obtained through three successive
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rotations around the three axes of
∑

b as

R =

CψCθ −SψCφ + CψSθSφ SψSφ + CψSθCφ
SψCθ CψCφ + SψSθSφ −CψSφ + SψSθCφ
−Sθ CθSφ CθCφ


where C· , cos(·) and S· , sin(·).
Let� = [�x , �y, �z]T be the angular velocity of the body

in
∑

b, and the rotational kinematic of a quadrotor describing
the relationship between 2 and � is expressed as

2̇ = T� (2)

where T is the transfer matrix defined as

T =

1 sinφ tan θ cosφ tan θ
0 cosφ − sinφ
0 sinφ sec θ cosφ sec θ

 .
Assumption 1: The angle φ and θ satisfy |φ| < π/2,
|θ | < π/2.

B. QUADROTOR DYNAMICS
Based on Newton-Euler formulation, the quadrotor dynamics
is described by

Ftotal = mν̇ +�× mν (3)

τtotal = J�̇+�× J� (4)

where m denotes the total mass, J = diag{Jx , Jy, Jz} > 0
is the inertia matrix in

∑
b. Ftotal and τtotal include all the

external forces and torques applied to the mass center of a
quadrotor in

∑
b as follows,

Ftotal = F − Fg − Fa (5)

τtotal = τ − τg − τa + d(t) (6)

where Fg = mgRe3 with e3 = [0, 0, 1]T is a unit vector,
g is the gravitational acceleration; Fa = Kξν and τa =
K2� are the aerodynamic friction force and torque vectors,
respectively, and Kξ = diag{Kξ1,Kξ2,Kξ3} and K2 =
diag{K21,K22,K23} are two positive diagonal aerodynamic

damping matrices; τg =
4∑
i=1

Jr (� × e3)(−1)i+1ωi represents

the force vector due to gyroscopic effect, in which Jr and ωi
denote the inertia of the rotor and the angular speed of rotor
i, respectively; d(t) = [d1, d2, d3]T is the unknown external
disturbance; F and τ produced by the propellers are defined
as

F = [0, 0, b
4∑
i=1

ω2
i ]
T

τ =

 τ1τ2
τ3

 =

√
2
2 bl(−ω

2
1 − ω

2
2 + ω

2
3 + ω

2
4)

√
2
2 bl(−ω

2
1 + ω

2
2 + ω

2
3 − ω

2
4)

cd
4∑
i=1

(−1)i+1ω2
i

 (7)

where b is the thrust coefficient, l denotes the length from
each rotor to the center of the mass and cd is the drag
coefficient.

Remark 1: To model d(t), Dryden wind gust model is
adopted which can be formulated as a summation of distinct
sinusoidal excitations with bias [18], [19],

di(t) = di0 +
n∑

k=1

ai,k sin($i,k t + qi,k ), i = 1, 2, 3

(8)

where n is the number of sinusoidal sinusoids, ai,k , $i,k
and qi,k are the amplitude, frequency and phase shift of the
corresponding sinusoid, respectively, and bias di0 stands for
the static part of the wind gust. It can be observed that the
disturbance di(t) is continuous and bounded up to its jth
derivatives, j = 0, 1, . . . ,∞.
Remark 2: In this article, the nominal values of system

parameters, denoted by the subscript N , are available for
controller design.
Assumption 2: The desired position of the quadrotor ξd =

[ξd1, ξd2, ξd3]T = [xd , yd , zd ]T , the desired yaw angle ψd
and their jth derivatives ξ (j)d and ψ (j)

d , j = 0, 1, 2, 3 are
bounded.

The control objective of this article is to design controller
for the quadrotor subject to uncertainties and disturbances to
track the desired position trajectory xd , yd , zd and the desired
yaw angle ψd .

III. ROBUST ADAPTIVE CONTROLLER DESIGN
FOR THE QUADROTOR
A. POSITION CONTROLLER DESIGN
To derive the position dynamics of the considered quadrotor,
the derivative of (1) is calculated as

ξ̈ = Rν̇ + Ṙν = Rν̇ + RS(�)ν = R(ν̇ +�× ν) (9)

where the skew-symmetric matrix S(�) is given by:

S(�) =

 0 −�z �y
�z 0 −�x
−�y �x 0

 .
By virtue of (3), (5) and (9), the equation of the translational
dynamics of a quadrotor with parameterized uncertainties in∑

e is written as

ξ̈ =
b
m
f̄ Re3 −

Kξ
m
ξ̇ − ge3 (10)

where f̄ =
4∑
i=1
ω2
i is the equivalent control input. (10) can be

rewritten as

ξ̈ = uϑ2 + ϕ0ϑ1 − G (11)

where ϕ0 = diag{ϕ01, ϕ02, ϕ03} = −diag{ẋ, ẏ, ż} is the
regressor matrix, G = [G1,G2,G3]T = [0, 0, g]T is the
gravity vector, ϑ1 = [ϑ11, ϑ12, ϑ13]T = 1

m

[
Kx ,Ky,Kz

]T and
ϑ2 = [ϑ21, ϑ22, ϑ23]T = 1

m [b, b, b]T are unknown parame-
ter vectors and u = [u1, u2, u3]T = f̄

[
ux , uy,CφCθ

]T is the
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equivalent control input. The virtual control input ux and uy
are defined as

ux = sinψ sinφ + cosψ sin θ cosφ,

uy = − cosψ sinφ + sinψ sin θ cosφ (12)

which are used to obtain desired roll angle φd and pitch angle
θd of attitude system as follows,

φd = arcsin(ux sinψd − uy cosψd ),

θd = arcsin
(
ux − sinφd sinψd
cosφd cosψd

)
. (13)

Define the position error vector eξ =
[
eTI , e

T
P , e

T
D

]T
∈ R9,

where eI =
∫ t
0 ePdt ∈ R3, eP = ξ − ξd ∈ R3, eD = ėP ∈ R3,

then their derivatives with respect to time are given as

ėI = eP,

ėP = eD,

ėD = uϑ2 + ϕ0ϑ1 − G− ξ̈d . (14)

Due to unknown parameters ϑ1 and ϑ2 in (14), I&I adaptive
method will be introduced to recover them.

Different from the classical adaptive method, I&I adap-
tive control adds a tuning function to shape estimation error
convergence dynamics [20]. To begin with, define the off-
the-manifold coordinate ζ =

[
ζ T1 , ζ

T
2

]T
∈ R6 in which

ζ1 ∈ R3 and ζ2 ∈ R3 are defined as

ζ1 = ϑ̂1 − ϑ1 + β1(eξ ), ζ2 = ϑ̂2 − ϑ̄2 + β2(eξ , ϑ̂1, ξ̈d )

(15)

where ϑ̂1 ∈ R3 and ϑ̂2 ∈ R3 are the estimates of ϑ1
and ϑ̄2 =

[
ϑ̄21, ϑ̄22, ϑ̄23

]T
=

1
b [m,m,m]

T , respectively,
β1 = [β11, β12, β13]T and β2 = [β21, β22, β23]T are tun-
ing functions to be designed. Taking time derivative of (15)
gives

ζ̇1 =
˙̂
ϑ1 +

∂β1

∂eTI
eP +

∂β1

∂eTP
eD

+
∂β1

∂eTD
(uϑ2 + ϕ0ϑ1 − G− ξ̈d ),

ζ̇2 =
˙̂
ϑ2 +

∂β2

∂eTI
eP +

∂β2

∂eTP
eD

+
∂β2

∂eTD
(uϑ2 + ϕ0ϑ1 − G− ξ̈d )

+
∂β2

∂ϑ̂T1

˙̂
ϑ1 +

∂β2

∂ξ̈Td

...
ξ d . (16)

The control input u is proposed as follows for i = 1, 2, 3,

ui = (ϑ̂2i + β2i)(−kPiePi − kIieIi − kDieDi
−(ϑ̂1i + β1i)ϕ0i + Gi + ξ̈di) (17)

where kPi > 0, kIi > 0 and kDi > 0, i = 1, 2, 3 are positive
control gains chosen by users.

For (16), the adaptation laws for ϑ̂1 and ϑ̂2 are designed as,

˙̂
ϑ1 = −

∂β1

∂eTI
eP −

∂β1

∂eTP
eD −

∂β1

∂eTD
(−kPeP − kI eI

−kDeD)− γ1σξ1(ϑ̂1 + β1)

˙̂
ϑ2 = −

∂β2

∂eTI
eP −

∂β2

∂eTP
eD −

∂β2

∂eTD
(−kPeP − kI eI

−kDeD)−
∂β2

∂ϑ̂T1

˙̂
ϑ1 −

∂β2

∂ξ̈Td

...
ξ d

−γ2σξ2(ϑ̂2 + β2) (18)

with kP = diag{kP1, kP2, kP3}, kI = diag{kI1, kI2, kI3},
kD = diag{kD1, kD2, kD3}, γ1 = diag{γ11, γ12, γ13}, γ2 =
diag{γ21, γ22, γ23}, σξ1 = diag{σξ11, σξ12, σξ13} and σξ2 =
diag{σξ21, σξ22, σξ23} positive gain matrices, and the tuning
functions β1 and β2 are chosen as

β1i = γ1i

∫ eDi

0
ϕ0i(eξ , χ)dχ,

β2i = γ2i(kPiePieDi + kIieIieDi

+
1
2
kDie2Di − GieDi − ξ̈dieDi

+

∫ eDi

0
ϕ0i(eξ , χ)(ϑ̂1i + β1i(eξ , χ))dχ ) (19)

with i = 1, 2, 3. By choosing appropriate gains KP, KI , KD,
γ1, γ2 and σξ , the position tracking error eξ converges to
an adjustable size around zero, which is illustrated by the
following theorem in detail.
Theorem 1: For the position error system (14) and the

off-the-manifold dynamics (16), given the control law (17),
the adaptation law (18) as well as the tuning function (19), all
the signals in the closed-loop system are ultimately bounded
and the position tracking error eξ is ultimately bounded by

‖eξ‖ ≤
√
µξ/‖P‖ (20)

whereµξ > 0 is a positive constant and P > 0 is a symmetric
positive-definite matrix which will be given later.

Proof: Noting that (19), one can obtain that

∂β1

∂eTD
= γ1ϕ0,

∂β2

∂eTD
= −γ2r (21)

where r = diag{r1, r2, r3} with ri = −kPiePi − kIieIi −
kDieDi − (ϑ̂1i + β1i)ϕ0i + Gi + ξ̈di, i = 1, 2, 3. Substituting
(17), (18) and (21) into (16) yields

ζ̇1 = γ1ϕ0(ϑ ′2rζ2 − ϕ0ζ1)− γ1σξ1(ϑ̂1 + β1),

ζ̇2 = −γ2r(ϑ ′2rζ2 − ϕ0ζ1)− γ2σξ2(ϑ̂2 + β2) (22)

where ϑ ′2 = diag{ϑ21, ϑ22, ϑ23}. Moreover, (22) can be
further rewritten as

ζ̇ = −088T ζ − 0γ ′σξ (ϑ̂ + β) (23)

where 0 = diag{γ1, γ2ϑ
′−1
2 }, 8 =

[
ϕ0,−rϑ ′2

]T , γ ′ =
diag{I3×3, ϑ ′2}, σξ = diag{σξ1, σξ2}, ϑ̂ =

[
ϑ̂T1 , ϑ̂

T
2

]T
and
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β =
[
βT1 , β

T
2

]T . Then, the position error dynamics (14) can
be rewritten as

ėξ = Aeξ + B(−8T ζ ) (24)

where

A =

03×3 I3×3 03×3
03×3 03×3 I3×3
−kI −kP −kD

 , B =

03×303×3
I3×3

 .
Define a composite Lyapunov function Vξ = eTξ Peξ +
‖PB‖2ζ T0−1ζ with P a positive-definite matrix of the equa-
tion ATP+ PA = −2I , and its derivative is calculated as

V̇ξ = −2eTξ eξ − 2eTξ PB8
T ζ − 2‖PB‖2ζ T88T ζ

−2‖PB‖2ζ T γ ′σξ (ζ + ϑ)

≤ −2‖eξ‖2 + 2‖PB‖‖eξ‖‖8T ζ‖

−2‖PB‖2‖8T ζ‖2 − 2‖PB‖2‖γ ′σξ‖‖ζ‖2

+2‖PB‖2‖γ ′σξ‖‖ϑ‖‖ζ‖ (25)

where ϑ =
[
ϑT1 , ϑ̄

T
2

]T . Using Young’s inequality on the
above cross terms, we have

‖eξ‖‖8T ζ‖ ≤
1

2‖PB‖
‖eξ‖2 +

‖PB‖
2
‖8T ζ‖2,

‖ζ‖‖ϑ‖ ≤
1
2
‖ζ‖2 +

1
2
‖ϑ‖2,

then

V̇ξ ≤ −‖eξ‖2 − ‖PB‖2‖γ ′σξ‖‖ζ‖2

+‖PB‖2‖γ ′σξ‖‖ϑ‖2

≤ −κξVξ +Mξ (26)

where κξ = min{λmin(P−1),
λmin(γ ′)λmin(σξ )
λmax(0−1)

} and Mξ =

‖PB‖2‖γ ′σξ‖‖ϑ‖2. Solving (26), one has

Vξ (t) ≤
(
Vξ (0)−

Mξ

κξ

)
exp(−κξ t)+

Mξ

κξ
. (27)

Therefore, Vξ (t) is ultimately bounded, then eξ and ζ are
ultimately bounded and exponentially converge to the bound
Mξ/κξ . From the definition of eξ , it can be obtained that ξ, ξ̇
and

∫ t
0 ξdt are also bounded. The boundedness of ζ ensures

the boundedness of ϑ̂ + β noting that (15). Consequently,
the control law u is bounded as well. Thus, all the signals in
the closed-loop system are ultimately bounded. Furthermore,
denote µξ = Mξ/κξ , and from the definition of Vξ and
inequality (27), one can obtain the result in (20). Therefore,
by choosing parameters KP, KI , KD, γ1, γ2, σξ1 and σξ2,
the tracking error eξ converges to an adjustable residual set√
µξ/‖P‖. �

B. ATTITUDE CONTROLLER DESIGN
Let us define attitude angle error and angular rate error as
e2 = 2 − 2d and e� = � − �d , then the attitude error
dynamics can be derived by virtue of (2), (4) and (6),

ė2 = Te�,

ė� = A1ϕ1 + A2ϕ2 + A3ϕ3 + Bτ̄ + D− �̇d
(28)

in which A1 = diag{A11,A12,A13} = diag{(Jy − Jz)/Jx ,
(Jz − Jx)/Jy, (Jx − Jy)/Jz}, A2 = diag{A21,A22,A23} =
diag{Jr/Jx , Jr/Jy, 0}, A3 = diag{A31,A32,A33} =

diag{K21/Jx ,K22/Jy,K23/Jz}, ϕ1 = [ϕ11, ϕ12, ϕ13]T =[
�y�z, �x�z, �x�y

]T , ϕ2 = [ϕ21, ϕ22, ϕ23]T = [−�y,

�x , 0]T , ϕ3 = [ϕ31, ϕ32, ϕ33]T =
[
−�x ,−�y,−�z

]T ,
B = diag{B1,B2,B3} = diag{bl/Jx , bl/Jy, cd/Jz}, τ̄ =
[τ̄1, τ̄2, τ̄3]T with τ̄1 = −ω2

1−ω
2
2+ω

2
3+ω

2
4,τ̄2 = −ω

2
1+ω

2
2+

ω2
3 − ω

2
4 and τ̄3 =

4∑
i=1

(−1)i+1ω2
i and D = [D1,D2,D3]T =

J−1d . Define a manifold s = [s1, s2, s3]T as

s = 3e2 + e� (29)

where 3 ∈ R3×3 is a positive-definite gain matrix, and the
motion of (28) is governed by the manifold (29). Taking the
derivative of s, we have

ṡ = 3ė2 + ė�,

= 3Te� + A1ϕ1 + A2ϕ2 + A3ϕ3 + Bτ̄ + D− �̇d ,

(30)

and then the control law should be designed such that all
trajectories reach the manifold s and stay on it for all future
time. The control law τ̄ consists of two terms as

τ̄ = τ̄N + τ̄RA (31)

where τ̄N is the nominal part designed to stabilize the sys-
tem and τ̄RA for coping with uncertainties and disturbances.
Considering the nominal part of the system, we design

τ̄N =B
−1
N (−kss−3Te� − A1Nϕ1−A2Nϕ2 − A3Nϕ3 + �̇d )

(32)

where A1N = diag{A11N ,A12N ,A13N } = diag{(JyN−
JzN )/JxN , (JzN − JxN )/JyN , (JxN − JyN )/JzN }, A2N =

diag{A21N ,A22N ,A23N } = diag{JrN /JxN , JrN /JyN , 0},
A3N = diag{A31N ,A32N ,A33N } = diag{K21 N /JxN ,
K22 N/JyN ,K23 N /JzN } and BN =diag{B1N ,B2N ,B3N }
= diag{bN lN /JxN , bN lN /JyN , cdN /JzN } are known matrices
with nominal parameters, and ks = diag{ks1, ks2, ks3} is a
designed positive-definite gain matrix. Actually, there exist
deviations between the nominal values and the true ones.
Since the system states and the control input do not go infinite
generally, we assume that there exists a positive constant
bound vector η = [η1, η2, η3]T such that

|Ã1iϕ1i + Ã2iϕ2i + Ã3iϕ3i +
B̃i
BNi

τ̄i| ≤ ηi, i = 1, 2, 3 (33)

where Ã1i = A1i − A1iN , Ã2i = A2i − A2iN , Ã3i = A3i − A3iN
and B̃i = Bi−BiN . Since η is unavailable, the adaptation law
of η̂ for η is designed as follows,

˙̂η = γη tanh
( s
ε

)
s− γησηη̂ (34)

where tanh( s
ε
) , diag{tanh( s1

ε
), tanh( s2

ε
), tanh( s3

ε
)}, γη =

diag{γη1, γη2, γη3} and ση = diag{ση1, ση2, ση3} are
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positive-definite gain matrices, and ε > 0 is a positive
constant. The DO for D is proposed as

D̂ = p+ l�e�

ṗ = −l�
(
−kss−3Te� − tanh

( s
ε

)
η̂
)

(35)

where l� = diag{l�1, l�2, l�3} is a positive-definite control
gain matrix.

The term τ̄RA now can be derived as follows

τ̄RA = B−1N
(
− tanh

( s
ε

)
η̂ − D̂

)
. (36)

Theorem 2: Consider the attitude error system (28). Given
the control law (31), (32) and (36), the adaptive bounding law
(34) as well as the DO (35), one has the following results: all
the signals in the closed-loop system are ultimately bounded
and the error signals e2 and e� ultimately converges to a
small neighborhood around its origin.

Proof: By substituting the control law (31), (32) and
(36) into (30), we have

ṡ = −kss− tanh
( s
ε

)
η̂+ Ã1ϕ1 + Ã2ϕ2+Ã3ϕ3+

B̃
BN
τ̄ + D̃

(37)

where D̃ = D− D̂ denotes the estimation error of DO, whose
dynamics can be derived from (35) as follows,

˙̃D = Ḋ− (ṗ+ l�ė�)

= Ḋ− l� (Ã1ϕ1 + Ã2ϕ2 + Ã3ϕ3 +
B̃
BN
τ̄ + D̃) (38)

Define a candidate Lyapunov function V2 = sT s +
D̃T k−1s l−1� D̃+ (η̂ − η)T γ−1η (η̂ − η), whose derivative is

V̇2 = 2sT
(
−kss− tanh

( s
ε

)
η̂ + Ã1ϕ1 + Ã2ϕ2

+Ã3ϕ3 +
B̃
BN
τ̄ + D̃

)
+ 2D̃T k−1s l−1�

(
Ḋ

−l�(Ã1ϕ1 + Ã2ϕ2 + Ã3ϕ3 +
B̃
BN
τ̄ + D̃)

)
+2(η̂ − η)T

(
tanh

( s
ε

)
s− σηη̂

)
. (39)

Noting that (33), (39) is rewritten as

V̇2 ≤ 2sT
(
−kss− tanh

( s
ε

)
η̂ + η + D̃

)
+2D̃T k−1s l−1� (Ḋ− l�(−η + D̃))

+2(η̂ − η)T
(
tanh

( s
ε

)
s− σηη̂

)
≤ −2sT kss+ 2

3∑
i=1

ηi

(
|si| − si tanh

( si
ε

))
+2sT D̃− 2D̃T k−1s D̃+ 2D̃T k−1s η

+2D̃T k−1s l−1� Ḋ− 2(η̂ − η)Tσηη̂. (40)

Note that function tanh(·) has the following property [21],

0 ≤ |ς | − ς tanh
(ς
ε

)
≤ %ε, % = 0.2785

for any ε > 0 and ς ∈ R, which yields

V̇2 ≤ −2sT kss− 2D̃T k−1s D̃+ 2sT D̃+ 2D̃T k−1s η

+2D̃T k−1s l−1� Ḋ− 2(η̂ − η)Tσηη̂

+2
3∑
i=1

%εηi. (41)

Using Young’s inequality on the above cross terms, we have

sT D̃ ≤
3∑
i=1

ksi
2
s2i +

3∑
i=1

1
2ksi

D̃2
i ,

D̃Tη ≤
3∑
i=1

1
4
D̃2
i +

3∑
i=1

η2i ,

D̃T Ḋ ≤
3∑
i=1

l�i
8
D̃2
i +

3∑
i=1

2
l�i

Ḋ2
i ,

−(η̂ − η)T η̂ ≤ −
3∑
i=1

1
2
(η̂i − ηi)2 +

3∑
i=1

1
2
η2i ,

then (41) can be rewritten as

V̇2 ≤ −
3∑
i=1

ksis2i − 0.25
3∑
i=1

k−1si D̃
2
i

−

3∑
i=1

σηi(η̂i − ηi)2 + 4
3∑
i=1

k−1si l
−1
�i Ḋ

2
i

+2
3∑
i=1

(k−1si + σηi)η
2
i + 2

3∑
i=1

%εηi

≤ −κ2V2 +M2 (42)

in which κ2 = min{λmin(ks), 0.25,
λmin(ση)

λmax(γ
−1
η )
} and M2 =

4‖k−1s l−1� ‖‖Ḋ‖
2
+ 2‖k−1s + ση‖‖η‖

2
+ 2%ε‖η‖. Note that Ḋ

is bounded according to Remark 1. Thus, following a similar
procedure from the proof of Theorem 1, it is concluded that
the attitude error e2 and e�, the surface s, the bounding
estimate η̂, the variable p, the DO D̂ and the control input
τ̄ are ultimately bounded. Also, by the definition of V2,
the ultimate bound of s can be found as ‖s‖ ≤

√
M2/κ2.

By the definition of s, the size of e2 and e� can be tuned
through the selection of parameters 3, ks, l�, γη, ση and ε.

�

IV. STABILITY AND PERFORMANCE ANALYSIS
This section presents the stability analysis of the whole sys-
tem with some essential remarks. By virtue of Theorem 1
and Theorem 2, it is very straightforward for us to obtain the
stability for the whole closed-loop system via the following
theorem.
Theorem 3: For the whole error system of the quadrotor

(14), (28), it is closed with the control law (17), (31), (32)
and (36), I&I adaptive law (18), the tuning function (19),
the adaptive bounding law (34) as well as the DO (35) such
that: 1) all the signals in the closed-loop system are uniformly
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and ultimately bounded; 2) overall closed-loop tracking error
eξ and e2 ultimately converges to a small neighborhood
around the origin.

Proof: It is straightforward to complete the proof.
Define an extended Lyapunov candidate as V = Vξ + V2,
it time derivative can be simply obtained by (26) and (42):

V̇ ≤ −κV +M (43)

where

κ = min{λmin(P−1),
λmin(γ ′)λmin(σξ )
λmax(0−1)

,

× λmin(ks), 0.25,
λmin(ση)

λmax(γ
−1
η )
}

M = ‖PB‖2‖γ ′σξ‖‖ϑ‖2 + 4‖k−1s l−1� ‖‖Ḋ‖
2

+2‖k−1s + ση‖‖η‖
2
+ 2%ε‖η‖.

Taken a similar procedure previously as the proof of Theo-
rem 1 and 2, all the signals in the closed-loop system are
uniformly and ultimately bounded, and the sizes of posi-
tion and attitude errors eξ and e2 are tunable by choosing
appropriate control parameters. However, it is a process of
trade-off for users to choose these control parameters. From
a practical point of view, it is not desirable for us to increase
the control gains arbitrarily, since unmodeled high frequency
dynamics of the system might be excited and can even lead to
instability. �
Remark 3: Although we do not assume external distur-

bance appearing in the position dynamics, the disturbance
in the attitude loop may enlarge the steady-state error of
position. For instance, a hovering quadrotor, when being
affected by sustained external wind gusts in the horizontal
direction, would be apart from its original position on x–y
plane. In this situation, the existence of integral action is able
to drive the quadrotor back to its initial position by increasing
desired roll angle or pitch angle (since horizontal motion is
driven by roll and pitch actions).

Some issues about adaptation laws are discussed here.
Neither the traditional Lyapunov-based adaptive control nor
the I&I adaptive control can be said to guarantee that the
estimates can converge to their true values, since PE condition
of the system is not always satisfied, which is discussed by the
following lemma [22]:
Lemma 1: The regressor vector ρ ∈ Rk , k > 0 is PE if

there exist δ > 0 such that∫ t+T

t
ρ(χ )ρ(χ )T dχ ≥ δI (44)

for some T > 0 and ∀t ≥ 0. The estimation error globally
exponentially converges to zero, if and only if the regressor ρ
is persistently-excited.
Theorem 4: Consider the off-the-manifold dynamics (23).

The last term ζ23 of the vector ζ is exponentially stable,
i.e., the estimate ϑ̂23 + β23 in the height control converges
to its actual value exponentially if the parameter σξ23 in σ -
modification is set to zero.

FIGURE 2. Micro quadrotor experimental platform.

Proof: For the dynamics of ζ23 of (23), we can obtain

ζ̇23 = −γ23ϑ
′−1
23 r23 ζ23 − γ23σξ23(ϑ̂23 + β23) (45)

where r3 contains term g (for compensating the gravity
effect), which makes r3 always larger than zero, i.e., r3 >
0,∀t ≥ 0. By virtue of Lemma 1, the integral of r23 is greater
than zero over any time interval, thus, the signal r3 is PE.
By setting σξ23 = 0, we have

ζ̇23(t) = −γ23ϑ
′−1
23 r23 (t)ζ23(t) ≤ −λζ23(t)

⇒ ζ23(t) = ζ23(0) exp(−λt) (46)

where λ = inft≥0{γ23ϑ
′−1
23 r23 (t)} > 0. Thus, we can draw the

conclusion that the estimation error ζ23 exponentially decays
to zero, and limt→∞(ϑ̂23 + β23) = ϑ̄23 is achieved. �
From a practical perspective, it is also rather intuitive

that a quadrotor flies and hovers in the air by resisting the
effect of gravity, and the thrust force generated by propellers
always points upward with respect to its body frame, thus the
corresponding regressor of unknown control gain of height
control is guaranteed to be positive. However, other estimates
in this article may not satisfy condition (44).
Remark 4: It can be observed that in the estima-

tion of unknown control gains of position control,
over-parametrization is employed where each element of the
vector ϑ̂2 + β2 is designed to estimate the same unknown
parameter m

b . However, consider the discussion above, it is
possible to replace the estimates of horizontal ones ϑ̂21+β21
and ϑ̂22 + β22 with the PE-guaranteed ϑ̂23 + β23. Therefore,
it is able for us to remove the undesired feature of over-
parametrization. This skill will be used in the experiments
next section.

V. EXPERIMENTAL RESULTS
In this section, experimental results are carried out to illus-
trate the effectiveness of the proposed control scheme applied
to an indoor micro quadrotor shown in Fig.2. The onboard
electronic system of the quadrotor consists of a flight control
computer based on STM32F411 and a sensor system. The
sensor system includes an optical flow sensor, an air pressure
sensor, a 3-axis gyroscope and a 3-axis accelerometer, and
the motion data of quadrotor such as its position, attitude and
their velocities can be available. Four corelessmotors with the
rated speed of 50000 rad/min is equipped on the quadrotor.
All onboard components are powered by one 3.7V battery.
The nominal parameters of the UAV are shown in Table 1.
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TABLE 1. Quadrotor nominal physical parameters.

FIGURE 3. Position tracking in case 1.

To highlight the performance of the proposed controller,
two cases of experiments are implemented. In the first case,
the quadrotor is required to track a time-varying trajectory.
The second case is a set-point test subject to wind disturbance
compared with a nominal controller. The initial values of
system states and adaptation laws are all set as 0, except for
ϑ̂23(0) = 1.155 × 105. The control parameters are listed
as: 1) for position controller: KP = diag{4, 4, 50}, KI =
diag{2, 2, 30}, KD = diag{4, 4, 20}, γ1 = diag{1, 1, 1},
γ23 = 100 (note that Remark 4, ϑ̂21 + β21 and ϑ̂22 + β22
are not put into use), σξ1 = diag{0.01, 0.01, 0.01} and
σξ23 = 0; 2) for attitude controller: 3 = diag{5, 5, 5}, ks =
diag{80, 80, 80}, l� = diag{2, 2, 5}, γη = diag{1, 1, 1},
ση = diag{0.1, 0.1, 0.1} and ε = 0.1.

A. CASE 1: PATH FOLLOWING
In this case, the quadrotor is required to track a time-varying
path. The references for horizontal motion are two sinusoidal
signals of distinct frequencies with the magnitude of 0.7m.
The desired height is 1m and the desired yaw angle is 0.
Experiment results of this case are shown in Fig.3-7.

In Fig.3 and Fig.4, the position tracking errors are con-
verged to a small range, where the tracking errors of x and
y direction are kept about 0.1m, and the height error does not
exceed 0.03m. Fig.5 and Fig.6 illustrates the attitude tracking
performance. Furthermore, the time evolution of ϑ̂23 + β23
is depicted in Fig.7, where the estimated value is kept tightly

FIGURE 4. Position tracking error in case 1.

FIGURE 5. Attitude tracking in case 1.

FIGURE 6. Attitude tracking error in case 1.

around its nominal value with zero σ -modification parameter,
which endorses the claim of Theorem 4.

B. CASE 2: PERFORMANCE COMPARISON
In this case, the control objective is to regulate the quadrotor
to point [xd , yd , zd ]T = [1, 1, 1]T and ψd = 0 with zero
initial conditions. Note that in order to avoid large maneuver,
slope signals are added in position reference in the first 5s. For
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FIGURE 7. Estimate of ϑ̄23 in case 1.

FIGURE 8. Position tracking in case 2.

FIGURE 9. Position tracking error in case 2.

the sake of performance comparison, a nominal information
based, non-robust adaptive controller is also implemented in
the quadrotor platform, whose position part is given by

uN = mN (−kPeP − kI eI − kDeD + G+ ξ̈d )/bN (47)

with the same control parameters as our proposed controller.
The attitude controller is the same as τ̄N in (32) as well.
Also, to test the robustness of the two kinds of controllers,

FIGURE 10. Attitude tracking error in case 2.

FIGURE 11. DO in case 2.

FIGURE 12. Control inputs in case 2.

an electrical fan is used to generate wind disturbance acting
on the quadrotor body at a fixed distance. The electrical
fan is switched on at approximate 33s and switched off at
approximate 60s. Comparison results of this case are pre-
sented in Fig.8-12.

In Fig.8-10, it can be observed that when the wind dis-
turbance is actuated, both the position and attitude tracking
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errors of the nominal controller increase significantly while
the proposed one is less effected. In addition to that, when
there is no disturbance, the proposed controller also remark-
ably outperforms the nominal one. The estimated values of
DO in three angle channels are shown in Fig.11, and it can be
seen that wind disturbances are effectively detected by DO.
Finally, Fig.12 presents the time profile of control inputs of
the two controllers.

VI. CONCLUSION
A robust adaptive full control for a class of quadrotor UAVs
is presented in this article. To compensate for the parameters
of the uncertainties in position subsystem such as aerody-
namic damping coefficient, mass and thrust factor, an I&I
based adaptive control approach is proposed. To stabilize the
attitude subsystem, a DO based robust adaptive control is
designed, where the DO in the control law is to accommodate
unknown external disturbances and a robust adaptive bound-
ing law to dominate themodelling errors. By Lyapunov-based
stability analysis, the ultimate boundedness of all the signals
in the closed-loop system is proved. In order to verify the
effectiveness of the proposed controller, experimental results
in two different cases are carried out to illustrate its good
performance comparing to the controller without robust adap-
tive technique. Future work will involve the implementation
of this control strategy in the formation control of multiple
quadrotor UAVs.
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