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ABSTRACT Magnon scattering enables non-linear microwave devices, such as frequency selective lim-
iters and signal to noise enhancers. It may also impact information transfer within spintronic devices.
Here, a quantitative understanding of magnon processes in thin films is developed using micromagnetic
simulations, in combination with newly developed analytic theory and experimental data. A technique
for calculating the number of magnons at each frequency and wavevector as a function of external input
such as power and frequency is identified. It is shown that, near the nonlinear threshold, the dominant
parametrically excited magnon pairs are those with minimal group velocity and the correct energy. These
results complement Brillouin Light Scattering experiments and indicate a path for wavevector-modulated
magnon production based only on simulated results and/or analytic theory, a desirable goal for information
transfer and communication.

INDEX TERMS Magnetic films, micromagnetics, magnonics, microwave magnetics, nonlinear microwave
absorption.

I. INTRODUCTION
The nonlinear properties of magnons, quasi-particles describ-
ing the collective excitation of spins, have recently become
a focus of research for both their applications to radio fre-
quency(RF) and to spintronic devices. Magnetic thin films,
especially those composed of low dissipation materials,
provide an accessible system for the study of nonlinear pro-
cesses. Three major classes of nonlinear processes are chaotic
dynamics [1], [2], soliton excitation and propagation [3], and
microwave-pump-induced magnon processes [4]–[6], often
referred to as Suhl instabilities [7]. Microwave-pumping-
inducedmagnon processes, which are the focus of this article,
are highly tunable [8] and can be well-controlled [9], [10].
A common technique to excite the magnons is high power
microwave pumping at ferromagnetic resonance [11]–[15].
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When the microwave power exceeds a well-defined thresh-
old, the response of the system is nonlinear. In this non-
linear regime, scattering happens among multiple magnon
modes [11]–[13].

In recent studies of nonlinear magnon scattering, the scat-
tering models [16] are mostly simplified, which yield incom-
plete knowledge of the dominant magnon modes, such as the
wavevectors and populations. The original Suhl theory [7]
for multimagnon scattering is for a spheroid, in which sym-
metry of the two transverse directions to the bias field is
present. In the more typical (and useful) case of a thin
film, the associated anisotropy between the in-plane and
out-of-plane transverse directions leads to symmetry break-
ing, an increased role for magnetostatic interactions, and
greater distortion of the magnons. Some interesting previous
work for films focused on 4-magnon scattering [5] or off-
resonance pumping [4], [6], however, a more rigorous treat-
ment of the three-magnon-scattering process at on-resonance
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pumping remains to be seen. Brillouin Light Scattering [17],
[18] observes magnons for powers well above the nonlinear
threshold where there is sufficient optical sensitivity: scat-
tering much closer to the threshold is expected to produce
magnons concentrated in a small region of wavevectors that
may be useful for applications. This all suggests a need for
a quantitatively accurate description of the magnon scatter-
ing process, through numerical calculations, that could pro-
vide explicit information in a wider dynamic range. Such a
description can help gain insights into connections between
multiple physical considerations, such as magnon dispersion,
group velocity and wavevectors. However, these calculations
are large-scale in both spatial and temporal domain, and so
far have not been performed.

Nonlinear magnon-based behavior is of great interest,
partly because important RF devices rely on such behavior in
order to realize their functionalities. One such example is that
of RF devices in telecommunication/radar systems [19]–[21],
e.g. signal to noise ratio enhancers (SNEs) and frequency
selective limiters (FSLs). Proper use of the nonlinear behavior
can exclude interference and noise outside prescribed fre-
quency bands, or even cut off excessively large signals at
the same frequencies as the signal of interest. These devices
consume much lower power and are much simpler to imple-
ment than their electrical counterparts. However, significant
challenges exist in the miniaturization of these devices, due
to the lack of proper design rules that depend on proper
treatment of the nonlinear magnons.

On the other hand, there are also devices where nonlinear
magnons lead to undesirable effects, e.g., novel spintronic
devices that are proposed to be used in computing sys-
tems [22], such as logic gates. It has been noticed recently
that nonlinear magnons can increase the noise level of
the system [23]: at high power beyond a power thresh-
old, the noise increases sharply. This increased noise level
limits the device’s efficiency. However, the connection
between the noise and the nonlinear magnons is not explic-
itly understood, which limits the ability to reduce such
noise. The following study should therefore be highly ben-
eficial towards predictive design and optimization of such
devices.

In this article, we provide accurate descriptions of the
magnon scattering process through numerical simulation.
Using these calculations, we explicitly count the magnon
number at each frequency and wavevector as a function of
external input in Sec. III, which explicitly identifies the dom-
inant magnons in the scattering process. We perform both
experimental homodyne spectroscopy of ferromagnetic res-
onance and numerical calculations in a wide dynamic range
in Sec. IV, whose consistency is a benchmark verifying the
accuracy of calculations. Furthermore, we identify the exact
magnon pairs that are generated as the power first crosses the
threshold for non-linear magnon scattering, and uncover the
connection between the magnon pairs and the group velocity
in Sec. V.

FIGURE 1. The magnon scattering mechanism at resonance for various
microwave frequencies. The wavevector Ek in the dispersion is parallel to
EH . At 2 GHz and 2.6 GHz (black and red curves), k 6=0 modes exist
satisfying ωk = ωp/2 and magnon scattering is possible. In contrast,
at 3 GHz (blue curve), there are no modes satisfying ωk = ωp/2, and
magnon scattering is suppressed. The dashed color lines are at ωp/2.

II. MAGNON SCATTERING MODEL
The nonlinearity discussed in this article originates from the
magnon scattering process. This process can be explained by
the magnon dispersion [24], [25], shown in (1):

ωk = γ

√
(H +

A
Ms

k2 + 2MsT̃ xxk )(H +
A
Ms

k2 + 2MsT̃
yy
k ) ,

(1)

where ωk is the angular frequency of the magnon mode with
wavevector k , k is the amplitude of the wavevector k, H is
the amplitude of applied field, A is the exchange constant, and
Ms is the saturatedmagnetization. 2T̃ ijk is the demagnetization
tensor, in the dipole approximation, for a thin film [26].

For wavevectors parallel to applied field in Fig. 1, ωk
first decreases versus k due to the magnetostatic interactions
and forms a valley, then increases as the exchange interac-
tion starts dominating at large wavevectors. The first Suhl
instability happens at sufficiently high microwave power.
For sufficiently small microwave pumping frequency ωp
and simultaneous adjustment of the applied field to match
ωk=0 = ωp, the k = 0 mode splits into k 6= 0
magnons, which satisfy ωk = ωp/2 with opposite wavevec-
tors ±k. A well-defined frequency threshold for this process
is expected, above which the dispersion lies above ωp/2 upon
increasing the field to match ωk=0 and ωp.

III. METHODS
A. EXPERIMENT
The measurements are performed on a 3 µm thick YIG
film that was grown by liquid phase epitaxy on a GGG
substrate and obtained commercially [27]. Ferromagnetic
resonance measurement confirms a magnetization Ms =

146 ± 1 emu/cm3 with a Gilbert damping parameter
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FIGURE 2. Schematic of homodyne spectrometer measurement set-up.
A ∼ mm2 cleaved piece of the sample was placed face-down over the
center line of the coplanar waveguide with ground (similar to that used in
Ref. [30]). The center line width of the CPW is 1.2 mm and the length is
25.4 mm.

α = (3.3±0.4) × 10−4. An experimental investigation of
the nonlinear magnon dynamics over a large dynamic range
in power was achieved using homodyne spectrometer [28],
as shown in Fig. 2. A microwave source, which is modulated
at low frequency, is split into two paths of the spectrom-
eter. For one path, a programmable attenuator controls the
power going to the sample, which is placed on a coplanar
waveguide. The transmitted signal from the sample is fed
to the RF input of a balanced mixer. The Faraday isolator
provides additional isolation. For the other path, a phase-
shifted version of the microwave source passes into the local
oscillator input of the mixer. The power in this path remains
constant while the power to the sample in the other path
is varied. Because the local oscillator input of the mixer is
fixed, the mixer output is proportional to the amplitude of the
transmitted signal from the sample, which is determined by
the precessing magnetization [29], due to its inductive cou-
pling to the waveguide. The signal is recorded by the lock-in
amplifier.

B. SIMULATION
To understand the underlying physics of the nonlinear-
ity, micromagnetic simulations were performed using the
Landau-Lifshitz-Gilbert (LLG) equation [31]–[33]

dm̂
dt
= −γ m̂× ( EHeff + Eh(t)+ Eη)+ αm̂×

dm̂
dt
, (2)

where m̂ is the unit vector of local magnetization of YIG,
Eh(t) is the microwave field, Eη is the thermal fluctuation field
at room temperature [34], [35], and EHeff is the effective
field including the in-plane bias field EH , the spatially dis-
tributed magnetostatic field and the exchange field. α is the
damping constant. The Cartesian coordinates are defined as
follows: +ẑ along the bias field direction, +ŷ in-plane and
perpendicular to the bias field, and+x̂ along the out-of-plane
direction, as shown in Fig. 3. In our perpendicular pumping
configuration, Eh(t) is along ŷ. As the microwave pumping
frequency fp is ∼ GHz, the wavelength of the microwaves
is ∼ cm. Compared to the measured YIG sample size of
∼ mm, the microwave field can be treated as a uniform
field with a sine wave oscillating at ωp. Due to the low
coercivity of YIG, the sample’s magnetization is saturated

and aligned by EH . For a single crystalline structure, YIG
on Gadolinium gallium garnet(GGG), we use the following
parameters: gyromagnetic ratio γ = 1.77 × 107 s−1G−1,
Ms = 146 emu/cm3, exchange constant A=3.5 × 10−7

erg/cm and time step 1t=50 fs. A home grown parallel
computing code based on CUDA [19] is used to optimize the
computational performance.
The system under study is 15 µm × 15 µm × 1.5 µm.

The sample is discretized into cells with size 100 nm ×
100 nm× 1.5µm as a two-dimensional model. The reduction
in film thickness for simulation is dictated by the need to
capture all of the physics associated with the dipolar correc-
tions to the dispersion relation (1) while achieving reason-
able computational efficiency. A key fact is that the overall
scale in wavevector is determined by the exchange and dipo-
lar energies, which determine the location (k ∼ 105 cm−1)
of the minimum in Fig. 1. At this scale, the function
[1− exp(−kD)]/kD characterizing the dipolar magnetostatic
interactions is vanishing as 1/kD. In this sense, the sample
thickness D = 3 µm is already very large, and it suffices
to choose a smaller thickness (1.5 µm) for the simulation.
An alternative justification is provided by examining the criti-
cal magnons for the three-magnon process, i.e., those lying on
the contour ω = ωp/2, which assumes the butterfly shape in
k-space, as shown in Fig. 4(a). Figure 9 of Appendix A shows
an analogous calculation for a 3 µm thick YIG film. The
similarity with Fig. 4(a) illustrates why using the thinner films
for more efficient computation is justified, i.e., the thinner
film retains all of the essential physics while reducing the
number of cells required by a factor of 4, as the cell size in
the transverse direction must scale with the thickness. This
reduces the overall computation time by approximately a
factor of 4log(4) relative to the value required if the full 3 µm
thickness had been used.

We also have large latitude in the selection of a Gilbert
damping parameter α in the simulation. As long as α � 1,
we remain in the weak damping regime, in which the only
impact of changing α is to change the threshold power for
non-linear behavior. We exploit this fact by selecting a rela-
tively large α = 0.0014 in our simulation for computational
efficiency. This allows us to reduce the computational time
necessary to reach the steady state by a factor of 4 relative to
the experimental α (3.3×10−4). This does not quantitatively
(or qualitatively) affect the magnon dispersion, wavevectors,
energies, etc.

It is also interesting to note that, for most wavevectors,
the dispersion relation obtained from the micromagnetic sim-
ulations is consistent with the analytical prediction from (1),
shown in Fig. 4(b). At larger wave-vectors, beyond the min-
imum, the simulation remains correct. The analytic model,
however, begins to fail as the dipole approximation used to
calculate the demagnetization tensor in (1) breaks downwhen
kD ≥ 1. To improve the analytic theory for magnons at larger
wavevector, extra terms in the tensor, representing higher
order multipoles would be required. These are, however,
naturally captured in the simulation.
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FIGURE 3. The YIG sample geometry with the field directions indicated.

FIGURE 4. (a) Contour plot of simulated magnon dispersion in the two
dimensional in-plane k space. The gray contour line shows magnon
modes of constant angular frequency at ωp/2. (b) Analytical and
simulated magnon dispersion for the magnon wave vector k ⊥ H and
k // H.

FIGURE 5. (a) the experimentally determined FMR dependence on
microwave power at microwave frequency of 3.1 GHz. This frequency is
above the nonlinear frequency threshold. (b) the experimentally
determined FMR dependence on microwave power at microwave
frequency of 2.0 GHz. This frequency is in the nonlinear frequency range.
(c) The susceptibility at different powers normalized by the susceptibility
at a very low power χ/χ0, at varying microwave frequencies in both
simulation and experiment. The horizontal axis for simulation has been
shifted by 9 dB for all frequencies, to reflect the higher α usage in
simulation.

IV. NONLINEARITY OBSERVATION IN SIMULATION
AND EXPERIMENT
As a basis for comparing with simulation, ferromagnetic
resonance (FMR) is measured as a function of field for a
series of frequencies and excitation powers. As an example,
the FMR signal normalized by transmitted voltage, at fre-
quencies of 3.1 GHz and 2.0 GHz, is shown in Figs. 5 (a,b).
At 3.1 GHz, the normalized FMR is nearly unchanged over

three orders of microwave power amplitude. In contrast,
the normalized FMR at 2.0 GHz, although nearly unchanged
for powers up to −23 dBm, broadens significantly at higher
powers, and is nearly suppressed above the excitation power
of −2 dBm.

The experimental susceptibility χ is determined at each
frequency fP and power P by fitting the data to a two-phase
Lorentzian function:

Vdc(H ) = V0 −
B(1H )2

4((H − H0)2 + (1H )2/4)

+
F1H (H − H0)

2((H − H0)2 + (1H )2/4)
, (3)

where the fitting parameters are the resonant field H0,
linewidth 1H , the quadrature amplitudes B and F , and the
off-resonant transmitted amplitude V0. The resonant ampli-
tude
√
B2 + F2 is the quadrature sum of the two components.

In practice, the phase at each frequency is adjusted to maxi-
mize the symmetric component at the lowest power. To obtain
the susceptibility, we normalize by the voltage V0, which is
proportional to the microwave amplitude, and then divide by
fp, which accounts for the fact that the electromagnetic field
for a given magnetization precession amplitude is propor-
tional to frequency [29]. Hence,

χ ∝

√
B2 + F2

fpV0
. (4)

The experimental and simulated susceptibilities as a func-
tion of microwave power are compared in Fig. 5(c) for several
different microwave frequencies. We find that at and above
3 GHz, the response is essentially linear over the entire
range of excitation power. At lower frequencies however,
a well-defined power threshold is observed, above which the
maximum susceptibility decreases due to the onset of three
magnon scattering. At the experimental thickness of 3.0 µm,
the maximum frequency fth at which the magnon-magnon
process can occur is predicted by (1) to be 2.96 GHz. This is
the highest frequency for which a minimum in the dispersion
relation (see Fig. 1) occurs at frequency less than or equal
to fth/2. In experiment, we find that the power threshold
disappears above 3.0 ± 0.1 GHz, in good agreement with
the predicted value. The power threshold observed for fre-
quencies below fth is the Suhl instability originally found
in YIG spheres [7]. The power threshold in Fig. 5(c) is
commonly used to characterize the performance of nonlin-
ear microwave/RF applications, such as frequency selective
limiters and signal to noise enhancers [19]–[21]: it identifies
the minimum power that will experience excess attenuation.
The power dependent susceptibility in Fig. 5(c) determines
the insertion loss, which is another common factor used to
characterize the performance: it determines the attenuation
level for over-threshold inputs. This nonlinear feature allows
the material to attenuate undesirable inputs, while sustaining
the useful signal [36].

Insight into the connection between the susceptibility
and magnon-magnon scattering is revealed by the magnon
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FIGURE 6. (a) Contour plot of the magnon number nk at a microwave
power of −5 dBm, which is above the threshold frequency for
three-magnon scattering. The magnon number nk is obtained at the
steady state. The microwave pump frequency fp is 1.5 GHz. The generated
k 6= 0 magnons are degenerate with frequency of fp/2=0.75 GHz. (b) The
number of magnon states versus the microwave power. The black data
are the integrated magnon number N(k 6= 0) of non-uniform magnons,
as integrated over points in k-space satisfying ωk = ωp/2. The red data
represent the uniform magnon number N(k = 0).

number. Appendix B describes a rigorousmethod to precisely
calculate the number of elliptical magnons (the appropriate
eigenmodes for the thin film geometry) as a function of wave-
vector. The magnon number nk is calculated from the spatial
and temporal Fourier transform of the simulated magnetiza-
tion. For a spatially uniform microwave excitation field in
the linear power regime, N (k) is therefore a delta function
at k = 0 and ω = ωp. As the power increases above the
three-magnon threshold, magnon scattering is activated, and
a large number of k 6= 0 magnons are generated at fre-
quency ωp/2. Fig. 6(a) shows the magnon number in steady-
state for an excitation frequency fp = 1.5 GHz at a power
(-5 dBm) that is above threshold. The magnons generated by
three-magnon scattering occupy a curve in k-space satisfying
ωk = ωp/2. This corresponds to the contour shown in the
dispersion relation of Fig. 4(a). We can find the total number
of magnons generated at non-zero wave-vector by integrating
N (k) along this contour curve. At lowmicrowave power, only
k = 0 magnons are generated, N (k = 0) increases linearly
with power, and N (k 6= 0) is negligible. In this regime, all of
the energy is stored in the uniform mode. Above the thresh-
old frequency, N (k 6= 0) increases from the background
thermal value, while N (k = 0) is approximately constant,
as shown in Fig. 6(b). The sharp decrease in the susceptibility
in Fig. 5(c) corresponds to the redistribution of magnons from
k = 0 to k 6= 0.
A second feature observed in the data and simulation is

that the power threshold Pth for the onset of the instability
increases with increasing frequency, as shown in Fig. 5(c).
At the lowest fp, 2.0 GHz, Pth = −25 dBm, and it increases
to −14 dBm at fp = 2.8 GHz. Pth can be converted to the
microwave field threshold hth, using (5),

hth =

√
2P
Rload

/dCPW , (5)

where Rload is the load resistance (50 �) and dCPW is the
coplanar waveguide width. Given the simulation parameters,
hth at 2.0 GHz is 7.1 × 10−4 Oe while at 2.9 GHz, hth =
2× 10−3 Oe. The estimated precession cone angle is< 0.5◦.
The nonlinearity therefore occurs at a very low microwave
field. Although the three-magnon process, including the onset

FIGURE 7. (a) The 3D plot of magnon number versus in-plane k-space at
1.0GHz. (b) Spatial contour of magnetization component my parallel with
the microwave field at 1.0 GHz. Both figures are obtained at the steady
state.

TABLE 1. Properties of Excited Magnon Modes at Varying Microwave
Frequencies. The Modes are Always Excited in Pairs at Equal and
Opposite Wave-Vectors. Note That θk is the Angle Between the Magnon
Wave-Vector and the Applied Field Direction.

of magnon generation at ωp/2, has been observed directly by
Brillouin light scattering [18], the broadband measurements
here show quantitative agreement with theory over a wide
dynamic range of frequency and power. Unfortunately, it is
impossible to use the stripline technique to observe the modes
at non-zero wavevector.

V. MAGNON PAIR AT THE POWER THRESHOLD
Focusing on the microwave frequencies in the nonlinear
region, we find that just above the power threshold, magnon
pairs are generated as shown in Fig. 7(a). Because these
correspond to opposite wave-vectors, their superposition is
approximately a standing wave in space, as illustrated by the
plot of the in-plane precession amplitude (my) in Fig. 7(b).
It is perhaps surprising that the excited modes are focused
over such a small range of propagation angles, which is
clearly different from the direction of the applied magnetic
field. In practice, there are two sets of magnon pairs that can
be excited, so that up to four peaks in the magnon density
can be observed in k-space. The wave-vectors correspond-
ing to the peaks at several different frequencies are given
in Table 1. This ability to precisely select a particular magnon
pair is important for spintronic devices, where better control
of magnon production means better conveyance of informa-
tion, and thus better processing speeds and capacity. It also
may benefit the accuracy and the efficiency of parametrized
nonlinear circuit models [37], [38], where simple models
of scattering are used to approximate device functions. The
magnons are approximated by equivalent circuit units, such as
resistances, inductors and capacitors. Knowledge of the con-
tributing magnons helps identify the most significant circuit
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FIGURE 8. Contour plot of group velocity in the two dimensional k space,
produced as described in Appendix C. The microwave frequency is
2.5 GHz. The red curve represents the modes at the energy level of fp/2,
obtained from magnon dispersion. The deep-blue band represents the
minimum group velocity. The intersection point (marked as a red dot) of
red line and deep-blue band indicates the unique magnon mode, that
fulfills the energy of fp/2 and the minimum group velocity. This mode has
a propagation angle θk as 6.7 deg, consistent with our simulation result
in Table 1. The inset is a magnified image of the region at small wave
vectors.

units and, thus, should reduce the number of circuit units
needed.

As is evident from Fig. 7(b), the wavelengths of
the magnons excited in the three-magnon process are
∼ 1000 nm, which corresponds to the dipole-exchange inter-
action region [11], [12] (around the minimum) of the dis-
persion relation. The angle of propagation is determined
by the need to satisfy energy conservation while simulta-
neously considering where the magnon density of states is
largest in k-space. The density of states is proportional to
|∇k(ω)|−1, which is the inverse of magnitude of the group
velocity. The propagation angle for scattered magnons is
therefore determined by the points at which the density of
states diverges along the contour ω = ωp/2. The details
of this calculation are provided in Appendix C, and an
example for the case ωp = 2.5 GHz is shown in Fig. 8.
The angle θk of the propagating mode is theoretically pre-
dicted as ∼ 10 degrees, consistent with our simulated result
in Table 1. In principle, this focusing of magnons in k-space
should be observable by Brillouin light scattering (BLS),
and indeed there is some evidence for this in the work of
Ordonez-Romero et al. [18], although the high microwave
power required excites magnons over a larger fraction of
the ω = ωp/2 contour. The standing wave character and
high directionality of this mode of excitation could be useful
technologically for confining energy to particular regions of
a sample as well as conversion to other degrees of freedom,
such as phonons [12]. The combination of parametric pump-
ing and spatial selectivity might also be used as a spin wave
filter.

VI. CONCLUSION
By combining analytical theory with our simulated results,
we have established a rigorous technique of calculating
magnon numbers at any wave-vector for magnetic thin films

FIGURE 9. The magnon dispersion at the thickness of 3.0 um, obtained
from simulation. The grey contour line show magnon modes of angular
frequency at ωp/2.

under microwave pumping. We emphasize that this approach
is applicable to a wide range of pumping conditions, although
we have focused in this article on the three-magnon process.
We have demonstrated that the prediction for the frequency
and power dependence, including the expected threshold
behavior, is consistent with experiment. We have also shown
that near threshold, the primary magnons excited are those
with the minimum group velocity while simultaneously sat-
isfying energy conservation. This allows more distinct scat-
tering states to be available within thermal broadening and
limits energy transfer (radiation) between localities, thus pro-
moting further scattering. This localization has important
implications for the technology of nonlinear devices and for
simplified device modeling (because boundary conditions are
less important). More generally, the approach can be applied
to a variety of spinwave deviceswhere there is a need to select
excitation conditions to produce magnons with a specific
frequency and wave-vector.

APPENDIX A
THICKNESS DEPENDENCE OF MAGNON DISPERSION
The simulated dispersion for a 3 µm film under external
field of 148 Oe (the same as used for the simulation shown
in Fig. 4(a)) is shown in Fig. 9. The important frequency at
this field is fp/2 = 0.75 GHz, which corresponds to the gray
contour in Fig. 9. Its similarity to the dispersion contour at
the same frequency shown in Fig. 4(a) strongly suggests that
1.5 µm yields very similar results to the 3µm experimental
thickness.

APPENDIX B
TECHNIQUE FOR CALCULATING MAGNON NUMBER
Due to the precessional nature of the magnetization, it is
convenient to define the following variables: m+ = mx +
imy =

∑
akeikr, m− = mx − imy =

∑
a−k e
−ikr, where

mx , my, and mz are the normalized magnetizations [24], [39],
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where the x, y, and z coordinates are shown in Fig. 3. The
ordinary magnon operaturs ak and a−k represent the counter-
clockwise/clockwise polarization respectively in k space. The
Landau-Lifshitz equation can be rewritten in this representa-
tion as:(

ȧk
ȧ∗
−k

)
=

(
iAk iBk
−iB∗k −iAk

)(
ak
a∗
−k

)
; (6)

Ak = ωH + ωex l2k2 + ωM (T̃ xxk + T̃
yy
k ) ; (7)

Bk = ωM (T̃ xxk − T̃
yy
k ) , (8)

where k2 = k2y + k
2
z , γ is the gyromagnetic ratio, ωH = γH

is the precession angular frequency at applied field amplitude
H, ωex is the angular frequency of the exchange field, and
ωM = γMs is the magnetization angular frequency deter-
mined by the saturation magnetizationMs. The demagnetiza-
tion tensor 2T̃ ijk for a thin film [26] with thickness D, kx taken
to be zero, and i, j are x, y, z, is given by:

2T̃ ijk =


4π (1− G(kD)) 0 0

0 4πG(kD)
k2y
k2

4πG(kD)
kykz
k2

0 4πG(kD)
kykz
k2

4πG(kD)
k2z
k2

;
(9)

G(x) = 1−
1− exp(−x)

x
. (10)

Introducing the Holstein-Primakoff transformation [40] to
transform circular magnons ak and a∗−k to elliptical magnons
bk and b∗

−k, in order to eliminate the non-diagonal elements
in (6): (

bk
b∗
−k

)
=

(
λk µk
µ∗k λk

)(
ak
a∗
−k

)
. (11)

The transformation coefficient in λk and µk in (11) is
written as:

λk = cosh

(
arctanh( |Bk|Ak

)

2

)
; (12)

µk = sinh

(
arctanh( |Bk|Ak

)

2

)
, (13)

where λk and µk indicate the mixing of circular magnons,
caused by thin film geometry. Fig.10 shows our calculated
values of λk and µk in the case of YIG.
The elliptical magnon number nk is then:

nk = b∗kbk , (14)

Using a hybrid method of Holstein Primakoff transformation
and Fourier transforms of the simulated magnetization in
both time and space, we can therefore calculate the magnon
number rigorously.

FIGURE 10. The transformation parameters λk(a) and µk(b) in k space.
The microwave pump frequency is 1.5 GHz.

APPENDIX C
GROUP VELOCITY IN A THIN FILM
The dispersion relation ωk =

√
A2k − B

2
k can be obtained

from (6) in Appendix B. The definition of the group velocity
is vk = Okωk. Consequently, the velocity components vy
(perpendicular to the field direction) and vz (along the field
direction) are:

vy =
∂ωk

∂ky
(15)

=

Ak
∂Ak
∂ky
− Bk

∂Bk
∂ky√

A2k − B
2
k

; (16)

vz =
∂ωk

∂kz
(17)

=

Ak
∂Ak
∂kz
− Bk

∂Bk
∂kz√

A2k − B
2
k

. (18)

Using (7) and (8) in Appendix B, we obtain:

∂Ak
∂ky
= 2ωex l2 ky

+ 2πωM
2 kyk2z
k4

(3 G(kD)− 1+ e−kD) ; (19)

∂Ak
∂kz
= 2ωex l2 kz

−
2πωM
k4

(2 k2y kzG(kD)+ (1− G(kD)− e−kD)k3z ) ;

(20)

∂Bk
∂ky
= −2πωM

((
1− G(kD)− e−kD

) ky
k2

(
1+

k2y
k2

))

− 2πωMG(kD)
2 kyk2z
k4
; (21)

∂Bk
∂kz
= −2πωM

((
1− G(kD)− e−kD

) kz
k2

(
1+

k2y
k2

))

+ 2πωMG(kD)
2k2y kz
k4

. (22)
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