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ABSTRACT With the rapid popularity of smart terminals, the device-to-device(D2D) communication is
recognized as one of the most promising techniques in the fifth-generation(5G) communications networks
due to its capabilities of substantially improving the spectral efficiency, relieving the traffic burden in the
base stations(BSs), and reducing the terminals’ power consumptions, etc. By properly activating some D2D
links(DLs), the sum data rate of the D2D-aided cellular networks(CNs) can be substantially improved.
However, constrained by the severe interference imposed on the conventional cellular users (CUs) by the
activating D2D users (DUs), the sum data rate of the D2D-aided CNs cannot be unlimitedly improved
in a crude way of simply increasing the number/density of DLs. In other words, there must exist a
maximum/optimal number of activating DLs in terms of the sum data rate, as revealed in this paper.
By identifying the maximum/optimal number of activating DLs, the closed-form expressions for sum data
rates of both cellular links(CLs) and DLs can be obtained. Numerical results show that the optimum
number of activating DLs, as a function of several critical parameters such as DU’s transmit power, signal-
to-interference-plus-noise ratio threshold and outage probability of CLs/DLs, etc, can be determined by
implementing the proposed algorithms.

INDEX TERMS Underlaying cellular networks, device-to-device, maximum D2D number, optimal D2D
number.

I. INTRODUCTION
With the rapid popularity of smart terminals, more and more
advanced applications such as pilotless automobile, tele-
medicine and smart home, etc, have emerged [1]–[4]. Accord-
ingly, both the number of connected devices and the volume
of mobile data traffic have undergone an exponential growth
in the past decade, highly demanding a substantial improve-
ment in the capacity of mobile networks [5], [6]. However,
the harsh reality of ‘‘spectrum resources are becoming
scarce’’ has posed a severe challenge to both operators and
vendors. All the above-mentioned conditions have greatly
stimulated the demand for emerging of new techniques such
as the fifth-generation (5G) wireless communications and
Internet of Things (IoT) [7]–[12].
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At present, many new spectral-efficient technologies have
been proposed by either academia or industry. Among them,
the Device-to-device (D2D) technique, which enables the
D2D peers to communicate directly without relying on the
involvement of base stations (BSs), has attracted a wide
concern. In the past few years, D2D technique has exhibited
several promising advantages, such as the capabilities of
substantially improving the spectral efficiency of wireless
networks, significantly relieving the heavy traffic burden of
the BSs, enhancing the connectivity of mobile devices, and
saving power of mobile terminals, etc [13]–[23].

Basically, the benefits brought about by employing D2D
technique comes from the fact that ‘‘the D2D links (DLs)
are allowed to reuse the licensed spectrum that was sup-
posed to be exclusively occupied by the conventional cellular
links (CLs)’’. The spectrum utilization can thus be substan-
tially improved by implementing D2D transmissions [24].
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Even so, there are still many core problems that should
be broken through. For instance, the activated D2D trans-
mitters (DTs) may impose a severe interference on their
co-spectrum CLs [25]–[27], thus causing an intolerable bit
error rate (BER) on the latter [28], [29]. In other words, it is
impossible for us to attain an unlimitedly increasing sum data
rate in the D2D-aided underlaying cellular networks (CNs) in
a crude way of simply enhancing the density of DLs.

Until now, the relationship between the system’s perfor-
mance and the number of DLs inD2D-aided underlaying CNs
has been widely investigated [30]–[34]. For instance:
• In [30], the authors investigated the maximum-
multiplexing problem inD2D-aided underlaying CNs by
considering two multi-carrier modulations, i.e., Orthog-
onal Frequency Division Multiplex (OFDM) and Filter
Bank Multi-Carrier (FBMC) modulation. It was illus-
trated that the average data rate can be greatly improved
by multiplexing licensed spectrum with DLs. However,
the optimal number of DLs was not evaluated in [30].

• In [31], the sum data rate of the D2D-aided CNs was
shown to be improved by increasing the number of
DLs. However, the authors only considered the scenarios
of fixed CLs/DLs, without giving out the closed-form
expressions for the sum data rate under variant number
of DLs.

• The authors in [32] pointed out that the number of
potential DLs plays an important role in impacting the
system’s capacity. The analytic expressions for the aver-
age coverage probability of the conventional cellular
users (CUs) under variant number of potential DLs were
computed relying onmathematical tools such as stochas-
tic geometry and Poisson point process (PPP). However,
neither the closed-form expression for the DLs’ cover-
age probability nor that for the sum data rate was given
out in [32].

• In [33], the authors proposed an adaptive group-head-
selection algorithm for maximizing the number of con-
nections in machine-type communication (MTC). This
algorithm can be categorized as a joint-signaling-and-
data-resource-optimization model that is constrained by
both network resources and data rate. It was shown
that the number of connections is mainly impacted by
two parameters, namely the ratio of the number of
MTC users to that of the conventional CUs and the
ratio of communication-target-threshold of MTC users
to that of the CUs. However, by adopting the pro-
posed group-based resource allocation algorithm, only
the number of connections can be improved (i.e., neither
the maximum nor the optimal number ofMTC users was
investigated).

• In [34], the impact of DLs’ number on the sum data
rate was investigated by considering the scenario in
which an individual spectrum was reused by multiple
CLs/DLs. By fixing the total number of users, it was
shown that the smaller the proportion of CUs, the higher
the sum data rate. Furthermore, it was revealed that an

optimal number of DLs under the fixed-CUs condition
always exists and can be found. However, the maximum
number of DLs supported by a single sub-channel was
still unknown.

• In [35], based on Lagrangian duality theory, energy
efficiency algorithms are proposed to solve an opti-
mal power and rate control problem, whicih is used to
achieve proportional fairness between DUs and CUs.

From the above-mentioned discussions [31]–[33], [36], the
sum data rate of the D2D-aided underlaying CNs can be
improved to some extent by increasing the density of DLs.
However, without giving out the closed-form expressions of
the sum data rate (i.e., neither the optimal nor the maxi-
mum number of DLs is calculated), it would be really hard
to intuitively illustrate the capacity’s changing trend in the
D2D-aided CNs. To our best knowledge, there exist very
few literatures concerning the optimal/maximum tolerable
number of activating DLs in D2D-aided CNs. Although the
authors in [34] attained the closed-form expressions for the
sum throughput, and the maximum value is obtained by
balancing the scale factor between the DUs and the total
users (i.e. accounting both CUs and DUs). However, the max-
imum/optimal number of DLs were neglected.1 Furthermore,
with the rapid development of IoTs, the maximum number of
DLs that can be accommodated by a single channel has been
regarded as one of the most important performance indicators
(as well as major problems) in D2D-aided underlaying CNs
due to the depleting spectral resources.

In this paper, both the optimal value of DLs in terms of
the maximum throughput and the maximum number of con-
nected devices in the D2D-aided underlaying CNs are inves-
tigated. The main contributions of this paper are reflected in
the following aspects:

1) Deriving the closed-form expression of the sum data
rate in the D2D-aided underlaying CNs, in which an
individual sub-channel can be employed for supporting
one CL and K DLs simultaneously;

2) Attaining the optimal number of activated DLs in terms
of the maximum throughout;

3) Obtaining the maximum number of connected devices
that can be supported in the D2D-aided underlaying
CNs.

The remainder of this paper is organized as follows.
Section (II) introduces the system model of the D2D-aided
underlaying CNs. In Section (III), the closed-form

1In theory, the optimal activated link indicates the number of DLs corre-
sponding to the maximum capacity of the proposed system. In other words,
if the number of DLs is beyond this optimal value, the excessive interference
imposed by these additional DLs will erode the sum data rate. At that
time, the SINR received at BS is still greater than the threshold, and the
number of D2D links can be further increased. However, the interference
imposed by increasing the activated DLs exceeds the increment of signal,
thus decreasing the system capacity. When the received SINR becomes
lower than the threshold due to the interference induced by the activated
D2D links, the corresponding number of DLs is called ‘‘maximum’’. In this
sense, the concept ‘‘the maximum number’’ should be understood as ‘‘the
upper-bound for the number of DLs carried in the same sub-channel under
the premise of satisfying the CUs’ QoS requirements’’.
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FIGURE 1. System model for the proposed D2D-aided CNs with 1 ≤ k ≤ K .

expressions of coverage probabilities for both CLs and DLs
are derived, followed by solving the optimal/maximum num-
ber of DLs in Section (IV). Furthermore, numerical results
are provided in Section (V). Finally, Section (VI) concludes
the paper.

II. SYSTEM MODEL
In this paper, the spectrum-sharing scheme in D2D-aided
underlaying CNs will be investigated. Without loss of gen-
erality, we assume thatM activated CUs occupy a total ofM
sub-channels based on some resource-allocation techniques
(e.g. orthogonal frequency division multiplexing (OFDM)).
In this case, there would exist no available spectrum resource
for the DUs. To address this problem, a new scheme can
be implemented by allowing the reuse of an individual
sub-channel between one (and only one) CU and K DLs.
In brief, the licensed uplink spectrum, which was supposed
to be exclusively occupied by the conventional CUs, can be
reused by the DUs in the proposed model, as depicted in
Fig.1. Furthermore, we assume that a single cell is capable
of providing services to a number of mobile customers
(i.e., comprising M CUs and K D2D pairs) simultaneously.
In addition, both CLs and DLs have their own minimum
Quality of Service (QoS) requirements in terms of a tolerable
signal-to-interference-plus-noise ratio (SINR), provided that
the channel state information (CSI) information concerning
each link is available at the BS. Finally, all the K co-channel
DTs are assumed to be distributed within the cell cover-
age following a homogeneous PPP 81 model with density
λd [32].

In the following, we assume that (if necessary) the CUs can
always establish their connections to the serving BS. Without
loss of generality, the inter-CU-interference is assumed to
be negligible. Meanwhile, the geographically close-by D2D
peers are allowed to establish DLs between them, as depicted
in Fig.1. By and large, there exist three primary interference
sources between DLs and the conventional CLs, namely the
inter-DU interference, the DL-to-BS interference and the
CL-to-D2D receiver (DR) interference.

In the following, we employ subscripts b and c to stand for
the BS and the CU, respectively, and use subscripts i and j to
specify the i-th DT and the j-th DR, respectively. In partic-
ular, di,i is used to denote the distance between i-th DT and
its peer DR. Furthermore, we assume that the distance di,i
is statistically time invariant. Following the above settings,
the received signals at the BS can be expressed:

yb =
√
d−αc,b Pc · hc,b · sc +

K∑
i=1

√
d−αi,b Pi · hi,b · si + z, (1)

where Pi and di,b denote the transmit powers of the i-th DT
and the distance between the i-th DT and the BS, respectively.
Furthermore, hi,b ∼ CN (0, 1) denotes the coefficient of
the channel attenuation between the i-th DT and the BS.
Meanwhile, α and si are used to denote the path-loss expo-
nent and the transmitted signals of the i-th DT, respectively.
In addition, we assume that E

{
|s|2

}
= 1 always holds.

Finally, z ∼ CN (0, σ 2) stands for the additive white Gaussian
noise (AWGN).

Similarly, the received signals at the j-DR can be
represented:

yj =
√
d−αc,j Pc · hc,j · sc +

K∑
i=1
i 6=j

√
d−αi,j Pi · hi,j · si + z. (2)

III. COVERAGE PROBABILITY ANALYSIS
In this section, the closed-form expressions for the coverage
probabilities of both CLs and DLs will be given out.

A. COVERAGE PROBABILITY OF CONVENTIONAL
CELLULAR LINKS
For a given realization of the PPP 81, under the above-
mentioned assumptions by taking the k-th CL as an example,
the SINR observed at the BS side (i.e., due to the interference
imposed by the DLs) can be computed:

SINRkb =
Pcd
−α
c,b

∣∣hc,b∣∣2∑
i∈81

Pid
−α
i,b

∣∣hi,b∣∣2 + σ 2
. (3)

Given a pre-defined SINR threshold (i.e., βc),2 the aver-
aged uplink coverage probability can be defined:

PCcov (βc, λd , α) = E
[
P
{
SINRkb > βc

}]
, (4)

where

P
{
SINRkb > βc

}
= P

{
Pcd
−α
c,b

∣∣hc,b∣∣2
Id + σ 2 > βc

}

= P
{∣∣hc,b∣∣2 > βcdαc,b

Pc

(
Id + σ 2

)}
= exp

(
−
βcdαc,bσ

2

Pc

)
LId (s) (5)

2The received power at the BSs can be regarded as high enough to meet
the QoS requirement of CLs only if it is beyond the threshold.
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with Id =
∑
i∈81

Pid
−α
i,b

∣∣hi,b∣∣2 and s =
βcdαc,b
Pc

. Furthermore,

LId (s) is used to stand for the Laplace transform of random
variables Id evaluated at s, as expressed:

LId (s) = E

exp
−s∑

i∈81

Pid
−α
i,b

∣∣hi,b∣∣2


= exp

[
−
2πλd
α

(
βcPi
Pc

) 2
α

B
(
1−

2
α
,
2
α

)
d2c,b

]
, (6)

where B(P,Q) denotes the Beta function.3 The detailed
derivation of the above-mentioned expression is given by
Appendix A.

By substituting (6) into (5) and utilizing the Euler’s Reflec-
tion Formula0 (1− x) 0 (x) = π

sinπx , the probability density
function (PDF) fr (r) can be simplified as 2r/R2, provided
that the CUs are randomly distributed within the radius-R
coverage of a cell. Therefore, the coverage probability of CLs
can be calculated:

PCcov (βc, λd , α) =
∫ R

0
e−ar

α
−br2 fr (r)dr, (7)

where a = βcσ
2

Pc
, b = 2π2λd

α sin(2π/α)

(
βcPi
Pc

) 2
α
and r = dc,b .

Here we must emphasize that it would be pretty hard to
derive the exact closed-form expression of the coverage prob-
ability, if not impossible. Fortunately, by picking out some
specific α values, we can always attain the simplified closed-
form expression. In the following, like in [31], [32], [38],
we give out the coverage probability of CLs by considering
the special case of α = 4:

PCcov (βc, λd , 4) =
1
R2

√
π

4a
exp

(
b2

4a

)
[8(ι)−8(κ)] (8)

where ι = b
√

1
4a + R2

√
a, κ = b

√
1
4a , and 8(x) =

1
√
π

∫ x2
0

e−t
√
t
dt .

Basically, the impact of noise can be neglected in cal-
culating the coverage probability, provided that the noise
power is low enough. By neglecting the impact of noise and
substituting both σ 2

= 0 and α = 4 into (8), the closed-
form expression of CL’s coverage probability (i.e. PCcov) can
be simplified:

PCcov =
1− exp

(
−
π2

2 λd

√
βcPi
Pc
R2
)

π2

2 λd

√
βcPi
Pc
R2

. (9)

Evidently, the coverage probability of CLs (by neglecting
the impact of noise) will be impacted mainly by the following
three factors, i.e., the number of the co-spectrum DLs (i.e.,
λdπR2), the ratio Pi/Pc and the SINR threshold of CLs (i.e.,
βc).

3In particular, we have B
(
1− 2

α ,
2
α

)
= 0

(
2
α

)
0
(
1− 2

α

)
, where

0 (s) =
∫
∞

0 ts−1e−tdt is defined as the Gamma function, refered to (8.350)
in [37].

B. COVERAGE PROBABILITY OF D2D LINKS
For a given D2D pair (i.e., the j-th DL), the interference
imposed on the j-th DR mainly comes from the co-spectrum
CL as well as its neighboring DLs (i 6= j). In this case,
the SINR observed at the j-th DR can be expressed:

SINRkj =
Pjd
−α
j,j

∣∣hj,j∣∣2
Pcd
−α
c,j

∣∣hc,j∣∣2 + K∑
i∈81\{j}

Pid
−α
i,j

∣∣hi,j∣∣2 + σ 2

. (10)

Denoting by βd the SINR threshold at the j-th DR, the
coverage probability averaged over a given planar area can
be expressed:

PD2Dcov (βd , λd , α) = E
[
P
{
SINRkj > βd

}]
, (11)

where

P
{
SINRkj > βd

}
= P

 Pjd
−α
j,j

∣∣hj,j∣∣2
I ′c + I

′
d + σ

2 > βd


= P

{∣∣hj,j∣∣2 > βddαj,j
Pj

(
I ′c + I

′
d + σ

2
)}

= exp

(
−
βddαj,jσ

2

Pj

)
LI ′c
(
s′
)
LI ′d

(
s′
)
,

(12)

with I ′c = Pcd
−α
c,j

∣∣hc,j∣∣2, I ′d = K∑
i∈81\{j}

Pid
−α
i,j

∣∣hi,j∣∣2 and s′ =

βddαj,j
Pj

.
Similar to (6), LI ′d (s

′) can be expressed:

LI ′d
(
s′
)
= exp

−2πλd
α

(
βddαj,jPi

Pj

) 2
α

B
(
1−

2
α
,
2
α

) ,
(13)

where Pj denotes the transmit power of the j-th DT.
Next, let us validate the above-mentioned expression by

taking Rayleigh-fading model as an example. In particular,
for Rayleigh-fading channels with

∣∣hc,j∣∣2 → exp(1), the
Laplace transform LI ′c

(
s′
)
can be calculated:

LI ′c
(
s′
)
= E

[
e
−

(
s′Pcd

−α
c,j |hc,j|

2
)]

=
1

1+ s′PcE
[
dc,j
]−α (14)

where the equality E
[
e−δA

]
=

1
1+A when δ → exp(1) is

used. Like in [39], an approximation E
[
dc,j
]
≈

128R
45π can be

obtained.
By substituting (13) and (14) into (11), the coverage

probability of the j-th DL can be obtained:

PD2Dcov (βd , λd , α) = exp
(
−a′dαj,j − b

′d2j,j
) 1

1+
βdPcdαj,j
PjE[dc,j]

α

(15)

where a′ = βdσ
2

Pj
and b′ = 2π2λd

α sin(2π/α)

(
βdPi
Pj

) 2
α
.
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FIGURE 2. Coverage probability as a function of DL density (i.e., λd ) with
variant power ratios.

Next, let us substitute α = 4 into (15) for deriving the
closed-form expression of the coverage probability of DLs.
By ignoring the impact of noise, we get:

PD2Dcov = exp

(
−
π2λd

2

√
βdPi
Pj

d2j,j

)
1

1+
βdPcd4j,j
PjE[dc,j]4

. (16)

Evidently, the coverage probability of the j-th DL will mainly
be dominated by the following four factors, including the
density of the co-spectrum DLs (i.e., λd ), the ratios Pi/Pj and
Pc/Pj, the SINR threshold of DUs (i.e. βd ) and the distance
between the j-th DT and its peer DR (i.e., dj,j).
In Fig.2, the relationship between the coverage probability

and the density of DUs under variant power ratios is revealed.
The coverage probabilities of both CLs and DLs are shown
to gradually decrease as the DUs’ density increases. This
observation matches the theoretical analysis well. Evidently,
the coverage probability PCcov can be improved by increasing
the ratio Pc/Pi. Unlike PCcov, it would be beneficial to improv-
ing the coverage probability PD2Dcov by decreasing the power
ratio Pi/Pj or Pc/Pj.

IV. OPTIMAL AND MAXIMUM NUMBER OF D2D LINKS
In this section, the optimal/maximum numbers of activated
DLs will be identified relying on the analysis of ergodic
data rate. We assume that each licensed spectrum that has
already been allocated to a CU is allowed to be reused by
multiple DLs in the proposed underlaying CNs. The optimal
number of DLs indicates the number of DLs corresponding
to the maximum capacity of the underlaying CNs. In other
words, if the number of DLs is beyond this optimal value, an
excessive interference imposed by these additional DLs will
deteriorate the sum data rate. Although the number of DLs is
still allowed to continually increase in this case (because the
SINR received at the serving BS is still beyond the thresh-
old), the excessive interference imposed by increasing the
activated DLs will exceed the useful signal’s increment, thus
deteriorating the system’s capacity. If in a time the received
SINR is becoming less than the threshold if an additional
DL is activated, the instantaneous number of activated DLs
is defined as ‘‘the maximum number’’ of DLs. In this sense,

the concept ‘‘the maximum number’’ should be understood as
‘‘the upper-bound of the number of DLs carried in the same
sub-channel under the premise of satisfying the CUs’ QoS
requirements’’.

A. SUM DATA RATE OF D2D-AIDED UNDERLAYING
NETWORKS
From (29) in [31], the ergodic data rate of D2D-aided under-
laying CNs can be expressed:

R̄ =
∫
∞

0
log2(1+ β)P

{
SINRkj > βd

}
dβ

=
1
ln 2

∫
∞

0
ln(1+ β)d(−Pcov)

=
ln(1+ β)

ln 2
(−Pcov)

∣∣∣∣∞
0
+

1
ln 2

∫
∞

0

Pcov
1+ β

dβ, (17)

where we have ln(1+β)
ln 2 (−Pcov)

∣∣∣∞
0
→ 0.

By substituting (9) into (17), the ergodic data rate of each
CL (i.e., R̄C) can be calculated:

R̄C =
1
ln 2

∫
∞

0

1− exp
(
−A
√
βc
)

A (1+ βc)
√
βc

dβc

=
2

A ln 2

[π
2
− Ci (A) sinA+ si (A) cosA

]
, (18)

where A = π2R2λd
2

√
Pi
Pc

and si(x) = −
∫
∞

x
sin t
t dt and Ci(x) =

−
∫
∞

x
cos t
t dt , as defined in [37].

Similar to (18), the ergodic data rate of a DL (i.e., R̄D2D)
can be computed by substituting (16) into (17):

R̄D2D =
1
ln 2

∞∫
0

exp
(
−C
√
βd
)

(1+ βd ) (1+ Bβd )
dβd

=
2

(B− 1) ln 2

[
cosC Ci (C)− cos

(
C
√
B

)
Ci
(
C
√
B

)
+ sinC si(C)− sin

(
C
√
B

)
si
(
C
√
B

)]
,

(19)

where B =
Pcd4j,j

PjE[dc,j]4
and C =

π2d2j,jλd
2

√
Pi
Pj
.

By combining (18) and (19), the sum data rate of the
proposed underlaying CNs can be obtained:

Rsum = R̄C + πR2λd R̄D2D. (20)

B. MAXIMUM NUMBER OF D2D LINKS
Following the above-mentioned analysis, the following con-
clusion can obviously be drawn: the larger the number of
DLs, the severer the inter-link interference. In other words,
we cannot unlimitedly improve the sum data rate in a crude
manner of ‘‘continuously increasing the number of activated
DLs’’. Evidently, there must exist a maximum4 (tolerable)

4Here we must emphasize that the maximum (tolerable) number of acti-
vated DLs may not necessarily correspond to the maximum sum data rate.
As compared to this marginal condition, adopting an appropriately lower
density of DLs may be more beneficial to optimizing the sum data rate,
as proven in the next subsection.
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number of activated DLs. If the maximum (tolerable) number
of activated DLs in terms of link’s quality is met in the under-
laying CNs, further increasing the activated DLs (i.e., make
it be beyond this maximum number) will definitely erode the
sum data rate, because the received SINRs at both BS and
DRs may no longer satisfy the minimum QoS requirements
of CL and DLs, respectively.

In order to achieve the above-mentioned goals, we must
implement some appropriate schemes such as resource allo-
cation and power control. Before doing that, let us first denote
by Nc and Nd the CLs and DLs of interest, respectively.
To maximize the number of connections while simultane-
ously satisfying the SINR threshold of both links, we may
formulate the optimization problem as:

max
Ps,λd

Nc + Nd

s.t.


C1 : 1− γc < PCcov < 1;
C2 : 1− γd < PD2Dcov < 1.
C3 : 0 ≤ Ps ≤ Pmax

(21)

where γc and γd denote the thresholds of outage probabilities
of CLs and DLs, respectively, and Ps may denote either Pc or
Pd [40]. Here, the expression (1−γc) represents theminimum
probability of establishing the link that is accepted by each
user. In other words, if the coverage probability is lower than
(1− γc), the link is not allowed to be established.

The goal of the above-mentioned optimization problem is
to maximizing the number of connections by both choosing
an appropriate number of activated DLs and adjusting the
transmit power of each user. Furthermore, the constraints
C1 and C2 must be met simultaneously for satisfying the
probability threshold in terms of the successful creation of
DLs. In addition, constraintC3 gives out the allowed transmit
power of DUs in the proposed formulation.

Under constraints C1 and C2, we can give out the upper-
bound of λd :

λd ≤
1+ (1− γc)PL[−

e−1/(1−γc)
1−γc

]

A′
√
βc (1− γc)

= λ1;

λd ≤ −
ln [(1− γd ) (1+ Bβd )]

C ′
√
βd

= λ2;

(22)

where A′ = π2R2
2

√
Pi
Pc
, C ′ = π2

2 d
2
j,j. In addition, PL, whose

integration interval is
[
−1
e ,+∞

]
, denotes the inverse func-

tion of f (x) = xex . Since PL is not a Liouville integrable
function, we cannot obtain its closed-form solution relying on
any elementary method. However, we can still conclude that
the upper bounds for the density of total users must satisfy
λ
up
d ≤ min [λ1, λ2].
In light of the fact that only one CU is accommodated

by an individual sub-channel, the above-mentioned opti-
mization problem can be transformed into the problem of
‘‘maximizing the number of activated DLs (i.e., Nd =
πR2λdPD2Dcov )’’. By substituting (16) into Nd , the objective

Algorithm 1 Algorithm for Calculating the Maximum Num-
ber of DLs

Steps for Calculating the Maximum Number of DLs
1 Initialize: λ0 = 0.001,R,P, d , ε;
2 Computer: λ2, ξ ; then
3 Substitute λ2 into PCcov
4 if 1− γc < PCcov < 1; then
5 λ

up
d = λ2;

6 else
7 λ

up
d = (λ0 + λ2)/2

8 Substitute λupd into PCcov
9 if 1− γc < PCcov < 1; then
10 λ2 is the Maximum Number of DLs,

i.e., λupd = λ2;
11 else
12 while (|λ2 − λ0| > ε)
13 if 1− γc < PCcov < 1; then
14 λ0 = λ

up
d ;

15 else
16 λ2 = λ

up
d ;

17 endif
18 λ

up
d = (λ0 + λ2)/2;

19 endif
20 endif

21 Maximum Number of DLs λmaxd = min
[
1
ξ
, λ

up
d

]

function can be rewritten as:

max
λd

Nd = λdζ exp (−ξλd ) , (23)

where ξ =
π2d2j,j
2

√
βdPi
Pj

and ζ = πR2

1+
βd Pcd

α
j,j

PjE[dc,j]α

. Note that the

constraints of this optimization is similar to that of (21).
Following (23), we can identify the optimal value of λd by

taking the first derivative to the cost function with respect to
λd , provided that the objective function has an unique opti-
mum point (although this function is not concave). We can
thus obtain:

∂Nd
∂λd
= ζ exp (−ξλd ) (1− ξλd ) . (24)

Evidently, λd = 1
ξ
is the solution of the above equation. Con-

sidering the constraints of the proposed formulation, the max-
imum connections of (simultaneously activating) DLs can be
expressed:

λmaxd = min
[
1
ξ
, λ

up
d

]
. (25)

C. OPTIMAL NUMBER OF D2D LINKS
As emphasized in the former subsection, adopting the maxi-
mum number of DLs may not necessarily correspond to the
maximum sum data rate. In fact, the system working with
the maximum number of DLs usually does not maximize

VOLUME 8, 2020 212781



J. Sun et al.: Maximum and Optimal Number of Activated Links for D2D-Aided Underlaying Cellular Networks

the sum data rate due to the impact of a severer interfer-
ence imposed by these excessively activating DLs. Evidently,
there should exist an ‘‘optimal’’ number of DLs correspond-
ing to the maximum sum data rate, as investigated in the
following.

Let us analyze the performance of the proposed D2D-aided
underlaying CNs in a scenario that allows us to continuously
increase the density of DLs. We start at the condition that the
density of activated DLs is zero (i.e., all the activated users
are CUs). Obviously, by gradually increasing the number of
activated DLs, the sum data rate of this underlaying system
can be improved in the low-DL-density scenarios. Note that
the interference imposed by these on-activating DLs will
also increase accordingly. This DL-induced interference will
become the main constraint factor for preventing the growth
of the sum data rate. The sum data rate will continuously
increase until an ‘‘optimal’’ number of activated DLs is
touched.

As shown in (20), both the distance dj,j and the transmit
power (i.e.Pc andPd ) are assumed to be kept fixed for a given
cellular radiusR, in which case the sum data rate will be deter-
mined solely by the DUs’ density λd . To obtain the optimal
number of activated DLs in terms of the maximum sum data
rate, the objective function of the proposed optimization task
can be formulated:

max
λd

2
A ln 2

(π
2
− f (A)

)
+

2πR2λd
(B− 1) ln 2

(
g (C)− g

(
C
√
B

))

s.t.


C1 : 1− γc < PCcov < 1;
C2 : 1− γd < PD2Dcov < 1;
C3 : 0 ≤ P ≤ Pmax.

(26)

where f (x) = Ci (x) sin x − si (x) cos x and g (x) =
Ci (x) cos x + si (x) sin x, with their first-order derivatives:f

′ (x) = g (x)

g′ (x) =
1
x
− f (x)

(27)

Proof: Please refer to Appendix B for details.
To maximize the sum data rate by identifying the opti-

mal number of activated DLs, we may take the first and
second-order derivatives, respectively, to Rsum in terms of λd ,
thus leading to:

∂Rsum

∂λd

=
2
ln 2

− 1

A′λ2d

(π
2
− f (A)

)
−
g (A)
λd

+
πR2

(B− 1)

g (C)−g( C
√
B

)
+

Cf
(

C
√
B

)
√
B
− Cf (C)


(28)

FIGURE 3. The first and second-order derivatives as functions of DUs’
density.

and

∂2Rsum

∂λ2d
=

2
ln 2

[
π

A′λ3d
−

2f (A)

A′λ3d
+

2g (A)

λ2d
−

1

λ2d
+
A′f (A)
λd

+
πR2C ′′

(B− 1)
T (B,C)

]
, (29)

respectively, where T (B,C) = −2f (C)+
2f
(

C
√
B

)
√
B
+
Cg
(

C
√
B

)
B −

Cg (C), and C ′′ =
π2d2j,j
2

√
Pi
Pj
.

According to (28), it would be very hard to give out the
exact closed-form solution of ∂R

sum

∂λd
= 0, if not impossible.

Fortunately, we may employ the graphic rather than algebraic
method to address this issue. As illustrated in Fig.3, the dotted
curve corresponds to the first derivative to Rsum in terms
of λd .5 The first derivative of Rsum is shown to have only
null point (i.e., the density of DLs - λnulld - is attainable),
which guarantees that the specific value to be identified can
be calculated by using dichotomy. As revealed in the solid
curve in Fig.3, on the other hand, Rsum is shown to be a
monotonically increasing function of density of DLs (i.e., the
value of this function cannot always be negative). However,
by taking the second-order derivative to Rsum, the result will
be negative at the point that the first-order derivative of this
function is zero. To prove it, we can first identify the value
of ∂R

sum

∂λd
= 0 by using dichotomy, followed by substituting

this specific value into (29) to determine the sign of the cost
function. In other words, there must exist an optimal number
of users (i.e., comprising both CUs and DUs) in terms of sum
data rate. The steps for determining this optimal value are
described as follows:

Based on the above-mentioned analysis, the optimal den-
sity of activated DLs can be calculated:

λ
opt
d = min[λnulld , λmax

d ]. (30)

In summary, as the density of activated DLs increases,
the radio environment of the proposed underlaying CNs will

5Since this function is continuous and smooth, it is derivable.

212782 VOLUME 8, 2020



J. Sun et al.: Maximum and Optimal Number of Activated Links for D2D-Aided Underlaying Cellular Networks

Algorithm 2 Algorithm for Calculating the Optimal Number
of DLs

Steps for Calculating the Optimal Number of DLs
1 Initialize: a = 0.001, b = 10001, ε;
2 if ∂R

sum

∂λd
|λd=a ·

∂Rsum
∂λd
|λd=b < 0; then

3 Substitute c = (a+ b)/2 into ∂Rsum
∂λd
|λd=c

4 if ∂R
sum

∂λd
|λd=c = 0; then

5 c is the desired zero point, i.e., λnulld = c;
6 else
7 while (|a− b| > ε)
8 if ∂R

sum

∂λd
|λd=a ·

∂Rsum
∂λd
|λd=c < 0; then

9 b = c;
10 else
11 a = c;
12 endif
13 λnulld = (a+ b)/2;
14 endif
15 endif
16 Substitute λnulld into ∂2Rsum

∂2λd
|λd=c;

17 if λnulld satisfies ∂
2Rsum

∂2λd
|λd=c < 0

18 λnulld is the optimal value of DLs.
19 endif
1 Note that the numbers a and b denote the upper and lower boundaries of
λd ’s interval, respectively. Here, we employ a = 0.001 to approximately
represent the lower-bound value that tends to 0, while employ b = 1000
to approximately represent the upper-bound value that tends to∞.

change accordingly. On the one hand, the system’s capacity
becomes greater by activating more DLs (provided that the
optimal number of DLs has not been touched); on the other
hand, the DL-induced interference will become severer. How-
ever, beyond the optimal number of DLs, the system’s capac-
ity will decrease, i.e., RSUMK+1 < RSUMK , where K represents
the optimal number of activated DLs. Furthermore, both the
constraints SINRo > βc and SINRi > βd must be satisfied6

for guaranteeing the required SINRs of both CLs and DLs.
In practical scenarios, we can attain the optimal solution of
problems (26) and (23) by implementing the algorithm below:

V. NUMERICAL ANALYSIS
In this section, we assume that each sub-channel is allowed to
be reused by multiple users, comprising one CU as well asNd
(i.e., λdπR2) D2D pairs. Next, let us evaluate the performance
of the proposed algorithms via simulation. The simulation
parameters are elaborated on in Table 1.

In Fig.4, the sum data rate as a function of DUs’ den-
sity is evaluated by considering variant power ratios (i.e.,
k = Pi/Pj). It is shown that both the maximum number of
activated DLs reusing the same sub-channel and the optimal
number of activated DLs in terms of the sum data rate exist

6Of course, the number of activated DLs in this case corresponds to the
maximum rather than optimal number of activated DLs that reuse the same
spectrum. In particular, if the required QoS in either CL or DLs cannot be
satisfied, the maximum instead of optimal number of DLs can be employed.

Algorithm 3 Simulation Algorithm for Calculating the Opti-
mal/Maximum Numbers of DLs

Steps of Simulation Algorithm
1 Initialize: M=1; L=10001

2 for K=1: L
3 for j=1: K
4 if SINRo > βc and SINRj > βd , then
5 Nmax

= K ;
6 if RSUMK > RSUMK−1 , then
7 N opt

= K ;
8 endif
9 elseif break;
10 endfor
11 endfor
1 Note that L signifies the number of cycles for finding the maximum
number of activated DLs. Here, L can be set to be infinity. The algorithm
is forced to exit whenever this infinity condition is met. If the (calculated)
maximum number of activated DLs is beyond L, we can increase L to suit
for the needs of this algorithm.

TABLE 1. Simulation parameters for the proposed analysis.

FIGURE 4. Sum data rate as a function of the DLs’ density (i.e., λd ) by
considering variant power ratios k , where we assumed that γ = 0.8 and
β = −2.5db.

and can be found. As k increases, either the maximum or
the optimal number of activated DLs decreases. In other
words, we may adaptively adjust the DUs’ transmit power for
achieving the optimal/maximum number of activated DLs.

The number of activated DLs as a function of SINR
threshold is described in Fig.5, where we assumed that k =
0.5; 1; 5. As the SINR threshold increases, the number of
maximum/optimal DLs decreases. We can explain it as fol-
lows: without changing the received signal at the DR, increas-
ing the SINR threshold corresponds to decreasing the DUs’
interference-withstanding ability. In other words, a higher
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FIGURE 5. Relationship between the number of activated DLs and SINR
threshold with variant power ratio k .

FIGURE 6. Relationship between the number of activated DLs and outage
probability with variant power ratio k .

FIGURE 7. Relationship between the number of activated DLs and the
DT-to-DR distance dj,j , in which we assumed that γ = 0.8 and
β = −2.5db.

SINR threshold usually corresponds to a lower anti-jamming
capability of DLs. Furthermore, like in Fig.4, the number of
maximum/optimal activated DLs is also shown to decrease as
k increases.

To more effectively optimize both the maximum and opti-
mal numbers of activated DLs, the total number of (support-
able) DLs as a function of outage probability in these links

FIGURE 8. Relationship between number of activated DLs and the
transmit power Pj , Pi and k = Pj /Pi , in which we assumed that γ = 0.8
and β = −2.5db.

(i.e., γ ) must be computed. For a given γ , as illustrated in
Fig.6, there always exists an optimum/maximum number of
activatedDLs in terms of sum data rate. Obviously, increasing
γ corresponds to improving the number of maximum/optimal
activated DLs. It is worth noting that the maximum number
of activated DLs tends to approach a fixed value, because,
beyond 65%, further increasing γ will contribute a negligible
performance under the condition 1

a > λ
up
d .

In Fig.7, the relationship between the number of max-
imum/optimal activated DLs and the DT-to-DR distance
(say, dj,j) is revealed. Obviously, the greater dj,j, the lower the
former, because increasing dj,j may erode the useful signal at
the receiver.

In Fig.8, the number of maximum/optimal activated DLs
as a function of the transmit power (including Pj, Pi and k =
Pj/Pi) is illustrated. Taking the j-th DL as the reference DL,
it is shown that a greater transmit power ratio k corresponds to
a lower number of maximum/optimal activated DLs, because
k = Pj/Pi is a function of both powers. Furthermore, the
solid and the dotted curves denote the changing trends of the
maximum/optimal numbers with powers Pj and Pi, respec-
tively. Of course, increasing Pj for the j-th DL will definitely
improve the received power at the receiver, but this opera-
tion will as well increase the interference imposed on the
neighboring DLs. Consequently, the increased interference
will definitely erode the benefit that was brought about by
increasing the transmit power.

VI. CONCLUSION
In this paper, we investigated the maximum/optimal number
of activated DLs in terms of the sum data rate of the proposed
D2D-aided underlaying CNs. The optimal and maximum
numbers of activated DLs correspond to the maximum capac-
ity and the minimum QoS requirements of the users, respec-
tively, were identified. It was shown that there always exist
the maximum/optimum number of activated DLs on terms
of sum data rate. Furthermore, the closed-form expressions
of the coverage probabilities of activated DLs were derived,
followed by analyzing the sum data rate of the proposed
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underlaying CNs. By employing algorithms that can adap-
tively adjust some critical parameters, including the DUs’
transmit power, the SINR threshold and the outage prob-
ability of CLs/DLs, etc, we can always obtain the maxi-
mum/optimum number of activated DLs in practical systems.

APPENDIX A
THE LAPLACE TRANSFORM OF RANDOM VARIABLES Id
We may calculate LId (s) as follows:

LId (s)
∧
= EId

exp
−s∑

i∈81

Pid
−α
i,b

∣∣hi,b∣∣2


= E81

∏
i∈81

Edi,b
[
exp

(
−sPid

−α
i,b

∣∣hi,b∣∣2)]


(a) exp
[
−λd

∫
R2

(
1− E

[
e−sPit

−α|hi,b|
2])

dt
]

(b) exp
[
−2πλd

∫
∞

0

(
1− E

[
e−sPit

−α|hi,b|
2])

tdt
]

(c) exp
[
−2πλd

∫
∞

0

(
sPit−α+1

1+ sPit−α

)
dt
]
, (31)

where t = di,b. Note that we have used the following equa-
tions:

(a) E8
[ ∏
i=8

f (x)
]
= exp

[
−λ

∫
R2 (1− f (x))dx

]
(b)

∫
R2 f (x)dx = 2π

∫
∞

0 xf (x)dx,
(c) δ→ exp(1) H⇒ E

[
e−δA

]
=

1
1+A ,

Relying on [37, eqn.3.241.4], the result in (6) can be
obtained.

APPENDIX B
DERIVATIVE RELATIONSHIP BETWEEN f (x ) AND g(x )
FUNCTIONS
The functions f (x) and g(x) can be expressed:{

f (x) = Ci (x) sin x − si (x) cos x
g (x) = Ci (x) cos x + si (x) sin x

(32)

We can take the first-order derivative to f (x) and g(x) in
terms of x, showing that:

f ′ (x) = Ci (x) cos x +
cos x
x

sin x

+ si (x) sin x −
sin x
x

cos x

= Ci (x) cos x + si (x) sin x

= g(x). (33)

Similarly, by taking the first-order derivative to g(x) in
terms of x, we get:

g′ (x) =
cos x
x

cos x−Ci (x) sin x +
sin x
x

sin x+si (x) cos x

=
1
x
− Ci (x) sin x + si (x) cos x

=
1
x
− f (x) . (34)

The desired result (27) can thus be obtained.
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