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ABSTRACT The active vibration damping actuator uses dual-motors to drive two sets of eccentric wheels to
achieve active vibration reduction, but the backlash nonlinearity and eccentric load will cause the load speed
and load position to be out of synchronization, whichwill influence the system vibration reduction effect. The
traditional parallel control strategy controls the dual motors separately without the consideration of internal
coupling effect, leading to a poor synchronization performance. In order to solve these problems, a load
position difference cross-coupled control strategy based on multiple-input and multiple-output (MIMO) is
proposed in this paper. Theminimum singular value of return differencematrix is used to analyze the stability
margin of active vibration damping actuator system under the traditional parallel control strategy and the
cross-coupled control strategy, and the analysis procedure has considered the influences of load disturbance
and backlash nonlinearity. At the same time, the sensitivity comparison of the two strategies is conducted,
and the results indicate that the system under cross-coupled control strategy has stronger relative stability
and robustness. On this basis, a method for designing synchronization controller parameters is given. The
stability region of parameters satisfying the requirement of stability margin is determined with the help
of minimum singular value of return difference matrix. Then, the optimal value is found in the obtained
parameter stability region according to the dynamic and steady-state performance. Finally, an experimental
platform is set up to verify the effectiveness of cross-coupled control strategy and the rationality of parameter
tuning.

INDEX TERMS Electric vibration damping actuator, synchronization, cross-coupled control, stability
margin, the minimum singular value, optimal tuning.

I. INTRODUCTION
Helicopters and ships have been increasingly used in military
and civil areas, but they experience serious vibrations during
operation [1]. Helicopter vibration mainly comes from the
load fluctuation caused by the aerodynamic phenomena of the
rotor and the blade [2], [3], while the vibration of the ship is
the combined effect of propeller, power device and wave [4].
Excessive vibration will not only reduce the driving comfort,
but also cause the fatigue of installations. Therefore, reducing
the vibration level of helicopters and ships is a task which
brooks no delay [5].
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Vibration control can be grossly divided into passive type
and active type [6]. In recent years, with its advantages of high
efficiency and simple structure [7], active vibration control
systems have been widely used in helicopters and ships.
The principle is to control the actuator to generate the force
in the identical amplitude, frequency and the reverse phase
to the exciting force according to the vibration signal col-
lected by the vibration sensors [8], [9]. Kenneth D.Garnjost,
an American scholar, proposed an electric vibration damping
actuator suitable for helicopters in his patent [10]. Applicant
discloses that there are two output force modules on each side
of the actuator, and eachmodule has a pair of counter-rotating
eccentric wheels which are driven by an independent electric
servomotor through gears to exert a fixed-amplitude force in
the vertical direction. The final force is the superposition of
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the individual forces of the two modules, of which amplitude
can be adjusted by changing the position difference between
the eccentric wheels on both sides. This invention greatly
reduces the weight of the vibration reduction system, and
the damping efficiency can reach more than 90%. However,
the damping effect largely depends on the strict synchro-
nization of load speed and position difference. The backlash
nonlinearity, eccentric load and asymmetric structure all pose
great challenges to the synchronous control.

At present, dual-motors synchronous control structures
mainly include parallel control, master-slave control, cross-
coupled control structure, and so on [11]. Parallel control is
realized by giving the same reference signal to each motor
in the system, but disturbances applied to one motor will
not be reflected on the other motor. The master-slave control
divides the two motors into a master motor and a slave motor.
The output speed of the master motor is taken as the speed
reference for the slave motor, so as to realize the tracking of
slave motor to master motor. However, disturbances in the
slave motor will not be thrown back to the master. The above
two kinds of synchronous control strategies both belong to
the decoupled control strategies, which are only applicable to
the occasion with no high need for synchronization. In 1980,
Koren proposed a dual-motors cross-coupled control strat-
egy [12], which added error feedback on the basis of parallel
control strategy, improving the synchronization performance
and anti-interference ability. However, the object is to make
the position or speed of the two motors identical or maintain
a certain ratio, and it cannot adjust the output position differ-
ence in real time, which belongs to the single-input single-
output (SISO) system. For the electric vibration damping
actuator system, it can be regarded as a MIMO system com-
posed of two inputs (position and position difference) and two
outputs (positions of two eccentric wheels sets on both side
of the actuator). Therefore, the above control strategies are no
longer applicable to the electric vibration damping actuator
system.

To solve the above problems, a cross-coupled control strat-
egy of load position difference based on MIMO is proposed
in this paper. Compared with the traditional parallel control
strategy, it improves the speed and position synchronization
of loads in the system. The gain margin and phase margin
of the system under two control strategies are analyzed and
compared by using the minimum singular values of system
return difference matrices, and the influences of load distur-
bance and backlash nonlinearity are considered in the analy-
sis process. In addition, sensitively comparison is conducted
with the help of H∞ control theory. The results demon-
strate that the system has a larger stability margin and anti-
interference capability under cross-coupled control strategy.
Based on that, a parameter tuning method of synchronous
controllers is presented. The parameter region, which satisfies
the requirements of stability margins, is firstly determined on
the basis of the minimum singular value of return difference
matrix. Then, the optimization is carried out according to the
dynamic and steady-state performance in the stability region.

An experimental platform for electric vibration damping
actuator system is built, and the experimental results verify
the effectiveness of the cross-coupled control strategy and the
rationality of parameter tuning.

II. CONTROL STRATEGIES OF ELECTRIC VIBRATION
DAMPING ACTUATOR SYSTEM
A. WORKING PRINCIPLE OF ELECTRIC VIBRATION
DAMPING ACTUATOR SYSTEM
There are two sets of mechanical parts with identical structure
on both sides of the electric vibration damping actuator. The
unilateral structure is shown in Fig.1, which is mainly com-
posed of a driving wheel, an idler wheel, two driven wheels
and two eccentric wheels. The driven wheel and the eccentric
wheel are tightly assembled, and the driving motor is con-
nected to the eccentric wheels through the gear mechanism.
The rotation direction of 2# driven wheel is changed through
the idler wheel, thereby realizing the reverse rotation of two
driven wheels at the same speed.

FIGURE 1. Mechanical structure of electric vibration damping actuator.

When analyzing the forces exerted on the eccentric wheels,
the eccentric wheels are regarded as particles, as shown in
Fig.2. Where m is the mass of the eccentric wheel, ω is its
rotational angular velocity, r is the rotational radius, and g is
the acceleration of gravity. The angle θ1 defines the angular
position of the eccentric wheel with regard to the vertical
axis.

FIGURE 2. Force sketch of eccentric wheels.

When the two eccentric wheels rotate in reverse directions
at the same speed, the centrifugal forces cancel each other in
the horizontal direction, and superimpose on each other in the
vertical direction to balance out the exciting force. The output
force generated by the rotating eccentric wheels on one side
of the actuator when turning to θ1 is

F1 = 2mω2r · cos θ1 (1)
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Similarly, the output force generated by the eccentric
wheels on the other side of the actuator is

F2 = 2mω2r · cos θ2 (2)

The final output force of electric vibration damping actua-
tor is the combination of two individual forces, which can be
obtained by adding (1) and (2).

F = 4mω2r · cos
(
θ1 − θ2

2

)
· cos

(
θ1 + θ2

2

)
(3)

where θ1 = ωt+ψ1, θ2 = ωt+ψ2, and ψ is the initial phase
of eccentric wheels. Therefore, (3) can be rewritten as

F = 4mω2r · cos
(
θ1 − θ2

2

)
· cos

(
ωt +

ψ1 + ψ2

2

)
(4)

It is observed that the amplitude and phase controls of the
output force are realized by adjusting speed and angular posi-
tion of the eccentric wheels. Especially, the force amplitude
is determined by the position difference between the two sets
of eccentric wheels. When the amplitude and frequency of
the output force is as same as the exciting force, but opposite
in the phase, the object of active vibration reduction can be
achieved.

However, it is worth noting that (4) is derived based on
the speed synchronization of two sets of eccentric wheels.
When the two eccentric wheels sets rotate at different
speeds, the final output force will appear beat frequency phe-
nomenon [13], which can not completely offset the exciting
force, and the vibration reduction effect will be reduced.
Therefore, the control objective of the electric vibration
damping actuator system is the strict speed and position
difference synchronization of eccentric wheels.

In the electric vibration damping actuator system, due to
processing accuracy, it is difficult to guarantee the same tech-
nical parameters of eachmotor and eccentric wheel. The exis-
tence of the idler wheel makes 1#driven wheel and 2#driven
wheel not completely symmetrical about the motor, which
will lead to the speed and position asynchronous. In addi-
tion, eccentric load makes larger speed fluctuation. In order
to ensure that the gear transmission will not be blocked,
the backlash is designed to be large. However, the motor
loses the control of the load during the backlash traverse,
resulting in the increase of tracking error of the system
output. Then, when contact is achieved, the rigid impact of
gears will produce impact vibration, leading to performance
degradation, and even system instability [14], [15]. All of
these above problems impose remarkable limitations on the
precision of control. Hence, the traditional parallel control
strategy is difficult tomeet the requirements of high precision,
high robustness and high frequency response of the electric
vibration damping actuator system.

B. TRADITIONAL PARALLEL CONTROL STRATEGY
Fig.3 shows the control scheme for vibration damping
actuator system based on the traditional parallel inde-
pendent control strategy, which adopts position, speed

and current triple-closed-loops control strategy. Two
proportional-integral controllers are implemented in the cur-
rent loop and speed loop, and the position loop uses pure
proportional controller. In Fig.3, APR, ASR and ACR are
position regulator, speed regulator and current regulator,
respectively.

FIGURE 3. Control scheme of vibration damping actuator system based
on traditional parallel control strategy.

According to (1)-(4), if the actuator is expected to generate
a sinusoidal force with frequency ω∗, initial phase φ∗, and
amplitude F∗, the given values of the two position loop
controllers can be expressed as

θ∗1 = ω
∗t + φ∗ +

1θ∗

2
θ∗2 = ω

∗t + φ∗ −
1θ∗

2

(5)

where

1θ∗

2
= cos−1

(
F∗

4mω2r

)
(6)

The given values are periodic, and the frequency is consis-
tent with the frequency of the output force.

Under the traditional parallel control strategy, the dual
motors in the system are independent of each other and
disturbances applied to one side of the actuator will not be
reflected on the other side. The core of the control is to realize
the accurate tracking of the load position in real-time, but the
synchronization between two sets of eccentric wheels cannot
be guaranteed. Therefore, this control strategy is no longer
applicable in high-performance electric vibration damping
actuator systems. In this regard, this paper proposes a cross-
coupled control strategy of load position difference.

C. CROSS-COUPLED CONTROL STRATEGY
As shown in Fig.4, the control scheme of vibration damping
actuator system based on cross-coupled control strategy is
mainly composed of four parts: current loop, speed loop,
position loop and position difference loop.
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The instantaneous position is achieved by averaging the
output positions of two sets of eccentric wheels. In this case,
the given speed value is calculated by position regulator
based on the difference between the instantaneous and given
positions. Then, this value is transmitted to dual motors at the
same time, so as to realize the speed synchronization.

For the position difference loop, the position difference
between two sets of eccentric wheels is multiplied by 1/2 as
the feedback value, and then it is sent to the position differ-
ence regulator to obtain the relative speed value after mak-
ing the difference with the given position difference value
according to (6). This value is positive for #1 motor and
negative for #2 motor. In actual vibration damping actuator
system, if the given value is greater than the feedback value,
#1 motor accelerates while #2 motor decelerates, thereby
rapidly increasing the position difference between the two
eccentric wheels sets. When the feedback value is the same
as the given value, the position difference loop has no effect
on the system, and the dual-motors restore synchronization.

On the basis of the closed-loop controls of the posi-
tion and position difference, the synchronization of the load
speed and the load position difference has been guaranteed.
Thereby, the control accuracy of the output force amplitude
is improved.

FIGURE 4. Control scheme of vibration damping actuator system based
on cross-coupled control strategy.

III. THE STABILITY MARGIN ANALYSIS OF ELECTRIC
VIBRATION DAMPING ACTUATOR SYSTEM
A. THE STABILITY MARGIN OF MIMO SYSTEM
The electric vibration damping actuator is a MIMO system.
For a multivariable control system, it is no longer applicable
to analyze its stability margin by using the Bode diagram
or Nyquist curve on the basis of classical control theory.
The minimum singular value of the system return differ-
ence matrix offers a feasible method to solve this prob-
lem [16], [17], which has the advantage of low computation
cost.

We can evaluate the stability margin of the system by
introducing a disturbance into the original system to make it

reach to a critical stable state [18]. TheMIMO system utilizes
the feedback structure of Fig.5. Ameasurement matrix L(s) is
introduced at the input to examine the gain and phasemargins,
which is taken as the following diagonal form

L(s) = diag {ki exp (jφi)} , i = 1, 2, 3, · · · , n (7)

FIGURE 5. Negative feedback control system model.

When the system reaches to the critical stable state,
the maximum allowable value of the gain ki and the phase φi
in all loops are defined as the gain margin and phase margin
of the system.

If the system remains stable after introducing the measure-
ment matrix L(s), its return difference matrix should satisfy

σ (I+ LG) > 0 (8)

where σ denotes the minimum singular value of the matrix,
which is the criteria for measuring system stability margin
over the operating frequency. The separation characteristic of
the matrix is used to separate L and G from (I+ LG).

I+ LG =
[(
L−1 − I

)
(I+ G)−1 + I

]
(I+ G)L (9)

Since the electric vibration damping actuator system itself
is stable, the return difference matrix (I+ G) is not singular.
Therefore, formula (8) is guaranteed if

σ
[(
L−1 − I

)
(I+ G)−1

]
< 1 (10)

According to the properties of singular value

σ̄ (A)σ̄ (B) ≥ σ̄ (AB) (11)

σ̄ (G) =
1

σ (G−1)
(12)

where σ̄ is the maximum singular value of the matrix. The
sufficient condition for (10) to be established is

σ
(
L−1 − I

)
< σ (I+ G) (13)

Considering that the gain ki and the phase φi in each loop
of the system change simultaneously, the sufficient condition
can be obtained by combining (7), which is equivalent to

σ̄ (L−1−I)=
n

max
i=1

√
(1−

1
ki
)2+

2
ki
(1−cosφi)≤σ (I+G)

(14)

Supposing σ̄ (I + G) ≥ x, keep the gain ki = 1 and the
phase φi = 0 respectively in (14), then the gain margin and
phase margin in the MIMO system are

GM = −20 lg(1− x) PM = arccos(1−
x2

2
) (15)
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TABLE 1. The parameters of controllers.

B. THE STABILITY MARGIN CALCULATION UNDER TWO
CONTROL STRATEGIES IN IDEAL CASE
It is assumed that the parameters and structures of the electri-
cal and mechanical components on both sides of the electric
vibration damping actuator are identical, and the influences of
load fluctuation and backlash nonlinearity are not considered.
In order to eliminate the effect of the controller parameters on
the relative stability of the system, the cross-coupled system
is dispersed into a SISO system for parameter design, and
the controller parameters are the same under two control
strategies.

When analyzing the position loop, the speed loop can
be equivalent to a first-order inertia link since its adjusting
process is much faster than that of the position loop. The
open-loop transfer function of the position loop is given as

Gp(s) =
Kppωn
s(s+ ωn)

(16)

where Kpp is the proportion coefficient of position regulator
and ωn is the open-loop cut-off frequency of speed loop.

The parameters of the motor used in the electric vibration
damping actuator are UDC = 28V, Tem = 0.43N · m,
pn = 7, Rm = 0.154�, and Lm = 0.094mH. According to
the method in reference [19], the controller parameters are
obtained, as shown in Table I.

The open-loop transfer matrix of the parallel control sys-
tem is obtained from Fig. 3, which has the following form

P1(s) =


θ1

θ∗1

θ1

θ∗2
θ2

θ∗1

θ2

θ∗2

 =


Kppωcn
(s+ ωcn) s

0

0
Kppωcn

(s+ ωcn) s


(17)

The return difference matrix of the system is

M1(s)=I+P1(s)=


Kppωcn

(s+ ωcn) s
+1 0

0
Kppωcn

(s+ ωcn) s
+1


(18)

According to Fig.4, the open-loop transfer matrix of the
system under cross-coupled control strategy is obtained as
follows

P2(s) =


Kppωcn

(s+ ωcn) s
Kppωcn

(s+ ωcn) s
Kppωcn

(s+ ωcn) s
−

Kppωcn
(s+ ωcn) s

 (19)

TABLE 2. Stability margins of control system in the IDEAL CASE.

The return difference matrix of the system is

M2(s)=I+P2(s)=


Kppωcn

(s+ ωcn) s
+1

Kppωcn
(s+ ωcn) s

Kppωcn
(s+ ωcn) s

−
Kppωcn

(s+ ωcn) s
+1


(20)

Theminimum singular values ofM1(s) andM2(s) are equal
to the positive square roots of the minimum eigenvalues of
MH

1M1 andMH
2M2, respectively, then

σ (M1) = min

∣∣∣∣1+ Kppωcn
(s+ ωcn) s

∣∣∣∣
ω∈R+

(21)

σ (M2) = min

∣∣∣∣1+√2 Kppωcn
(s+ ωcn) s

∣∣∣∣
ω∈R+

(22)

Substitute the controller parameters in Table I into (21) and
(22), and calculate the stability margins according to (15).
The results are given in the following Table II.

It can be seen that these two control strategies can keep the
electric vibration damping actuator system relatively stable
under ideal conditions. However, the load disturbance on the
motor will affect the dynamic performance and steady-state
accuracy of the system, and the existence of backlash will
directly impose an adverse influence on the output quality of
the servo system. Therefore, this paper considers the influ-
ences of load disturbance and backlash on the system stability
margin under two control strategies.

C. THE STABILITY MARGIN CALCULATION UNDER TWO
CONTROL STRATEGIES WITH LOAD DISTURBANCE
The load torque of the electric vibration damping actuator is
mainly the gravity torque generated by the gravity of eccen-
tric wheels, and its magnitude is determined by the angular
position of eccentric wheels, which presents a sinusoidal
periodic change. It can be expressed as

TL =
2mgr
Z

sin θ (23)

where Z denotes the transmission ratio of the gear set.
The transfer function from the output position of the eccen-

tric wheels to the load disturbance TL can be described by

K (s) =
LT (TL)
LT (θ )

=
2mgr
Z

s2

s2 + ω2 (24)

It can be proved that the load disturbance is equivalent to a
feedback signal introduced into the control system from the
output position. The single-sided control block diagram of
the actuator system with load disturbance is shown in Fig.6.
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TABLE 3. Control system stability margins after introducing load
disturbance.

Where KT is the torque constant of the motor, T∑
n
is the time

constant of the equivalent first-order inertial link, which is the
sum of the time constants of the three-phase inverter bridge
and the filter circuit, and Jm is the inertia of motor.
The open-loop transfer function obtained from Fig.6 is

γ (s) =
APR · ASR · KT

Jms2(T∑ ns+ 1)+ K (s)(T∑ ns+ 1)+ ASR · KT s
(25)

Therefore, the return difference matrices under two control
strategies can be easily derived

M′1(s) =
[
γ (s)+ 1 0

0 γ (s)+ 1

]
(26)

M′2(s) =
[
γ (s)+ 1 γ (s)
γ (s) −γ (s)+ 1

]
(27)

FIGURE 6. Single-sided control block diagram of vibration damping
actuator system with load disturbance.

The minimum singular values of system return difference
matrices are given by

σ (M′1) = min |1+ γ (s)|ω∈R+ (28)

σ (M′2) = min
∣∣∣1+√2γ (s)∣∣∣

ω∈R+
(29)

Substitute the specific motor and controller parameters
into (28) and (29), and calculate the corresponding stability
margin according to (15). The results are shown in Table III.

It can be seen that after the introduction of sinusoidal load
disturbance, the stability margins under these two strategies
are still close, and there is no significant change compared
with the ideal case, indicating that these two control strate-
gies both have anti-interference capability. Therefore, when
analyzing the stability margin of the system with backlash,
ignore the influence of load disturbance so as to facilitate the
analysis.

D. THE STABILITY MARGIN CALCULATION UNDER TWO
CONTROL STRATEGIES WITH BACKLASH
According to Fig.1, multiple backlashes are used to connect
the motor and eccentric wheels, which affect system perfor-
mance and even cause instability. Therefore, it is necessary

to select appropriate control strategy to weaken the adverse
effect of backlash on system stability. The two eccentric
wheels on one side of the actuator are converted to the driving
wheel to 1# driven wheel side, so that the backlash only acts
between the driving wheel and 1# driven wheel. The output
torque To described by the dead-zone model can be expressed
as [20]

To =


k [z− α] z > α

0 |z| ≤ α
k [z+ α] z < −α

(30)

where k is the stiffness coefficient, z is the relative displace-
ment between the driving wheel and driven wheel and α is
half of the backlash gap size. The transfer function of the
dead-zone model is obtained by using descriptive function
technique [21]

N (A) =
2k
π
(
π

2
− arc sin

α

A
−
α

A

√
1−

α2

A2
) A ≥ α (31)

where A is the amplitude of angle difference between the
driving wheel and driven wheel.

Therefore, the control block diagram of one side of the
electric vibration damping actuator with backlash is estab-
lished as shown in Fig.7.

According to Fig.7, we can get

Q(s) =
APR · ASR · Kn

J1s2 + ASR · Kns+ P(s)
(32)

Where P(s) and Kn can be calculated as

P(s) =
2 · N (A) · s2

s2 + N (A)
J2

(33)

Kn =
KT

T6ns+ 1
(34)

It is difficult to guarantee the same backlash size on both
sides of the actuator due to the machining error. As a result,
the open-loop transfer functions on both sides are different.

Q1(s) 6= Q2(s) (35)

The return difference matrices of the system under two
control strategies are given by the following expression

M′′1(s) =
[
Q1(s)+ 1 0

0 Q2(s)+ 1

]
(36)

M′′2(s) =
[
Q1(s)+ 1 Q1(s)
Q2(s) −Q2(s)+ 1

]
(37)

It is obvious from (31) that the backlash is mainly related
to the amplitude of angle difference and the backlash size.
Suppose A1 = 0.5mm, α1 = 0.1mm, change the values of
A2 and α2 to explore the influence of backlash on system
stability margin. The results are shown in Fig.8. It can be
seen that the minimum singular value of system return differ-
ence matrix under parallel control strategy is greatly reduced
after the introduction of backlash, with maximum decline
of 67.22%. While the stability margin of the system under
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FIGURE 7. Single-sided control block diagram of vibration damping actuator system with backlash.

FIGURE 8. Comparison chart of minimum singular values with two
different control strategies.

cross-coupled control strategy only drops by 14.53%, which
means cross-coupled control strategy can weaken the adverse
effect of backlash on system stability margin and ensure the
dynamic performance and steady-state accuracy of the final
output force.

IV. THE SENSITIVITY ANALYSIS OF ELECTRIC VIBRATION
DAMPING ACTUATOR SYSTEM
In the actual flight process, the helicopter will bring different
types of external random disturbances to the actuator. There-
fore, it is expected that the vibration damping actuator system
not only has good stability margins, but also owns good
robustness. According to the characteristics of helicopter
operation conditions, a random load position disturbance υ
is introduced into the position loop and system sensitivity is
analyzed by H∞ control theory [22], [23].

If T(s) is the transfer function matrix from the disturbance
to the control error, then its H∞ norm is defined as [24]:

‖T‖∞ = sup
ω
σ {T(jω)} (38)

where sup is the supremum.
According to the concept of operate norm, the norm of T

is defined as:

‖T‖ = sup
υ 6=0

‖Tυ‖2
‖υ‖2

(39)

Therefore, when T ∈ H∞ and υ ∈ L2(−∞,∞), we can
draw the following conclusion

‖T‖ = sup
υ 6=0

‖Tυ‖2
‖υ‖2

= sup
ω
σ {T(jω)} = ‖T‖∞ (40)

Formula (38) shows that the H∞ norm is the induced
norm of the system 2-norm in H∞ space, indicating that the
H∞ norm represents the maximum gain of the signal from
the disturbance to the control error. Consequently, it can be
concluded that the smaller the H∞ norm of system transfer
function is, the lower the influence of external disturbance υ
on the control error of the system.

The sensitivity stability margin is defined as ||T(s)||−1,
which is a supplement to the gain margin and phase mar-
gin [18].

The closed-loop transfer function matrices from distur-
bance to control error under two control strategies are given
by

T1(s) =

 s+ ωn
s2 + ωns+ Kppωn

0

 (41)

T1(s) =


s+ ωn

2s2 + 2ωns+ 2Kppωn
s+ ωn

2s2 + 2ωns+ 2Kppωn

 (42)

The respective H∞ norms of T1 and T2 are calculated in
MATLAB as 0.01 and 0.0071, hence the sensitivity stability
margins of systems under two control strategies are 100 and
140.8, respectively, indicating that the cross-coupled control
strategy has an improved control performance in robustness.

V. PARAMETER TUNING OF SYNCHRONOUS
CONTROLLERS OF ELECTRIC VIBRATION DAMPING
ACTUATOR
A. PARAMETER TUNING OF SYNCHRONOUS
CONTROLLERS BASED ON STABILITY MARGINS
From the comparisons in the above section, it can be seen
that after considering the load disturbance and backlash non-
linearity, the cross-coupled control strategy still keeps the
system stability margin in a relatively good range. However,
its controllers are designed by dispersing the system into a
SISO system, indicating that the parameters are often not
optimal. For this reason, considering the coupling effect, this
paper presents an optimal tuningmethod for the parameters of
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synchronization regulators of the electric vibration damping
actuator system, which is based on the stability margins.
The speed loop and current loop both belong to the inner
loops of the motor and can be designed by the method in
reference [16].

According to the analyses in Section III C, D, it is obvi-
ous that the cross-coupled control strategy can weaken the
influences of backlash nonlinearity and sinusoidal load dis-
turbance on the stability margins. Therefore, when designing
the parameters of synchronization controllers, these influ-
ences can be ignored. Both the position loop and the position
difference loop adopt pure proportional regulators, and the
proportional coefficients are both Kpp. It is assumed that
the gain margin and phase margin of the system should be
6.3dB ≤ GM ≤ 20dB and 45◦ ≤ PM ≤ 70◦ respectively,
the minimum singular value range of the return difference
matrix is set to (0.7653, 0.9) according to (15).

By inserting s = jω, the minimum singular value of
the system return difference matrix under the cross-coupled
control strategy is

σ (jω) =

∣∣∣∣1+√2GHjω
∣∣∣∣ =

∣∣∣∣∣
√
2Kppωcn

jω(jω + ωcn)
+ 1

∣∣∣∣∣ (43)

Squaring (43), then there is

σ 2 (jω)=

(√
2Kppωcn−ω2

)2
+(ωcnω)

2

ω4 + (ωcnω)
2 , ω ∈ (0,+∞)

(44)

Taking the derivative of (44), the minimum value of
�σ 2(jω) in the system operating frequency range is given by

σ 2 (jω)min=
−2Kppωcn√

K 2
ppω

2
cn+
√
2Kppω3

cn+Kppωcn+
√
2
2 ω

2
cn

+1

(45)

Thus, the relationship between theminimum singular value
of system return difference matrix and the proportional coef-
ficient of synchronous controllers is established. After sorting
out (45), we have the following expression

(1− t2)K 2
ppω

2
cn + (

√
2ω2

cn −
√
2tω2

cn)Kppωcn =
ω4
cn

2
(46)

where t = [σ (jω)2 + 1]/[σ (jω)2 − 1]. The proportional
coefficient of synchronization controllers can be expressed
as 

KPP = ωcn

√
2(t − 1)− 2

√
1− t

2(1− t2)

t =
σ 2(jω)+ 1
σ 2(jω)− 1

, 0.7653 ≤ σ (jω) ≤ 0.9
(47)

Consequently, the range of proportional coefficient of syn-
chronous controllers satisfying the requirements of stability
margins under cross-coupled control strategy is (94.8,327.2).

B. PARAMETER OPTIMIZATION
When designing the parameters of the synchronization con-
trollers, it is necessary to seek optimal control parameters
in the obtained stability region, so as to give consideration
to the dynamic and steady-state performance. The specific
method is to find the characteristic roots of the system char-
acteristic equation according to the state coefficient matrix,
and then draw the step response curve of the system with
the characteristic roots. The step responses under different
parameters are shown in Fig.9. It can be observed that with
the increase ofKpp, the dynamic settling time is shortened, but
the overshoot and static error will increase at the same time,
which will cause the output position of the actuator deviate
and affect the vibration reduction performance. Therefore, the
proportional coefficient is determined as 150 in consideration
of dynamic characteristic and steady-state accuracy. At this
time, the dynamic settling time is less than 0.05swith no static
error and overshoot.

FIGURE 9. System step response curve under different Kpp.

VI. EXPERIMENTAL VERIFICATION
In order to verify the achievable of the parameter design
and to investigate the effectiveness of the cross-coupled
control strategy, experiments are carried out on a platform
of vibration damping system shown in Fig.10. The out-
put force is collected by the force sensor, and an abso-
lute magnetic encoder has been applied to achieve accurate
measurements of load speed and load position. The per-
formance of the cross-coupled control strategy proposed in
this paper is compared with the tradition parallel control
strategy.

FIGURE 10. The prototype of electric vibration damping actuator.

Table IV lists the performance indices of the electric vibra-
tion damping actuator.
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TABLE 4. The performance indices of ELECTRIC vibration damping
actuator.

A. EXPERIMENTAL COMPARISON AND VERIFICATION OF
SYNCHRONISM BETWEEN LOAD SPEED AND POSITION
DIFFERENCE
The reference phase difference is π rad, at which time the
output force of the electric vibration damping actuator is the-
oretically 0. Fig.11 are waveforms of load speed difference,
load position difference and minimum output force under
parallel control strategy and cross-coupled control strategy.

From Fig.11(a), it can be seen that the speed difference
between dual motors on both sides of the actuator under
cross-coupled control strategy ranges from -40rpm to 40rpm,
which is only 1/4 of that under parallel control strategy.
Fig.11(b) shows that the cross-coupled control has smoother
position difference and faster convergence speed compared
with the tradition parallel control strategy. The position dif-
ference errors of these two strategies are less than 0.02rad and
0.11rad, respectively. It can be seen from Fig.11(c) that the
amplitude of the minimum output force under cross-coupled
control strategy is reduced by 1/2 compared with that under
the traditional parallel control strategy, which meets the
index requirement of the minimum output force less than
100N. Fig.11 indicates that under cross-coupled control strat-
egy, better synchronizations of load speed and position are
achieved such that a better control accuracy of output force is
obtained.

B. EXPERIMENTAL COMPATISON AND VERIFICATION OF
ACTUATOR OUTPUT FORCE PERFORMANCE
When the flag bit signal is high, sequentially send commands
of amplitude increase of 300N, frequency increase of 1Hz and
phase change of 180◦. Comparative experimental results are
shown in Fig.12, 13 and 14.

As can be seen in Fig.12, the output force under cross-
coupled control strategy has smaller overshoot and dynamic
settling time than that under parallel control strategy when the
force amplitude is stepped up by 300N. From Fig.13, it can
be seen that compared with the dynamic settling time of 0.7s
when the output force changes from 21.5Hz to 22.5Hz under
parallel control strategy, the output force can quickly con-
verge to the corresponding reference frequency within 0.32s
under cross-coupled control strategy. In Fig.14, the perfor-
mance is examined under the phase step change. When the

FIGURE 11. Speed difference, load position difference and minimum
output force of the electric vibration damping actuator under two control
strategies.

parallel control strategy is adopted, the settling time for the
output force phase changing 180◦ is 0.9s, and the steady-
state error is 60◦. When the system adopts the cross-coupled
control strategy, the dynamic settling time is only 0.48s with
no steady-state error.

According to above experimental results, it can be proved
that a better dynamic tracking performance is obtained
with the help of the cross-coupled control strategy, indicat-
ing the excellent performance of the cross-coupled control
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FIGURE 12. Waveforms of output force with amplitude change of 300N
under two control strategies.

FIGURE 13. Waveforms of output force with frequency change of 1Hz
under two control strategies.

strategy and the rationality of the parameter tuning method in
Section V.

FIGURE 14. Waveforms of output force with 180◦ phase change under
two control strategies.

VII. CONCLUSION
In this paper, a cross-coupled control strategy based on load
position difference is proposed to solve the problems of speed
and position non-synchronization caused by eccentric load

213896 VOLUME 8, 2020



Z. Hao et al.: Cross-Coupled Control Strategy of Phase Difference for Electric Vibration Damping Actuator

and backlash nonlinearity in the vibration damping actuator.
The following conclusions are obtained:

a. In the cross-coupled control strategy, the input posi-
tion value of the cross-coupled control strategy obtains the
speed reference value through the function of the posi-
tion loop, and the dual motors track the reference signal
to realize the synchronization of speed. Meanwhile, on the
basis of the closed-loop control of the position difference
between the eccentric wheels sets on both sides of the actu-
ator, the synchronization of the load position difference has
been achieved. Comparative experimental results verified the
effectiveness and superiority of the cross-coupled control
strategy in synchronization performance.

b. The stability margins of the vibration damping actuator
system are analyzed by the minimum singular value of return
difference matrix, and the system sensitivity is analyzed by
H∞ control theory. Comparative results indicate that the
cross-coupled control strategy can maintain the stability mar-
gin of the system in a relatively good range after considering
backlash and possess stronger robustness for stochastic dis-
turbance. Thereby, the dynamic and steady-state performance
of the final output force has significantly improved.

c. A systematic procedure on the synchronization con-
trollers parameters design is given in this paper. The stability
region of the control parameters, which satisfies the require-
ments of stability margins, is firstly determined on the basis
of the minimum singular value of system return difference
matrix. Then, in the resultant stability region, the optimal
parameter is obtained by comparing and analyzing the dis-
tribution of eigenvalues under the state coefficient matrix.
Experimental results verify the rationality of the parameter
design.
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