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ABSTRACT Quantum image processing will be an important issue in the age of quantum computers.
Quantum image processing generally includes quantum image representations, quantum image processing
algorithms, and quantum image measurement. Among them, quantum image representation is a very impor-
tant part of quantum image processing. Therefore, it is of great significance for quantum image processing to
study the representation of quantum images. First, we elaborate on the main quantum image representations
and analyze, compare and summarize them. This paper focuses on the definition of these quantum image
representations the preparation of quantum images and the number of quantum bits required as well as
the computational complexity. Then, this paper analyzes, compares and summarizes the similarities and
differences between these quantum image representations. Finally, the challenges and future development
in the field of quantum image processing are summarized and forecasted. This work will help researchers to
understand the advances related to quantum image representations in the field of quantum image processing
and is therefore of some reference value.

INDEX TERMS Quantum algorithms, quantum computation, quantum image representation, quantum
image processing, quantum information.

I. INTRODUCTION
Different quantum images can achieve different quantum
image processing purposes. Based on a variety of quan-
tum physical devices, the complication and representation
of quantum images have become very urgent research in
the field of quantum image processing. At present, some
scholars have carried out relevant analyses and discussions
on quantum image representation, which has promoted the
development of this field [1]. How to extend the image pro-
cessing and operations in the classical domain to the quantum
computing framework is the research focus in the field of
quantum image processing. In 2003, Venegas- Andraca and
Bose proposed the Qubit Lattice quantum image representa-
tion [2]. Later, Latorre et al. proposed the quantum repre-
sentation called Real Ket. Le et al. proposed and revised the
FRQI (Flexible Representation of Quantum Images) [3], [4].
These three representations have become classics in the field
of quantum image and have performed well in image stor-
age and acquisition [5], [6]. Among them, the FRQI uses
the normalized state to store the position information and
color information of each pixel in the image, which greatly
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reduces the qubits needed in the process of quantum image
preparation. Besides, the FRQI can realize the geometric
transformation and color transformation of images at the
same time. Therefore, it has attracted the attention of many
research fields, such as image database retrieval, quantum
watermarking technology, quantum movie technology, and
other application fields [7]–[13].

In 2016, F. Yan et al. published a survey on quantum image
representations [1]. That survey gathered eight mainstream
quantum image representations (QIRs) and discussed the
advances made in the area before 2016. Also, that survey
reviewed some similarities, differences, and likely applica-
tions for some of the available QIRs. However, with the
development of recent years, quantum image representations
have been expanded to some extent. Therefore, it is necessary
to survey the quantum image representations further.

Inspired by the three representations, a series of new
quantum image representations have appeared. At present,
quantum image representations mainly include NAQSS
(Normal Arbitrary Quantum Superposition State) [14],
QSMC&QSNC (Quantum States for M Colors and N
Coordinates of An Image) [15], SQR (Simple Quantum
Representation of Infrared Images) [16], QUALPI (Quan-
tum Log-Polar Images) [17], NEQR (Novel Enhanced
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Quantum Representation) [18], CQIR (Caraiman’s Quan-
tum Image Representation) [19], MCQI (Multi-Channel
Quantum Images) [20], INEQR(Improved NEQR) [21],
GNEQR(A Generalized Model of NEQR) [22], NCQI(A
Novel Quantum Representation of Color Digital Images)
[23], BRQI (A Bitplane Representation of Quantum Images)
[24], QRCI(A New Quantum Representation Model of Color
Digital Images) [25], QRMMI (A Quantum Representa-
tion Model for Multiple Images) [26], QRMW (Quantum
Representation of Multi Wavelength Images) [27], OCQR
(An Optimized Quantum Representation for Color Digital
Images) [28], FRQCI (An Improved FRQI Model) [29],
QMCR (A Digital RGB Multi-Channel Representation for
Quantum Colored Images) [30], IFRQI (Improved Flexible
Representation of Quantum Images) [31], QBIR (AQuantum
Block Image Representation) [32], OQIM (Order-encoded
Quantum Image Model) [33], QIIR (Quantum Indexed
Image Representation) [8], and DRQCI (A Double Quantum
Color Images Representation Model) [34].

The spectrum includes the visible spectrum and the invis-
ible spectrum, and an image can be generated by detecting
its energy. In the field of quantum images, how to construct
the corresponding quantum image representation to store the
image information carried by the spectral energy is the most
basic step. In order to store image information, a function
mapping-like device is first needed to convert spectral energy
values into quantum states [2]. Then, the index of the energy
detector array is adjusted according to the visual information
effect of the whole quantum image, thereby storing the image
in the quantum image representation model. In the follow-
ing sections, the above quantum image representations are
mainly introduced.

II. QUANTUM IMAGE REPRESENTATION AND ITS
SUMMARY
Quantum computing is a product of the combination of quan-
tum mechanics and computer science, and it is a new com-
putational paradigm that has emerged as a possible solution
to the Moore’s Law failure problem. In image processing, the
storage, processing and retrieval of images are the main tasks.
In a classical computer, the pixels and coordinates of an image
are stored in mutually independent bits in the computer.
If one part of the image has important correlations with other
parts, the classical computer has to use extra space to store
these correlations, otherwise, these correlations will be lost.
Therefore, storing images in classical computers requires a
large amount of storage space, and this storage mechanism
has an impact on the parallel computing performance of the
images. Quantum computing has inherent properties such
as quantum coherence, entanglement, and superposition of
quantum states, and this unique computational performance
makes quantum computing superior to classical computing in
terms of information storage and parallel computation. There-
fore, we can use a combination of quantum computing and
image processing to improve the image processing effect and
computational performance [35]. In a quantum computer,

an image can be represented as a superposition of quantum
bits, and the number of quantum bits required is much smaller
than the number of bits required for a classical image [36].
When the task of real-time processing of large-scale images
is required, the quantum representation of the image to utilize
a quantum computer for processing can improve processing
efficiency.

The goal of quantum image processing is to use quantum
computing technology to realize the operation of different
image formats to achieve various practical purposes [5].
The quantum image representations used are different for
different purposes. Next, some important quantum image
representations are described, among which the definition
and description of these representations come from a series
of references.

A. FRQI
Inspired by the pixel representation for images in conven-
tional computers, FRQI was proposed. FRQI is an image
representation in the form of a standardized state on a quan-
tum computer. The FRQI compiles and converts color infor-
mation and position information of image into a quantum
state according to the method of classical image representa-
tion [3], [4]. Its formula is shown below:

|I 〉 =
1
2n

22n−1∑
i=0

|ci〉 ⊗ |i〉, (1)

where ⊗ is the tensor product notation and

|ci〉 = cos θi|0〉 + sin θi|1〉. (2)

In Eq. (2), |0〉 and |1〉 are two-dimensional quantum
base states. |i〉 is 2n-dimensional quantum state. i =
0, 1, . . . , 22n−1, θi ∈ [0, π/2] and θ =

(
θ0, θ1, . . . , θ22n−1

)
.

θ is the angle vector corresponding to the color information.
In the FRQI, it mainly includes 0 and 1, which are used to
compile the color information and position information of
the image, respectively.

In practical application, for example, a 2× 2 image and its
FRQI state are shown in FIGURE 1.

FIGURE 1. A 2 × 2 FRQI quantum image and its quantum state.

The polynomial preparation theorem (PPT) as developed
by using Theorem 1 shows a constructively efficient imple-
mentation of the preparation process.
Theorem 1:Given a vector θ = (θ0, θ1, . . . , θ22n − 1) (n ∈

N) of angles, there is a unitary transformP that turns quantum
computers from the initialized state, |0〉⊗2n+1, to the FRQI
state in Eq. (1), composed by Hadamard and controlled rota-
tion transforms [3].

Proof: From the proof of [3].
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Therefore, the unitary transformation is the transform turn-
ing quantum computers from the initialized state |0〉⊗2n+1 to
the FRQI state. Therein, the computational complexity of the
whole preparation for FRQI could be calculated as O

(
24n
)
.

FRQI has the advantage of quantum superposition states
in which the quantum states of the stored image are normal-
ized. However, FRQI does not support color images, is not
suitable for local image transformations, and does not allow
for accurate image measurements.

B. NAQSS
Multi-dimensional color image processing has two difficul-
ties: One is that a large number of bits are needed to store
multi-dimensional color images, such as a three-dimensional
color image of 1024 × 1024 × 1024 needs 1024 × 1024 ×
1024×24 bits. The other one is that the efficiency or accuracy
of image segmentation is not high enough for some images to
be used in a content-based image search. To solve the above
problems, NAQSS was proposed. The NAQSS is a (n + 1)-
qubit quantum representation, which can be used to represent
multi-dimensional color images [14]. The first n bits of the
NAQSS are used to represent the coordinates of 2n pixels, and
the remaining bit represents the segmentation information of
the image. The NAQSS corresponds to the color and angle
of the image one to one, mapping the color information to
a certain value on the interval [0, π/2]. The NAQSS can be
represented as

|I 〉 =
2n−1∑
i=0

θi|v1〉|v2〉 · · · |vk 〉 ⊗ |χi, (3)

where

|χi〉 = cos γi|0〉 + sin γi|1〉. (4)

Eq. (4) is used to represent the segmentation information
of an image. If the image is divided into m sub-images, γi
can establish a corresponding relationship m by constructing
a bijective function. Among them, the pixel points contained
in each sub-image can be represented by the coordinate
|v1〉|v2〉 · · · |vk 〉.

In practical application, for example, a 2× 2× 2 NAQSS
quantum imagewith its quantum state is shown in FIGURE 2.

NAQSS can satisfy multi-dimensional color image pro-
cessing and improve the efficiency and accuracy of image

FIGURE 2. A 2 × 2 × 2 NAQSS quantum image and its quantum state
(figure adapted from [14]).

segmentation. However, it cannot accurately measure the
pixels of the image.

The circuit of NAQSS is built with (2n+1 − 1) quantum
gates which can be constructed by one-bit and two-bit gates
whose total number is o

(
N log2N

)
where N = 2n is the

pixel’s number of an image. For detailed proof of the com-
putational complexity, see Ref. [14].

C. QSMC&QSNC
The QSMC&QSNC uses the two sets of quantum states
QSMC and QSNC to store images. Among them, the QSMC
represents the color, and the QSNC represents the coordinate
information of pixels in the image [15]. In order to store the
color information and position information of the image in
the quantum state, Li et al. mapped m different colors and
n coordinate position information into the same number of
angle values. The QSMC&QSNC can be given as

|I 〉 =
1
2n

22n−1∑
i=0

|QSMCi〉 ⊗ |QSNCi〉, (5)

where

|QSMCi〉 = cosφi|0〉 + sinφi|1〉, (6)

|QSNCi〉 = cos θi|0〉 + sin θi|1〉. (7)

In Eq. (6) and Eq. (7), φi, θi ∈
[
0, π2

]
, i = 0, 1, . . . , 22n−1.

In practical application, for example, a 2× 2 QSMC&QSNC
quantum image with its quantum state is presented in
FIGURE 3.

FIGURE 3. A 2 × 2 QSMC&QSNC quantum image and its quantum state
(figure adapted from [15]).

QSMC&QSNC can handle image compression and image
segmentation well and supports the operation of color image,
but it cannot accurately measure the pixel of image.

To reduce the number of identical quantum states used in
retrieving an image, Li et al. designed algorithm 1 to store an
image in a quantum system.

The image of N pixels are stored in a quantum system with
2 N + m qubits by Algorithm 1.

D. SQR
The SQR stores the pixel information of the infrared image
in the quantum state by converting the radiant energy of the
object into the quantum state via converter C [16]. Among
them, the converter C is a physical device that can detect and
record infrared radiant energy and regenerate a quantum state.
The SQR can be shown as

|I 〉 = |ϕij〉, (8)
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Algorithm 1 Storing an Image in a Quantum System
Step 1: Suppose that m is the number of different colors

of an image, the quantum states of QSMC corresponding
to these different colors are stored in a quantum queue Q1.
Step 2: Create a bijective function F3 : pos� β, where

pos = {1, 2, . . . ,m} is a set of the positions in the quantum
queue Q1, and β = {β1, β2, . . . , βm} is an angle set, βi =
π (i−1)
2(m−1) , i ∈ {1, 2, . . . ,m}. If m = 1, let β1 = 0. And then,

apply the rotation Ry (2βi) =
[
cosβi − sinβi
sinβi cosβi

]
, (i =

1, 2, . . . ,m) on |0〉 to create successivelym quantum states.
Step 3: Assume that |vk 〉 corresponds to the color of the

ith pixel in the image and is stored in the jth position of Q1
which is represented by the quantum state

∣∣wj〉.
Step 4: |ui〉 represents the ith pixel’s coordinate in the

image.
Step 5: A quantum composite state |ψi〉 =

∣∣wj〉 ⊗ |ui〉
represents the ith pixel’s color and coordinate. |ψi〉 is stored
in another quantum queue Q2.
Step 6: Successively take i = 1, 2, . . . ,N , repeating

Step 3 to Step 5 to complete the entire image storage.

where

|ϕij〉 = cos θij|0〉 + sin θij|1〉. (9)

In Eq. (8) and Eq. (9), i = 1, 2, . . . ,N1, j = 1, 2, . . . ,N2.
|ϕij〉 can store normalized infrared radiant energy collected
by the detection unit. |I 〉 consists of a set of qubits |ϕij〉.
In practical application, for example, a 2×2 SQR quantum

image with its quantum state is shown in FIGURE 4.

FIGURE 4. A 2 × 2 SQR quantum image and its quantum state.

SQR is a kind of infrared quantum image, whose color
information is generated by infrared radiation energy, which
can improve the visual ability in almost any environment.
However, its image retrieval is also probabilistic.

As seen from the representation model of an infrared
image, N1 × N2 qubits are needed to store one copy of
the normalized infrared image with the size N1 × N2. The
preparation is divided into two steps (See [16]).

E. QUALPI
The QUALPI can store and process logarithmic polar coor-
dinate images, which is very helpful for image affine trans-
formation operation [17]. The QUALPI stores the image in
a normalized, equally probabilistic superposition state and
represents each pixel with the basic state. The QUALPI can

be defined as

|I 〉 =
1

√
2m+n

2m−1∑
ρ=0

2n−1∑
θ=0

|g(ρ, θ)〉 ⊗ |ρ〉 ⊗ |θ〉, (10)

where g(ρ, θ) represents the gray value of the correspond-
ing pixel. When the grayscale range of the image is
[0, 2q − 1] , g(ρ, θ) can be extended into an equivalent binary
sequence, as shown below:

g(ρ, θ) = C0C1 . . .Cq−2Cq−1, (11)

where g(ρ, θ) ∈ [0, 2q − 1]. It can be seen from Eq. (10)
that the basic state of the QUALPI image is composed of
tensor products of three quantum sequences, which store the
grayscale, polar coordinate radius, and azimuth.

In practical application, for example, a 2 × 8 log− polar
quantum imagewith its quantum state is shown in FIGURE 5.

FIGURE 5. A 2 × 8 QUALPI quantum image and its quantum state
(figure adapted from [17]).

For a 2m × 2n QUALPI image with gray range 2q, its
preparation needs m+ n+ q qubits, and the time complexity
of the whole quantum image preparation of QUALPI is no
more than O(q(m+ n) · 2m+n), which is approximately linear
to the resolution of the log-polar image.

QUALPI represents images in logarithmic polar coordi-
nates, so it handles affine transformations very well. Besides,
it can provide accurate information retrieval, however, it can
only process grayscale images.

F. NEQR
The NEQR gives up the method of compiling image color
information by angle adopted by the FRQI and uses the basic
state of quantum sequence to store color information. The
NEQR uses two entangled quantum sequences to store the
grayscale information and position information of the image
pixels [18]. Assuming that the grayscale range of the image
is [0, 2q − 1], for the NEQR image of size 2n × 2n, it can be
represented by

|I 〉 =
1
2n

2n−1∑
y=0

2n−1∑
x=0

|f (y, x)〉|yx〉 =
1
2n

2n−1∑
y=0

2n−1∑
x=0

q−1
⊗
i=0
|C i

yx〉|yx〉,

(12)

where

f (y, x) = C0
yx . . .C

q−2
yx Cq−1

yx ,

Ck
yx ∈ [0, 1], and f (y, x) ∈

[
1, 2q − 1

]
. (13)

VOLUME 8, 2020 214523



J. Su et al.: New Trend of QIRs

From the representation of NEQR, 2n+q qubits are needed
to construct the quantum image model for a 2n × 2n image
with gray range 2q. The whole reparation of NEQR costs no
more than O(qn22n) for a 2n × 2n image with gray range
2q. This is equivalent to an approximately quadratic decrease
compared to FRQI [18].

The preparation process of TheNEQRmainly includes two
steps: the first step is basically the same as the preparation
process of the FRQI; the second step is to set the gray value,
which Zhang et al. decomposed into 22n sub-operations and
stored the gray information of each pixel one by one [18].

In practical application, for example, a 2× 2 NEQR quan-
tum image and its quantum state is shown in FIGURE 6.

FIGURE 6. A 2 × 2 NEQR quantum image and its quantum state
(figure adapted from [18]).

In recent years, relevant researches based on this represen-
tation have emerged one after another. Xu, P.G. et al. devel-
oped a quantum image processing algorithm using the edge
extraction method together with the Kirsch operator. In their
approach, NEQR is employed as the image representation
model for processing quantum images and their proposed
algorithm can perform real-time image processing with high
accuracy [37].

NEQR uses a normalized quantum superposition state to
store grayscale images. For color images, 24 quantum bits
are needed to store the color of the image. Also, NEQR can
accurately measure the pixel and can be very easy to carry out
part of the image transformation.

G. CQIR
The CQIR plays a great role in the realization of histogram
equalization of quantum images, and greatly improves many
processing algorithms such as negative value calculation,
binarization, and color histogram [19], [38]. The CQIR can
be represented by

|I 〉 = |C〉m × |P〉2n =
1
2n

22n−1∑
i=0

2m−1∑
j=0

αij|j〉|i〉, (14)

where 0 ≤ i ≤ 22n−1 and 0 ≤ j ≤ 2m−1.
In Eq. (14), |P〉 is a quantum register composed of 2n

qubits, which is used to store pixel position information,
while the corresponding color information is stored in m
qubits. αij determines the color of the pixel at the position
i through the superposition state of all possible color values.
In practical application, for example, a 2×2CQIR quantum

image and its quantum state is shown in FIGURE 7.
CQIR uses a multi-level quantum system to store and

process images. It has advantages in terms of the number

FIGURE 7. A 2 × 2 CQIR quantum image and its quantum state
(figure adapted from [19]).

of dimensions of available Hilbert space, computing power,
physical implementation and security of quantum crypto-
graphic protocols. However, it can only process grayscale
images.

H. MCQI
The MCQI was proposed by Sun et al. which can process
color images and maintain color information in a normalized
state [20]. The MCQI can be shown as

|I 〉 =
1

2n+1

22n−1∑
i=0

|C i
RGBα〉 ⊗ |i〉, (15)

where C i
RGBα is used to compile color information. The

definition of C i
RGBα is defined as

|C i
RGBα〉 = cos θ iR|000〉 + cos θ iG|001〉 + cos θ iB|010〉

+ cos θα|011〉 + sin θ iR|100〉 + sin θ iG|101〉

+ sin θ iB|110〉 + sin θα|111〉, (16)

where
{
θ iR, θ

i
G, θ

i
B

}
∈ [0, π/2], θ iR, θ

i
G and θ iB represents the

gray value of R, G, and B channels respectively. θα is usually
set to 0.

MCQI can store the RGB information about an image
simultaneously by using 2n + 3 qubits for encoding 2n × 2n

pixel images. In practical application, for example, a 2 × 2
MCQI quantum image with its quantum state is presented in
FIGURE 8.

FIGURE 8. A 2 × 2 MCQI quantum image and its quantum state
(figure adapted from [20]).

The Polynomial Preparation Theorem (PPT) shows that
the MCQI can be constructed using the Hadamard and con-
trol rotation gates. The MCQI can realize High-level image
processing tasks and use with other processing transforma-
tions such as the GTQI, CTQI, and their restricted variants.
Besides, the MCQI is used to improve the available image
processing tasks such as quantum image watermarking and
quantum movie production.

MCQI facilitates more advanced color image processing
by performing different operations on the R, G, and B chan-
nels of images. Its color information is realized by a con-
trolled phase gate, whichmakes it very flexible in some image
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processing and security algorithms based on phase coding.
However, its image retrieval is also based on probability.

I. INEQR
The NEQR can process the quantum images of size 2n × 2n.
However, when the horizontal scaling and the vertical bloom-
ing ratio are not equal, the scaled image size is no longer in
the form of 2n × 2n. To solve this problem, Jiang and Wang
proposed the INEQR [21]. For an INEQR quantum image,
it can be expressed as

|I 〉 =
1

2
n1+n2

2

2n1−1∑
Y=0

2n2−1∑
X=0

|f (Y ,X )〉|YX〉

=
1

2
n1+n2

2

2n1−1∑
Y=0

2n2−1∑
X=0

q−1
⊗
i=0

C i
YX 〉|YX〉, (17)

where

|YX〉 = |Y 〉|X〉 = |y0y1 . . . yn1−1〉|x0x1 . . . xn2−1〉. (18)

In Eq. (18), yi, xi ∈ {0, 1}. In the INEQR, Y, X, and F are
used to represent the Y-axis, X-axis, and gray values of the
image, respectively.

In practical application, for example, a 2 × 4 INEQR
quantum image and its quantum state is shown in FIGURE 9.

FIGURE 9. A 2 × 4 INEQR quantum image and its quantum state
(figure adapted from [21]).

INEQR facilitates image scaling and provides accurate
information retrieval.

J. GNEQR
The GNEQR is a generalized model of the NEQR, which can
be represented by

|9m
G2〉 =

1
√
2n

2n−k−1∑
x=0

2k−1∑
y=0

|f (x, y)〉|x〉|, y〉 (19)

where |x〉 = |in . . . ik+1〉, |y〉 = |ik . . . i1〉, and
i1, . . . ik , . . . , in ∈ {0, 1}. |x〉 and |y〉 represent the X-axis and
Y-axis of the graph, respectively. f (x, y) is the pixel at the
coordinate (x, y) and f (x, y) ∈ Cm. Cm is a color set, which
can be shown as

Cm =
{
0, 1, . . . , 2m − 1

}
. (20)

For example, the grayscale color set and RGB color set
can be represented as C8 = {0, 1, . . . , 255} and C24 =
{0, 1, . . . 224 − 1}, respectively.

Comparing GNEQR with NEQR, when m = q, their
implementation circuits are the same. In practical application,

FIGURE 10. A 4 × 2 GNEQR quantum image and its quantum state
(figure adapted from [22]).

for example, a 4×2 GNEQR quantum image and its quantum
state are shown in FIGURE 10.

When m is 8 or 24, |98
G2〉 and |9

24
G2〉 represent grayscale

and color images of 2n−k×2k , respectively. Besides, GNEQR
has another color image presentation form. For another rep-
resentation of RGB color images, we can use |98

GC 〉 instead
of |924

G2〉 to represent the color image. |98
GC 〉 can be defined

as∣∣∣98
GC

〉
=

1
√
3

(∣∣∣98
G2r

〉
|01〉 +

∣∣∣98
G2g

〉
|10〉 +

∣∣∣98
G2b

∣∣∣ |11〉) ,
(21)

where
∣∣98

G2r

〉
,
∣∣∣98

G2g

〉
and

∣∣98
G2b

∣∣ represent the Red, Green,
or Blue channel of an RGB color image, respectively.

∣∣98
G2r

〉
,∣∣∣98

G2g

〉
and

∣∣98
G2b

∣∣ are defined as



∣∣∣98
G2r

〉
=

1
√
2n

2n−k−1∑
x=0

2k−1∑
y=0

|f1(x, y)〉|x〉|y〉

∣∣∣98
G2g

〉
=

1
√
2n

2n−k−1∑
x=0

2k−1∑
y=0

|f2(x, y)〉|x〉|y〉

∣∣∣98
G2g

〉
=

1
√
2n

2n−k−1∑
x=0

2k−1∑
y=0

|f3(x, y)〉|x〉|y〉,

(22)

where f1(x, y), f2(x, y) and f3(x, y) denotes the Red, Green,
and Blue channels of the color of the pixel on the coordinate
(x, y).

For a 2n−k × 2k color image, |924
G2〉 needs (n+ 24) qubits,

but |98
GC 〉 uses only (n+10) qubits. Therefore, |9

8
GC 〉 is more

suitable than |924
G2〉 for RGB color images [22].

GNEQR is more versatile than NEQR and is not only
suitable for grayscale images, but also for color images.
At present, some researchers have carried out relevant
researches based on GNEQR. Li et al. described the imple-
mentation of quantum image operators (e.g. cyclic translation
of a quantum image, quantum image translation, and scalar
multiplication of a column vector) using elementary quantum
arithmetic operations based on GNEQR [39].

K. NCQI
For a color image, the NCQI uses the base state of the
quantum sequence to store the RGB value of each pixel,
and all pixels are stored in a normalized superposition state
to facilitate simultaneous operation. Inspired by the NEQR,
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Sang et al. proposed the NCQI, which can be expressed by

|I 〉 =
1
2n

2n−1∑
y=0

2n−1∑
x=0

|c(y, x)〉 ⊗ |yx〉, (23)

where c(y, x) represents the pixel value at the corresponding
coordinate, which can be encoded into a binary sequence
Rq−1 · · ·R0Gq−1 · · ·G0Bq−1 · · ·B0, as shown below:

|c(y, x)〉 = |Rq−1 . . .R0︸ ︷︷ ︸
Red

Gq−1 · · ·G0︸ ︷︷ ︸
Green

Bq−1 · · ·B0︸ ︷︷ ︸
Blue

〉. (24)

In Eq. (24), the range of values for each channel in the RGB
channel is [0, 2q − 1]. It takes 2n+3q qubits to store an NCQI
image of size 2n × 2n. In practical application, for example,
a 4× 4 NCQI quantum image and its quantum state is shown
in FIGURE 11. It is a 4× 4 color image with three channels
R, G, B ranged [0, 28 − 1], where n = 2, and q = 8.

FIGURE 11. A 4 × 4 NCQI quantum image and its quantum state
(figure adapted from [23]).

NCQI is more flexible, more suitable for color quan-
tum image processing, and can provide accurate information
retrieval.

L. BRQI
A grayscale image is composed of 8 bitplanes. For grayscale
images, each bitplane can be represented by the GNEQR,
as shown below:

|9 j
m〉 =

1
√
2n

2n−k−1∑
x=0

2k−1∑
y=0

|g(x, y)〉|x〉|y〉, (25)

where j represents the j-th bitplane, j = 0, 1, . . . , 7, m =
1, and g(x, y) ∈ C1 = {0, 1}. To represent eight bitplanes
with one state, the corresponding BRQI is defined as shown
in Eq. (25), which contains eight GNEQR states in Eq. (26).

|98
B〉 =

1
√

23

23−1∑
l=0

|9 l
m〉|l〉

=
1

√

2n+3

23−1∑
l=0

2n−k−1∑
x=0

2k−1∑
y=0

|g(x, y)〉|x〉|y〉|l〉 (26)

where g(x, y) ∈ C1 = {0, 1}, and l represents the l-th bitplane.
It can be seen from the Eq. (26) that the BRQI can represent a
grayscale image with only one qubit. Compared to GNEQR,
its storage capacity improves 16 times.

An RGB color image can be decomposed into 3 grayscale
images or 24 bitplanes. Similar to the Eq. (26), a color image

can be written in three parts, as shown below:

|9R
B 〉 =

1
√

2n+3

23−1∑
l=0

2n−k−1∑
x=0

2k−1∑
y=0

|gR(x, y)〉|x〉|y〉|l〉

|9G
B 〉 =

1
√

2n+3

23−1∑
l=0

2n−k−1∑
x=0

2k−1∑
y=0

|gG(x, y)〉|x〉|y〉|l〉

|9B
B 〉 =

1
√

2n+3

23−1∑
l=0

2n−k−1∑
x=0

2k−1∑
y=0

|gB(x, y)〉|x〉|y〉|l〉,

(27)

where gR(x, y), gG(x, y), gB(x, y) ∈ C1 = {0, 1}. The BRQI
for RGB images can be defined as

|924
B 〉 =

1
√
3
(9R

B 〉|01〉 + |9
G
B 〉|10〉 + |9

B
B 〉|11〉). (28)

Compared with NEQR and NCQI, THE storage capacity
of BRQI is increased by 16 times and 218 times respectively,
so it has a lower quantum cost. Besides, it can operate on color
images.

M. QRCI
Inspired by the NCQI, Wang et al. proposed the QRCI based
on the RGB color model and bitplane [25]. For an RGB
image of size 2n × 2n, the color information of the three
channels can be compiled as shown below:

CL(Y, X) =RLYXGLYXBLYX , (29)

where l represents the l-th bitplane, RLYX ,GLYX ,BLYX ∈
{0, 1}, L = 0, 1, . . . , 7, and Y ,X = 0, 1 . . . , 2n − 1. The
QRCI can be represented by

|I 〉 =
1

√

22n+3

23−1∑
L=0

2n−1∑
Y=0

2n−1∑
X=0

|CL(Y ,X )〉 ⊗ |LYX〉

=
1

√

22n+3

23−1∑
L=0

2n−1∑
Y=0

2n−1∑
X=0

|RLYXGLYXBLYX 〉⊗|LYX〉, (30)

whereCL(Y ,X ) represents the color information correspond-
ing to pixel coordinate (Y ,X ) on the L-th bitplane. |LYX〉 can
be expressed as

|LYX〉 = |L〉|Y 〉|X〉

= |L2L1L0〉|Yn−1Yn−2 . . . Y0〉|Xn−1Xn−2 . . .X0〉. (31)

In Eq. (31), L and |YX〉 represent bitplane information and
location information, respectively. In practical application,
for example, a 2 × 2 QRCI quantum image and its quantum
state is shown in FIGURE 12.

Compared with the existing NCQI representation model,
the storage capacity of QRCI is improved by 218 times.
QRCI can save more storage space than existing quantum
image representation models and allow quantum hardware to
encrypt any number of images simultaneously. Besides, it can
provide accurate information retrieval.
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FIGURE 12. A 2 × 2 QRCI quantum image and its quantum state
(figure adapted from [25]).

N. QRMMI
To store multiple images effectively, Zhou et al. pro-
posed the QRMMI [26]. Assuming that the digital image
with T the size of 2n×2n and the image depth q is represented
by the QRMMI, then the color information fJ (Y ,X ) at the
pixel position (Y ,X ) of the J image can be represented by a
binary sequence, as shown below:

fJ (Y ,X ) = Cq−1
JYX C

q−2
JYX . . .C

1
JYXC

0
JYX , (32)

where Ck
JYX ∈ {0, 1}, and fJ (Y ,X ) ∈ [0, 2q − 1]. In the

QRMMI, T images of size A can be defined as

|M〉 =
1

(
√
2)

2n+t

2t−1∑
J=0

2n−1∑
Y=0

2n−1∑
X=0

|fJ (Y ,X )〉 ⊗ |JYX〉

=
1

(
√
2)

2n+t

2t−1∑
J=0

2n−1∑
Y=0

2n−1∑
X=0

|Cq−1
JYX C

q−2
JYX · · ·C

0
JYX 〉⊗|JYX〉,

(33)

where

|JYX〉 = |J〉|Y 〉|X〉 = |jt−1jt−2 . . . j0〉|yn−1yn−2
. . . y0〉|xn−1xn−2 . . . x0〉. (34)

In Eq. (34), |J〉 and |YX〉 represent the serial number and
position information of the C-th image, respectively, and
t =

⌈
log2T

⌉
. In practical application, for example, two 2×2

images represented in the QRMMI and its quantum state is
shown as follows.

FIGURE 13. Two 2 × 2 images represented in the QRMMI and its quantum
state (figure adapted from [26]).

In QRMMI, information from multiple images is stored
in a specific quantum state. Besides, it can provide accurate
information retrieval. However, it only supports operations on
grayscale images.

O. QRMW
The QRMW is a multi-channel quantum image model of
size 2n × 2m [27]. The model uses the base state of the
qubit sequence to store the value of different wavelengths
of each pixel in the image. The QRMW uses three separate
register qubit sequences to store the position, wavelength, and
color value of each pixel. It can save the entire image in a
superposition of three-qubit sequences. Suppose the number
of wavelength channels is cn, and the maximum color size
at any wavelength is 2q. In the QRMW, b qubits repre-
sent cn wavelengths, q qubits represent the color size, and
n+m qubits represent the position information of the image.
b =

⌈
log2cn

⌉
. The color value of the position (y, x) in the

image channel can be represented by f (λ, y, x), as shown
below:

f (λ, y, x) = c0λyx c
1
λyx
. . . cq−2λyx

cq−1λyx
, (35)

where λ and yx represent channel information and position
information, respectively.

A 2n × 2m QRMW image can be written as

|I 〉 =
1

√
2b+n+m

2b−1∑
λ=0

2n−1∑
y=0

2m−1∑
x=0

|f (λ, y, x)〉 ⊗ |λ〉 ⊗ |yx〉.

(36)

In practical application, for example, a 2 × 2 QRMW
sample image with [0-255] color scale and 4 channels is
shown as follows.

FIGURE 14. A 2 × 2 QRMW quantum image and its quantum state (figure
adapted from [27]).

QRMW has multi-wavelength image representation capa-
bility and low time complexity. Besides, it can provide
accurate information retrieval. However, it only supports
grayscale images.

P. OCQR
Liu et al. proposed the OCQR based on the NCQI, which uses
the 3D quantum sequence to store color quantum images, one
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representing the channel value, another representing channel
index, and another introducing position information [28].
The OCQR can be expressed as

|I 〉 =
1

2n+1

2n−1∑
y=0

2n−1∑
x=0

|c(x, y)〉|ch_ index|yx〉

=
1

2n+1

2n−1∑
y=0

2n−1∑
x=0

(
|ryx〉 ⊗ |00〉 +

∣∣gyx 〉⊗ |01〉
+ |byx〉 ⊗ |10〉 +

∣∣syx 〉⊗ |11〉
)
|yx〉,

(37)

where
∣∣ryx 〉 = ∣∣∣rq−1yx · · · r0yx

〉
,
∣∣gyx 〉 = ∣∣∣gq−1yx · · · g0yx

〉
,
∣∣byx 〉 =∣∣∣bq−1yx · · · b0yx

〉
, and

∣∣syx 〉 = ∣∣0q−1 . . . 00〉. ch_ index is the
index of the channel, which is usually encoded by two qubits.
|00〉 represents the red channel index. |01〉 represents the
green channel index, |10〉 represents the blue channel index,
|11〉 represents the free channel index, which can be used to
store other pixel information, such as transparency.

In practical application, for example, a 2× 2 OCQR quan-
tum image and its quantum state is shown as follows.

FIGURE 15. A 2 × 2 OCQR quantum image and its quantum state (figure
adapted from [28]).

The OCQR takes full advantage of quantum superposi-
tion to store the RGB value of each pixel. The OCQR uses
nearly a third of the qubits to store pixel values compared to
NCQI. At the same time, the OCQR can perform some image
processing operations related to color information more con-
veniently and synchronously. Besides, it also supports color
image manipulation.

Q. FRQCI
To solve the problem of quantum representation of color
images, Li and Liu proposed the FRQCI [29]. For a color
image of size 2n × 2n, assuming the color range is no more
than 255, the RGB color values for the k-th pixel is cRk , c

G
k ,

and cBk , respectively. The FRQCI can be shown as

|I (θ, φ)〉 =
1
2n

22n−1∑
k=0

|k〉 |ck 〉 , (38)

where

|ck 〉 = cos
θk

2
|0〉 + eiφk sin

θk

2
|1〉, (39)

θk =
cRk × π

256− 1
, (40)

φk = x

(
cGk × 256+ cBk

)
× 2π

256× 256− 1
. (41)

In Eq. (41), |k〉 is a 22n-dimensional quantum basis state.
The FRQCI state is normalized.

In practical application, for example, a 2 × 2 FRQCI
quantum image with its quantum state is presented as follows.

FIGURE 16. A 2 × 2 FRQCI quantum image and its quantum state (figure
adapted from [29]).

The FRQCI is an improvement on theFRQI and solves the
quantum representation problem of color images.

R. QMCR
Based on the classical computer RGB model,
Abdolmaleky et al. extended the grayscale information in
the NEQR to the color representation and proposed the
QMCR [30]. Two entangled qubit sequences are used to
encode the information of the position and color of each pixel.
One qubit sequence is used to encode the position of the pixel
in the image, and the other qubit sequence is used to encode
the red, green, and blue channels’ values of the corresponding
pixels simultaneously. Assuming that the grayscale range of
each color channel is 2q, a color image of size 2n × 2n using
QMCR can be represented by

|I 〉 =
1
2n

2n−1∑
y=0

2n−1∑
x=0

∣∣CRGByx 〉⊗ |yx〉, (42)

where ∣∣CRGByx 〉 = ∣∣Ryx 〉 ∣∣Gyx 〉 ∣∣Byx 〉 , (43)∣∣Ryx 〉 = ∣∣∣rq−1yx rq−2yx . . . r0yx
〉
, (44)∣∣Gyx 〉 = ∣∣∣gq−1yx gq−2yx . . . g0yx
〉
, (45)∣∣Byx 〉 = ∣∣∣bq−1yx bq−2yx . . . b0yx
〉
. (46)

In Eq. (44),

rkyx, g
k
yx, b

k
yx ∈ {0, 1}, and Ryx,Gyx,

Byx ∈
{
0, 1, . . . , 2q − 1

}
.

In order to represent the QMCR image, 3 q+2 n qubits are
needed. In practical application, for example, a 2× 2 QMCR
quantum image and its quantum state is shown as follows.

QMCR ismainly aimed at the application of quantum color
images in secure quantum communication, quantum image
processing, quantum watermarking, quantum steganography,
and quantum data hiding. Besides, it can perform accurate
information retrieval.
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FIGURE 17. A 2 × 2 QMCR quantum image and its quantum state (figure
adapted from [30]).

TABLE 1. Proposed method for encoding 2-bit information.

S. IFRQI
The FRQI uses only one qubit to represent the color infor-
mation of each pixel. The NEQR uses 2p qubits to represent
the intensity of 2p-bit pixels, it does not incorporate the
advantage of the superposition principle in this part. Khan
proposes the IFRQI which uses p qubits to store the grayscale
value of every pixel of a 2p-bit-deep image based on the FRQI
and the NEQR [31]. To fully incorporate the advantage of the
superposition principle, the IFRQI uses two entangled qubit
sequences. The first sequence comprising of p qubits repre-
sents the grayscale information of each 2p-bit pixel, while the
role of the second qubit sequence is the same as that used in
the FRQI model. For an IFRQI image of size 2n × 2n and
gray range 22p, we assume that f (i) = P2p−1i P2p−2i · · ·P1i P

0
i

is the grayscale value of the pixel at the ith position, where
Pji ∈ {0, 1} for all j ∈ {0, 1, . . . , 2p − 1}. By encoding the
2-bit information P2k+1i P2ki via the angle θk , we obtain the
qubit αi,k |0〉 + βi,k |1〉, where αi,k = cos θk and βi,k = sin θk
for all 0 ≤ k ≤ p − 1. θk is chosen by the rule given
in Table 1. p qubits can be joined together to get f (i) =
⊗
k=p−1
k=0

(
αi,k |0〉 + βi,k |1〉

)
. The IFRQI can be defined as

∣∣Iq〉 = 1
2n

22n−1∑
i=0

⊗
k=p−1
k=0

(
αi,k |0〉 + βi,k |1〉

)
⊗ |i〉, (47)

where αi,k = cos θk , βi,k = sin θk for all 0 ≤ k ≤ p− 1.
The quantum image preparation process of IFRQI is given

as follows.

FIGURE 18. Quantum image preparation process of IFRQI model (figure
adapted from [31]).

Step 1 is the same as that of the FRQI scheme, and its
output is |I 〉1.

|I 〉1 =
1
2n
|0〉⊗p ⊗

22n−1∑
i=0

|i〉 (48)

In Step 2, the transformation R̄i is defined as follows:

R̄i =

I⊗p ⊗ 22n−1∑
j=0,j6=i

|j〉〈j|

+ Li ⊗ |i〉〈i|, (49)

where Li = ⊗
p−1
k=0L

k
i and Lki = Ry (2θk). Here, Ry (2θk) is

a 2 × 2 rotation matrix. R̄i acting on |I 〉1 can be obtained as
follows:

R̄i|I 〉1

= R̄i

 1
2n

22n−1∑
j=0

|0〉⊗p|j〉


=

I⊗p ⊗ 22n−1∑
j=0,j6=i

|j〉 〈j |+Li⊗| i〉 〈i|

 1
2n

22n−1∑
j=0

|0〉⊗p|j〉


=

1
2n

I⊗p ⊗ 22n−1∑
j=0,j6=i

|j〉〈j|

22n−1∑
j=0

|0〉⊗p|j〉


+ (Li ⊗ |i〉〈i|)

22n−1∑
j=0

|0〉⊗p|j〉


=

1
2n

 22n−1∑
j=0,j6=i

|0〉⊗p|j〉 + Li|0〉⊗p ⊗ |i〉


=

1
2n

 22n−1∑
j=0,j6=i

|0〉⊗p|j〉 +
(
⊗
k=p−1
k=0 Lki

) (
|0〉⊗p

)
⊗ |i〉


=

1
2n

 22n−1∑
j=0,j6=i

|0〉⊗p|j〉+
(
⊗
k=p−1
k=0

(
αi,k |0〉 + βi,k |1〉

))
⊗|i〉

.
(50)

The application ofU =
2n−1∏
i=0

R̄i on |I 〉1 produces the IFRQI.

The time complexity of the preparation phase of the IFRQI
state is O

(
pn22n

)
. To prove this, we need to know the time

complexity of the two steps. The complexity of Step 1 is
O (p+ 2 n). The complexity of Step 2 is O

(
pn22n

)
[31].

Thus, merge these two steps to get the time complexity of
the preparation phase of the IFRQI state.

T. QBIR
QBIR is proposed for quantum block image representa-
tion [32]. Assume the size of the quantum block image |I 〉
is 2n × 2n and its number is 2w × 2w. Then the QBIR for an
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image |I 〉 can be defined as:

|I 〉 =
1
2n

1
2n

2w−1∑
j=0

2w−1∑
t=0

n−w∑
y=0

n−w∑
x=0

|C(j, t, y, x)〉 ⊗ |jtyx〉

=
1
2n

2w−1∑
j=0

2w−1∑
t=0

2−w∑
y=0

n−w∑
x=0

|cq−1jtyx · · · c
0
jtyx〉|jtyx〉 ⊗ |jt〉 ⊗ |yx〉,

(51)

where |jtyx〉 denotes position information, |jt〉 represents
the position of blocks and |yx〉 represents the position of
pixels in each block. In practical application, for example,
a 4× 4 QBIR quantum image and its quantum state is shown
as follows.

FIGURE 19. A 4 × 4 QBIR quantum image and its quantum state
(figure adapted from [32]).

The preparation of QBIR is similar to NEQR, and it
includes two steps. In step 1, to store the position information
of blocks and pixels, the identity gate

I =
[
1 0
0 1

]
and the Hadamard gate

H =
1
√
2

[
1 1
1 −1

]
are used to transform the initial quantum state |0〉⊗2n+q into
a superposition state. Then, |M〉 can be got.

|M〉 = I⊗qH⊗2n
(
|0〉⊗2n+q

)
=

1
2n

2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0

|0〉⊗q ⊗ |jt〉 ⊗ |yx〉. (52)

In step 2, the RJTYX is used to set gray information for each
pixel (Y ,X ) in (J ,T ) block.

RJTYX = I ⊗
2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0,jtyx 6=JTYX

|jtyx〉〈jtyx|

+8JTYX ⊗ |jtyx〉〈JTYX |. (53)

8JTYX is used to change values of qubits, its definition as
follows.

8JTYX
(
|0〉⊗q

)
= |0〉⊗q ⊕ |C(J ,T ,Y ,X )〉. (54)

By utilizing the operation RJTYX , we can get

RJTYX (|M〉)

= RJTYX

 1
2n

2w−1∑
j=0

2w−1∑
t=0

nn−w−1∑
y=0

|0〉⊗q|jt〉|yx〉


=

1
2n

2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0,jtyx 6=JTYX

|0〉⊗q|jtyx〉

+
(
|0〉⊗q ⊕ |C(J ,T ,Y ,X )〉

)
|JTYX〉


=

1
2n

 2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0,jtyx 6=JTYX

|0〉⊗q|jtyx〉

+ |C(J ,T ,Y ,X )〉|JTYX〉

 . (55)

A total of 22n operations of RJTYX (|M〉) are needed to
prepare an image. The operation is defined as follows.

2w−1∏
j=0

2w−1∏
t=0

2n−w−1∏
y=0

2n−w−1∏
x=0

RJTX (|M〉)

=
1
2n

2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0

8JTYX
(
|0〉⊗q

)
⊗ |jt〉 ⊗ |yx〉

=
1
2n

2w−1∑
j=0

2w−1∑
t=0

2n−w−1∑
y=0

2n−w−1∑
x=0

|C(J ,T ,Y ,X )〉|JTYX〉. (56)

Through the above two steps, the preparation of QBIR is
completed.

U. OQIM
OQIM uses the basis state of a qubit sequence to store the
ascending order of each pixel according to their gray values’
magnitude. OQIM quantum imagemodel is more flexible and
better suited for histogram specification, histogram equaliza-
tion, and other similar image enhancement method such as
luminance correction and so on than the existingmodels [33].
The OQIM can be expressed as

|I 〉 =
1

2n+1/2

22n−1∑
i=0

|cpi〉 ⊗ |i〉, (57)

where |cpi〉 = cos θi|00〉+sin θi|10〉+cosϕi|01〉+sinϕi|11〉,
|i〉 encodes the sorted position with the basis state of a qubit
sequence from |00 · · · 00〉 to |11 · · · 11〉. cos θi|00〉+sin θi|10〉
represents the color quantum state of image in pixel i, and
cosϕi|01〉+sinϕi|11〉 represents the ithn coordinate quantum
state according to the real coordinate position in the image
with ϕ =

(
ϕ0, ϕ1, . . . ϕ22n−1

)
being the angle vector. The

gray value θi is mapped to [0, π/2] from the scope [0,L], L
is the max gray level, and θ =

(
θ0, θ1, . . . θ22n−1

)
is the angle

vector with θi ∈ [0, π/2]. ϕi is mapped to [0, π/2] from the
scope

[
0, 22n − 1

]
. |p〉 control the distinguishability between

the color and the coordinate position. When |p〉 = |1〉 or
|p〉 = |0〉, |cpi〉 represent the coordinates or the colors. For an
OQIM quantum image of size 2n×2n, we need 2n+2 qubits
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FIGURE 20. A 2 × 2 OQIM quantum image and its quantum state
(figure adapted from [33]).

to store it. In practical application, for example, a 2×2 OQIM
quantum image and its quantum state are shown as follows.

In the preparation for OQIM, firstly, 2n + 2 qubits are
initialized by the equation |I 〉in = |0〉⊗2n+2. Then, |I 〉in
become the middle state |I 〉mi by using the quantum operator
U1 = I ⊗ H⊗2n+1.

|I 〉mi = U1 (|I 〉in) = I ⊗ H⊗2n+1
(
|0〉⊗2n+2

)
= I (|0〉)⊗ H (|0〉)⊗ H⊗2n

(
|0〉⊗2n

)
=

1
2n+1/2

|0〉 ⊗
1∑
l=0

|l〉 ⊗
22n−1∑
i=0

|i〉. (58)

Now, every sorted position is stored into a normalized
quantum superposition state. Then, we perform the next quan-
tum transformation to assign the color values and coordinates
to these sorted positions by the superposed 22n quantum
states. Ry(2θ) and Ry(2ϕ) are rotation matrices (the rotations
about Y axis by the angle 2θ and 2ϕ, respectively).

Ry(2θ ) =
[
cos θ − sin θ
sin θ cos θ

]
Ry(2ϕ) =

[
cosϕ − sinϕ
sinϕ cosϕ

]
. (59)

Then, we construct two control rotation matrices for the
color values and coordinates, respectively,

Rc,i = Ry (2θi)⊗ (|0〉〈0|)

Rp,i = Ry (2ϕi)⊗ (|1〉〈1|). (60)

Then, we can obtain Ri = Rc,iRp,i and Rcp,i.

Rcp,i =

I⊗2 ⊗ 22n−1∑
j=0,j6=i

|j〉〈j|

+ Ri ⊗ |i〉〈i|. (61)

Here, Rcp,i is a unitary matrix. Let i = k , using Rcp,i on
|I 〉mi, we can obtain

Rcp,k (|I 〉mi)

= Rcp,k

 1
2n+1/2

|0〉 ⊗
1∑
l=0

|l〉 ⊗
22n−1∑
i=0

|i〉


=

I⊗2 ⊗ 22n−1∑
j=0,j6=k

|j〉 〈j |+Rk⊗| k〉 〈k|


·

 1
2n+1/2

|0〉 ⊗
1∑
l=0

|l〉 ⊗
22n−1∑
i=0

|i〉



=
1

2n+1/2


(
cos θk |00〉 + sin θk |10〉
+ cosϕk |01〉 + sinϕk |11〉

)
⊗ |k〉 + |0〉 ⊗

1∑
l=0
|l〉 ⊗

22n−1∑
i=0,i6=k

|i〉

 . (62)

Then, let Rcp = Rcp,0Rcp,1 · · ·Rcp,22n−1 and perform Rcp
on |I 〉mi, we can obtain the final preparation of OQIM.

Rcp (|I 〉mi) = Rcp

 1
2n+1/2

|0〉 ⊗
1∑
l=0

|l〉 ⊗
22n−1∑
i=0

|i〉


=

1
2n+1/2

22n−1∑
i=0

(
cos θi|00〉 + sin θi|10〉
+ cosϕi|01〉 + sinϕi|11〉

)
⊗ |i〉. (63)

Besides, we can find that the complexity of this preparation
of OQIM is O

(
24n
)
.

V. QIIR
Based on the classical representation of indexed images,
QIIR uses two quantum data structures |QData〉 and

∣∣QMap〉
to represent quantum data matrix and quantum palette matrix
respectively, each data structure uses the basic states of qubit
sequence to store information. For an indexed image with the
size 2n × 2n and the bit depth q, |QData〉 can be expressed as:

|QData〉 =
1
2n

2n−1∑
Y=0

2n−1∑
X=0

|IYX 〉 ⊗ |YX〉 (64)

where |YX〉 = |Yn−1Yn−2 · · · Y0Xn−1Xn−2 · · ·X0〉 is the 2-
dimensional position coordinate of each pixel, {Yi}

n−1
i=0 ∈

{0, 1}, {Xi}
n−1
i=0 ∈ {0, 1}; |IYX 〉 =

∣∣∣Iq−1YX Iq−2YX · · · I
1
YX I

0
YX

〉
is the

pixel value, which is also the index into the palette matrix,{
I iYX
}q−1
i=0 ∈ {0, 1}. For an indexed image with the bit depth

q,
∣∣QMap〉 can be expressed as:

∣∣QMap〉 = 1
√
2q

2q−1∑
j=0

∣∣Cj〉⊗ |j〉 (65)

where |j〉 =
∣∣jq−1jq−2 · · · j0〉 is the index in the palette

matrix, {ji}
q−1
i=0 ∈ {0, 1};

∣∣Cj〉 = ∣∣∣C23
j C22

j · · ·C
0
j

〉
,{∣∣∣C i

j

〉}23
i=16

,
{∣∣∣C i

j

〉}15
i=8

,
{∣∣∣C i

j

〉}7
i=10

are respectively the red,

green and blue component values in a single color,
{
C i
j

}23
i=0
∈

{0, 1}. A simple example of an indexed image is shown as
follows.

The representation models of a quantum data matrix
|QData〉 and a quantum palette matrix

∣∣QMap〉 are similar
to NEQR. For an image with the size 2n × 2n, the color
range 2c, the bit depth q, the time complexity of |QData〉,∣∣QMap〉, |QData〉 +

∣∣QMap〉 are O
(
qn · 22n

)
,O

(
2q · cq2

)
,

O
(
qn · 22n + 2q · cq2

)
, respectively. The number of used

qubits of |QData〉,
∣∣QMap〉, |QData〉 +

∣∣QMap〉 are 2n+ q, q+ c,
2n+ 2q+ c, respectively.
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FIGURE 21. A simple example of indexed image (figure adapted
from [8]).

W. DQRCI
Based on QRCI, Wang et al. proposed DQRCI which can
store two color digital images simultaneously into a quantum
superposition state is investigated [34]. The DRQCI can be
shown as

|D〉 =
1

√

22n+3

23−1∑
L=0

2n−1∑
Y=0

2n−1∑
X=0

|C(L,Y ,X )〉 ⊗ |L〉 ⊗ |YX〉

=
1

√

22n+3

23−1∑
L=0

2n−1∑
Y=0

2n−1∑
X=0

∣∣∣C1
L(Y ,X )C

2
L(Y ,X )

〉
⊗ |L〉 ⊗ |YX〉

=
1

√

22n+3

23−1∑
L=0

2n−1∑
Y=0

2n−1∑
X=0

∣∣∣R1LYXG1
LYXB

1
LYXR

2
LYXG

2
LYXB

2
LYX

〉
⊗ |L〉 ⊗ |YX〉 (66)

where
∣∣C1

L(Y ,X )
〉
=

∣∣R1LYXG1
LYXB

1
LYX

〉
and

∣∣C2
L(Y ,X )

〉
=∣∣R2LYXG2

LYXB
2
LYX

〉
represent the color information of pixel

|YX〉 in bit –plane |L〉 in two images, respectively. DQRCI
only employs 2n+ 9 qubits to store two color digital images
of size 2n×2n with every channel ranged [0, 255]. In practical
application, for example, two 2× 2 color images represented
in the DQRCI and its quantum state is shown as follows.

X. SUMMARY OF QUANTUM IMAGE REPRESENTATIONS
In this section, the quantum image representations introduced
above are analyzed and summarized. We summarized from
the formula of quantum image representation, the coding
method of color position information, the computational
complexity of image preparation, and measurement retrieval
of quantum image.

Most of the recent quantum image representations are
focused on modifying the three pioneering quantum image
representations. In Table 2, we can get that FRQI, QUALPI
NEQR, CQIR INEQR, QRMMI, QRMW, OQIM can only
deal with the gray image. NAQSS, QSMC&QSNC MCQI,
GNEQR NCQI, BRQI, OCQR, QMCR, IFRQI, QIIR,
DQRCI can operate on color images. Besides, SQR is a
representation of infrared quantum images where the color
information is produced from infrared radiation energy that
could improve the visual capacity in almost any environment.
QUALPI, NEQR CQIR, INEQR GNEQR, NCQI, BRQI,

FIGURE 22. Two color digital images with size 2 × 2 and its DQRCI
quantum state (figure adapted from [34]).

QRCI, QRMMI, QRMW, OCQR, QMCR, QBIR, QIIR,
DQRCI can provide more accurate information retrieval.

For an imagewith the same size, i.e. 2n×2n, required qubits
for different quantum image representations are discussed
in Table 3.

On the comparison of quantum image expressions, Li et al.
discuss the storage and retrieval technologies of quantum
images by using some typical examples of QIRs of three
categories and compared them in their book [40].

FRQI has the advantage of a quantum superposition state,
where the quantum state of the stored image is normalized.
Also, FRQI is suitable for full image transformation, which
is fast, but not for partial image transformation, FRQI can-
not perform accurate image measurements and is limited
to grayscale images. NAQSS can satisfy multi-dimensional
color image processing and improve the efficiency and accu-
racy of image segmentation. However, it cannot precisely
measure the pixels of an image. QSMC&QSNC can han-
dle image compression and image segmentation very well.
it cannot precisely measure the pixels of an image. SQR is
a representation of infrared quantum images where the color
information (a quantum state) is produced from infrared radi-
ation energy that could improve the visual capacity in almost
any environment. Similarly, its image retrieval is based on
probabilistic. QUALPI represents the image in logarithmic
polar coordinates, so it handles affine transformations very
well. Besides, it can provide accurate information retrieval.
NEQRuses a normalized quantum superposition state to store
grayscale images, and for color images, 24 quantum bits are
required to store the color of an image. Also, NEQR can
accurately measure the pixel and can be very convenient to
do part of the image transformation. CQIR uses multilevel
quantum systems to store and process images. It has advan-
tages in terms of dimension of the available Hilbert space,
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TABLE 2. Comparison of different quantum image representations.

computational power, physical implementation, and secu-
rity of quantum cryptographic protocols. MCQI facilitates
more advanced color image processing by applying different

TABLE 2. (Continued) Comparison of different quantum image
representations.

TABLE 3. Comparison of required qubits for different quantum image
representations of size 2n × 2n.

operations on the R, G, and B channels of the image. INEQR
is convenient for image scaling operations. GNEQR is more
versatile than NEQR and is not only suitable for grayscale
images, but also for color images. Many color operations can
be executed conveniently based on NCQI. The NCQI is more
flexible and better suited to carry out color quantum image
processing. Compared with NEQR and NCQI, The storage
capacity of BRQI is improved by 16 times and 218 times
respectively, so it has a lower quantum cost. Compared with
the existing NCQI representation model, the storage capacity
of QRCI improves 218 times. QRCI could save more storage
space than the existing quantum image representation models
and allow quantum hardware to encrypt an arbitrary number
of images simultaneously. In the QRMMI, the information
of multiple images is stored in a specific quantum state.
QRMW is capable of multi-wavelength image representa-
tion and has less time complexity. OCQR makes full use of
quantum superposition characteristic to store the RGB value
of every pixel. Compared with NCQI, OCQR uses nearly
one-third times the qubits to store the pixel value.Meanwhile,
some image processing operations related to color informa-
tion can be executed more simultaneously and conveniently
based on OCQR. FRQCI improves on FRQI by solving the
problem of quantum representation of color images. QMCR
is mainly proposed for the applications of quantum color
images in secure quantum communication, quantum image
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processing, quantum watermarking, quantum steganography,
and quantum data hiding and so on. The time complexity of
image preparation in FRQI model is lower than that in NEQR
model. The IFRQI model is comparable to FRQI and NEQR
models through the performance analysis in respect of time
and space complexity. QBIR can manipulate quantum image
blocks flexibly. OQIM quantum image model is more flexi-
ble and better suited for histogram specification, histogram
equalization and other similar image enhancement method
such as luminance correction and so on than the existing
models. QIIR can solve the representation problem of indexed
images on a quantum computer. DQRCI can store two color
digital images simultaneously into a quantum superposition
state.

III. OPEN CHALLENGES AND FUTURE RESEARCH
DIRECTIONS
Quantum image processing is a multi-disciplinary com-
prehensive field, which is currently in its infancy. The
research mainly focuses on the development of process-
ing tools, and there are still interdisciplinary studies to be
explored [41], [33]. It is a field full of exciting open prob-
lems for many researchers [1].

A. ALGORITHM RESEARCH
In classical image processing, the related processing
algorithms mainly include image color processing, image
geometric position processing, image morphology, image
segmentation, object recognition, image recovery, image
compression, image encryption, and so on. However, in the
field of quantum image processing, there are too few corre-
sponding image processing algorithms, so researchers need
to do a lot of work [42]–[54].

In terms of classical information and quantum information,
with the development of quantum computing, some algo-
rithms that are difficult to solve are expected to be solved in
the future. Currently, there are many research results on clas-
sical image processing in quantum mechanical systems, but
few that address the physical storage, processing, and visu-
alization of quantum information. Therefore, we also need to
design specialized quantum processing algorithms for the sig-
nals and images generated by quantum information sources.
In addition, for data visualization, quantum image processing
techniques can be used to process and visualize data emitted
by devices such as quantum light sources [55]. In the field
of science and engineering, the main directions of devel-
opment are in basic scientific research, applied engineering
and the military field. In basic science research, quantum
image processing algorithms can be used to visualize exper-
imental results, such as optimization super-resolution algo-
rithms [56]. In terms of application engineering, the quantum
image processing algorithm can be applied in medical imag-
ing, automatic monitoring, pattern recognition, nano manu-
facturing, and other fields [57]–[59]. In terms of the military,
image processing is an important part of this, while quantum

computing and quantum information are also areas of interest
for military applications, such as quantum radar [60]–[63].

B. RESEARCH ON THE METHOD OF QIP ADVANTAGE
DISPLAY
In general, we measure the advantages of quantum image
processing algorithms by comparing their time complexity
with traditional image processing algorithms, but this is often
not enough. It is more appropriate to explore an accurate and
comprehensive way to show the advantages of QIP and to
make a comprehensive comparison between the process and
result [64]–[67]. In the future, quantum image processing
algorithms are used to develop quantum algorithms related to
areas such as computer vision, automatic detection, and man-
ufacturing, resulting in a range of basic or advanced image
processing algorithms. In addition to the increase in compu-
tational speed in the theoretical sense, quantum computing
also has the realistic possibility of playing a role in different
fields. In the current era of big data and artificial intelli-
gence, quantum computing can solve the problem of massive
data retrieval, as well as the current overwhelming problem
of logistics optimization, cost savings and carbon emission
reduction. In the era of massive and complex information,
powerful data analysis and sorting tools are undoubted of
great help to people’s lives and work. In quantum simula-
tion, particularly in biopharmaceuticals, quantum simulation
promises to accurately simulate molecules over longer time
scales using corresponding quantum algorithms. This will
help accelerate the search for new, life-saving drugs and
significantly shorten the drug development cycle by enabling
accurate modeling that is not possible with current technol-
ogy. In finance, quantum computing impacts the financial
services industry by addressing complex optimization prob-
lems such as portfolio risk optimization and fraud detection.
Quantum computing allows for better identification of attrac-
tive portfolios with thousands of assets with interconnected
dependencies, and for more effective identification of key
fraud patterns. In artificial intelligence, quantum computing
can effectively improve the depth and speed of machine
learning and break through the bottleneck of AI development.
Quantum machine learning can help AI perform complex
tasks more effectively in a human-like manner, for exam-
ple, enabling humanoid robots to make optimal decisions
in real-time in unpredictable situations. Training AI on a
quantum computer can improve the performance of computer
vision recognition, pattern recognition, speech recognition,
machine translation, and more. In modern agriculture, quan-
tum computers canmake fertilizer more efficiently. Nearly all
fertilizers are made from ammonia, and increasing the ability
to produce ammonia (or alternatives) means cheaper, less
energy-intensive fertilizers; high-quality fertilizers would be
good for the environment and help feed the planet’s growing
population; but because the number of catalyst combinations
is infinite, little progress has been made in improving the
process of making or replacing ammonia. It would take cen-
turies to digitally test today’s supercomputers to find the
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right combination of catalysts to make ammonia; however,
quantum computers can quickly analyze chemical catalysis
processes and come up with the best combination of catalysts
to produce ammonia. Besides, quantum cloud computing
is becoming a promising field. Quantum cloud platforms
can simplify programming and provide low-cost access to
quantum computers, and major companies, including IBM,
Google, and Alibaba, are deploying quantum cloud comput-
ing projects. Quantum computers can be used to crack the
codes that protect the security of sensitive data and electronic
communications, and they can also be used to protect data
from quantum hacking, which requires a technique known
as quantum encryption. Quantum encryption is the idea of
transmitting entangled photons over long distances via quan-
tum key distribution to protect sensitive communications;
most importantly, if a quantum encrypted communication is
intercepted, the encryption scheme will immediately show
signs of disruption and indicate that the communication is not
secure. This relies on the principle that measuring the behav-
ior of a quantum system can destroy the system, known as
the ‘‘measurement effect’’. As the cost of quantum computing
resources decreases and quantum fundamentals becomemore
widely available, more relevant industry players will emerge,
and quantum computing will be increasingly used in a variety
of industries, especially in areas where traditional computers
are inefficient.

C. PHYSICAL EXPERIMENTAL RESEARCH
At present, all quantum image processing schemes stay in
theory, and researchers carry out a simulation on classical
computers to verify the algorithm of quantum computing.
In the near future, quantum computers will jump out of the
laboratory, and it will be possible for researchers to perform
physical experiments on them [68]–[73]. Current research
in quantum computing physics devices is focused on these
areas: superconducting quantum computing, semiconductor
quantum computing, ion trap quantum computing, atomic
quantum computing, nuclear spin quantum computing, and
topological quantum computing [74]– [84]. According to
current technology and processes, it is still far from being able
to be manufactured and run in bulk at room temperature like
a classical computer, which indirectly limits the real-world
application of quantum computers. Under such a background,
based on the principles of these Quantum physical devices,
more and more Quantum computing companies and research
institutions have released their own Quantum computing
cloud platforms, including IBM’s Quantum Experience [85],
Rigetti’s Forest [86], and Original Quantum’s computing
cloud platform and so on [87].

At present, many researchers are working hard on the phys-
ical implementation of quantum computing hardware. When
these hardware devices are implemented, it is worthwhile to
work image processing on these hardware. All of these efforts
are essential to achieve a smooth, effective, and secure QIMP
technology so that humans can take full advantage of the great
potential of quantum computing. In addition, while realizing

the development of quantum image processing, it is also
worth considering how to realize some low-level image and
video processing hardware for quantum image processing.

IV. CONCLUSION
Quantum image processing is a combination of quantum
computing and image processing. It is a new thing, and
researchers are facing great opportunities and challenges.
As an important part of quantum image processing, it is
necessary to conduct in-depth research on quantum image
representations. This paper introduces and analyzes the latest
research results of quantum image representation. Firstly,
the general architecture of quantum image processing is
given. Then, the various achievements in the field of quan-
tum image representation are discussed, and the similari-
ties and differences in the features and applications of the
existing quantum image representation are discussed. Finally,
the challenges and future development in the field of quantum
image processing are summarized and forecasted. In addition,
the work in this paper is valuable as a reference for peer
researchers. In the future, we will carry out in-depth research
work related to quantum image processing and design effi-
cient quantum image representation models and algorithms.
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