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ABSTRACT This article investigates the performance of free-space optical (FSO) systems using sub-carrier
quadrature amplitude modulation (SC-QAM) signaling for broadband terrestrial applications. While previ-
ous studies ignored the influence of phase noise, we theoretically analyze and derive closed-form expressions
of the system’s average bit error rate (ABER) considering the combined effect of pointing misalignment,
turbulence-induced fading, and phase error. The log-normal distribution is used to model the atmospheric
turbulence in the weak regime while the gamma-gamma distribution is applied for modeling the turbulent
atmosphere in the moderate and strong regimes. The phase error, which becomes complicated under the
effect of atmospheric turbulence, is modeled by Tikhonov distribution. The numerical results reveal that the
influence of the phase error on the system performance is dominant in the weak turbulence and high order
modulationwhile the fading becomesmore severe in themoderate-to-strong turbulence regime. The accuracy
of analytical results is also validated by Monte-Carlo simulations and a good match can be confirmed.

INDEX TERMS Free-space optics (FSO), quadrature-amplitude modulation (QAM), log-normal distribu-
tion, gamma-gamma distribution, phase error, pointing misalignment.

I. INTRODUCTION
Over the past decade, the ever-increasing demand for
high-speed wireless applications has been resulting in the
spectrum congestion problem in radio frequency (RF) com-
munications [1]. To address this issue, optical wireless tech-
nologies such as free-space optical (FSO) communications
have been becoming a promising alternative due to their
operation over unlicensed spectrum [2]–[5]. Being able to
support Gbps data rates, FSO systems can facilitate Internet
access to remote areas where installing wired connections is
costly and/or time-consuming.

Operating over the free-space medium, the performance
of terrestrial FSO systems is significantly affected by atmo-
spheric conditions. On the one hand, it is the power loss
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due to absorption and scattering by particles (e.g. water
droplets, dust, and snow) in the air. This essentially limits the
coverage of the systems. On the other hand, it is the random
fluctuation of transmitted optical power (intensity) caused
by atmospheric turbulence, which is a result of changes
in the refractive index due to inhomogeneity in tempera-
ture and pressure. As a matter of fact, there have been a
number of studies on turbulence-induced fading mitigation
methods for FSO systems, notably diversity and relaying
techniques [6]–[9].

Conventional FSO systems predominately employ inten-
sity modulation/direct detection (IM/DD) scheme, where the
information bits are encoded by the intensity of the trans-
mitted laser beam. The most commonly implemented IM
technique is on-off keying (OOK) thanks to its simplicity.
For optimal signal detection in the presence of atmospheric
turbulence, an adaptive thresholding scheme, which requires
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instantaneous channel fading knowledge, is needed at the
receiver. This consequently increases the receiver complexity.
Additionally, OOK offers lower energy and spectral effi-
ciency. To address these drawbacks of OOK, pulse-position
modulation (PPM) is a possible alternative as it does not
need adaptive thresholding and is more energy-efficient
[10], [11]. However, PPM also exhibits poor spectral effi-
ciency. These limitations of OOK and PPM have motivated
extensive research on subcarrier intensity modulation (SIM),
which is able to support high data-rates with cost-effective
implementation [12]–[17]. The adoption of this modulation
scheme is also encouraged to seamlessly integrate FSO sys-
tems into current fiber optics networks, where SIMs are
already commercially deployed. The use of SIM can enable
both coherent and noncoherent modulation schemes, where
the former is preferable due to its better bit error rate (BER)
performance. For the coherent modulation, a carrier phase
recovery is required at the receiver to achieve the optimal
performance. The phase recovery process is, nonetheless,
sensitive to noise and turbulence-induced fading. As such,
errors in carrier phase estimation (CPE) are inevitable. Even
in noncoherent modulation systems where there is no need
for phase recovery, phase errors can still be generated due to
hardware impairments [18], [19].

Although the impact of turbulence-induced fading on the
performance of SIM/FSO has been extensively investigated,
such studies for the case of phase errors are rather scarce. The
error performances of subcarrier phase-shift keying (PSK)
FSO systems with phase errors being modeled as a Tikhonov
distribution were first studied in [20] and [21] for log-normal
and gamma-gamma turbulence channel, respectively. In the
case of the log-normal channel, asymptotic noise refer-
ence loss expressions were derived to quantify the perfor-
mance degradation caused by phase errors. It was shown
that while the impact of phase errors on binary phase-shift
keying (BPSK) systems was negligible; it could not
be ignored in the case of higher-order PSK. For the
gamma-gamma channel, closed-form expressions for the
average symbol error probability (ASEP) were derived in
the case of BPSK with a negligible phase error effect. For
the general case, since closed-form solutions were not pos-
sible, an approximation to the Tikhonov distribution was
introduced to facilitate the analysis. For the case of SIM
with noncoherent modulation, the authors in [22] examined
ASEP of FSO systems using M -ary differential phase-shift
keying (MDPSK) over gamma-gamma channel with point-
ing errors. Instead of using the approximation method pro-
posed in [21], the probability density function (PDF) of the
Tikhonov distribution was represented by its Fourier series
expansion, leading to a convergent series expression for the
ASEP. Numerical results revealed that the presence of phase
errors could result in an unrecoverable error-rate floor, which
is a limiting factor of SIM-DPSK FSO systems. Extending
the single-input single-output (SISO) configuration consid-
ered in previous works, approximate ASEP expressions for

single-input single-output and single-input multiple-output
(SIMO) links were presented in [23].

It is worth noting that all above-mentioned studies
attempted to explore the impact of phase errors on SIM/FSO
systems using PSK or its variants. While PSK is suitable
for long-range communications such as satellite links where
channel robustness is of importance, it suffers from low
spectral efficiency [24], [25]. In this regard, the spectrally
efficient QAM is preferable as both amplitude and phase
are modulated. As a matter of fact, QAM is a family of
modulations with different constellation types corresponding
to different arrangements of the signal points [26]. While
square QAM (a special case of the rectangular QAM) is
widely deployed in terrestrial wireless standards such as
wireless fidelity (Wi-Fi), and 3G/4G/5G cellular networks,
star QAM is used in the satellite communication standards
such as Digital Video Broadcast System (DVB) S2, DVB-SH,
Internet Protocol over Satellite (IPoS), and Advanced Broad-
casting Systems via Satellite (ABS-S) [27], [28]. On the other
hand, cross QAM is useful in adaptive modulation schemes
and is adopted in various systems such as Asymmetric
Digital Subscribers Line (ADSL), Very high-speed Digital
Subscriber Line (VDSL), and Digital Video Broadcasting -
Cable (DVB-C) [29]. Considering that rectangular QAM is a
generalization of the square one, which is themost commonly
used variant, this article focuses on the performance analysis
of FSO systems using rectangular QAM.

There have been several investigations on the performance
of SIM-QAM FSO systems over the past decade. Using
an exponential approximation to the Gaussian Q-function,
the approximate ASEPs of a SIM/FSO system employ-
ing general order rectangular QAM were evaluated over
log-normal and gamma-gamma turbulence channels in [30].
Exact ASEP expressions were obtained in [31] for gamma-
gamma, K-distributed, and negative exponential channels
using a series expansion of the modified Bessel function.
Considering BER as the performance metric, the authors
in [32] examined a general rectangular QAM/FSO system
using an avalanche photodiode (APD) over gamma-gamma
channels. The impact of signal-dependent receiver noise was
also taken into account. Recently, a hybrid QAM-multi-pulse
pulse-position modulation (MPPM) has been proposed and
studied to improve the power efficiency compared to the
traditional QAM [33], [34]. Comparisons between QAM and
other modulation schemes in terms of BER and outage prob-
ability can be found in [35].

To the best of the authors’ knowledge, aside from the
conference version of this article [36], there has been no
study on the performance analysis of SIM-QAM FSO sys-
tems considering the impact of phase errors in the literature.
It has been shown in previous works that the influence of
phase errors is proportional to the modulation order in the
case of PSK. Hence, it is also expected that the performance
degradation caused by phase errors in the case of QAMwould
be significant as high-order QAM is usually employed to
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provide high data-rates. In our previous study, we presented
an ASEP analysis for the special case of square QAM with
gamma-gamma turbulence channel and phase errors. Based
on the obtained initial results, this article attempts to provide
a comprehensive performance analysis for SIM-QAM FSO
systems with phase errors, which is summarized as follows

• We examine a more general channel model, which,
in addition to turbulence-induced fading and phase
errors, takes pointing misalignment into account.
In practical FSO systems, pointing misalignment due to
transceiver vibration and/or building sway is inevitable
and results in a considerable reduction in the received
optical power [37], [38].

• Instead of ASEP and square QAM as being consid-
ered in the conference version, we derive closed-form
expressions for the average BER (ABER), which is a
better indicator of the system performance, considering
general rectangular QAM with Gray coding. It should
be noted that while an exact closed-form expression of
BER for the general rectangular QAM over additive
white Gaussian noise (AWGN) channel was presented
in [39], the derivation is not applicable to the case with
phase errors. By characterizing a detection rule for each
bit in the QAM symbol, we newly derived approximate
closed-form expressions for the ABER of the considered
system over log-normal and gamma-gamma turbulence
channels.

The remainder of the paper is organized as follows. The
system and channel model are described in Section II.
The bit detection rule and ABER analysis are presented in
Section III. Representative numerical results are displayed
and discussed in Section IV. Finally, we conclude the paper in
Section V.

II. SYSTEM AND CHANNEL MODEL
A. SYSTEM MODEL
We consider in this article an FSO system employing general
rectangular M -ary QAM. At the transmitter, each block of
log2M information bits is firstly modulated into a QAM sym-
bol by an I-Q modulator, where I and Q are the in-phase and
quadrature, respectively. The output signal of the modulator
can be represented by

sm (t) = AmIg (t) cos (2π fct)− AmQg (t) sin (2π fct) , (1)

where AmI and AmQ (m = 1, 2, . . . ,M ) are the amplitudes
of data-bearing signals with respect to the I and Q channel,
respectively. g(t) is the shaping pulse, fc is the subcarrier
frequency. The electrical QAM signal is then used to modu-
late the intensity of an optical beam, which can be expressed
as

s (t) = Ps (1+ δsm(t)) , (2)

where 0 < δ < 1 is the modulation index and Ps is the
power of the transmitted optical signal. The received optical

intensity at the input of a PIN photodiode is given by

r (t) = hPs
(
1+ δ

(
AmIg (t) cos (2π fct + θe)

−AmQg (t) sin (2π fct + θe)
))
, (3)

where the channel coefficient, h = hlhahp, composes of geo-
metrical path loss hl , atmospheric turbulence-induced fading
ha modeled by the log-normal distribution in weak turbulence
and gamma-gamma distribution in the strong turbulence
regime, and the pointing error hp. Additionally, θe denotes
the turbulence-induced phase error, which is modeled by the
Tikhonov distribution.

The electrical signal at the output of the photodiode after
the DC bias term being filtered out is then expressed by

re (t) = h<Psδ
(
AmIg (t) cos (2π fct + θe)

−AmQg (t) sin (2π fct + θe)
)
+ n(t), (4)

where n(t) denotes a zero-mean AWGN whose variation
σ 2
n = N0/2 with N0 being the noise power spectral density

and < is the responsivity of the photodiode. Accordingly,
the instantaneous electrical signal-to-noise ratio (SNR) per
symbol at the output of the receiver is given by

γ =
(δ<Psh)2

σ 2
n

, (5)

To facilitate the performance analysis of high-order modula-
tion schemes like QAM, it is common to use the SNR per bit,
which is

γb =
γ

log2(M )
, (6)

whereM is the modulation order. The average SNR per bit is
then γ̄b = E [γb] =

(δ<Ps)2E(h2)
log2Mσ 2n

.

B. CHANNEL MODEL
In terrestrial FSO systems, the propagation of an optical
signal is mainly affected by three key factors, including path
loss, atmospheric turbulence-induced phase error and fading,
and pointing misalignment. Hence, the composite channel
coefficient h can be formulated as

h = hlhpha, (7)

where hl is the path loss, which is dependent on the trans-
mission distance and weather condition. hp represents the
power loss due to transceiver pointing misalignment and
is characterized by a random variable. Finally, ha is also
a random variable, which describes the fading caused by
intensity fluctuations of the optical beam propagating through
atmospheric turbulence channel.

1) PATH LOSS (hl )
The path loss is commonly modeled by the Beers-Lambert
law as follows

hl = exp (−αlL) , (8)
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where L is the transmission distance and αl is the attenuation
coefficient, which is weather-dependent. Some typical values
of αl corresponding to different weather conditions are shown
in Table 1.

TABLE 1. Typical values of the attenuation coefficient [40].

2) POINTING MISALIGNMENT (hp)
Mechanical errors and/or transceiver vibration due to for
example strong wind, building sway might cause pointing
misalignments, which further results in power loss at the
receiver. Geometrically shown in Fig. 1, the pointing mis-
alignment is characterized by vector re from the center of
the photodetector to that of the beam footprint. At the trans-
mission distance L, the fraction of power collected at the
photodetector is given by [37]

hp(re,L) ≈ A0exp

(
−

2r2e
w2
Leq

)
, (9)

where re = ‖re‖, A0 = (erf(ν))2 is the fraction of collected

power at L = 0, and w2
Leq =

w2
L
√
πerf(ν)

2v exp(−ν2)
is the equivalent

beam width with ν =
√
πa

√
2wL

and a being the radius of
photodetector aperture.wL denotes the beamwaist of a Gaus-
sian beam propagating through an atmospheric turbulence
channel. At the channel distance L, it can be approximated

by wL ≈ wo

[
1+ ε

(
λL
πw2

o

)2] 1
2

, where w0 is the beam waist at

L = 0 (i.e. at the transmitter), λ is the optical wavelength, ε =

1+ 2w2
o

ρ20 (z)
with ρ0(z) = (0.55C2

n k
2L)−3/5 being the coherence

length, C2
n being the refractive index structure parameter, and

k = 2π
λ

being the optical wave number.

FIGURE 1. Misalignment between Gaussian beam footprint and detector
at the receiver lens area.

Assume that the radial distance re is random and modeled
by a Rayleigh distribution with the scale parameter σp being
the jitter standard deviation at the receiver, the probability
density distribution (PDF) of hp can be written as [37]

fhp
(
hp
)
=
ξ2

Aξ
2

0

hpξ
2
−1, 0 ≤ hp ≤ A0, (10)

where ξ =
wLeq
2σp

.

3) ATMOSPHERIC TURBULENCE-INDUCED FADING (ha)
In addition to geometrical path loss, the atmospheric chan-
nel also causes random fluctuations in the transmitted beam
intensity, which results in signal fade at the receiver. For the
sake of performance analysis, a number of distribution mod-
els have been proposed to describe this turbulence-induced
fading. It is well-known that the log-normal distribution is
sufficient and mathematically simple in the case of weak tur-
bulence. Assume that the fading power is normalized to unity,
its PDF following the log-normal distribution is given by

fha (ha) =
1

haσs
√
2π

exp

−
(
ln(ha)+

σ 2s
2

)2
2σ 2

s

 , (11)

in which σ 2
s is the log-intensity variance given as

σ 2
s = exp

 0.49σ 2
R(

1+ 0.18z2L + 0.56σ 12/5
R

)7/6
+

0.51σ 2
R(

1+ 0.9z2L + 0.62σ 5/6
R

)5/6
− 1, (12)

where zL =
√
ka2/L and σ 2

R is the Rytov variance [15]. In the
case of plane wave propagation, σ 2

R is given by

σ 2
R = 1.23k7/6C2

nL
11/6. (13)

Combining (8), (10), and (11), the distribution of h can be
derived as [41]

fh(h) =
ξ2

2(A0hl)ξ
2 h
ξ2−1 exp

[
2σ 2

s ξ
2
(
1+ ξ2

)]

× erfc

 ln
(

h
A0hl

)
+ 2σ 2

s
(
1+ 2ξ2

)√
8σ 2

s

 , (14)

where erfc(·) is the complementary error function. Accord-
ingly, after some simple manipulation, we can get the PDF of
the instantaneous SNR per bit γb as

fγb (γb) =
ξ2

4(A0hl)ξ
2

γ
ξ2
2 −1

b

γ̄
ξ2
2

b

exp
[
2σ 2

s ξ
2
(
1+ξ2

)]

× erfc

 ln
(

1
A0hl

√
γb
γ̄b

)
+ 2σ 2

s
(
1+ 2ξ2

)
√
8σ 2

s

 . (15)
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To characterize a wide range of turbulence strength,
the gamma-gamma distribution is commonly used due to its
mathematical tractability [42]. The PDF of the fading power
following gamma-gamma distribution is given by

fha (ha) =
2(αβ)(α+β)/2

0 (α) 0 (β)
h
α+β
2 −1

a Kα−β
(
2
√
αβha

)
, (16)

where Kα−β (·) is the modified Bessel function of the second
kind and order (α − β) and 0(·) denotes the gamma func-
tion. α and β are the effective numbers of large-scale and
small-scale turbulences. In the case of zero-inner scale, they
are given by

α =

exp
 0.49σ 2

R(
1+ 1.11σ 12/5

R

)7/6
− 1


−1

, (17)

β =

exp
 0.51σ 2

R(
1+ 0.69σ 12/5

R

)5/6
− 1


−1

. (18)

Similar to the case of log-normal distribution, the PDFs of h
and γb are derived as [43]

fh (h) =
αβξ2

A0hl0 (α) 0 (β)

×G3,0
1,3

[
αβ

A0hl
h

∣∣∣∣ ξ2

ξ2 − 1, α − 1, β − 1

]
, (19)

and

fγb (γb) =
ξ2

2γb0 (α) 0 (β)
G3,0
1,3

[
αβξ2

ξ2 + 1

√
γb

γ b

∣∣∣∣ ξ2 + 1
ξ2, α, β

]
,

(20)

respectively, where Gm,np,q [·|·] denotes the Meijer
G-function [44].

C. PHASE ERROR MODEL
At the receiver, the CPE is performed using a phase-locked
loop (PLL). In the presence of noise and turbulence-induced
fading, an estimation error might occur, which further dete-
riorates the system performance. It has been shown that the
phase error follows a Tikhonov distribution, whose condi-
tional PDF is given by [45]

fθe|ρ (θe|ρ) =
exp (ρ cos θe)
2π I0 (ρ)

, −π ≤ θe ≤ π (21)

where I0(·) is the zero-order first kind modified Bessel func-
tion and ρ is the SNR of the PLL used for carrier synchroniza-
tion. It is observed that ρ is proportional to the instantaneous
SNR per bit γb as ρ = Cγb, where C is a constant whose
typical value is around 10 [20]. Hence, (21) can be rewritten
as

fθe|γb (θe|γb) =
exp (Cγb cos θe)
2π I0 (Cγb)

, −π ≤ θe ≤ π. (22)

III. AVERAGE BIT ERROR RATE
In this section, we focus on deriving the ABER of the consid-
ered system using general-order rectangularMI ×MQ QAM
(i.e.M = MI×MQ) by characterizing a decision rule for each
bit of a QAM symbol. For this purpose, we first examine an
example for the specific case of 8 × 4 QAM. The decision
rule and ABER expressions for the general case are then
developed.

A. BIT DECISION RULE
Figure 2 shows the signal space diagram of an 8 × 4 QAM
represented in a two-dimensional Cartesian system, where
the two axes are the I and Q channel. Essentially, the signal
constellation of an MI × MQ QAM can be seen as a combi-
nation of two pulse amplitude modulation (PAM) signalings
(i.e. MI -ary and MQ-ary PAM). In our example 8 × 4 QAM
scheme, the I channel represents an 8-PAM whose symbols
are constituted of 3 bits (i1, i2, i3) while the Q channel is a
4-PAM whose symbols consist of 2 bits (q1, q2). In addition,
data bits on each channel are mapped into the constellation
point by using Gray coding and all symbols are assumed to
be equally likely transmitted.

To facilitate the calculation of bit error probability, it is
beneficial to represent each received symbol by its coordinate
in the defined Cartesian system as illustrated in Fig. 3. Denote
Sm as the original symbol under the ideal condition (i.e.
no noise and phase error) whose coordinate is

(
rmI , rmQ

)
=(

AmIdI ,AmQdQ
)
, where dI and dQ are the in-phase and

quadrature half decision distances, respectively [36]. The
coordinate (r ′mI , r

′
mQ) of symbol S ′m, which corresponds to Sm

impaired by phase error θe and the noise vector n, can then
be expressed by

r ′mI = AmIdI cos (θe)− AmQdI sin (θe)+ n, (23a)

r ′mQ = AmIdQ sin (θe)+ AmQdQ cos (θe)+ n. (23b)

For a general MI × MQ QAM, in-phase and quadrature half
decision distances are given by

dI√
2σ 2

n

=

√√√√ 3 log2 (M) γb(
M2
I − 1

)
+ r2

(
M2
Q − 1

) , (24)

dQ√
2σ 2

n

=

√√√√ 3r2 log2 (M) γb(
M2
I − 1

)
+ r2

(
M2
Q − 1

) . (25)

where r = dQ
dI

is the quadrature-to-inphase decision distance
ratio. Without loss of generality, assume that r = 1, resulting
in dI = dQ = d .
For a better explanation, let us characterize the bit error

conditions on the I and Q channel separately. For the I chan-
nel, as shown in Fig. 4, the boundary decision of each bit i1,
i2, and i3 is defined based on the position of the symbol which
contains the bit. Specifically, bit i1 decision ismade according
to

i1 =

{
1 if r ′mI < 0,
0 if r ′mI ≥ 0.

(26)
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FIGURE 2. Signal space diagram for the 8 ×4 QAM scheme.

FIGURE 3. Illustration of bit errors due to AWGN and phase error.

In a similar way, the decisions for bit i2 and i3 are shown
as

i2 =

{
1 if r ′mI < −4d or r ′mI ≥ 4d,
0 if −4d ≤ r ′mI < 4d,

(27)

and

i3 =


1 if r ′mI < −6d or −2d ≤ r ′mI < 2d

or r ′mI ≥ 6d,
0 if −6d ≤ r ′mI < −2d or 2d ≤ r ′mI < 6d .

(28)

For the Q channel, the decision rules for bit q1 and q2 are
given as displayed in Fig. 5 as

q1 =

{
1 if r ′mQ < 0,

0 if r ′mQ ≥ 0,
(29)

and

q2 =

{
1 if r ′mQ < −2d or r ′mQ ≥ 2d,

0 if −2d ≤ r ′mQ < 2d .
(30)

For a general decision rule of an arbitrary MI -ary PAM
with log2MI being an integer, denote ik as the symbol’s k−th
most significant bit (k ≤ log2MI ). As can be deduced from
the two specific cases of 4-PAM and 8-PAM, a decision rule
for ik is given in the following form

ik =

{
1 if r ′I �R(1)

IMI ,k
,

0 if r ′I �R(0)
IMI ,k

,
(31)

where R(1)
IMI ,k

=

{(
a(1)IMI ,k

d, b(1)IMI ,k
d
) ∣∣∣ a(1)IMI ,k ∈ {Z,−∞} ,

b(1)IMI ,k
∈ {Z,+∞}

}
and R(0)

IMI ,k
=

{(
a(0)IMI ,k

d, b(0)IMI ,k
d
) ∣∣∣

a(0)MI ,k ∈ Z, b(0)MI ,k ∈ Z
}
are the sets of decision regions of bits

‘1’ and ‘0’, respectively. In the above defined decision rule,
we use the notation r ′I � R(1)

IMI ,k
(or r ′I � R(0)

IMI ,k
) to imply

that a(1)IMI ,k
d ≤ r ′I < b(1)IMI ,k

d for some a(1)IMI ,k
d and b(1)IMI ,k

d

that
(
a(1)IMI ,k

d, b(1)IMI ,k
d
)
∈ R(1)

IMI ,k
. Note that R(0)

IMI ,k
and R(1)

IMI ,k

are disjoint. Next, let A(1)
IMI ,k

=

{
A(1)IMI ,k

d
∣∣ A(1)IMI ,k ∈ Z

}
and

A(0)
IMI ,k
=

{
A(0)IMI ,k

d
∣∣ A(0)IMI ,k ∈ Z

}
be the sets of amplitudes of

the original symbols whose ik bits are ‘1’ and ‘0’, respec-
tively. With these definitions, the conditional BER of ik is
given in (32), as shown at the bottom of the next page, where
erfc(·) is the complementary error function. Similarly, with
the same definitions for the Q channel, the conditional BER
of qk can be expressed in (33), as shown at the bottom of the
next page.

The ABER is then given by

Pe =

∞∫
0

π∫
−π

PI ,e(ik |γb, θe)fγb (γb) fθe (θe) dθedγb

+

∞∫
0

π∫
−π

PQ,e(qk |γb, θe)fγb (γb) fθe (θe) dθedγb. (34)
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Though the expressions of PI ,e(ik |γb, θe) and PQ,e(qk |γb, θe)
are tedious, we observe that their summands are in the

form erfc
(

d√
2σ 2n

(ϕ + ψ cos(θe)+ ω sin(θe))
)

for some ϕ,

ψ , and ω. As a result, it suffices to evaluate the following

integral

Pe(ϕ,ψ,ω)=

∞∫
0

π∫
−π

erfc

(
d√
2σ 2

n

(ϕ+ψ cos(θe)+ω sin(θe))

)
× fγb (γb) fθe|γb (θe|γb) dθedγb. (35)

PI ,e(ik |γb, θe)

= Pr
(
r ′I �R(1)

IMI ,k

∣∣∣rI ∈ A(0)
IMI ,k

)
+ Pr

(
r ′I �R(0)

IMI ,k

∣∣∣rI ∈ A(1)
IMI ,k

)

=
1

log2(M )MIMQ

 ∑
rI∈A(0)

IMI ,k

Pr
(
r ′I �R(1)

IMI ,k

)
+

∑
rI∈A(1)

IMI ,k

Pr
(
r ′I �R(0)

IMI ,k

)

=
1

log2(M )MIMQ

 ∑
A(0)IMI ,k

d∈A(0)
IMI ,k

∑
(
a(1)IMI ,k

d,b(1)IMI ,k
d
)
∈R(1)

IMI ,k

MQ
2 −1∑

q=−
MQ
2

Pr
(
a(1)IMI ,k

d≤A(0)IMI ,k
d cos(θe)−(2q+1)d sin(θe)+n<b

(1)
IMI ,k

d
)

+

∑
A(1)IMI ,k

d∈A(1)
IMI ,k

∑
(
a(0)IMI ,k

d,b(0)IMI ,k
d
)
∈R(0)

IMI ,k

MQ
2 −1∑

q=−
MQ
2

Pr
(
a(0)IMI ,k

d ≤ A(1)IMI ,k
d cos(θe)− (2q+ 1)d sin(θe)+ n < b(0)IMI ,k

d
)

=
1

2 log2(M )MIMQ

 ∑
A(0)IMI ,k

d∈A(0)
IMI ,k

∑
(
a(1)IMI ,k

d,b(1)IMI ,k
d
)
∈R(1)

IMI ,k

MQ
2 −1∑

q=−
MQ
2

erfc

a(1)IMI ,kd − A(0)IMI ,kd cos(θe)+ (2q+ 1)d sin(θe)√
2σ 2

n



− erfc

b(1)IMI ,kd − A(0)IMI ,kd cos(θe)+ (2q+ 1)d sin(θe)√
2σ 2

n

+ ∑
A(1)IMI ,k

d∈A(1)
IMI ,k

∑
(
a(0)IMI ,k

d,b(0)IMI ,k
d
)
∈R(0)

IMI ,k

MQ
2 −1∑

q=−
MQ
2

× erfc

a(0)IMI ,kd − A(1)IMI ,kd cos(θe)+ (2q+ 1)d sin(θe)√
2σ 2

n

−erfc
b(0)IMI ,kd − A(1)IMI ,kd cos(θe)+(2q+1)d sin(θe)√

2σ 2
n


 . (32)

PQ,e(qk |γb, θe)

=
1

2 log2(M )MIMQ

 ∑
A(0)QMQ,k

d∈A(0)
QMQ,k

∑
(
a(1)QMQ,k

d,b(1)QMQ,k
d
)
∈R(1)

QMQ,k

MI
2 −1∑

i=−MI
2

erfc

a(1)QMQ,kd−A(0)QMQ,kd cos(θe)+(2i+1)d sin(θe)√
2σ 2

n



− erfc

b(1)IMI ,kd − A(0)IMI ,kd cos(θe)+ (2i+ 1)d sin(θe)√
2σ 2

n

+ ∑
A(1)QMQ,k

d∈A(1)
QMQ,k

∑
(
a(0)QMQ,k

d,b(0)QMQ,k
d
)
∈R(0)

QMQ,k

MI
2 −1∑

q=−MI
2

× erfc

a(0)QMQ,kd − A(1)QMQ,kd cos(θe)+ (2i+ 1)d sin(θe)√
2σ 2

n

− erfc

b(0)QMQ,kd − A(1)QMQ,kd cos(θe)+ (2i+ 1)d sin(θe)√
2σ 2

n


 .
(33)
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FIGURE 4. Bit-by-bit demapping on the I channel of the 8× 4 QAM scheme.

Finding an exact closed-form solution to the above integral
is general difficult (if not possible). To overcome this, our
approach is to make use of a series of approximations. Firstly,
in practice, the phase error value is usually very small (i.e.
θe ≈ 0) resulting in cos(θe) ≈ 1 and sin(θe) ≈ θ . Then,
(35) is approximated by

Pe(χ,ω) ≈

∞∫
0

π∫
−π

erfc

(
d√
2σ 2

n

(χ + ωθe)

)
× fγb (γb) fθe|γb (θe|γb) dθedγb, (36)

where χ = ϕ + ψ . Moreover, at the higher value of PLL’s
SNR (i.e. ρ � 1), the Tikhonov distribution can be well
approximated by the normal distribution (as shown in [36])
with zero-mean and variance 1

Cγb
. Hence, the PDF of the

turbulence-induced phase error can be rewritten following the
normal distribution as

fθe|γb (θe|γb) ≈

√
Cγb
2π

exp
(
−
θ2eCγb

2

)
, (37)

Using the well-known approximation erfc (x) ≈

1
6 exp

(
−x2

)
+

1
2 exp

(
−

4
3x

2
)
, we now evaluate the inner

integral in (36) as

Pinnere (χ,ω)

=

π∫
−π

erfc

(
d√
2σ 2

n

(χ + ωθe)

)√
Cγb
2π

exp
(
−
θ2eCγb

2

)
dθe

≈
1
6

π∫
−π

exp
(
−
d2

2σ 2
n
(χ+ωθe)2

)√
Cγb
2π

exp
(
−
θ2eCγb

2

)
dθe

︸ ︷︷ ︸
E(χ,ω)

+
1
2

π∫
−π

exp
(
−
2d2

3σ 2
n
(χ+ωθe)2

)√
Cγb
2π

exp
(
−
θ2eCγb

2

)
dθe.

︸ ︷︷ ︸
F(χ,ω)

(38)

FIGURE 5. Bit-by-bit demapping on the Q channel of the 8× 4 QAM
scheme.

Closed-form expressions for E(χ,ω) and F(χ,ω) can be
easily derived as

E(χ,ω)

=

√
C

12
√
2m

exp
((

n2

4m
− u

)
γb

)
×

(
erf
(
−2πm− n

2
√
m
√
γb

)
+ erf

(
−2πm+ n

2
√
m
√
γb

))
,

(39)

and

F(χ,ω)

=

√
C

4
√
2v

exp
((

t2

4v
− p

)
γb

)
×

(
erf
(
−2πv− t

2
√
v
√
γb

)
+ erf

(
−2πv+ t

2
√
v
√
γb

))
,

(40)

where m = ω2d2

2σ 2n
+

C
2 , n =

−χωd2

σ 2n
, u = χd2

2σ 2
, v = 2ω2d2

3σ 2n
+

C
2 ,

t = −4χωd
2

3σ 2n
, p = 2χd2

3σ 2n
, and erf(·) denotes the error function.
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This allows us to rewrite (36) as

Pe (χ, ω)≈

∞∫
0

E(χ,ω)fγb (γb) dγb︸ ︷︷ ︸
H1(χ,ω)

+

∞∫
0

F(χ,ω)fγb (γb) dγb︸ ︷︷ ︸
H2(χ,ω)

.

(41)

In the following, closed-form expressions for (41) are derived
in the case of log-normal and gamma-gamma turbulence
models.

1) LOG-NORMAL TURBULENCE CHANNEL
To facilitate deriving closed-form expressions for H1(χ,ω)
and H2(χ,ω), it is necessary to utilize the following asymp-
totic behavior at high SNR of the combined PDF in (15)
as [41]

lim
γb→∞

fγb (γb) =
ξ2

2(A0hl)ξ
2

γ
ξ2
2 −1

b

γ
ξ2
2
b

exp
(
2σ 2

s ξ
2
(
1+ ξ2

))
+O

(
γ
ξ2−1
b

)
, (43)

where O
(
γ
ξ2−1
b

)
denotes the higher order of γ ξ

2
−1

b , which
can be eliminated to get a simple approximation of fγb (γb)
with a satisfactory accuracy. Using this approximation, we get

H1(χ,ω)

≈

√
C

12
√
2m

ξ2

2(A0hl)ξ
2
γ
ξ2
/
2

b

exp
(
2σ 2

s ξ
2
(
1+ ξ2

))

×

∞∫
0

γ
ξ2
2 −1

b exp
((

n2

4m
− u

)
γb

)
×

(
erf
(
−2πm−n

2
√
m
√
γb

)
+erf

(
−2πm+n

2
√
m
√
γb

))
dγb,

(44)

and

H2(χ,ω)

≈

√
C

4
√
2v

ξ2

2(A0hl)ξ
2
γ
ξ2
/
2

b

exp
(
2σ 2

s ξ
2
(
1+ ξ2

))

FIGURE 6. Exact, approximate, and adjusted ABERs in log-normal
turbulence channel with L = 1000 m, C2

n = 5× 10−15, and C = 5 dB.

×

∞∫
0

γ
ξ2
2 −1

b exp
((

t2

4v
− p

)
γb

)

×

(
erf
(
−2πv− t

2
√
v
√
γb

)
+erf

(
−2πv+ t

2
√
v
√
γb

))
dγb.

(45)

Using the identity erf (x) = x
√
π
G1,1
1,2

(
x2
∣∣∣∣ 1/2
0,−1/2

)
and

[44, Eq. (2.24.3.1)], a closed-form expression for Pe(χ,ω)
in the case of log-normal turbulence channel is given in (42),
as shown at the bottom of the page.

Fig. 6 shows the exact and approximate ABERs computed
using (34) and (42) with C2

n = 5× 10−15, FSO link distance
of L = 1000 m, and C = 5 dB. Parameters related to
pointing misalignment are chosen as ξ = 1.2 and A0 = 2.
It is observed that at γ b ≥ 10 dB, the approximate ABER
differs linearly from the exact one due to the use of several
approximations. However, it is interesting that this linear
discrepancy can be compensated by scaling the approximate
BER by a factor of 3.5.

PLNe (χ, ω) ≈
1
√
π

ξ2
√
C

2(A0hl)ξ
2
γ
ξ2
/
2

b

exp
(
2σ 2

s ξ
2
(
1+ ξ2

))

×


(
u− n2

4m

)− ξ22
12
√
2m

(
G1,2
2,2

[
(2πm+ n)2

4mu− n2

∣∣∣∣∣ 1− ξ2

2 , 1
1
2 , 0

]
+ G1,2

2,2

[
(−2πm+ n)2

4mu− n2

∣∣∣∣∣ 1− ξ2

2 , 1
1
2 , 0

])

+

(
p− t2

4v

)− ξ22
4
√
2m

(
G1,2
2,2

[
(2πv+ t)2

4vp− t2

∣∣∣∣∣ 1− ξ2

2 , 1
1
2 , 0

]
+ G1,2

2,2

[
(−2πv+ t)2

4vp− t2

∣∣∣∣∣ 1− ξ2

2 , 1
1
2 , 0

]) . (42)
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2) GAMMA-GAMMA TURBULENCE CHANNEL
For the moderate to strong turbulence, the gamma-gamma
distribution is used to model the turbulence channel. Then,
the closed-form of Eq. (34) is obtained following another
way. By substituting Eq. (20) and Eq. (40) into Eq. (41),
the integral H1 can be shown as

H1(χ,ω)

=

∞∫
0

√
C

24
√
2m

exp
[(

n2

4m
− u

)
γb

]

×

[
erf
(
−2πm− n

2
√
m
√
γb

)
+erf

(
−2πm+ n

2
√
m
√
γb

)]
×G3,0

1,3

[
αβξ2(
ξ2 + 1

)√ γb
γ b

∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

]
dγb, (47)

and

H2(χ,ω)

=

∞∫
0

√
C

8
√
2v

exp
[(

t2

4v
− p

)
γb

]

×

[
erf
(
−2πv− t

2
√
v
√
γb

)
+erf

(
−2πv+ t

2
√
v
√
γb

)]
×G3,0

1,3

[
αβξ2(
ξ2 + 1

)√ γb
γ b

∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

]
dγb, (48)

where 9 (ξ) =

{
1, ξ

2
+1
2 ,

ξ2

2 + 1
}
, 1(ξ, α, β) ={

ξ2

2 ,
ξ2+1
2 , α2 ,

α+1
2 ,

β
2 ,

β+1
2

}
. Finally, by using

erf(x) = 1−erfc(x), erfc(x) ≈ 1
6 exp

(
−x2

)
+

1
2 exp

(
−

4
3x

2
)
,

( [44], Eq. (2.24.3.1)), and denoting W = αβξ2

(ξ2+1)
√
γ b
, R =

u − n2
4m , and Y = p − t2

4v , a closed-form expression for the
ABER in this case is given in (46), as shown at the bottom of
the page.

In this case, we also observe linear discrepancies between
the exact and approximate ABERs as illustrated in Fig. 7 with
different values of C2

n . However, the scaling factor is shown
to be 1.5.

IV. NUMERICAL RESULTS
In this section, representative numerical results are presented
to illustrate the BER performances of SIM-QAM FSO sys-
tems under the impacts of atmospheric turbulence and phase
error. To verify the accuracy of the analytical derivations,
Monte-Carlo simulations are performed. Without otherwise
noted, the fraction of collected power at L = 0, A0 = 2,
the radius of the photodetector aperture, a = 0.1 m, the
beam waist radius at L = 0, w0 = 0.05 m, and the optical
wavelength, λ = 1550 nm are chosen.

A. PERFORMANCES WITHOUT POINTING
MISALIGNMENT
Firstly, we show the ABER performances assuming a perfect
pointing alignment. In the case of weak turbulence modeled
by log-normal distribution withC2

n = 10−15, Fig. 8 compares
performances of different QAM constellation sizes (e.g. 4×4
and 8× 4 QAM) for different values of the average SNR per
bit where the link length is set to 1000 m. As shown in (22),
the phase error distribution is solely scaled by the constant

PGGe (χ, ω) ≈

√
C

96π
√
2m

2α+β−1ξ2

0 (α) 0 (β)

2G6,1
3,6

[
W 2

16R

∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

]
−

1
6
G6,1
3,6

 W 2

16
((

2πm+n
2
√
m

)2
+ R

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)



−
1
2
G6,1
3,6

 W 2

16
(

4
3

(
2πm+n
2
√
m

)2
+ R

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

− 1
6
G6,1
3,6

 W 2

16
((
−2πm+n
2
√
m

)2
+ R

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)



−
1
2
G6,1
3,6

 W 2

16
(

4
3

(
−2πm+n
2
√
m

)2
+ R

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)


+

√
C

32π
√
2v

2α+β−1ξ2

0 (α) 0 (β)

2G6,1
3,6

[
W 2

16Y

∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

]

−
1
6
G6,1
3,6

 W 2

16
((

2πv+t
2
√
v

)2
+ Y

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

− 1
2
G6,1
3,6

 W 2

16
(

4
3

(
2πv+t
2
√
v

)2
+ Y

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)



−
1
6
G6,1
3,6

 W 2

16
((
−2πv+t
2
√
v

)2
+ Y

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)

− 1
2
G6,1
3,6

 W 2

16
(

4
3

(
−2πv+t
2
√
v

)2
+ Y

) ∣∣∣∣ 9 (ξ)

1 (ξ, α, β)


 . (46)
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FIGURE 7. Exact, approximate, and adjusted ABERs in gamma-gamma
turbulence channel with L = 1000 m and C = 5 dB.

FIGURE 8. ABER versus average SNR per bit γ b in weak turbulence with
C2

n = 5× 10−15, L = 1000 m, C = 5.

factor C , which is set to 5 in this case. We can observe a
significant adverse impact of phase error as compared to the
8 × 4 QAM without phase error, the 4 × 4 with phase error
suffers higher ABER. Similar to PSK, it is evident that the
performance loss due to phase error increases proportionally
in accordance with an increase in the modulation order. For
example, the phase error results in 5 and 7 dB power losses
in the case of 4 × 4 and 8 × 4 QAM, respectively. This
emphasizes the potential severity of phase error since practi-
cal systems usually employ high order QAM modulation for
applications requiring high data-rates.

ABER performances are displayed in Fig. 9 in moderate
(i.e.C2

n = 10−14) and strong (i.e.C2
n = 5×10−14) turbulence

FIGURE 9. ABER versus average SNR per bit γ b with L = 1000 m and
C = 5.

FIGURE 10. ABER versus C2
n for different values of C with γ b = 25 dB,

and L = 1000 m.

regimes, which are modeled by the gamma-gamma distri-
bution. Similar to the case of modulation order, the impact
of phase error on ABER varies with respect to the turbu-
lence strength. Qualitatively, the weaker the turbulence is,
the greater performance loss due phase error becomes.

The advantage of using PLL to alleviate the influence of
turbulence-induced phase error is shown in Fig. 10. The aver-
age SNR per bit γ b is chosen to be 25 dB. There difference
values ofC , namely 0, 5, and 10 dB are examined over a wide
range of turbulence strength (i.e. C2

n varies from 3 × 10−15

to 2× 10−13). On the one hand, it is obvious that the system
performance improves as C increases. This is also a result of
the fact that the phase error variance is inversely proportional
to C . On the other hand, the performance gain benefited from
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FIGURE 11. ABER versus link distance L with C2
n = 10−14, γ b = 20 dB,

C = 5 dB.

FIGURE 12. ABER versus jitter standard deviation σp with C2
n = 10−14,

L = 1000 m, C = 5 dB.

increasing C vanishes when the turbulence gets stronger. For
instance, by increasing C from 0 to 10 dB, the ABER reduces
from 8 × 10−2 to 10−5 when C2

n = 5 × 10−15 (i.e. weak
turbulence) while the reduction is from 10−2 to 10−3 when
C2
n = 5 × 10−14 (i.e. strong turbulence). Hence, one should

employ PLL with high values of C in the case of weak
turbulence conditions.

B. PERFORMANCES WITH POINTING MISALIGNMENT
We now present numerical results in the case with the pres-
ence of pointing misalignment. The relationship between
ABER and the link distance L is considered for differ-
ent values of the jitter standard deviation in Fig. 11 with
C2
n = 10−14, γ b = 20 dB, C = 5 dB, and receiver radius

a = 0.1 m. It is seen that a standard deviation σp ≥ 0.2 m

renders the system dysfunctional (i.e. ABER≥ 10−3) regard-
less of the typical transmission distance (i.e. L ≥ 1000 m).
The performance loss resulted from misalignment is par-
ticularly significant at short link distances due to small
beam footprints. As the size of the beam footprint increases
when L increases, the system is more resilient to misalign-
ment. In this scenario, the system performance is degraded
mainly due to geometric loss and turbulence-induced fading.
The severity of pointing misalignment is again illustrated
in Fig. 12, where various values of average SNR per bit γ b
are considered. We observe that even with γ b as high as
40 dB, the system suffers from high ABER (≥ 10−5) when
σp ≥ 0.2 m. Together with the previous results, a jitter
standard deviation of less than 0.2m is required for the system
operating reliably.

V. CONCLUSION
The impact of the pointing misalignment, turbulence-induced
fading, and phase error on the ABER of SIM-QAM FSO
systems is studied in this article. The Tikhonov distribution
is used to model phase error while the turbulence-induced
fading is described by log-normal distribution (in the weak
turbulence regime) and gamma-gamma distribution (in the
moderate and strong turbulence regimes). Numerical results
showed that the effect of turbulence-induced phase error
on the performance is severe especially in weak turbulence
and high order modulation (i.e. large constellation sizes)
while fading is the dominant factor in the moderate-to-
strong turbulence regime. The system performance loss due
to turbulence-induced atmospheric turbulence can be effec-
tively improved by utilizing PLL. In addition to the phase
error, the pointing misalignment is shown to be a significant
performance-degrading factor.
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