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ABSTRACT This work focuses on the issue of static output feedback control for Takagi-Sugeno (T-S) fuzzy
systems in the discrete-time domain. Both the fading channel and actuator faults are determined by a set
of stochastic variables. Specifically, an actuator fault is described by a nonhomogeneous Markov chain,
and fading channels are characterized by the /-order Rician fading model. Using the Lyapunov-Krasovskii
function, sufficient conditions are established, and controller gains are developed. Finally, the practical mass-

spring-damping model is expressed to verify the practicability of the theoretical results.

INDEX TERMS T-S fuzzy system, fading channel, static output feedback control, actuator fault.

I. INTRODUCTION
In recent decades, comprehensive physical applications have
encouraged an increase in the amount of attention given to
nonlinear systems. Compared with linear systems, nonlinear
systems are generally difficult to explore. To address this,
many efficient methodologies have been proposed. Among
them, the T-S fuzzy model has been extensively recognized.
Because of its influential approximation capacity, the T-S
fuzzy model has been used to approximate many complex
nonlinear plants [1]-[5]. In fact, in addition to this approach,
nonlinear plants can be divided into finite weighted sums of
linear subsystems. Note that by adopting the T-S fuzzy frame-
work, the sophisticated theories and approaches for linear
systems can be extended to the analysis of nonlinear systems.
In addition, by means of parallel distributed compensation
(PDC), the controllers/filters can also be solved. In light of
the aforementioned discussion, the analysis and synthesis of
T-S fuzzy systems have attracted much attention [6]-[10].

In networked control systems (NCSs), control techniques
have been widely studied and investigated. As an efficient

The associate editor coordinating the review of this manuscript and

approving it for publication was Jianquan Lu

200714

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/

tool in NCSs, the state feedback control (SFC) strategy
plays a significant role in modeling NCSs. In this strategy,
the states are required to be constantly accessible. However,
for uncertain/unknown state conditions, SFC seems to be
unrealistic. To tackle this situation, a static output feedback
control (SOFC) scheme has been developed for NCSs [11]—
[18]. Compared with other control laws, the SOFC has been
widely applied due to its unique structure. In light of the
above observations, applying SOFCs for T-S fuzzy systems
is more realistic, which partly inspires this work.

In addition, the signals are transmitted via shared com-
munication channels, which may result in multiple path
fading and other unanticipate factors, such as fading chan-
nel (FC), data collision, dropout loss, et al. Among them,
the FC is more general, where the received signals are mod-
eled by various paths with different probability distributions.
In fact, because of its probabilistic sequences, FC models
are more general than unideal measurements governed by
Bernoulli sequences. In this regard, FCs abate the perfor-
mance and quality of plants. To eliminate the drawbacks, fil-
tering/control issues for NCSs with FCs have been addressed
[19]-[23]. However, much attention has been devoted to nor-
mal channels, and the reported results offer few insights into
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SOFCs for fuzzy systems. Following this trend, this study
seeks to solve this problem.

Based on the above observations, we aim to establish an
SOFC for T-S fuzzy systems with FCs and actuator faults. The
major contribution of this work is as follows. (1) To character-
ize the property of incomplete measurements, the phenomena
of FCs are covered, all of which are obeyed by probabilistic
variables. By referring to a Rician fading model, the miss-
ing measurement can be settled. (2) The actuator faults are
described by a nonhomogeneous Markov chain, where time-
varying transition probabilities are polytope structured. (3)
To better model reality, randomly occurring uncertainties are
revealed. (4) By establishing a Lyapunov-Krasovskii func-
tion, a mode-dependent SOFC design is formed.

Notations: In this research, R" symbolizes the n-
dimensional Euclidean. &{-} indicates the expectation oper-
ator. Amax(+) and Amin(+) are, respectively represent the max-
imum and minimum eigenvalue. diag{- - - } means the block
diagonal matrix. Sym{Z} indicates Z T + 7. L,[0, 00) means
the square integrable space on [0, 00).

Il. PRELIMINARY
Consider the fuzzy systems depicted by IF-THEN rules:
Rule p: IF ¢y (k) is My, and - - - and ¢, (k) is M),, Then

Sk + 1) = (A, + a(k)AAL)S(K) + Byulk) + Dyar(k),
y(k) = Cpé(k), (D
2(k) = F,8(k) + Hyu(k),

where My,(p = 1,2,---,t,q = 1,2,---,r) are fuzzy
sets, r is the number of “IF-THEN” rules. ¢(k) =
[¢1(k), &a(k), - -+ , ¢ (k)] indicates the premise variable.
3(k) € R™, y(k) € R™, z(k) € R™, u(k) € R™ are, respec-
tively, the state vector, measured output, controlled output
signal and control input. w(k) € R"™ means the disturbance
input that residing in /5[0, 00). Ay, Bp, Cp, Dp, F), and H), are
known matrices with proper dimensions. The matrix AA, is
characterized by

AA, = MyA,(k)N,, 2)

where M), and N,, are known matrices. A, (k) is an unknown
matrix with the form of A} (k)A, (k) < I. The stochastic vari-
able (SV) a(k) is utilized to depict the parameter uncertainties
in a probabilistic way. Here, for SV «/(k), it is obvious that

Pria(k) = 1} =&, Pr{a(k)=0}=1-a,

where @ € [0, 1], with mathematical expectation &{a(k) —
o} = 0and &{(ak) — a)?} = a(l — @) = a*.

Remark 1: Most of the literature concerns parame-
ter uncertainty with time-varying scalar structure (TVSS),
i.e, AAy(k) = m(k). Although an easier SOFC design can
be acquired for system (1), the addressed results may be
conservative due to neglect of the cross term. In this work,
probabilistic parameter uncertainty is applied. In contrast to
TVSS, norm-bounded uncertainty achieves less conservative
results.
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Inspired by [11], [12], the T-S fuzzy system (1) can be
reestablished as:

t
8k+1)= th(é(k))[(Ap + a(k)AAp)S(k)
p=1
+ Bpu(k) + Dpow(k)],

’ 3)
k) =Y Bp(£ () Cpd (),
Pt=1
a(k) =Y p(¢ (k)(Fpd(k) + Hpu(k)),
p=1

where pp(@(k) = Tlgmi Mpg(64(k) = 0, AE(K) =
1p(& (k) t _

S ey > O L=t MpE W) =1, and Mpy(L4(k))

symbolizes the grade of membership of {4(k) in set Mp,.

For simplification, one denotes

t t
An =Y hy@)Ay,  By=Y_ hy(&(k)By,

p=1 p=1

t t
Cr= Y mp&UkNCp. Di= Y hp(C(k)D).

p=1 p=1

t t
Fn=Y hpQ@U))Fy, Hyn=y_ hp((k)H,.
p=l1 p=1

Accordingly, system (3) can be rewritten as

8k +1) = (An + a(k)AAR)S(k)

+ Bru(k) + Dpow(k),
y(k) = Cpé(k),
z2(k) = Fpé(k) + Hpu(k).

“

In limited source circumstances, all signals are transformed
through a shared communication network. The phenomena
of fading channels (FCs) cannot be neglected in many cir-
cumstances, which may lead to different transmission rates
among channels. To reveal the different capacities of a chan-
nel, the /th-order Rice FC model [20]-[23] is expressed as
follows:

I
yk) = Z Bs(k)y(k — s) + v(k), Q)
s=0
where [ = min{/, k}, v(k) is an external disturbance, and
Bs(k) symbolize the channel coefficients that are mutually
independent SVs satisfying

Pr{Bs(k) =1} = B,, Pr{f(k) =0} =1—B,.

Note that Bg(k) € [0, 1] and variances &{(Bs(k) — /35)2} =
Br.
Remark 2: To describe the phenomena of FCs, induced
delays, and data losses in an unreliable network, a lth-
order Rician fading model is applied. Different from the
conventional single Gauss distribution, mutually independent
coefficients that have values in the set [0, 1] are addressed.
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In the following, a more general actuator fault (AA) with
the property of time-varying is developed, it yields

u(k) = P )ulk), (6)

where ®(%;) = diag{¢1(d), p2(Dr), -+, ¢y, (V1)) and
o) € [0,1,d = 1,2,-++ ,mp). {0,k = 0} e M =
{1,2,---, M} is recognized as a discrete-time nonhomoge-
neous Markov chain (MC) with the transition probability (TP)
matrix I1(k) = [, ]:

Pr{dei = v | % = u) = @), Yp,v e M,

where @, (k) is the time-varying TP, and @,,(k) > O,
Y vem @uwv(k) = 1. To characterize the TP matrix IT(k)
form of polytope structure:

N
M(k) = M(p"(k) = Y_¢" (k)" (N

n=1

where ¢"(k) > 0 and eryzl o"(k)=1.Forn=1,2,---,N
with N symbolizes the vertices number of I1(k), [1" are the
vertex matrices. For ¥y = u € M, the system AA coefficient
matrix of the p-th mode is symbolized by ®,.

Specifically, ¢;(9%) = 0, ¢;(9x) € (0, 1) and ¢;(V) = 1,
respectively, imply the fault, partial fault, and no fault.

In light of system (1), a fuzzy-based static output feedback
controller (SOFC) is constructed.

Rule p: IF (k) is My, and - - - and ¢, (k) is M, Then

uk) = Kpy(k), ®

where K, is the corresponding controller gain to be solved.
By resorting to T-S fuzzy strategies [3-6], (8) implies

u(k) = Kpy(k). ©))

where K, = Z;;:l fip(C(k)K).
In terms of (4)-(6) and (9), we obtain the closed-loop fuzzy
system as below:

8k + 1) = (Ap + @AAL + BoBr®, KnCr)s(k)
+ Dha (k) + F(k) AApS (k)
+ ﬁ?(k)th>p.KﬁCh5(k)
k

+ ) BBr®uKnCrdk — s)

s=1
Ix

+ ) Buk)Br® KnCrd(k — 5)z
s=1
+ By®, Kpv(k), (10)

2(k) = (Fp + BoHp @ KnCr)d (k)
+ Bo(k)Hp @, KnCrd (k)
o+ Hy®y Kypv(k)
k

+ > BHp®,KnCrd(k — s)

;=1
Alk

+ ) BlHp @ KnChd(k — s).

s=1

where &(k) = a(k) — @, B(k) = Bk) — B.
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Remark 3: In reality, one may experience bias faults, espe-
cially for physical plants with multiple actuators. Recently,
mode-independent AA has been fully studied in To remove
the mode-independent restriction and reflect the stochastic
occurrence of AA, a homogeneous MC is utilized in [21].
In fact, it is unrealistic that the TP of a homogeneous MC
remains time invariant. To eliminate this drawback, a non-
homogeneous MC accounting for the characterization of the
time-varying TP is adopted.

Before proceeding further, the necessary definition and
lemmas are introduced.

Definition 1 [20]: The system (10) with w(k) = 0 and
v(k) = Qis saidto be stochastic stable (SS), if for any (8¢, Do),
such that

& {Z I 8CK) 1171 o, 190} < 00.

k=0
The object of this work is to explore the H, fuzzy control
problem for system (10) such that the following conditions
satisfied:
(i) System (10) is SS in mean square;
(i1) Under zero initial condition and a performance level y,
the controlled output z(k) satisfies

i£{|| 50 17} < yzig{” o) I}
k=0 k=0

Lemma 1 [16]: For compatible matrices 2 = 27, ¥
and %, U satisfying UTY < I then X + FUZL +
FTy Ty T <0, if and only if there exists ¢ > 0 such that
X +e vy ' uyTy <.

Lemma 2 [18]: If there exist a scalar ¢ and matrices X,

%, & and U satisfying

X L yew' <0
* —eSym{%/'} ’

such that
X+ vy Ty Tyt <.

In what follows, sufficient conditions are attained such that
the system (10) is SS in mean square.

Ill. MAIN RESULTS

Theorem 1: For given scalars @, a*, B, and Bf (s =
1,2, -+, l), if there exists matrices P;, > 0 and Qs > 0
(s=1,2,---, ) such that

(I<p<1) (1)
(l<p<g=<n (12

l—1ppnlu <0,
Upgnip + Ugpnip < 0,

where
1 2 3
Fnu quu . qu/t
qunlﬂ = * —(Pnlu)_ 0 >
* * -7

7 =diag{l, I, ¥ ®1}, ¥ =diag{l,I,---,1},
_\/_/

I
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Ix

—PL+ Y0 —Q v, =7y,
j=1

r2 - [EIT 52T 53T Z4T]

r, u = diag

pqun pqu “Tpqie Tpqie Tpgi

3 5T 56T 7T
Ppgn = [quu Zpgu Eptm]

) = [Ap + TAA, + BBy ®uK,Cp ¥ ® By®,K,Cp

pqmn
@ —[«/_AA 000]

D, qu’qu] ) pan

3 4
EI(NI)M = [ BBy ®.KyCp 00 O] ; Ef,q’H =[0T®B,P,
KqCpOO]’ Q:dlag{le Q23 9Qlk}1

20 = [Fy + BoHy®,.K;Cp ¥ ® Hyd,K,Cp O

Pam
6 _
£, = [/ BiH,®,K,C, 000],
0, =0T ®H,®.K,C,00],

Vo= [Bil Bl - By l].
T = diagl\/Bi1. \JB51.-- . JBLD).
Py = dlag{ Z w_;w v’ Z w/wpfﬂ

H<I)K

veM veM
[ [
Z @by, I ® Z wuvPV}‘
veM veM

Proof: In consideration of (11)-(12), it is clear that

t t
Chntie = Y Bp(@ () D Bg(& ()T gy

p—l g=1
t—1
= Z Iy U)oty + Y ip(£ (K))
p=1 p=1

t
x> hg@)Tyjntye + Tjingy) < 0, (13)

q=p+1
where
1 2 3
Fnu Fhu Fhu
thlu, = * _(Pnlu)_l 0 ’
* * -7
2
7= = =i sl Ea ] rhe=[E =6 =),

2(” [Aﬁ—i—aAAh—i—ﬂoBﬁ(D KnCh W ® Byd, KnCh
I [\/ AA;-,OOO]

=P = [ BBr®,uKnCh ooo] =i =

Dy By®,Kn],
[0 ®By®,
x KpCr 00], ) = [Fn + BoHr®,KnCh
Y@ Hy®,uKnCh 0 Ha®u ki, =i = \/B5Hy
©,KpCr000], Tp)=[0T & Hp®,KnCp 0 0.
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Applying the Schur complement to (13), the inequalities
(14) and (15) can be obtained:

T+ Z ST e PLERT <, (14)
veM
)T (DT
Tpy + Z E(f Z wﬂvPvz(f
veM
Z E(f)TE(f)T 0, (15)

where

I
I, =diag{ P2 + >0, —Q
j=1

Next, formulating the Lyapunov functional in the form of:

V (8, ) = Vi(k, %) + V2(8k, t), (16)
where

N
Vi, 9 = 8" (k) Y o (k)P 8(k),

n=1

Ik k-1
Vi, 00) = Y D 8T ()Qi8 ().
j=1 i=k—j

By calculating the difference of V (x, U%), it yields

E{AV (8k, ')} = E{V (Skq1, Frp1 = v | 8k, e = )}
— V(6. ).

Recalling (10), &{AV(8k, U%)} renders that
AV (S, k)

N
=18 (k+ 1Y "+ DPSGK+1) | 8.,

n=1

N
Ok =) =8 K) Y ¢" (kP 8(k)
n=1
=& {[(Ah + o AAL + BOBhCDMKhCh)(S(k)
I
+ ) BBr®,KnCrd(k — 5) + Dpeo(k)

s=1

+Br®u K] Y @k ng (k + DP"
veM
x [(An +@AAp + ,BOB;—,QJ,LKhCh)B(k) + Dya(k)
Ik
+ > BB KnCrd(k — 5) +Br®, Knv(k)]
s=1
N

+a(l —@s ()AA, Y k)Y ¢"k + 1)
veM n=1
X PLAARS(K) + BE(k)(Br®, KnCrd(k)) "
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N
x Y wuk) Y "k + DPiBy®, KnChd(k)
veM n=1
.

Ik
+ (Z Es(k)thbﬂKhCh(S(k — 9))

s=1

N
x Y wuk) Y ¢"(k+ 1P,
veM n=1

Ik
X (Z Ev(k)Bh¢MKhCh8(k — s)) }

s=1

N
—8T ()Y 9" kP8 K). (17)

n=1

Added by the variances of FCs, (17) can be reformulated
as

AV1(8k, %)

4
=617y [zgf Y k)
f=1 veM

N
x Y "k + 1)P32,§ff] o(k)

n=1

N
—8T () Y ¢" k)P 8(k)

n=1

4 N
_ sty [ S Sy,
f=1

veM n=1

N
x Y "k + 1)P’;z§{f] 0(k)

n=1

N
—8T () Y ¢" k)P K), (18)

n=1

where
51 (k) = [ST(k DT (k=2) - 8Tk — zk)] ,
0T (k) = [8T(k) GENG vT(k)] .
Set ¢"(k + 1) = x'(k), it holds that

N N
D @Mk + P =" x (P, (19)
=1

n=1

where Y| x'(k) = 1 and x'(k) > 0.
By combining the inequalities (13)-(19), AV(8k, %) can
be rewritten as

AV1(8k, )
4 - N
=167 [zgj Y v,
f=1 veM n=1

200718

N
x> Xl<k)pgz,gﬂ o(k)
=1

N
—81 () Y ¢" (P} 5(k), (20)

n=1

On the other hand, for term V,(8, ), we further have

Ik k
AVi, 00 = 1> D 8T ()Qid()
j=1 p=k—j+1
Ik k-1
=) 8T (hisG)
j=1 i=k—j
Ik Ik
=38"(k))_0dk)—) 87k —j)
j=1 j=1
x Qj8(k — ). @1)

In what follows, the SS of the system (10) with w(k) = 0
and v(k) = 0 will be verified. Recalling the inequalities (20)-
(21), it can be obtained that

E{AV (8, i)}

4 . N
=610 [i}{f Y > "),
f=1

veM n=1

N
x 3 X’(k)Plvi,gff} ak)
=1

N I
+8T ()Y ") | —PL+ Y0 | 8(k)
n=1 j=1
Ik
— > 8Tk — Qs k — j)
j=1
N N .
=0Tk "0 Y x')Th k), (22)
n=1 =1
where

Ix
Tpy = diag { =P8 + Y05, —Q
j=1

4

SOT | S(HOT

25 2 TP
f=1 veM

i;ij = [Ah + aAAL + EOBﬁqD/LKﬁCh v ® thD//.KhCh] ,

5= [Verano]. 55 = [ Fmoucio]
S =0T ® By, KnCr]. 8 (k) = [8T<k> 5 <’<>] :

Letting £ = maxMeM{kmax(FhM)}, one gets £ < 0, (22)
gives rise to

EWV Skt D)} — EV S, 90} < & 11800 1. (23)
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For integer T > 0, it can be achieved from (23) that

T
EV (S, O1)} — E{V (80, Vo)) < & ch’{ll (k) 117},
k=0
which means
T 1
Y &l sk 17 < —FE V0. 90)) (24)

k=0

Consequently, the following condition is achieved:
lim &{|| 8k) ||*} < oc. (25)
k— 00

Therefore, the system (10) is SS with w(k) = O and v(k) =
0.

To analyze the H, performance for the system (10) under
zero initial condition, the following index function is adopted:

T
(M) =& {Zﬂk)z(k) - yng(k)g(/o} ., (26)

k=0

where
o(k) = [w (k) v (k)"

By utilizing the inequalities (21)-(22), _#(T') can be fur-
ther improved as below:

T
ST =& [Z [T wztk) - y2QT<k>Q<k>]}

k=0

T
<& {Z [ZT(k)Z(k) — (" (Dw(k)

k=0

+ 0T (v + AV, zm]}

T
= Z(go
k=0

N N
070> e" )Y X'k
=1

n=1

4
1 T I <OT
x| Ty + Z iy Z @ Py Zpy,
f=1 veM

7
+y sy sl et Q7)
f=5

By resorting to the inequalities (15) and (27) such that
A (T) <0, (28)

Letting T — oo, (28) results in

Uz I <y )l ek 1) (29)

k=0 k=0

Therefore, we conclude that the system (10) is SS with H o
performance index y. This completes the proof. U
Next, in Theorem 2, the control design scheme is elicited.
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Theorem 2: For given scalars @, o*, B, and B (s =

1,2,---, 1), if there exists matrices PZ > 0,0, > 0
(s = 1,2,---, L), and matrices X, Yy (¢ = 1,2,---,r)
such that

Oppnip <0, (1=<p=<r) (30)

®pqnlu + ®qpnlu <0, (I=<p<gqg=r) (3D

where
ol 2 1 2
Opgnip Opgu PAp A
o | = e 0 0
pgnip = % « —pl 0 )
L % * * —pl
B 1 =2 =3
| Lo quu Fpan
Opgniny = | * Py (U
* * -7
2 _[a2 2 2
®pqu - [®1pqu ®2pqu ®(lk+3)pqu]’
2 _T s sT _
O = |25 Wog | =12+l +3)

@3 = diag{—elsym{Xq}, _GZSym{Xq}, e
— e 13Sym{X,}}, A, =[N, 0 0--- 0],
A2 =[00, 00@M, G Varm[GT 0 - 0],

P
Whge = [0 0 0 0 Bo(GB,®, — B, &, X)) 0
Bo(GBp®,, — By®,X,)" 0 Bo(H,®,
—H,®,X,)" [/ Bi(Hy D, — Hyd,X,)" O]T,
Wl = [0 04 00 (GBy®, — B,®,X)T 00

T T
0 (Hy®, — Hy®,X)7 00]
Wiy = [0 04 0.0 (GBy®,, — By, X" 00

T T
0 (Hy®, — Hy®,X)" 00]

Wik =100, 000000 --- 0 \/B:(GB,®,

s—1

-
—B,®,X,) 0---0000 ---0
lk—s s—1
T
T
VB H,®, — H@,X)T 0 - 0
I —s
1 2
Z,, = [Y4Cp 0y 0 0], 2, =[0 ¥®Y,Cy 00],
3
Z, =100, 0 Y],
3+s _
quS_ 00 ---0VYC, 0--000],
s—1 le—s
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(GAp + BoBy®,Y,Cp)T 0
Fo_ | (WeBP. YT 0
pan = (GD,)T 0
(By®,Y,)" 0
VBB, ®,Y,Cp)T 0
0 (Y ®B,®,Y,Cp)"
0 0 ’
0 0
(Fp + EOHP(DH YqCp)T A% IBS(HP(DMYqCp)T
=3 | (W®H,,Y,C)T 0
e 0 0
(H,®,Y,)" 0
0

’

(Y @ Hyd,Y,Cp)"
0

0
Py = diag! >~ @ P, -G -G,
veM
Y @i P.—-G-GT. Y o P,.—G-G',
veM veM
IRy w;jUP{,—G—GT}.
veM

Meanwhile, the controller gains are formulated by
Ky =X,"'Y,. (32)

Proof: Applying Schur complement to (30)-(31), the fol-
lowing inequality can be obtained:

e . @2 1T A1 1 72T A2
|: pinu é)’%lt:|+pAp Ap+p AP Ap<0' (33)

By resorting to Lemma 1, (33) is described by

el 0?2
[ panti (1)"(13]“ } +A)TAT (AT + AT A (A < 0.
(34
Obviously, (34) infers
=1 2
© panine Opgu <0. (35)
* o3
q
Benefit from the Lemma 2, it can be obtained that
= Ik+3 Ik+3
1 ' -1 Tyv—TyrsT
© pgnin + Z WoauXg Zpg + Z 250 Xg Wogu <0,
s=1 s=1
(36)
where
1 =2 =3
- Lo E TR
O pgnip = | * Prip (U
* * -7
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(GA, + @GAA, + ByB,®,Y,C)) "

2 o_ (¥ ®Bp®,Y,Cp)"
nu (GD,)"
(BP(DMY‘])T
VarAA, /BBy Y,C) T
0 0
0 0
0 0
0

Te qu(;anCP)T

0
Additionally, (36) can be further reformulated as

1 2 T 3
F"M Flﬂl/-G FP‘IM

* Pty 0 < 0. 37
* * -T

We acquire the fact that

Puip —G—G > —G(Pu)'GT, (38)
which together with (37) leads to
r r%u Fi%unT ngu
x  —GPuup)~'GT 0 |<o. (39)
% * -7

Pre- and post-multiplying (39) by diag{/, I}, 1,1, G, G,
G, G,1,1,1} and its transpose, it can be concluded that the
inequalities (30) and (31) are satisfied from (11) and (12). O

IV. A NUMERICAL EXAMPLE

To substantiate the effectiveness of the established results,
the practical mass-spring-damping model (MSDM) from [25]
is provided, and its dynamic equation is depicted as:

ME 4 Fr + Fg = u(t), (40)
where

A : the mass
Fs : the friction force
F5 : the restoring force

u(t) : the control input

Furthermore, .%; and .%; are, respectively, formed by
Fr = cx and F; = k(1 + a*x?)x, where x means the
displacement of point, scalars ¢ > 0, k and a. Accordingly,
equation (40) is inferred as

M5+ cx + kx + ka3 = u(@).

In general, defining x(f) = [xi'—(t) )c;—(k)]T =" "7,
letting x1(¢) € [-2,2], M = 2kg,c = 2N ---n/s, k =
5N/m, a = 02m~'. Here, T = 0.03s is sampling time.
Thus, the MSDM can be approximated by the following fuzzy
model:
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FIGURE 1. The nonhomogeneous MC .
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FIGURE 2. State response of §(k).

x 10~

Controlled output signal z(k)

. . . . .
0 50 100 150 200 250 300
Time (k)

FIGURE 3. Controlled output signal z (k).

Rule p: IF (k) is My, and - - - and ¢, (k) is M, Then

8k + 1) = (Ap + (k) AA)S(K) + Byu(k) + Dpo(k).
y(k) = Gy k),
(k) = Fpd(k) + Hyu(k),
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FIGURE 4. Input signal u(k).

where

A =

M M

0 1 0
Ay = | —k BRE B,=|[1|.
M M m

More specifically, the membership functions are chosen
as hi(81(k) = (87/4), ha(d1(k) = 1 — hi(81(k)). The
aforementioned matrices are improved:

0 1
—k — kaxlz(k) c |, Bi1= |:

0.0042
Dy = [—0.0036]’ C1 =[—0.0826 1.00],
F; =1[0.0017 —0.0058], H; = —0.0033,
0.0004
D, = |:—0.0080] ,  C2=1[-0.0502 1.00],

F> = [-0.0020 — 0.0061],
M,[0.020.01]7,

Hp = 0.0228,
N, =10.010.01], (p =1, 2).

Other scalars are chosen as @ = 0.5, (oe*)2 = 0.25, EO =
0.8, B; = 0.6, B, = 0.3, (85> = 0.012, (B))* = 0.026,
(,6;‘)2 = 0.03. Meanwhile, the TP matrices IT* (s = 1, 2) are
taken as

. _[04 06 » _[05 05
f _[0.85 015" T =los o07]

By solving the LMIs in Theorem 2, one gets the parameters
of desired fuzzy controller gains:

K1 =—-1.0264, K> = —1.0001.

Letting x(0) = [0 017, wk) = exp(—0.1k) sin(k) and
vk) = 02 exp(—kz), the nonhomogeneous MC oy is
depicted in Fig. 1. Added by the aforementioned controller
gains, simulation results are revealed in Figs. 2-4. The result-
ing state trajectory &(k) is shown by Fig. 2, the control output
signal is given in Fig. 3 and control input signal is presented
in Fig. 4.
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V. CONCLUSION

In this study, an SOFC for nonlinear systems with FCs and
AAs has been explored using the T-S fuzzy model. Both
FCs and AAs are determined by a set of stochastic variables.
An AA is described by a nonhomogeneous MC that accounts
for the characterization of time-varying TPs. FCs are char-
acterized by the /-order Rician fading model. By applying
the Lyapunov-Krasovskii function and PDC technique, suf-
ficient conditions are established, and controller gains are
developed. Finally, the practical MSDM is expressed to verify
the practicability of the theoretical results. In the near future,
our attention will be shifted to sliding mode control scheme
for complexity with FC [27], [28].
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