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ABSTRACT This article utilizes a nonlinear active vibration control to eliminate the helicopter blade
flapping system oscillations having mixed excitation forces. The approximate solutions were calculated
using the multiple scale perturbation technique. Furthermore, the stability and bifurcation analysis were
investigated using the averaging method and Poincaré maps. In addition, numerical results exhibit the
amplitude of the steady state against the detuning parameter and, the influences of all the parameters on
the vibrating system behavior. Comparisons were carried out between analytical and numerical simulations
to enclose the accuracy of our results. Finally, the current work is examined and compared to the published
works.

INDEX TERMS Helicopter blade flapping system, active vibration control, vibration, stability.

I. INTRODUCTION
Active vibration control is a widely performed method for
controlling the helicopter vibrations. In fact, the helicopter
vibrations cannot be completely eliminated, so the active
vibration control is essential to minimize the harmful effects
and ensure operation safety. Active vibration control to sup-
press the oscillations of the helicopter’s rotor blade has been
examined and studied [1]–[3]. The vibrations of an aircraft
wing and the phenomenon of saturation suppressing these
vibrations have been studied mathematically in resonance
cases [4]. An active nonlinear vibration control has been
applied to reduce the vibration of the plant at primary exci-
tation and 2:1 internal resonance [5]. The nonlinear satura-
tion control approach reducing vibration of self-excitation
of a van der Pol oscillator at 2:1 internal resonance was
demonstrated [6]. The behavior of the system with multi
types of excitation has been analyzed using passive control
approach [7]–[9]. Others have examined the nonlinear behav-
ior and stability analyses for the inclined cable, string beam,
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and coupled pitch roll ship system under multiple harmonic
and parametric excitations [10]–[12]. To eliminate the rotor
blade flapping vibration, the active saturation control has
been applied in the presence of 1:1, 1:2 and 1:3 internal
resonance with external and parametric excitations [13], [14].
The different types of control to suppress the flexible com-
posite beam vibrations were investigated [15]. The vibration
control of the helicopter blade flapping was examined using
time delay positive position feedback controller. In addition,
the approximate solutions, stability, effects of parameters and
effectiveness of the controller were studied [16]. The periodic
motion was examined and two different methods calculating
the harmonics helicopter blades movement were analyzed
and compared [17]. The mathematical approach presented a
development for the modelling and analyzed the characteris-
tics of coupled flap-lag torsion vibration of rotor blades. This
approach estimated the vibration of first seven coupledmodes
and showed excellent numerical stability [18]. The process
of energy transfer in articulated helicopter rotor blades was
presented based on the dynamical coupling existing between
the blades and flap/lag modes. Additionally, the stability of
thesemodes was studied using the Poincaremapmethod [19].
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The helicopter dynamic model used the vibrations of the
fuselage to accelerate the main rotor. PID controllers (propor-
tional, integral, derivative) and Fourier transform processing
were used to analyze the behavior of rotor vibrations [20].
Efficient calculations were developed for the dynamic anal-
ysis of non-hingeless rotating helicopter blades applying a
modified Adomian decomposition method [21]. The control
algorithm was investigated in civil structures subject to earth-
quake excitation. The control algorithm is effective in reduc-
ing the response of building structures [22]. The acoustic
behavior of vehicle engines has been improved applying the
passive methods as well as active ones [23]. The Abaqus
application of the newly developed three-node piezoelec-
tric shell element was studied and briefly presented with
results of several test cases computed with the component
implemented in Abaqus [24]. The energy transfer, bifurcation
and stability analyses using Poincare maps and averaging
method technique for the MEMS gyroscope and Cartesian
manipulator system have been discussed [25], [26]. Active
vibration control and nonlinear modified positive position
feedback to eliminate the vibrations of cantilever beam and
electromechanical oscillator were applied [27], [28]. The
different parameters effect, energy transfer and stability were
analyzed for the wind turbine system. In addition, the pro-
portional derivative controller to reduce the oscillations
was applied [29]. A nonlinear vibrations suppression and
energy transfer were investigated for the vertical conveyor
system utilizing the proportional derivative controller [30].
Moreover, the analysis of nonlinear vibrations for some
dynamical systems was founded in the books [31]–[34].
In this work, the nonlinear active vibration control for sup-
pression the oscillations of helicopter blade flapping system
was investigated. In addition, the approximate solutions were
calculated using the multiple scale perturbation technique.
Furthermore, the stability, bifurcation analysis, numerical
simulations for the vibrating system were studied and
discussed.

II. EQUATIONS OF THE SYSTEM MOTION
The partial differential equations governing the helicopter
blade flapping motion have been derived in detail in
[13], [14], [16]. They were discretized by a one-term
Galerkin’s procedure to have the ordinary differential equa-
tions governing the x1 and x2 displacements of the helicopter
blade. These extracted equations of motion described by a
two-degree-of-freedom system and written as follows

ẍ1 + 2εω1ζ1ẋ1 + ω2
1x1 + εα1x

3
1 = εf1cos�t

+ εf2x1cos�1t + εf3cos�2tsin�3t

+ εβ1x1(ẋ2)2 (1)

ẍ2 + 2εω2ζ2ẋ2 + ω2
2x2 = εβ2x

2
2 ẋ1 (2)

where x1 and x2 are displacement. ẋn, ẍn (n= 1, 2) are the first
and second derivatives, ζ1 and ζ2 are linear damping coeffi-
cients, α1 is non-linear parameter, ε is a small perturbation fj
(j = 1, 2, 3) are the excitation amplitudes, ω1, ω2 are the

natural frequencies,�,�j (j= 1, 2, 3) are excitation frequen-
cies, β1 and β2 are active control coefficients.

III. MATHEMATICAL ANALYSIS
To obtain the approximate solutions for the vibrating system,
we applied the multiple scale perturbation method [33], [34].

A. PERTURBATION ANALYSIS
The methods of perturbation aim to find approximate analyt-
ical solutions to problems whose exact solutions cannot be
found. Perturbation methods are designed to construct solu-
tions to a family of equations p(ε) depending on a parameter
ε � 1, by adding small corrections to known solutions
of p(0). In the solution process of the perturbation problem
thereafter, the resulting additional freedom introduced by the
new independent variables is used to eliminate (unwanted)
secular terms. The latter puts constraints on the approxi-
mate solution, which are called solvability conditions. The
method of multi-scale perturbation is performed to get the
approximate solution of equations (1) and (2). We suppose
the solution in the form:

x1 (t; ε) = x10(T0,T1)+ εx11(T0,T1)
x2 (t; ε) = x20(T0,T1)+ εx21(T0,T1)

}
(3)

where T0 is a fast time scale characterizing motion and
T1 = εt is a slow time scale. The time derivatives are given
by:

d
dt
= D0 + εD1

d2

dt2
= D2

0 + 2εD0D1

 (4)

where D0 =
∂
∂T0

and D1 =
∂
∂T1

Inserting equations (3) and (4) into equations (1) and (2)
and, equating the same power coefficients of ε as:(
D2
0 + ω

2
1

)
x10 = 0 (5)(

D2
0 + ω

2
2

)
x20 = 0 (6)

(D2
0 + ω

2
1)x11 = −2D0D1x10 − 2ω1ζ1D0x10 − α1x310

+ f1 cos�t + f2x10 cos�1t

+ f3 cos�2t sin�3t + β1x10(D0x20)2 (7)(
D2
0 + ω

2
2

)
x21 = −2D0D1x20 − 2ω2ζ2D0x20 + β2x220D0x10

(8)

The general solutions of equations (5) and (6) have the
form:

x10 = A0eiω1T0 + A0e−iω1T0 (9)

x20 = B0eiω2T0 + B0e−iω2T0 (10)

where A0, Ā0,B0 and B̄0 is complex functions in T1.
Substituting equations (9) and (10) into equations

(7) and (8), and eliminated the secular terms e±iω1T0 and
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e±iω2T0 , the solution will be in the form

x11 = A1 exp(iω1T0)+ A1 exp(−iω1T0)

+
α1

8ω2
1

[
A30 exp(3iω1T0)+ A0

3
exp(−3iω1T0)

]
+

f1
2(ω2

1 −�
2)

[
exp(i�T0)+ exp(−i�T0)

]
+

f2A0
2(ω2

1 − (�1 + ω1)2)
exp(iT0(�1 + ω1))

+
f2A0

2(ω2
1 − (�1 + ω1)2)

exp(−iT0(�1 + ω1))

+
f2A0

2(ω2
1 − (ω1 −�1)2)

exp(iT0(ω1 −�1))

+
f2A0

2(ω2
1 − (�1 − ω1)2)

exp(−iT0(ω1 −�1))

−
if3

4(ω2
1 − (�3 +�2)2)

exp(iT0(�3 +�2))

+
if3

4(ω2
1 − (�3 +�2)2)

exp(−iT0(�3 +�2))

−
if3

4(ω2
1 − (�3 −�2)2)

exp(iT0(�3 −�2))

+
if3

4(ω2
1 − (�2 −�3)

2)
exp(−iT0(�3 −�2))

−
β1B20A0ω

2
2

(ω2
1 − (2ω2 + ω1)2)

exp(iT0(ω1 + 2ω2))

−
β1B0

2
A0ω2

2

(ω2
1 − (ω1 + 2ω2)2)

exp(−iT0(ω1 + 2ω2))

−
β1B0

2
A0ω2

2

(ω2
1 − (ω1 − 2ω2)2)

exp(iT0(ω1 − 2ω2))

−
β1B20A0ω

2
2

(ω2
1 − (2ω2 − ω1)2)

exp(−iT0(ω1 − 2ω2)) (11)

x21 = B1 exp (iω2T0)+ B1 exp (−iω2T0)

+
iω1β2B20A0

(ω2
2 − (2ω2 + ω1)

2)
exp (iT0 (2ω2 + ω1))

−
iω1β2B0

2
A0

(ω2
2 − (2ω2 + ω1)

2)
exp (−iT0 (2ω2 + ω1))

−
iω1β2B20A0

(ω2
2 − (2ω2 − ω1)

2)
exp (iT0 (2ω2 − ω1))

+
iω1β2B0

2
A0

(ω2
2 − (ω1 − 2ω2)

2)
exp (−iT0 (2ω2 − ω1))

+
2iω1β2B0B0A0
(ω2

2 − ω
2
1)

exp (iω1T0)

−
2iω1β2B0B0A0
(ω2

2 − ω
2
1)

exp (−iω1T0) (12)

where A1, Ā1,B1 and B̄1 is complex functions in T1.

B. AVERAGING METHOD
The frequency response equations for equations (1) and (2)
using the averaging method [26], [27] is utilized. When
ε = 0, the general solution of equations (1) and (2) can be
expressed as:

x1 = a cos(ω1t + ψ) (13)

x2 = b cos(ω2t + φ) (14)

where a, b,ψ and φ are constants. It follows from equa-
tions (13) and (14) that

ẋ1 = −ω1a sin(ω1t + ψ) (15)

ẋ2 = −ω2b sin(ω2t + φ) (16)

For ε 6= 0 small enough, let a, b,ψ and φ are functions in t,
and differentiate the equations (13) and (14) with respect to t,
we gets

ẋ1 = ȧ cos(ω1t + ψ)− ω1a sin(ω1t + ψ)

− a1ψ̇ sin(ω1t + ψ) (17)

ẋ2 = ḃ cos(ω2t + φ)− ω2b sin(ω2t + φ)

− bφ̇ sin(ω2t + φ) (18)

Comparing equations (15) and (16) with (17) and (18),
we conclude that

ȧ cos(ω1t + ψ)− aψ̇ sin(ω1t + ψ) = 0 (19)

ḃ cos(ω2t + φ)− bφ̇ sin(ω2t + φ) = 0 (20)

Differentiate the equations (15) and (16) with respect to t,
we have

ẍ1 = −ω1ȧ sin(ω1t + ψ)− ω2
1a cos(ω1t + ψ)

−ω1aψ̇ cos(ω1t + ψ) (21)

ẍ2 = −ω2ḃ sin(ω2t + φ)− ω2
2b cos(ω2t + φ)

−ω2bφ̇ cos(ω2t + φ) (22)

Inserting for x1, x2, ẋ1, ẋ2, ẍ1 and ẍ2 from equations
(13)-(22) into equations (1) and (2), we obtain

ȧ sin(ω1t + ψ)+ aψ̇ cos(ω1t + ψ)

+ 2εaω1ζ1 sin(ω1t + ψ)−
εα1a3

ω1
cos3(ω1t + ψ)

= −
εf1
ω1

cos�t −
εaf2
ω1

cos(ω1t + ψ) cos�1t−
εf3
ω1

cos�2t

× sin�3t−
εβ1ab2ω2

2

ω1
cos(ω1t+ψ) sin2(ω2t+φ) (23)

ḃ sin(ω2t + φ)+ bφ̇ cos(ω2t + φ)+ 2εω2ζ2b sin(ω2t + φ)

=
εβ2ab2ω1

ω2
cos2(ω2t + φ) sin(ω1t + ψ) (24)

Inserting equations (19), (20) into equations (23), (24) and
solving it for a, b,ψ and φ yield

ȧ+ εaω1ζ1 [1− cos(2ω1t + 2ψ)]

−
εα1a3

ω1

[
1
8
sin(4ω1t + 4ψ)+

1
4
sin(2ω1t + 2ψ)

]
VOLUME 8, 2020 203005
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FIGURE 1. Schematic diagram of the helicopter blade flapping [13], [14], [16].

= −
εf1
2ω1

[sin((�+ ω1)t + ψ)− sin((�− ω1)t − ψ)]

−
εaf2
4ω1

[sin((�1+2ω1)t + 2ψ)− sin((�1−2ω1)t−2ψ)]

−
εf3
4ω1

[cos((�2 −�3 + ω1)t + ψ)

− cos((�2 −�3 − ω1)t − ψ)

+ cos((�2+�3−ω1)t−ψ)−cos((�2+�3+ω1)t + ψ)]

−
εβ1ab2ω2

2

4ω1
[sin(2ω1t + 2ψ)− sin((2ω1 + 2ω2)t + 2ψ

+ 2φ)+ sin((2ω2 − 2ω1)t + 2φ − 2ψ)] (25)

aψ̇ + εaω1ζ1 sin(2ω1t + 2ψ)−
εaf2
2ω1

[cos�1t

+
1
2
cos((�1 + 2ω1)t + 2ψ)+

1
2
cos((�1−2ω1)t−2ψ)]

−
εα1a3

ω1

[
3
8
+

1
8
cos(4ω1t + 4ψ)+

1
2
cos(2ω1t + 2ψ)

]
= −

εf1
2ω1

[cos((�+ ω1)t + ψ)+ cos((�− ω1)t − ψ)]

−
εf3
4ω1

[sin((�2 +�3 + ω1)t + ψ)

+ sin((�2 +�3 − ω1)t − ψ)

− sin((�2−�3−ω1)t−ψ)−sin((�2−�3 + ω1)t + ψ)]

−
εβ1ab2ω2

2

4ω1
[1− cos(2ω2t + 2φ)+ cos(2ω1t + 2ψ)

−
1
2
cos((2ω1 + 2ω2)t + 2ψ + 2φ)

−
1
2
cos((2ω2 − 2ω1)t + 2φ − 2ψ)] (26)

bφ̇ + εbω2ζ2 sin(2ω1t + 2ψ)

=
εβ1ab2ω2

2

4ω1
[3 sin((ω1 + ω2)t + ψ + φ)

− cos((ω1 + 3ω2)t + 3φ + ψ)] (27)

ḃ+ εbω2ζ2 [1− cos(2ω2t + 2φ)]

=
εβ2ab2ω1

8ω2
[− cos((ω1 + ω2)t + φ + ψ)+cos((ω1−ω2)t

+ψ − φ)+ cos((ω1 − 3ω2)t + ψ − 3φ)

+ 3 sin((ω1 − ω2)t + ψ − φ)]+ sin((ω1

+ 3ω2)t + ψ + 3φ)+ sin((ω1 − 3ω2)t + ψ − 3φ) (28)

C. PERIODIC SOLUTIONS
In this section, the averaging equations is obtained at pri-
mary, sub-harmonic, combined and 1:3 internal resonance
utilizing the detuning parameters (σ1, σ2, σ3, σ4) as (� =
ω1+εσ1, �1−ω1 = ω1+εσ2, �2−�3 = ω1+εσ3, 3ω2 =

ω1 + εσ4) and keeping only the slowly varying parts and
constant terms in equations (25)-(28), we have

ȧ = −aω1ζ1 +
f1
2ω1

sin θ1 +
f2a
4ω1

sin θ2 +
f3
4ω1

cos θ3

aψ̇ =
3α1a3

8ω1
−
ω2
2β1ab

2

4ω1
−

f1
2ω1

cos θ1 −
f2a
4ω1

cos θ2 (29)

+
f3
4ω1

sin θ3 (30)

ḃ = −bω2ζ2 +
ω1β2ab2

8ω2
cos θ4 (31)

bφ̇ =
ω1β2ab2

8ω2
sin θ4 (32)

where θ1 = σ1T1 − ψ, θ2 = σ2T1 − 2ψ, θ3 = σ3T1 − ψ,
θ4 = ψ − 3φ − σ4T1, and σ1 =

σ2
2 = σ

D. STABILITY ANALYSES AND EQUILIBRIUM SOLUTIONS
The fixed point of the equations (29)–(32) is obtained when
ȧ = 0, ḃ = 0, and θ̇n = 0, where (n = 1, 4) as the
following

aω1ζ1 =
f1
2ω1

sin θ1 +
f2a
4ω1

sin θ2 +
f3
4ω1

cos θ3 (33)

aσ −
3α1a3

8ω1
+
ω2
2β1ab

2

4ω1

= −
f1
2ω1

cos θ1 −
f2a
4ω1

cos θ2 +
f3
4ω1

sin θ3 (34)

bω2ζ2 =
ω1β2ab2

8ω2
cos θ4 (35)

b
(σ − σ4)

3
=
ω1β2ab2

8ω2
sin θ4 (36)
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TABLE 1. Summary of the different worst resonance cases of the system.

For practical case (a 6= 0, b 6= 0), we obtain the frequency
response equations as:

σ 2
+

[
ω2
2β1b

2

2ω1
−

3α1a2

4ω1

]
σ + ω2

1ζ
2
1 +

9α21a
4

64ω2
1

+
ω4
2β

2
1b

4

16ω2
1

−
3ω2

2β1α1a
2b2

16ω2
1

−
f 21

4ω2
1a

2
−

f 22
16ω2

1

−
f 23

16ω2
1a

2

−
f1f2
4ω2

1a
cos(θ1 − θ2)−

f1f3
4ω2

1a
2
sin(θ1 − θ3)

−
f2f3
8ω2

1a
sin(θ2 − θ3) = 0 (37)

σ 2
4 − 2σσ4 +

[
σ 2
+ 9ω2

2ζ
2
2 −

9ω2
1a

2b2β22
64ω2

2

]
= 0 (38)

To discuss the stability of the nonlinear solution, we lets

a = a0 + a1(T1), b = b0 + b1 (T1) , θn

= θn0 + θn1 (T1) ; n = 1, 4 (39)

where a0, b0 and θn0 are the solutions of (29)–(32).
Inserting (39) into (29)–(32) and linearizing equations in
a1, b1 and θn1, we get

ȧ1 =
(

f2
4ω1

sin 2θ10 − ω1ζ1

)
a1 +

(
f1
2ω1

cos θ10

+
a0f2
2ω1

cos 2θ10 −
f3
4ω1

sin θ10

)
θ11 (40)

θ̇11 =

(
σ

a0
−

9α1a0
8ω1

+
ω2
2β1b

2
0

4ω1a0
+

f2
4ω1a0

cos 2θ10

)
a1

+

(
−

f1
2ω1a0

sin θ10 −
f2
2ω1

sin 2θ10

−
f3

4ω1a0
cos θ10

)
θ11 +

(
ω2
2β1b0
2ω1

)
b1 (41)

FIGURE 2. System behavior without controller at primary, sub-harmonic
and combined resonance case � = ω1,�1 = 2ω1,�2 −�3 = ω1.

ḃ1 =

(
ω1β2b20
8ω2

cos θ40

)
a1+

(
−ω2ζ2+

ω1β2a0b0
4ω2

cos θ40

)
b1

+

(
−
ω1β2a0b20

8ω2
sin θ40

)
θ41 (42)

θ̇41 =

(
−
σ4

a0
+

9α1a0
8ω1

−
ω2
2β1b

2
0

4ω1a0
−

f2
4a0ω1

cos 2θ10

VOLUME 8, 2020 203007
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FIGURE 3. The response of the system and controller at primary, sub-harmonic, combined and internal resonance case � = ω1,�1 = 2ω1,
�2 −�3 = ω1, and 3ω2 = ω1 at f1 = 0.05, f2 = 0.004, f3 = 0.003 (a) Time history (b) Phase plane (c) Poincare’ maps.
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FIGURE 4. The response of the system and controller at primary, sub-harmonic, combined and internal resonance case � = ω1,�1 = 2ω1,
�2 −�3 = ω1, and 3ω2 = ω1 at f1 = 0.005 , f2 = 0.0004, f3 = 0.0003 (a) Time history (b) Phase plane (c) Poincare’ maps.
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FIGURE 5. The response curves of the system for different parameters against σ .
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TABLE 2. Comparison of results obtained from numerical solution and perturbation solution for the system before and after control the excitation
force f1 as in Fig. 7(a).

TABLE 3. Comparison of results obtained from numerical solution and perturbation solution for the system before and after control for the control
parameter β1 as in Fig. 7(b).

−
3ω1β2b0
4ω2

sin θ40

)
a1 +

(
f1

2a0ω1
sin θ10

+
f2
2ω1

sin 2θ10 +
f3

4a0ω1
cos θ10

)
θ11

+

(
−
ω2
2β1b0
2ω1

−
3ω1β2a0
8ω2

sin θ40

)
b1

−

(
3ω1β2a0b0

8ω2
cos θ40

)
θ41 (43)

The characteristic equation of the system (40)-(43) is a
four-degree equation in the form:

λ4 + r1λ3 + r2λ2 + r3λ+ r4 = 0 (44)

where r1, r2, r3 and r4 are constants and they are given in
the Appendix. If the real part of the eigenvalue is negative,
the periodic solution is stable, otherwise, it becomes unstable.
According to the Routh–Huriwitz criterion, the necessary and
sufficient conditions for all roots of (44) to obtain negative

real parts, the following equation is satisfied:

r1 > 0, r1r2 − r3 > 0, r3 (r1r2 − r3)− r21 r4 > 0, r4 > 0

(45)

IV. RESULTS AND DISCUSSION
In this section, we apply Runge-Kutta fourth-order method
to achieve the numerical results. The bifurcation diagrams
and effect of different parameters on the steady state solution
before and after control are reported and discussed. Finally,
the comparison of analytical results with numerical ones is
investigated. Table 1. Summary of the different worst reso-
nance cases of the system.

A. SYSTEM BEHAVIOR
At the worst resonance cases � = ω1,�1 = 2ω1 and
�2−�3 = ω1, the system behavior was studied numerically
for the equations (1) and (2) at the selected parameters:
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FIGURE 6. The response curves of the controller for different parameters against σ4.

ζ 1 = 0.00625, ζ 2 = 0.000625,α1 = 0.02,β1 = 5,
β2 = 0.4, f 1 = 0.05, f 2 = 0.004, f 3 = 0.003,

ω1 = 3,ω2 = 1,� = 3,�1 = 6,�2 = 4,�3 = 1.
Figure 2 illustrates the response and phase plane of the system
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without control, with this figure, the response amplitude of
the system x1 is nearly about 0.45 and the phase plane shows
limit cycle.

Figure 3 illustrates the response, phase plane and Poincaré
maps of the system with control at the resonance case � =
ω1,�1 = 2ω1,�2 − �3 = ω1, and 3ω2 = ω1. It can
be seen for the main system that the amplitude x1 is nearly
about 0.011 and the controller reduced the vibrations of the
system by about 97.55% from its value before controllers and
the phase plane shows limit cycle and, the efficiency of the
controllers Ea is nearly about 40 as shown in figure 3(a, b).
Moreover, the system response is chaotic, and the Poincaré
maps has a quasi-periodic at f 1 = 0.05 , f 2 = 0.004, f 3 =
0.003 as shown in figure 3(c).

FIGURE 7. Effect of some different parameters on the system before and
after control (a) Effects of force f1 (b) Effects of damping coefficient ζ1
(c) Effect of the control parameter β1.

The system amplitude x1 is nearly about 0.01 and the con-
troller reduced the vibrations of the system by about 97.77%
from its value before controllers and the phase plane has
limit cycle and, the efficiency of the controllers Ea is nearly
about 45 as shown in figure 4(a, b). Also, the Poincaré maps
has a quasi-periodic motion at f 1 = 0.005, f 2 = 0.0004,
f 3 = 0.0003 as shown in figure 4(c).

B. NUMERICAL RESULTS OF STEADY STATE SOLUTION
With solving equations (37) and (38), the different param-
eters effects were investigated and the results are shown in
Figures (5, 6). From the figures, we have a jump phenomenon
with multi-valued solutions for the practical case where
a 6= 0, b 6= 0. Figure 5(a) indicate the steady state amplitude
of the system with the effect of the detuning parameter σ .
Figures 5(b, c) show that the amplitude of the system are
decreasing functions in the linear damping coefficient ζ 1
and natural frequencies ω1 and ω2. The frequency response
curves bent to right or to left leading to the jump phenomena
and multivalued solution for positive and negative values of
the nonlinear parameter α1 also, the unstable region increases
with the negative values of α1 as shown in figures. 5(d).
The frequency response curves are shifted to the left with
increasing values of the nonlinear parameter β1 as shown
in figures 5(e). Figure 5(f) shows that the system ampli-
tude has trivial effect with different values of the damping
coefficient ζ 2 and nonlinear parameter β2. Figures 5(g, h, i)
show that the amplitude of the system is increased with
increasing values of the excitation force amplitudes f 1, f 2
and f 3.

Figure. 6(a) shows the effects of detuning parameter σ4 on
the amplitude of the controller b. Figures 6(b, c) show that
the amplitude of the controller are decreasing functions in the
linear damping coefficient ζ 2, natural frequencies ω1 and ω2.
Figure 6(d) shows that the amplitude of the controller is
increasing function in the nonlinear parameters β2. For large
excitation force amplitudes f 1, f 2 and negative value nonlin-
ear parameter α1, the regions of unstable solutions increases
as shown in figures 6(e, f, g).

FIGURE 8. Comparison of the numerical solution with the analytical
solution of the system before control at β1 = 0, β2 = 0 and x1(0) = 0.1,
ẋ1(0) = 0.1, x2(0) = 0.1, ẋ2(0) = 0.
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FIGURE 9. Comparison of the numerical solution with the analytical
solution of the system before control at β1 = 5, β2 = 0.4 and x1(0) = 0.5,
ẋ1(0) = 0.5, x2(0) = 0.5, ẋ2(0) = 0.

FIGURE 10. Comparison of the numerical solution with the analytical
solution of the system after control at β1 = 5, β2 = 0.4 and x1(0) = 0.1,
ẋ1(0) = 0.1, x2(0) = 0.1, ẋ2(0) = 0.

C. EFFECT OF SOME DIFFERENT PARAMETERS ON THE
SYSTEM BEFORE AND AFTER CONTROL
The effect of some different parameters on the system
response before and after control was studied at σ 1 = 0.

The blue and black solid line refer to the perturbation solution
before and after control, while the red solid line refer to the
numerical solution. Figures 7(a, b, c) show that the system
behavior is increasing function in the excitation force f 1
and decreasing function in the control parameters β1 and
the damping coefficient ζ 1. With these figures, the system
oscillations are eliminated before and after control using
these parameters.

D. COMPARISON BETWEEN THE NUMERICAL AND
ANALYTICAL SIMULATION
In figures 8, 9 and 10, we compare the numerical simulation
of the system equations (1) and (2) with the perturbation
solution of equations (29)-(32) before and after control at
different values of control coefficients β1,β2 and initial
conditions x1(0), ẋ1(0), x2(0), ẋ2(0). By change the initial
conditions for the system, the oscillation response beginswith
increasing amplitude and becomes stable with chaotic motion
as in figure 9, and tuned motion as in figure 10. The blue solid
line refer to the numerical integration, while the red solid
line refer to the perturbation (analytical) solution. We found
a good agreement between the two solutions.

V. CONCLUSION
Active vibration control is a widely applied method for
controlling helicopter vibration. Due to the great advances
in microelectronics, this technology is superior to traditional
control methods. Helicopter vibration has been a problem
since the early days of helicopter development, and it has
a direct effect on production and maintenance costs. In this
research, an active vibration control to mitigate the oscil-
lations of helicopter blade flapping system with harmonic
and parametric excitations was investigated. The approx-
imate solutions were calculated using the multiple scale
perturbation technique. Furthermore, the stability, bifurcation
analysis, numerical simulations for the vibrating system
were studied. Comparison of the analytical with numerical
solutions is obtained. This study included the following:

• After control, the helicopter blade suffered severe vibra-
tions and jumps due to the presence of bifurcation
points.

• The efficiency of the controller Ea was about 40, means
that the controller reduced the vibrations of the system
by about 97.55% from its value before controllers.

• The system response is decreasing the linear damping
coefficient ζ 1 and natural frequencies ω1 and ω2.

• The system response is increasing with increasing the
damping coefficient ζ 2, the non-linear parameter α1 and
the excitation amplitudes f j(j = 1, 2, 3).

• The jump phenomena and multivalued solutions are
appeared with the positive and negative values of the
nonlinear parameters β1.

• With increasing values of the nonlinear parameters β2,
the system response is decreased and the curves are
shifted to the left.
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• The amplitude of the controller is increasing with
increasing the damping coefficient ζ 2 and decreasing
with increasing the nonlinear parameters β1.

• Figures (7-9) show that the verification curves presented
a good degree of closeness between analytical predic-
tions and numerical simulation.

APPENDIX

05 =
f2
4ω1

sin 2θ10 − ω1ζ1,

06 =

(
f1
2ω1

cos θ10 +
a0f2
4ω1

cos 2θ10 −
f3
4ω1

sin θ10

)
,

07 =
σ

a0
−

9α1a0
8ω1

+
f2

4ω1a0
cos 2θ10,

08 = −
f1

2ω1a0
sin θ10 −

f2
2ω1

sin 2θ10 −
f3

4ω1a0
cos θ10,

09 =
f2
4ω1

sin 2θ10 − ω1ζ1,

010 =
f1
2ω1

cos θ10 +
a0f2
2ω1

cos 2θ10 −
f3
4ω1

sin θ10,

011 =
σ

a0
−

9α1a0
8ω1

+
ω2
2β1b

2
0

4ω1a0
+

f2
4ω1a0

cos 2θ10,

012 = −
f1

2ω1a0
sin θ10 −

f2
2ω1

sin 2θ10 −
f3

4ω1a0
cos θ10,

013 =
ω2
2β1b0
2ω1

, 014 =
ω1β2b20
8ω2

cos θ40,

015 = −ω2ζ2 +
ω1β2a0b0

4ω2
cos θ40,

016 = −
ω1β2a0b20

8ω2
sin θ40, 017 = −

σ4

a0
+

9α1a0
8ω1

−
ω2
2β1b

2
0

4ω1a0
−

f2
4a0ω1

cos 2θ10 −
3ω1β2b0
4ω2

sin θ40,

018 =
f1

2a0ω1
sin θ10 +

f2
2ω1

sin 2θ10 +
f3

4a0ω1
cos θ10,

019 = −
ω2
2β1b0
2ω1

−
3ω1β2a0
8ω2

sin θ40,

020 = −
3ω1β2a0b0

8ω2
cos θ40, r5=− [05+08+011+015] ,

r6 = [0508 + (05 + 08) (011 + 016)+ 011016 − 012015
− 0607] , r7 = (05 + 08) (012015 − 011016)

+ (0607−0508) (011+016)−0609010−09014012,

r8 = (0508 − 0607) (011016 − 012015)

+0609(010016 − 012015)+ 0509012014
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