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ABSTRACT This article utilizes a nonlinear active vibration control to eliminate the helicopter blade
flapping system oscillations having mixed excitation forces. The approximate solutions were calculated
using the multiple scale perturbation technique. Furthermore, the stability and bifurcation analysis were
investigated using the averaging method and Poincaré maps. In addition, numerical results exhibit the
amplitude of the steady state against the detuning parameter and, the influences of all the parameters on
the vibrating system behavior. Comparisons were carried out between analytical and numerical simulations
to enclose the accuracy of our results. Finally, the current work is examined and compared to the published

works.

INDEX TERMS Helicopter blade flapping system, active vibration control, vibration, stability.

I. INTRODUCTION

Active vibration control is a widely performed method for
controlling the helicopter vibrations. In fact, the helicopter
vibrations cannot be completely eliminated, so the active
vibration control is essential to minimize the harmful effects
and ensure operation safety. Active vibration control to sup-
press the oscillations of the helicopter’s rotor blade has been
examined and studied [1]-[3]. The vibrations of an aircraft
wing and the phenomenon of saturation suppressing these
vibrations have been studied mathematically in resonance
cases [4]. An active nonlinear vibration control has been
applied to reduce the vibration of the plant at primary exci-
tation and 2:1 internal resonance [5]. The nonlinear satura-
tion control approach reducing vibration of self-excitation
of a van der Pol oscillator at 2:1 internal resonance was
demonstrated [6]. The behavior of the system with multi
types of excitation has been analyzed using passive control
approach [7]-[9]. Others have examined the nonlinear behav-
ior and stability analyses for the inclined cable, string beam,
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and coupled pitch roll ship system under multiple harmonic
and parametric excitations [10]-[12]. To eliminate the rotor
blade flapping vibration, the active saturation control has
been applied in the presence of 1:1, 1:2 and 1:3 internal
resonance with external and parametric excitations [13], [14].
The different types of control to suppress the flexible com-
posite beam vibrations were investigated [15]. The vibration
control of the helicopter blade flapping was examined using
time delay positive position feedback controller. In addition,
the approximate solutions, stability, effects of parameters and
effectiveness of the controller were studied [16]. The periodic
motion was examined and two different methods calculating
the harmonics helicopter blades movement were analyzed
and compared [17]. The mathematical approach presented a
development for the modelling and analyzed the characteris-
tics of coupled flap-lag torsion vibration of rotor blades. This
approach estimated the vibration of first seven coupled modes
and showed excellent numerical stability [18]. The process
of energy transfer in articulated helicopter rotor blades was
presented based on the dynamical coupling existing between
the blades and flap/lag modes. Additionally, the stability of
these modes was studied using the Poincare map method [19].
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The helicopter dynamic model used the vibrations of the
fuselage to accelerate the main rotor. PID controllers (propor-
tional, integral, derivative) and Fourier transform processing
were used to analyze the behavior of rotor vibrations [20].
Efficient calculations were developed for the dynamic anal-
ysis of non-hingeless rotating helicopter blades applying a
modified Adomian decomposition method [21]. The control
algorithm was investigated in civil structures subject to earth-
quake excitation. The control algorithm is effective in reduc-
ing the response of building structures [22]. The acoustic
behavior of vehicle engines has been improved applying the
passive methods as well as active ones [23]. The Abaqus
application of the newly developed three-node piezoelec-
tric shell element was studied and briefly presented with
results of several test cases computed with the component
implemented in Abaqus [24]. The energy transfer, bifurcation
and stability analyses using Poincare maps and averaging
method technique for the MEMS gyroscope and Cartesian
manipulator system have been discussed [25], [26]. Active
vibration control and nonlinear modified positive position
feedback to eliminate the vibrations of cantilever beam and
electromechanical oscillator were applied [27], [28]. The
different parameters effect, energy transfer and stability were
analyzed for the wind turbine system. In addition, the pro-
portional derivative controller to reduce the oscillations
was applied [29]. A nonlinear vibrations suppression and
energy transfer were investigated for the vertical conveyor
system utilizing the proportional derivative controller [30].
Moreover, the analysis of nonlinear vibrations for some
dynamical systems was founded in the books [31]-[34].
In this work, the nonlinear active vibration control for sup-
pression the oscillations of helicopter blade flapping system
was investigated. In addition, the approximate solutions were
calculated using the multiple scale perturbation technique.
Furthermore, the stability, bifurcation analysis, numerical
simulations for the vibrating system were studied and
discussed.

Il. EQUATIONS OF THE SYSTEM MOTION

The partial differential equations governing the helicopter
blade flapping motion have been derived in detail in
[13], [14], [16]. They were discretized by a one-term
Galerkin’s procedure to have the ordinary differential equa-
tions governing the x; and x, displacements of the helicopter
blade. These extracted equations of motion described by a
two-degree-of-freedom system and written as follows

X1+ 2ew181x1 + w%xl + 80(1)613 = gfjcosQt
+ efax1c0821t 4 £f3c0882¢5In23¢
+ep1xi (1) M
Xy + 2ewrloxy + a)%xz = 8ﬂ2x22)'61 2)
where x| and x; are displacement. X, X,, (n = 1, 2) are the first
and second derivatives, ¢ and ¢» are linear damping coeffi-

cients, o1 is non-linear parameter, ¢ is a small perturbation f;
(G = 1, 2, 3) are the excitation amplitudes, w;, w, are the
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natural frequencies, 2, ; (j = 1, 2, 3) are excitation frequen-
cies, 81 and B, are active control coefficients.

IIl. MATHEMATICAL ANALYSIS
To obtain the approximate solutions for the vibrating system,
we applied the multiple scale perturbation method [33], [34].

A. PERTURBATION ANALYSIS

The methods of perturbation aim to find approximate analyt-
ical solutions to problems whose exact solutions cannot be
found. Perturbation methods are designed to construct solu-
tions to a family of equations p(e) depending on a parameter
& <« 1, by adding small corrections to known solutions
of p(0). In the solution process of the perturbation problem
thereafter, the resulting additional freedom introduced by the
new independent variables is used to eliminate (unwanted)
secular terms. The latter puts constraints on the approxi-
mate solution, which are called solvability conditions. The
method of multi-scale perturbation is performed to get the
approximate solution of equations (1) and (2). We suppose
the solution in the form:

x1 (t; &) = x10(To, T1) + ex11(To, T1) }

3
X2 (85 &) = x20(To, T1) + ex21(To, T1) )

where Ty is a fast time scale characterizing motion and
T, = et is a slow time scale. The time derivatives are given
by:

d

— =Dg+¢eDy

T @)
W = DO + 28D()D]

where Dy = % and D| = %
Inserting equations (3) and (4) into equations (1) and (2)
and, equating the same power coefficients of ¢ as:

(Dg + w%) X0 =0 )
(D(z) + a)%) x20 =0 (6)
(D% + w%)xu = —2DgD1x19 — 2w151Dox10 — 061X130

+f1 cos Q1 + frx19 cos Q¢
+ /3 cos Qot sin Q37 + Brx1o(Doxa0)” (7)
(D(ZJ + w%) x21 = —2DoD1x20 — 20282Dox20 + B2x3pDox10
(®)

The general solutions of equations (5) and (6) have the
form:

X10 = AoeiwlTo + A_of:iiwlT0 )
X0 = Boeia)zT() +B_Oe—iw2T0 (10)
where A, AO, By and l_io is complex functions in 7';.

Substituting equations (9) and (10) into ¢quations
(7) and (8), and eliminated the secular terms e*®170 and
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e+i2To the solution will be in the form

x11 = Aj exp(io) To) + A1 exp(—iw; To)

a —
+ 8—652 A3 exp(ienTo) + Ag” exp(—3iwi To)|
1

+ ﬁ [exp(iQT0) + exp(—iQ2To)]
2 _
f2Ao0 .
2@ — (@ ) ST )
frAo _
* 2(6()% — (1 + 601)2) exp(—iTo(21 + wy))
J2Ao0 .
i 2w — (01 — Q1)) exp(iTo(wr — £21))
frAo _
" 2w? — (21 — w1)?) exp(—iTo(w; — £21))
B - exp(iTo(23 + 22))
4? — (23 + 2)?)
if3 .
" Haw? — (23 + )2 exp(—iTo(£23 + £22))
ifs .
T H0? (0 — ) SPT0 — 22)
" = exp(—iTo(23 — 22))
4(60% — (22— 93)2)
B2A¢w3
(@} f 1(2220?601)2) exp(iTo(wr + 22))
_2_
Bo Aqw?
@ f1(621 -: Zczuz)l) exp(—iTo(@1 +2w2))
=2
Bo Aow?
- (@7 f] (a())l —02(21)2)2) exp(iTo(wr — 2w2))
,313(2)14_0@%

T e o ST =202 (1D

x21 = By exp (iw2To) + By exp (—iw2Tp)
iw1 2B AY
(@} — Qo + w1)?)
i1 8280 Ao
(@ - Qo F o))
iw1 B2B3Ag
(@3 — Qwy — wy)
iw1ﬂ23_02A0
(@3 — (01 — 2w2)%)
2iw1 f2BoBoAo
(@3 — w})
2iw f2BoBoAg

2 2
(w5 — w7)

exp (iTo Cwy + w1))

exp (—iTo Qwy + w1))

% exp (iTo 2wz — 1))

exp (—iTo Qw2 — w1))
exp (iw1Tp)

exp (—iw Tp) (12)

where A1, [11 , B and 1_?1 is complex functions in 7'1.
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B. AVERAGING METHOD

The frequency response equations for equations (1) and (2)
using the averaging method [26], [27] is utilized. When
& = 0, the general solution of equations (1) and (2) can be
expressed as:

x1 = acos(wit + V) (13)
Xy = bcos(wat + @) (14)

where a,b, ¥ and ¢ are constants. It follows from equa-
tions (13) and (14) that

X1 = —wiasin(wit + ) (15)
Xy = —wybsin(wyt + @) (16)

For ¢ # 0 small enough, let a, b, ¥ and ¢ are functions in t,
and differentiate the equations (13) and (14) with respect to t,
we gets

X1 = acos(wit + V) — wrasin(wt + )

— a1y sin(wit + ) (17)
X2 = bcos(wat + ¢) — wabsin(wyt + @)
— b sin(wat + ¢) (18)

Comparing equations (15) and (16) with (17) and (18),
we conclude that

acos(wit + ) — ayr sin(wit + ) = 0 (19)

bcos(wat + ¢) — b sin(wat + ¢) = 0 (20)

Differentiate the equations (15) and (16) with respect to t,
we have

X1 = —wiasin(wit + ) — w%a cos(wit + )

— wiayr cos(wit + ) (1)
¥ = —wobsin(wat + ¢) — w%b cos(wat + @)

— wabg cos(int + ¢) (22)

Inserting for xjp,x3,%1,%2,¥; and ¥, from equations
(13)-(22) into equations (1) and (2), we obtain

asin(wit + ) + ayr cos(wt + %)

3
. eala 3
+2eaw; &1 sin(wit + ) — cos” (w1t + V)
= —@ cos Qt — % cos(wit + ) cos Qlt—% cos Q¢
w1 wl w1
. sﬂlabzaﬁ .9
X sin 23t — ——— = cos(wt+ ) sin“(wot +¢)  (23)
w]
bsin(wat + @) + b cos(wat + @) + 2ewr{ob sin(wat + @)
b2
_ EPab 01 2t + pysinant + ) (24)
w3

Inserting equations (19), (20) into equations (23), (24) and
solving it for a, b, ¥ and ¢ yield

a+ eawi&y [1 — cosQwit + 29)]
371 1
il b [g sin(danf + 49) + § sin(oit + 21/;)}

w]
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FIGURE 1. Schematic diagram of the helicopter blade flapping [13], [14], [16].

— _zi [sin((2 + w1)f + V) — sin((2 — 1)t — ¥)]
_ 4_f2[sm((§21+2w1)t +2¢) — sin((2) —2w1)t —24)]
&fs

- —[COS((Qz - Q3+ o)t + )
- COS((Qz — Q3 — o)t — )
+ cos((+ Q3 —w)t—Y)—cos((Q+ QL3 +w)t + )]

_ eprab’w;
——=[sinQRwit 4+ 2¢) — sin((Qw; + 2wp)t + 29
+2¢) + sin(Rwy — 2w1)t + 2¢ — 24)] (25)

at/} + eaw ¢ sinQw it + 2yr) — ;ai[cos Qt
w1

+ % cos((221 + 2wt + 21p)+% cos((Q —2w1)t —2)]

eara® [3 1 1
— — + —cos(dwit + 4v¢) + = coswt + 2v)
w; |8 8 2
f1

=—— [COS((S2 + oDt +¥) + cos(($2 — w1t — )]

- i[sin«szz Qs+ o)+ )
4a)1

+ sin((23 + Q3 — w))t — ¥)

— sin((S22 — Q3 —w)t —¥) —sin((Q— Q3 + w1t + V)]
8,3](117260%

_ 4—w1

1
-3 cos((2w1 + 2w2)t + 2y + 2¢)

[1 — cosRuat + 2¢) + cosQwt + 2v)

- %COS((2(1)2 — 2wt + 2¢ — 2¢)] (26)

b + ebwy s sinwt + 2¢)
eBrab’ w3
= ———=[3sin((w1 + W)t + ¢ + @)
4601
— cos((w1 + 3w)t + 3¢ + V)] 27
b+ ebwy & [1 — cosQwrt + 2¢)]

efrab*w;
= —8602 [— cos((wy + w2)t + ¢ + ¥)+cos((w) —awn)t

+ ¥ — @) + cos((wy — 3wp)t + ¥ — 3¢)
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+ 3sin((w1 — w2)t + ¥ — P)] + sin((w1
+3wp)t + ¢ + 3¢) + sin((w1 — 3w2)t + ¥ — 3¢) (28)

C. PERIODIC SOLUTIONS

In this section, the averaging equations is obtained at pri-
mary, sub-harmonic, combined and 1:3 internal resonance
utilizing the detuning parameters (o1, 02,03, 04) as (2 =
w]+e€01, R —w] = w+E€02, 20— Q3 =w|+603,3w =
w1 + eo4) and keeping only the slowly varying parts and
constant terms in equations (25)-(28), we have

a=—awil] + f—l sinf; + fz_a sin6, + f—300$93
2w 4wy 4wy

3a1a3 w%ﬂlab2 fl fa
- - 0s6; — 2% cos6r (29
W= o oy SO0 T g 0802 29)
+ B Gine (30)
40)1
. b?
b = —bwnty + 222" s, 31)
8wy
. b?
bp = 215290 o, (32)
8wy

where 61 = 01Ty — ¥, 0, = 02T — 2¢, 03 = 03T — ¥,
04 = — 3¢ —oy4Ty, and o1 = %2 =0

D. STABILITY ANALYSES AND EQUILIBRIUM SOLUTIONS
The fixed pomt of the equatlons (29)—(32) is obtained when
a = 0,b = 0, and0,, = 0, where (n = 1, 4) as the
following

aw1f = f—l sin6 + f— sin6, + f—cose3 (33)
2w 4wy 4wy

3aja®  w2pBiab*
L 281

8w 4wy

_ _2%00 o —1710059 +4f—sm93 (34)

b2
bwytr = %COS& (35)

8wy

_ b2
pl@ =8 _ @b oo (36)
3 8wy
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TABLE 1. Summary of the different worst resonance cases of the system.

» Amplitude ; Amplitude ;
Case Condition E,
without controller With controller
Q=w,0 =2w,0, -0, =w w, = 3w, 0.45 0.011 40
NV=w, =w,Q, —Q =w w, = 3w, 0.44 0.012 36
Q=w, =4w,Q, —Q =w w, = 3w, 0.44 0.015 29
Q=w,0 =2w,0 -0 =3w w, = 3w, 0.45 0.013 34
Q=w,Q =w,0, —Q, =3 w, = 3w, 0.44 0.014% 31
Q=w,Q =4w,Q, —Q, = 3w, w, = 3w, 0.44 0.015% 30

For practical case (@ # 0,b # 0), we obtain the frequency
response equations as:

o2 + [M _ma’ 9aiat  wypib*

:|o+w%§12+

2w 4o 64?1607
_ 30)%,3101102172 _ f12 _ f22 _ f32
160)% 46()%612 160)% 16w%a2

Nif2 s .
— —=—cos(f] — b)) — ——sin(0] — 6O

4ota (01 — 62) 4o (01 — 63)
— f2];3 sin(@p — 63) =0 37

8wia

9 2 2b2 2
07— 200+ 0?4 9025 — AP g 3y
64w;

To discuss the stability of the nonlinear solution, we lets

a=ao+a(T1), b=bo+bi(Th), by

=0 +0u (T); n=1,4 (39)

where agp, by and 6,0 are the solutions of (29)-(32).
Inserting (39) into (29)-(32) and linearizing equations in
ay,by and 0,,;, we get
a = f—2 sin20j9 — w11 | a1 + f—l cos B9

4w 2w1

+ daf2 cos 2619 — S sinfyo | 613 (40)
2w 4w

. o 9a1ag
O =|—- +
ap 8w
+ <— N Gnoro — L2 sin264
wi1aqn 20)1

2
b
cos 910) 011 + <a)2ﬁ1 0) by (41)

w3B1b] n )
dwiag

cos 291()) ap
dwiag

dwiag 2w
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FIGURE 2. System behavior without controller at primary, sub-harmonic
and combined resonance case € = w;, ] =20, 2, — 3 = ©1.

) w b2 b
by = 1526 cos B4 | a1 + —6!)24'24‘%(:05940 by
8y 4wy

8wy

aob?
+ <_%sm 940) 041 (42)

cos 2010

. o4  Oujap 0)%,31[7% )
041 = | ——+ - -
0 8w 4wrap  4apwi
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TABLE 2. Comparison of results obtained from numerical solution and perturbation solution for the system before and after control the excitation
force f; as in Fig. 7(a).

f1 Numerical Solution perturbation solution Numerical Solution perturbation solution
0 0.01545 0.01543 0.00619 0.00617
0.005 0.04553 0.04550 0.01334 0.01332
0.01 0.0856 0.0854 0.01851 0.01848
0.015 0.1265 0.1263 0.02134 0.02132
0.02 0.1676 0.1674 0.02604 0.02602
0.025 0.2089 0.2086 0.02605 0.02603
0.3 0.2504 0.250 0.02637 0.02634
0.035 0.2919 0.2916 0.02981 0.02977
0.04 0.3335 0.3333 0.02935 0.02933
0.045 0.375 0.3746 0.03198 0.03196
0.05 0.4166 0.4163 0.0347 0.0344

TABLE 3. Comparison of results obtained from numerical solution and perturbation solution for the system before and after control for the control
parameter $; as in Fig. 7(b).

Bl Numerical Solution perturbation solution Numerical Solution perturbation solution
0 0.4166 0.4164 0.167 0.166
0.2 0.4134 0.4133 0.166 0.165
0.2 0.4 0.3994 0.1605 0.1603
0.6 0.3817 0.3814 0.1519 0.1517
0.8 0.3593 0.3591 0.143 0.142
1 0.3366 0.3364 0.1342 0.1340
1.2 0.3147 0.3145 0.1257 0.1256
1.4 0.2938 0.2936 0.1174 0.1173
1.6 0.2739 0.2736 0.1093 0.1091
1.8 0.2557 0.2554 0.102 0.1018
2 0.2397 0.2396 0.09585 0.09583
2.2 0.2254 0.2253 0.09036 0.09035
2.4 0.2121 0.2118 0.08499 0.08497
2.6 0.1996 0.1992 0.07979 0.07977
2.8 0.1884 0.1882 0.07527 0.07526
3 0.1788 0.1786 0.0716 0.0714
_ 3mifabo sin 94()) a + < fi sin 60 real parts, the following equation is satisfied:
4an 2apw1
+ S sin 2619 + f3 cos 910) 611 1 >0, rrn—r3>0 r3(rr—ry)—rirg>0, r4>0
2w1 dagw 45)
w3Bibo  3wifaao |
+ <_ 201 - 8wy Sin 940) by IV. RESULTS AND DISCUSSION
In this section, we apply Runge-Kutta fourth-order method
3 (3601,326101?0 cos 94()) 041 (43) to achieve the numerical results. The bifurcation diagrams
8wy and effect of different parameters on the steady state solution

The characteristic equation of the system (40)-(43) is a
four-degree equation in the form:

)»4+r1)»3+r2)»2+r3)»—|—r4 =0

(44)

where ry, 73, r3 and r4q are constants and they are given in
the Appendix. If the real part of the eigenvalue is negative,
the periodic solution is stable, otherwise, it becomes unstable.
According to the Routh—Huriwitz criterion, the necessary and
sufficient conditions for all roots of (44) to obtain negative
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before and after control are reported and discussed. Finally,
the comparison of analytical results with numerical ones is
investigated. Table 1. Summary of the different worst reso-
nance cases of the system.

A. SYSTEM BEHAVIOR

At the worst resonance cases = wi, €1 = 2w; and
2, — Q3 = wi, the system behavior was studied numerically
for the equations (1) and (2) at the selected parameters:
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FIGURE 6. The response curves of the controller for different parameters against o4.

¢y = 0.00625,¢, = 0.000625, 1 = 0.02,8; = 5, w1 =30 =1,2 =32 =62 =49 =1
B, = 04,f1 = 005f, = 00043 = 0.003, Figure 2 illustrates the response and phase plane of the system
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without control, with this figure, the response amplitude of
the system x7 is nearly about 0.45 and the phase plane shows
limit cycle.

Figure 3 illustrates the response, phase plane and Poincaré
maps of the system with control at the resonance case £ =
w1, 21 = 201, 23 — 3 = w1, and 3w = ;. It can
be seen for the main system that the amplitude x; is nearly
about 0.011 and the controller reduced the vibrations of the
system by about 97.55 % from its value before controllers and
the phase plane shows limit cycle and, the efficiency of the
controllers E, is nearly about 40 as shown in figure 3(a, b).
Moreover, the system response is chaotic, and the Poincaré
maps has a quasi-periodic at f; = 0.05,f, = 0.004,f; =
0.003 as shown in figure 3(c).

0.5 T T T T
= Perturbation solution (Befor Control)
0.4 — Perturbation solution (After control) )
x O Numerical solution
g 03 §
2
3 02 1
S
<
0.1 E
© s ? —%
0 0.01 0.02 0.03 0.04 0.05
ﬁ
(a)
0.5 T T T T r

Amplitude X,

0 1 1 1 1 1
0 05 1 15 2 25 3
B,
(b)
2.5 : . ; ; .

Amplitude X,

0 L L L ~ O =
0 1 2 3 4 5 6
& x 10
()

FIGURE 7. Effect of some different parameters on the system before and
after control (a) Effects of force f; (b) Effects of damping coefficient ¢,
(c) Effect of the control parameter ;.
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The system amplitude x; is nearly about 0.01 and the con-
troller reduced the vibrations of the system by about 97.77 %
from its value before controllers and the phase plane has
limit cycle and, the efficiency of the controllers E, is nearly
about 45 as shown in figure 4(a, b). Also, the Poincaré maps
has a quasi-periodic motion at f; = 0.005,f, = 0.0004,
f3 =0.0003 as shown in figure 4(c).

B. NUMERICAL RESULTS OF STEADY STATE SOLUTION
With solving equations (37) and (38), the different param-
eters effects were investigated and the results are shown in
Figures (5, 6). From the figures, we have a jump phenomenon
with multi-valued solutions for the practical case where
a # 0,b # 0. Figure 5(a) indicate the steady state amplitude
of the system with the effect of the detuning parameter o.
Figures 5(b, c) show that the amplitude of the system are
decreasing functions in the linear damping coefficient ¢;
and natural frequencies @; and w;. The frequency response
curves bent to right or to left leading to the jump phenomena
and multivalued solution for positive and negative values of
the nonlinear parameter a1 also, the unstable region increases
with the negative values of a1 as shown in figures. 5(d).
The frequency response curves are shifted to the left with
increasing values of the nonlinear parameter ; as shown
in figures 5(e). Figure 5(f) shows that the system ampli-
tude has trivial effect with different values of the damping
coefficient ¢, and nonlinear parameter f8,. Figures 5(g, h, 1)
show that the amplitude of the system is increased with
increasing values of the excitation force amplitudes f1, f»
and f3.

Figure. 6(a) shows the effects of detuning parameter o4 on
the amplitude of the controller b. Figures 6(b, c) show that
the amplitude of the controller are decreasing functions in the
linear damping coefficient ¢, natural frequencies w1 and @;.
Figure 6(d) shows that the amplitude of the controller is
increasing function in the nonlinear parameters f8,. For large
excitation force amplitudes f'1, f, and negative value nonlin-
ear parameter o1, the regions of unstable solutions increases
as shown in figures 6(e, f, g).

— Numerical Solution —— Perturbation Solution

0.5f

Amplitude X, (um)

0 100 200 300 400
Time (s)
FIGURE 8. Comparison of the numerical solution with the analytical

solution of the system before control at ; = 0, 8, = 0 and x;(0) = 0.1,
X1(0) = 0.1, x5(0) = 0.1, x5(0) = 0.
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FIGURE 9. Comparison of the numerical solution with the analytical

solution of the system before control at 8; =5, 8, = 0.4 and x; (0) = 0.5
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FIGURE 10. Comparison of the numerical solution with the analytical
solution of the system after control at 8; =5, 8, = 0.4 and x, (0) =
X1 (0) =0.1, x2(0) =0.1, Xz(o) =

C. EFFECT OF SOME DIFFERENT PARAMETERS ON THE
SYSTEM BEFORE AND AFTER CONTROL

The effect of some different parameters on the system
response before and after control was studied at o1 = 0.

203014

The blue and black solid line refer to the perturbation solution
before and after control, while the red solid line refer to the
numerical solution. Figures 7(a, b, ¢) show that the system
behavior is increasing function in the excitation force f
and decreasing function in the control parameters f; and
the damping coefficient {;. With these figures, the system
oscillations are eliminated before and after control using
these parameters.

D. COMPARISON BETWEEN THE NUMERICAL AND
ANALYTICAL SIMULATION

In figures 8, 9 and 10, we compare the numerical simulation
of the system equations (1) and (2) with the perturbation
solution of equations (29)-(32) before and after control at
different values of control coefficients B, 8, and initial
conditions x1(0), x1(0), x2(0), x2(0). By change the initial
conditions for the system, the oscillation response begins with
increasing amplitude and becomes stable with chaotic motion
as in figure 9, and tuned motion as in figure 10. The blue solid
line refer to the numerical integration, while the red solid
line refer to the perturbation (analytical) solution. We found
a good agreement between the two solutions.

V. CONCLUSION

Active vibration control is a widely applied method for
controlling helicopter vibration. Due to the great advances
in microelectronics, this technology is superior to traditional
control methods. Helicopter vibration has been a problem
since the early days of helicopter development, and it has
a direct effect on production and maintenance costs. In this
research, an active vibration control to mitigate the oscil-
lations of helicopter blade flapping system with harmonic
and parametric excitations was investigated. The approx-
imate solutions were calculated using the multiple scale
perturbation technique. Furthermore, the stability, bifurcation
analysis, numerical simulations for the vibrating system
were studied. Comparison of the analytical with numerical
solutions is obtained. This study included the following:

« After control, the helicopter blade suffered severe vibra-
tions and jumps due to the presence of bifurcation
points.

« The efficiency of the controller E, was about 40, means
that the controller reduced the vibrations of the system
by about 97.55% from its value before controllers.

« The system response is decreasing the linear damping
coefficient ¢; and natural frequencies w; and ;.

o The system response is increasing with increasing the
damping coefficient ¢ ,, the non-linear parameter oy and
the excitation amplitudes f;(G = 1, 2, 3).

o The jump phenomena and multivalued solutions are
appeared with the positive and negative values of the
nonlinear parameters f;.

o With increasing values of the nonlinear parameters f3,,
the system response is decreased and the curves are
shifted to the left.
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The amplitude of the controller is increasing with
increasing the damping coefficient {, and decreasing
with increasing the nonlinear parameters ;.

Figures (7-9) show that the verification curves presented
a good degree of closeness between analytical predic-
tions and numerical simulation.

APPENDIX
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