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ABSTRACT This paper proposes a novel non-singular fast terminal sliding control technique for underactu-
ated robotic manipulators. The proposed approach combines the robustness properties of sliding mode-based
control approaches with the approximation accuracy of disturbance observers to suppress both matched
and mismatched uncertainties. It also solves the singularity and complex-value number problems associated
with fast terminal sliding mode control (FTSMC), while guaranteeing fast convergence rate, robustness and
tracking accuracy. The performance of the proposed approach is assessed using a three-link underactuated
robotic manipulator with and without holding brakes. The obtained results confirmed the fast convergence
rate of the disturbance approximation and position tracking errors along with the excellent robustness and
dynamic performance of the proposed control approach. Additionally, due to the estimation properties of the
disturbance observer, fast and excellent tracking performance was achieved without the use of large feedback
gains.

INDEX TERMS Underactuated robotic systems, fast terminal sliding mode control, non-singular control,
disturbance observer, finite-time convergence.

I. INTRODUCTION
Control of underactuated mechanical systems has been an
active research area over the last decades. These systems have
attractive features such as reduced bulkiness, lighter weight
and cheaper cost [1], and havewidespread applications in var-
ious systems spanning from overhead cranes [2], under-water
vehicles [3], space robots [4], vertical take-off and land-
ing drones [5], inverted pendulums [6], aircraft assembly
systems [7], 3D bipedal robots [8], proprioceptive tactile
sensing [9], to hovercrafts [10]. These systems can either be
underactuated by design [11] or because of component fail-
ures. The facts that they have fewer actuators than the degrees
of freedom to be controlled, however, results in both theo-
retical and practical control challenges [12]. The first design
approach for a class of underactuated and non-mimnimum
phase systems was proposed by Spong in [13]. That design
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procedure combined partial nonlinear feedback linearization
with saturation function-based Lyapunov techniques to stabi-
lize the closed-loop system without the need for stable zero
dynamics. The study proposed by Olfati-Saber [14] exploited
the physical structure of underactuated systems, typically
appearing in robotic and aerospace systems, such as motion
symmetry, actuated variables, and inputs to transform these
latter into cascaded nonlinear systems with structural features
that are suitable for the control goals.

It is worth noting, however, that a large class of under-
actuated robotic systems cannot be controlled by smooth
feedback if the Brockett’s necessary conditions are not satis-
fied [15]. Hence, the high-frequency control nature of sliding
mode control (SMC) has resulted in its recent consideration
in the control/tracking of underactuated robotic manipulators.
Additionally, SMC is one of the main approaches to control
uncertain systems [16]. The design methodology suppresses
the uncertainties by exactly keeping the sliding variable at
zero. This is accomplished via two phases, the reaching
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and sliding phase. In the sliding phase, a sliding surface is
designed so that the system represents the desired dynamic
behavior. In the reaching phase, a controller is applied to
force the tracking errors/state trajectories to remain on the
sliding surface [17]. During the reaching phase of standard
SMC, the system is not robust and thus can be destabilized
by the matched disturbances. Essentially, the robust tracking
action is done only after the tracking errors reach the switch-
ing surface, and thus robust performance is not contented
throughout the reaching mode [18]. In global sliding mode
control (GSMC) schemes, the reaching phase is omitted and
the state errors start moving on the sliding manifold from the
beginning via an extra term in the switching surface [19].
Nevertheless, standard sliding mode control does not guar-
antee convergence in finite time. To alleviate this problem,
terminal slidingmode (TSMC) and fast terminal slidingmode
control (FTSM) approaches have been suggested [20], [21].
TSMC technique drives the tracking errors to the equilib-
rium in finite time via a fractional power in the switching
surface [22]. Though, TSMC offers improved features such
as tracking precision and robust performance compared to
SMC, it suffers from the singularity issue, which results in
high-amplitude control signals. Additionally, when the error
trajectories are far away from the origin, TSMC has slow
convergence rates. To solve these problems, non-singular
FTSM control schemes [23] were proposed to ensure rapid
convergence, high-precision and avoid singularity. In [24],
a global non-singular TSMC design was proposed for rigid
robotic manipulators where the time taken to reach the origin
from any initial condition was guaranteed to be finite. In [25],
a hierarchical TSMC approach was proposed for nonlinear
underactuated systems that ensured that the tracking error
is derived to the origin in finite time. A trajectory tracking
control design for underactuated autonomous surface vessels
was proposed in [26]. It combined trajectory planning and
non-singular TSMCmethods to design two global finite-time
stabilizers for position tracking of surface vessels. However,
the proposed TSMC [26] was only designed for a special
class of underactuated systems and was not generalized to
a large class of underactuated systems. Reference [27] dis-
cussed the design of a non-singular FTSM controller for
the underactuated spacecraft system in which the nonlinear
dynamics are linearized about the circular reference orbits.
The FTSM-based control design was proposed in [28] for
uncertain underactuated systems with disturbances.

To suppress both the matched and mismatched uncer-
tainties and eliminate external disturbances, disturbance
observer-based approaches, have recently emerged as a viable
solution [15], [29], [30]. These observer-based designs were
shown to provide globally asymptotically stable and locally
exponentially stable path following errors in underactu-
ated systems [31]. An observer-based sliding mode control
approach was proposed in [32] for underactuated overhead
cranes suffering from both matched and unmatched distur-
bances. The design was shown to ensure satisfactory control
performance even when the crane works under unfavorable

conditions. An adaptive SMC methodology based on non-
linear disturbance observer was proposed in [33] for the
depth tracking problem of autonomous underwater vehicles.
A composite super-twisting SMC control based on a novel
disturbance observer was proposed in [34] for the speed
regulation of PMSM. The disturbance observer-based fast
terminal sliding controllers were successfully implemented
in [35], [36]. Some of the above approaches, however, suf-
fered from the chattering problem whereas others suffered
from the singularity problem.

To the best of our knowledge, no efforts have been made
for the design of non-singular FTSM controller based on dis-
turbance observer and GSMC for tracking control of under-
actuated robot manipulators with unknown bounded external
disturbances.

Based on the above discussion, we propose in this paper
a disturbance observer-based non-singular FTSM control
design for underactuated robotic manipulators. The main
contributions of this paper are as follows:

• A design approach that combines the robustness prop-
erties of sliding mode-based control approaches with
the approximation accuracy of disturbance observers to
suppress both matched and mismatched uncertainties

• A control technique that solves the singularity and
complex-value number problems of FTSMC, while
guaranteeing fast convergence rate, robustness and
tracking accuracy.

• A global sliding mode control scheme that completely
removes the effects of external disturbances, even when
their bounds are unknown. Hence, guaranteeing robust
performance right from the beginning.

The remainder of this article is organized as follows.
In Section 2, the problem formulation and necessary prelim-
inaries are introduced. The design procedures for the distur-
bance observer and non-singular FTSMC controller are given
in section 3. Simulation results illustrating the performance
of the proposed design on a three-link underactuated robotic
manipulator are illustrated in section 4. Lastly, concluding
remarks are provided in Section 5.

II. PROBLEM FORMULATION
Consider the Euler–Lagrange dynamic equation of an m-link
robotic manipulator as [37]

B̄ (q) q̈+ C
(
q, q̇

)
q̇+ ḡ (q) = ū (t) , (1)

where q ∈ Rm, q̇ ∈ R
m
, q̈ ∈ R

m
signify the position, velocity

and acceleration vectors of joints, correspondingly; ū (t) =
[u1 · · · un · · · um]T ∈ Rm means the control signal denoting
the torque applied on joints; B̄ (q) ∈ Rm×m indicates the
positive-definite bounded inertia matrix; C(q, q̇) ∈ Rm×m

signifies the centripetal-Coriolis matrix; ḡ(q) ∈ Rm des-
ignates the gravity vector. Considering τ̄d (q, q̇) ∈ Rm as
the disturbance vector, f̄ d ∈ Rm×m as the dynamic friction
coefficient matrix and f̄ s ∈ R

m as the static friction vector, the
complete dynamical model of the m-link robotic manipulator
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is described by [38]:

B̄ (q) q̈+C
(
q, q̇

)
q̇+ḡ (q)+ f̄ d q̇+ f̄ s

(
q̇
)
+τ̄d

(
q, q̇

)
= ū (t) .

(2)

The inertia matrix B̄ (q) can be expressed as:

B̄ (q) = B (q)+1B (q) , (3)

where B (q) and 1B (q) illustrate the known and unknown
parts of B̄ (q), correspondingly. The dynamic system (2) is
rewritten by:

B̄ (q) q̈+ n
(
q, q̇

)
+ f̄ d q̇+ f̄s

(
q̇
)
+ τ̄d

(
q, q̇

)
= ū (t) (4)

where n(q, q̇) = C
(
q, q̇

)
q̇ + ḡ (q). Hence, in the existence

of parametric uncertainties and disturbances, and considering
n
(
q, q̇

)
= n0

(
q, q̇

)
+1n

(
q, q̇

)
, with n0

(
q, q̇

)
as the known

part of n
(
q, q̇

)
and1n

(
q, q̇

)
as the unknown part of n

(
q, q̇

)
,

the dynamical equation (4) can be written as [39]:

q̈ = −B (q)−1{n0(q, q̇)+ f̄ d q̇+ f̄s
(
q̇
)

+ τ̄d
(
q, q̇

)
+1B (q) q̈+1n

(
q, q̇

)
− ū(t)} (5)

From (5), the simplified dynamical model of an m-link
robotic manipulator is expressed as:

q̈ = B (q)−1ū (t)+ D̄ (t)+ f̄
(
q, q̇

)
, (6)

where D̄ (t) = −B (q)−1{f̄ d q̇+ f̄s
(
q̇
)
+τ̄d

(
q, q̇

)
+1B (q) q̈+

1n
(
q, q̇

)
} denotes the lumped uncertainties and disturbances

and f̄
(
q, q̇

)
= −B (q)

−1
n0(q, q̇) represents the bounded

known nonlinear function. The dynamics (6) can also be
written in matrix form as:

q̈ =


q̈1
...
q̈n
...
q̈m

 =
[
M0 M1
M2 M3

]

u1
...
un
...
um



+


D1
...
Dn
...
Dm

+

f1(q, q̇)
...

fn(q, q̇)
...

fm(q, q̇)

 , (7)

whereM0 ∈ Rn×n,M1 ∈ Rn×r ,M2 ∈ Rr×n andM3 ∈ Rr×r

are submatrices of B (q)−1. Assuming r to be the number
of passive joints and n the number of active joints of the
m-link robotic manipulator, the dynamical equation of the
underactuated system can be re-written as:
q̈1
...
q̈n
...
q̈m

=
[
M0 M1
M2 M3

]


u1
...
un
0
...
0


+


D1
...
Dn
...
Dm

+

f1(q, q̇)
...

fn(q, q̇)
...

fm(q, q̇)

 .
(8)

Lemma 1: Suppose that a positive-definite function V (t)
guarantees [40]:

V̇ (t) ≤ −α′V (t)− β ′V ρ(t), (9)

where α′ and β ′ are two positive scalars, and ρ is a ratio of
two positive numbers with 0 ≤ ρ ≤ 1. Hence, for any initial
time t0, the Lyapunov functional converges to the origin in
finite time as

ts = t0 +
1

α′(1− ρ)
ln
α′V 1−ρ (t0)+ β ′

β ′
. (10)

Lemma 2 [41]: If A and B are positive real numbers, then
the following inequality is established:

(A+ B)
1
2 ≤ A

1
2 + B

1
2 . (11)

III. MAIN RESULTS
A. UNDERACTUATED ROBOTIC MANIPULATOR
WITH HOLDING
Assumption 1: In this section, it is supposed that the passive

joints have holding brakes instead of actuators and therefore
they are lockable. Thus,

q̇p =

 q̇n+1...

q̇m

 =
 0
...

0

 , (12)

q̈p =

 q̈n+1...

q̈m

 =
 0
...

0

 , (13)

where qp ∈ Rr , q̇p ∈ Rr , q̈p ∈ Rr signify the positions,
velocities and acceleration vectors of passive joints, corre-
spondingly. It is worth noting that since the joint angles are
fixed, the velocity and acceleration for the locked joints are
equal to zero.

Hence, the active dynamics of underactuated system (8) are
presented by:

q̈(t) = M0u (t)+ D (t)+ f (q, q̇) , (14)

where u (t) = [u1 · · · un]T , D (t) = [D1 · · ·Dn]T and
f (q, q̇) = [f1 (q, q̇) · · · fn (q, q̇)]T ; q ∈ Rn, q̇ ∈ Rn, q̈ ∈ Rn

indicate the position, velocity and acceleration vectors of
active joints, respectively.
Assumption 2 [28]: The perturbation vector D (t) is sup-

posed to be norm-bounded as

‖D(t)‖ ≤ h, (15)

where h > 0 is a known constant.
The auxiliary variable is expressed as

δ (t) = z (t)− q̇ (t) (16)

with z(t) expressed as:

ż (t)=−ε0δ (t)−ε1sign (δ (t))+f (q, q̇)+M0u (t) , (17)
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where ε0 and ε1 are two positive coefficients and ε1 >

‖D(t)‖. The TSM disturbance estimator D̂ (t) is proposed by

D̂ (t) = −ε0δ (t)− ε1sign(δ (t)) (18)

Theorem 1: Consider the underactuated robotic manip-
ulator (14) and TSM disturbance-observer defined by
(16)-(18). Then, the approximation error of the TSMC dis-
turbance observer converges to the equilibrium in the finite
time.

Proof: Consider the disturbance approximation error
vector defined by:

D̃ (t) = D̂ (t)− D (t) . (19)

Taking the time-derivative of (16) and employing (14) and
(17) yields:

δ̇ (t)= ż (t)−q̈ (t)=−ε0δ (t)−ε1sign (δ (t))−D (t) . (20)

Substituting (18) into (20), one obtains

δ̇ (t) = D̂ (t)− D (t) = D̃ (t) . (21)

Construct the Lyapunov candidate function as

V1 (δ (t)) = 0.5δ (t)T δ (t) = 0.5 ‖δ (t)‖2 . (22)

Using (20) and (22), the time-derivative of V1(δ (t)) is found
as

V̇1(δ (t)) = δ (t)T (−ε0δ (t)− ε1sign (δ (t))− D(t))

= −ε0 ‖δ (t)‖2 − ε1δ (t)T sign (δ (t))− δ (t)TD(t)

(23)

Eq. (23) is given by

V̇1(δ (t)) ≤ −ε0 ‖δ (t)‖2 − ε1 ‖δ (t)‖ − δ (t)TD(t)

≤ −ε0 ‖δ (t)‖2 − ‖δ (t)‖ (ε1 − ‖D‖) (24)

Considering the condition ε1 > ‖D(t)‖, it follows that

V̇1(δ (t)) ≤ −α0V1(δ (t))− β0V1(δ (t))
1
2 (25)

where α0 = 2ε0 > 0 and β0 =
√
2(ε1 − ‖D‖) > 0.

Based on Lemma 1, Eq. (25) implies that the auxiliary
variable δ (t) converges to the equilibrium in finite time.
From (21) and along with the finite-time convergence of the
auxiliary variable δ (t), the error D̃ (t) reaches the origin in
finite time. This finalizes the proof. �
The active dynamics of the underactuated system (Eq. (14))

is presumed to track the desired position vector qd ∈ Rn and
therefore, the tracking errors converge to the origin. The
tracking error vector is defined as

e(t) = q (t)− qd (t) (26)

where its first and second derivatives are calculated as

ė(t) = q̇ (t)− q̇d (t) (27)

ë (t) = q̈ (t)− q̈d (t)

ë (t) = M0u (t)+ D (t)+ f (q, q̇)− q̈d (t) . (28)

The GSMC surface (s (t)) and non-singular FTSM manifold
(σ1 (t)) are defined as

s (t) = e (t)− e (0) exp(−ϕt) (29)

σ1 (t) = s+ µ1sγ + µ2ṡη (30)

where ϕ > 0, µ1 > 0, µ2 > 0, 1 < γ ≤ 2 and 0 < η ≤ 1.
Theorem 2:Consider the active dynamics of the underactu-

ated system (14) and the designed disturbance observer (16)-
(18). If the nonsingular FTSM controller is applied as

u (t) = M−10

(
−

1
ηµ2

ṡ2−η −
µ1γ

ηµ2
sγ−1ṡ2−η − f + q̈d − D̂

+ ϕ2e (0) exp(−ϕt)+δ̇ (t)

+
1
ηµ2

ṡ1−η(−ε0σ1 − α1sign (σ1))
)

(31)

where α1 = ε1 − h > 0, then the tracking error (26) and
disturbance approximation error (19) converge to the origin.

Proof: From (14), (27) and (29), the first and second
derivatives of GSMC surfaces can be obtained as

ṡ (t) = ė+ ϕe (0) exp (−ϕt)

= q̇ (t)− q̇d (t)+ ϕe (0) exp (−ϕt) (32)

s̈(t) = q̈− q̈d − ϕ2e (0) exp (−ϕt)

= M0u+ D+ f − q̈d − ϕ2e (0) exp (−ϕt) . (33)

Furthermore, in the light of (30)-(33), time-derivative of σ1
can be obtained as

σ̇1 = ṡ+ µ1γ sγ−1ṡ+ ηµ2ṡ
η−1s̈

= ṡ+ µ1γ sγ−1ṡ+ ηµ2ṡ
η−1(M0u+ D+ f − q̈d

−ϕ2e (0) exp(−ϕt)) (34)

Substituting (31) into (34) and using (21) follows that

σ̇1 = −ε0σ1 − α1sign (σ1) . (35)

Construct the Lyapunov candidate functional as

V2(σ1, δ) =
1
2
σ T1 σ1+

1
2
δT δ=

1
2
‖σ1‖

2
+
1
2
‖δ‖2 (36)

Differentiating V2(σ1, δ) and employing (20) and (35) yields

V̇2(σ1, δ) = σ T1 σ̇1 + δ
T δ̇

= σ T1 (−ε0σ1 − α1sign (σ1))

+ δT (−ε0δ − ε1sign (δ)− D)

= −ε0 ‖σ1‖
2
− α1σ

T
1 sign (σ1)− ε0 ‖δ‖

2

− ε1δ
T sign (δ)− δTD (37)

Considering the fact δT sign (δ) ≥ ‖δ‖ , Eq. (37) can be
written as

V̇2 (σ1, δ)≤−ε0 ‖σ1‖2 − α1 ‖σ1‖ − ε0 ‖δ‖2

− ε1 ‖δ‖ − δ
TD

≤−ε0 ‖σ1‖
2
− α1 ‖σ1‖−ε0 ‖δ‖

2
− (ε1 − h) ‖δ‖

(38)
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where since α1 = ε1 − h > 0, one obtains

V̇2 (σ1, δ)≤−ε0 ‖σ1‖2−α1 ‖σ1‖−ε0 ‖δ‖2−ε1 ‖δ‖−δTD

≤−ε0

(
‖σ1‖

2
+‖δ‖2

)
−α1(‖σ1‖+‖δ‖) (39)

According to Lemma 2, we have

−α1 ‖σ1‖−α1 ‖δ‖ ≤ −(α21 ‖σ1‖
2
+ α21 ‖δ‖

2)
1
2 (40)

Substituting (40) into (39) gives

V̇2 (σ1, δ) ≤ −ε0 ‖σ1‖2 − α1 ‖σ1‖ − ε0 ‖δ‖2

− ε1 ‖δ‖ − δ
TD

≤ −2ε0

(
1
2
‖σ1‖

2
+

1
2
‖δ‖2

)
−

(
α21 ‖σ1‖

2
+ α21 ‖δ‖

2
) 1

2

= −2ε0

(
1
2
‖σ1‖

2
+

1
2
‖δ‖2

)
−
√
2α1

(
1
2
‖σ1‖

2
+

1
2
‖δ‖2

) 1
2

(41)

where it is clear from (41) that

V̇2 (σ1, δ) ≤ −αV 2(σ1, δ)−βV 2(σ1, δ)
1
2 (42)

This finishes the proof of this theorem. �
Remark 1. In the planned non-singular FTSM manifold

(30), it is easy to show that for the case s < 0 or ṡ < 0,
the fractional powers 1 < γ ≤ 2 and 0 < η ≤ 1 lead to the
terms sγ /∈ R and ṡη /∈ R.

The modified non-singular FTSM manifold can be pro-
posed to solve the complex-value number problem as

σ2 = s+ k1 |s|γ
′

sign(s)+ k2 |ṡ|η
′

sign(ṡ) (43)

where k1 > 0, k2 > 0, 1 < γ ′ ≤ 2 and 0 < η′ ≤ 1.
Theorem 3: Consider the active dynamics of the under-

actuated system (14), the non-singular FTSM manifold
(43) and the designed disturbance-observer (16)-(18). If the
non-singular FTSM control law is applied as

u2 (t)

=M−10

(
−

1
η′k2
|ṡ|1−η

′

ṡ−
k1γ ′

η′k2
|ṡ|1−η

′

|s|γ
′
−1
−f +q̈d−D̂

+ ϕ2e (0) exp(−ϕt)+δ̇ (t)

−
1
η′k2
|ṡ|1−η

′

(ε0σ2 + α1sign (σ2))
)

(44)

where α1 = ε1 − h > 0, then the disturbance approximation
error (19) and σ2 converge to zero in the finite time.

Proof: Taking the time-derivative of FTSM manifold
(43) yields

σ̇2 = ṡ+ k1γ ′ |s|γ
′
−1 ṡ+ k2η′ |ṡ|η

′
−1 s̈ (45)

where substituting (33) into (45) and applying (44) yields

σ̇2 = −ε0σ2 − α1sign (σ2) . (46)

Consider the Lyapunov candidate functional as

V3(σ2, δ) =
1
2
σ T2 σ2 +

1
2
δT δ (47)

Calculating the time-derivative of the Lyapunov functional
and substituting (20) and (46) gives

V̇3(σ2, δ) = −ε0 ‖σ2‖2 − α1σ T2 sign (σ2)

− ε0 ‖δ‖
2
− ε1δ

T sign (δ)− δTD (48)

Now, similar to the proof of Theorem 2, we have

V̇3 (σ2, δ) ≤ −ε0 ‖σ2‖2 − α1 ‖σ2‖

− ε0 ‖δ‖
2
− ε1 ‖δ‖ − δ

TD

≤ −2ε0

(
1
2
‖σ2‖

2
+

1
2
‖δ‖2

)
−

(
α21 ‖σ2‖

2
+ α21 ‖δ‖

2
) 1

2

= −2ε0

(
1
2
‖σ2‖

2
+

1
2
‖δ‖2

)
−
√
2α1

(
1
2
‖σ2‖

2
+

1
2
‖δ‖2

) 1
2

(49)

Finally, the inequality (49) can be written as

V̇3 (σ2, δ) ≤ −α"V3 (σ2, δ)− β"V 3(σ2, δ)
1
2 (50)

where α" = 2ε0 and β" =
√
2α1. Based on Lemma 1, Eq.

(50) shows that the auxiliary variables δ (t) and σ2 converge
to zero in the finite time. Therefore, the estimation error D̃ (t)
reaches the origin in finite time. This finalizes the proof of
Theorem 3. �
Remark 2: According to Theorems 1-3, the sliding surface

and FTSMmanifold converge to zero in finite time. From Eq.
(29), it is concluded that if the sliding surface reaches zero,
the tracking error e(t) converges to the origin exponentially.

B. UNDERACTUATED ROBOTIC MANIPULATOR WITHOUT
HOLDING BRAHES
Assumption 3: In this section, it is supposed that passive

joints don’t have holding brakes and the joints’ velocity
and acceleration are not zero. Therefore, considering M ′

=[
M0

M2

]
∈ Rm×n, Eq. (8) can be written as

q̈ = M ′u (t)+ D̄ (t)+ f̄
(
q ˙, q

)
(51)

The equality (51) is considered as the dynamic equation of
the underactuated system.
Assumption 4: The disturbance vector D̄ (t) is supposed to

be norm-bounded as ∥∥D̄ (t)∥∥ < h1, (52)

where h1 > 0 is an unknown positive constant.
The tracking error vector is defined as

e1(t) = q̄ (t)− q̄d (t) (53)

where q̄d ∈ Rm is considered as desired position vector.
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The GSMC surface (s1 (t)) and non-singular FTSM mani-
fold (σ3 (t)) are defined as

s1 (t) = e1 (t)− e1 (0) exp(−ϕt) (54)

σ3 = s1 + k3 |s1|γ " sign(s1)+ k4ṡ1 (55)

where ϕ > 0, k4 > 0, k3 > 0 and 1 < γ " ≤ 2.
The adaptive estimator for h1 is proposed as

˙̂h1 = k4 ‖σ3‖ (56)

where the estimation error is defined as

h̃1 = ĥ1 − h1. (57)

Theorem 4: Consider the dynamic equation of the under-
actuated system (51) and the adaptive estimator (56). If the
non-singular FTSM controller is applied as

u3 (t) = M ′T (M ′M ′T )
−1

(−f̄ + ¨̄qd + ϕ2e1 (0) exp (−ϕt)

+
1
k4
(−ṡ1 − k3γ " |s1|γ "−1 ṡ1

− k4sign (σ3) ĥ1 − k5sign (σ3))), (58)

with

k5 = k4
(
σ T3 sign (σ3)− ‖σ3‖

)
(59)

then, the variables h̃1 and σ3 converge to zero and it can be
concluded that the tracking error e1(t) is converged to zero.

Proof: The first and second derivatives of s1 (t) are
obtained as follows

ṡ1 (t) = ė1 + ϕe1 (0) exp (−ϕt)

= ˙̄q (t)− ˙̄qd (t)+ ϕe1 (0) exp (−ϕt) (60)

s̈1(t) = ¨̄q− ¨̄qd − ϕ2e1 (0) exp (−ϕt)

= M ′u+ D̄+ f̄ − ¨̄qd − ϕ2e1 (0) exp (−ϕt) (61)

Then, taking the time-derivative of FTSM manifold (55) and
substituting s̈1 and u3 into it, yields

σ̇3 = −k4sign (σ3) ĥ1 + k4D̄− k5sign (σ3) (62)

Consider the Lyapunov candidate functional as

V4(σ3, h̃1) =
1
2
σ T3 σ3 +

1
2
h̃21 (63)

Taking the time-derivative of the Lyapunov functional and
using σ̇3 and

˙̃h1 =
˙̂h1 gives

V̇4
(
σ3, h̃1

)
= σ T3

(
−k4sign (σ3) ĥ1 + k4D̄− k5sign (3)

)
+ h̃1(k4 ‖σ3‖), (64)

The above equation can be written as

V̇4
(
σ3, h̃1

)
≤−k4σ T3 sign (σ3) ĥ1 + k4 ‖σ3‖

∥∥D̄∥∥
− k4 ‖σ3‖ h1
− k5 ‖σ3‖ + h̃1 (k4 ‖σ3‖)+ k4 ‖σ3‖ h1 (65)

where since ĥ1 = h1 + h̃1, then we have

V̇4
(
σ3, h̃1

)
≤−k4h1

(
σ T3 sign (σ3)− ‖σ3‖

)

− k4 ‖σ3‖ (h1 −
∥∥D̄∥∥)

− k5 ‖σ3‖ − k4
(
σ T3 sign (σ3)− ‖σ3‖

)
h̃1

(66)

From (59) and (66), one obtains

V̇4
(
σ3, h̃1

)
≤ −k5 ‖σ3‖ − k5h̃1 (67)

The above inequality can be written as

V̇4
(
σ3, h̃1

)
≤ −
√
2k5

(
1
2
‖σ3‖

2
+

1
2
h̃21

) 1
2

= −β01V 4

(
σ3, h̃1

) 1
2

(68)

where β01 =
√
2 k5; h̃1 and σ3 converge to zero, and therefore

the tracking error e1(t) is convergent to zero. The proof of
Theorem 4 is finished. �

IV. SIMULATION RESULTS
A. IMPLEMENTATION TO AN UNDERACTUATED
MANIPULATOR WITH HOLDING BRAKES
In this section, the proposed non-singular FTSM control law
(44) is implemented to a 3-link robotic manipulator which
third joint is passive, and hence has a holding brake and is
locked as illustrated in Fig. 1.

FIGURE 1. Configuration of underactuated 3-link robot manipulator.

Consider the dynamics of a 3-link robotic manipulator as
follows:

B

 q̈1q̈2
q̈3

+ C
 q̇1q̇2
q̇3

+ fd
 q̇1q̇2
q̇3

+ fs
 sgn(q̇1)
sgn(q̇2)
sgn(q̇3)


+ τ1

 1
1
1

+
 g1(q)g2(q)
g3(q)

 =
 u1(t)u2(t)
u3(t)

 , (69)

with B =

 b11 b12 b13b21 b22 b23
b31 b32 b33

, C =
 h11 h12 h13h21 h22 h23
h31 h32 h33

.
where:

b11= Il1+ml1 l
2
1+k

2
r1 Im1+Il2+mm2a

2
1 + Im2+Il3+Im3
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+ml2
(
a21 + l

2
2 + 2a1l2c2

)
+mm3

(
a21 + a

2
2 + 2a1a2c1

)
+ml3

(
a21+a

2
2+l

2
3+2a1a2c2+2a1l3c23+2a2l3c3

)
(70)

b22= Il2 + Il3 + k
2
r2 Im2 + Im3 + mm3a

2
2 + ml2 I

2
2

+ml3
(
a22 + l

2
3 + 2a2l3c3

)
, (71)

b33=Il3 + k
2
r3 Im3 + ml3 l

2
3 , (72)

b12=b21 = Il2+Il3+kr2 Im2+Im3

+mm3

(
a22+a1a2c2

)
+ml2

(
l22+a1l2c2

)
+ml3

(
a22 + l

2
3 + a1a2c2 + a1l3c23 + 2a2l3c3

)
(73)

b13= b31 = Il3 + kr3 Im3 + ml3
(
l23 + a1l3c23 + a2l3c3

)
(74)

b23= b32 = Il3 + kr3 Im3 + ml3
(
l23 + a2l3c3

)
(75)

h11=−mm3a1a2s1q̇1 −
(
ml3a1l3s23 + ml3a2l3s3

)
q̇3

−
(
ml2 + ml3a1a2s2 + a1l2s2 + ml3a1l3s23

)
q̇2

(76)

h22=−
(
ml3a2l3s3

)
q̇3 (77)

h33=−
(
ml3a1a2s2

)
q̇2 −

(
ml3a2l3s3

)
q̇3 (78)

h12=−
(
ml2a1l2s2 + ml3a1l3s23 + ml3a1a2s2

)
q̇1

−
(
ml3a1a2s2 + ml3a1l3s23

+ mm3a1a2s2 + ml2a1l2s2
)
q̇2

−
(
ml3a2l3s3 + ml3a1l3s23

)
q̇3 (79)

h13=−
(
ml3a1l3s23 + ml3a2l3s3

)
q̇1

−
(
ml3a1l3s23 + ml3a2l3s3

)
q̇2

−
(
ml3a2l3s2 + ml3a1l3s23

)
q̇3 (80)

h21=
(
ml2a1l2s2 + ml3a1a2s2 + ml3a1l3s23

)
q̇1

−
(
ml3a2l3s3

)
q̇3 (81)

h23=−
(
ml3a2l3s3

)
q̇1 −

(
ml3a2l3s3

)
q̇2 −

(
ml3a2l3s3

)
q̇3

(82)

h31=
(
ml3a1l3s23 + ml3a2l3s3

)
q̇1 +

(
ml3a2l3s3

)
q̇2 (83)

h32=
(
ml3a2l3s3

)
q̇1 +

(
ml3a2l3s3

)
q̇2 −

(
ml3a2l3s3

)
q̇3
(84)

g1 (q)=
(
ml2 l2 + mm3a2 + ml3a2

)
gc12 + ml3 l3gc123

+
(
ml1 I1 + ml3a1 + ml2a1 + mm2a1 + mm3a1

)
gc1
(85)

g2 (q)=
(
ml2 l2 + ml3a2 + mm3a2

)
gc12 + ml3 l3gc123 (86)

g3 (q)=ml3 l3gc123 (87)

with: c1 = cos(q1), s1 = sin(q1), c2 = cos(q2), s2 = sin(q2),
c12 = cos(q1 + q2), c3 = cos(q3), c123 = cos(q1 + q2 + q3),
s123 = sin(q1 + q2 + q3), s12 = sin(q1 + q2).

Let l1, l2 and l3 be the distances of the mass centers of
three links from their joint axis, ml1 , ml2 and ml3 be the links’

masses, mm1 , mm2 and mm3 be the rotors’ masses, Il1 , Il2 and
Il3 be the moments of inertia of the links, and Im1 , Im2 and Im3

be the rotors’ moments of inertia. The constant parameters
are taken as mm2 = mm3 = mm1 = 1kg, a1 = a2 = 1, l1 =
l2 = l3 = 0.5m, ml1 = ml2 = ml3 = 10kg, Il1 = Il2 = Il3 =
1kg.m2, Im1 = Im2 = Im3 = 1kg.m2, kr1 = kr2 = kr3 = 1,
fs = fd = 0.001, τ1 = 1.
From(69), the dynamics of underactuated 3-link robotic

manipulator is considered as

q̈ =

 q̈1q̈2
q̈3

 = B−1

 u1u2
0

+
D1
D2
D3

+
 f1(q, q̇)f2(q, q̇)
f3(q, q̇)

 , (88)

where it is assumed that q̇3 = 0 and q̈3 = 0, and f1(q, q̇)f2(q, q̇)
f3(q, q̇)

=−B−1
C

 q̇1q̇2
0

+
 g1g2
g3

 , (89)

D1
D2
D3

=−B−1
 fs sign(q1)fs sign(q2)

fs sign(q3)

+fd
q̇1q̇2
0

+
τ1τ1
τ1

 .
(90)

The active dynamic model of the underactuated system is
stated from (88) by

q̈ =
[
q̈1
q̈2

]
= M0

[
u1
u2

]
+

[
D1
D2

]
+

[
f1(q, q̇)
f2(q, q̇)

]
. (91)

where M0 ∈ R2×2 is a sub-matrix of B−1 =
[
M0 M1

M2 M3

]
.

The proposed non-singular FTSM control law(44) is applied
to (91) and the parameters of the proposed control approach
are selected as η′ = 1, γ ′ = 5

3 , k1 = 1, k2 = 0.4, ϕ =
2, ε0= 2, ε1 = 5.2, α1 = 2.9 and h = 2.3. The initial
conditions are set as q1 (0) = 0.5, q2 (0) = 0, q3 (0) =
0, q̇1 (0) = 0, q̇2 (0) = 0 and the desired position vector

is chosen as qd =
[
sin(2π t)
sin(2π t)

]
. The convergenc time of the

sliding surfaces can be obtained by the following procedure:
Using the initial conditions, one obtains e (0) =[
0.5
0

]
. By substituting e (0) , q̇d (0) =

[
2π
2π

]
, q̇ (0) =[

0
0

]
and ϕ = 2 into Eq.(32), we have ṡ (0) = q̇ (0) −

q̇d (0) + ϕe (0) =
[
−2π
−2π

]
+ 2

[
0.5
0

]
=

[
−5.28
−6.28

]
. Then,

by substituting s (0) = 0, ṡ (0) =
[
−5.28
−6.28

]
, k1 = 1, k2 =

0.4, η′ = 1, γ ′ = 5
3 into (43), we attain σ2 (0) as σ2 (0) =

s (0) + k1 |s (0)|γ
′

sign (s (0)) + k2 |ṡ (0)|η
′

sign (ṡ (0)) =

0.4

∣∣∣∣[−5.28−6.28

]∣∣∣∣ sign([−5.28−6.28

])
=

[
−2.11
−2.51

]
. Using (16),

one has δ (0) = z (0) − q̇ (0) =
[
1
1

]
. As a result, based on

Eq. (47), V3 (0) is calculated as V3 (0) = 1
2σ

T
2 (0) σ2 (0) +

1
2δ

T (0) δ (0) = 6.38. According to Lemma 1 and considering
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t0 = 0, β" =
√
2α1 = 4.10 and α" = 2ε0 = 4, the con-

vergence time is obtained as t1s = 1
α"(0.5) ln

α"V 0.5
3 (0)+β"
β" =

1
4(0.5) ln

4×6.380.5+4.1
4.1 = 0.62.

Fig. 2 highlights the tracking performance of the joint
positions, which shows that the joint positions track the ref-
erence trajectories appropriately. The corresponding tracking
errors are depicted in Fig. 3. Note the convergence of the
errors to the equilibrium in finite-time. The time histories
of the auxiliary variables, GSMC surfaces and non-singular
FTSM manifolds are illustrated in Fig. 4. It is obvious from
Fig. 4 that the sliding manifolds converge to the equilibrium
in finite time as well.

FIGURE 2. Time responses of joint positions.

FIGURE 3. Time histories of the tracking errors.

According to the above simulation results, one can confirm
that the proposed control methodology was able to achieve
acceptable dynamic response of the underactuated robotic
manipulator in the presence of external disturbances.

To further assess the robustness of the proposed approach,
we modify the external disturbance, desired position vec-
tor and initial conditions as follows: τ1 = cos (0.2π t),

qd =
[
sin(2π t)
cos(2π t)

]
, q1 (0) = 0.5, q2 (0) = 0.5, q3 (0) =

1, q̇1 (0) = 0, andq̇2 (0) = 0.
The convergence time of the sliding surfaces with the

above considered conditions can be computed by the follow-

ing procedure: by substituting e (0) =
[

0.5
−0.5

]
, q̇d (0) =[

2π
0

]
, q̇ (0) =

[
0
0

]
and ϕ = 2 into Eq. (32),

we have ṡ (0) = q̇ (0) − q̇d (0) + ϕe (0) =
[
−2π
0

]
+

FIGURE 4. (a)Auxiliary variables, (b) GSMC surfaces, (c) non-singular
FTSM.

2
[

0.5
−0.5

]
=

[
−5.28
−1

]
. Then, by substituting s (0) =

0, ṡ (0) =

[
−5.28
−1

]
, k1 = 1, k2 = 0.4, η′ =

1, γ ′ = 5
3 into (43), we can obtain σ2 (0) as σ2 (0) =

s (0) + k1 |s (0)|γ
′

sign (s (0)) + k2 |ṡ (0)|η
′

sign (ṡ (0)) =

0.4

∣∣∣∣[−5.28−1
]∣∣∣∣ sign([−5.28−1

])
=

[
−2.11
−0.4

]
. From (16),

one obtains δ (0) = z (0) − q̇ (0) =
[
1
1

]
. As a result, based

on Eq. (47), V3 (0) is found as V3 (0) = 1
2σ

T
2 (0) σ2 (0) +

1
2δ

T (0) δ (0) = 3.3. Now, considering t0 = 0, β" =
√
2α1 =

4.10, α" = 2ε0 = 4, the convergence time is calculated as

t2s =
1

α"(0.5)
ln
α"V 0.5

3 (0)+ β"

β"

=
1

4(0.5)
ln
4× 3.30.5 + 4.1

4.1
= 0.51.

Fig. 5 depicts the time responses of the joint posi-
tions, which confirms the system’s good tracking perfor-
mance. Fig. 6 shows the dynamics of the tracking errors
and confirm their finite-time convergence to the origin.
Fig. 7 highlights the time trajectories of the auxiliary vari-
ables, GSMC surfaces and non-singular FTSM manifolds.
It is obvious from these plots that the GSMC surfaces and
non-singular FTSM manifolds approach the equilibrium in
finite time. Fig. 8 shows the control inputs of the robotic
manipulator. Note that fast and excellent tracking perfor-
mance is achieved without the use of large feedback gains.

One can conclude from the above results that the pro-
posed controller yields acceptable tracking performance in
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FIGURE 5. Time histories of the joint positions.

FIGURE 6. Time histories of the tracking errors.

FIGURE 7. (a) Auxiliary variables, (b) GSMC surfaces, (c) non-singular
FTSM.

the presence of several external disturbances and under vari-
ous initial conditions and desired position vectors.

B. IMPLEMENTATION TO AN UNDERACTUATED
MANIPULATOR WITHOUT HOLDING BRAKES
In this section, the robotic manipulator without hold-
ing brakes is considered. Using Eq. (88) and substituting
the terms f̄

(
q, q̇

)
=

[
f1(q, q̇)f2(q, q̇)f3(q, q̇)

]T
, u (t) =

FIGURE 8. Control inputs.

FIGURE 9. Time responses of the joint positions.

FIGURE 10. Time histories of the tracking errors.

[u1u2]T , D̄ (t) = [D1D2D3]T , B−1 =
[
M0 M1

M2 M3

]
∈ R3×3

andM ′ =
[
M0

M2

]
, one can have:

q̈ =

 q̈1q̈2
q̈3

 = M ′u+ D̄ (t)+ f̄
(
q, q̇

)
(92)

The proposed non-singular FTSM control law (58) is
applied to Eq. (92) and the parameters of the suggested
control input are selected as γ ′′ = 9/7, k3 = 5, k4 =

0.1, ϕ = 2. The initial conditions are also chosen as
q1 (0) = 0.5, q2 (0) = 0, q3 (0) = 0.5, q̇1 (0) = 0,
q̇2 (0) = 0, q̇3 (0) = 0 and the desired position vector and
disturbance term are specified as

q̄d =

 sin (2π t)sin(2π t)
1

 and τ1 = 0.5.
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FIGURE 11. (a) Estimation of h1, (b) GSMC surfaces, (c) non-singular
FTSM manifolds.

FIGURE 12. Control inputs.

Fig. 9 shows the time responses of the joint positions, which
demonstrates the appropriate tracking performance of the
joint positions. Fig. 10 depicts the time histories of the track-
ing errors, which shows the convergence of these signals
to the origin. Fig. 11 exhibits the time trajectories of the
estimation of h1, GSMC surfaces and non-singular FTSM
manifolds. It is obvious from these plots that the GSMC
surfaces and non-singular FTSMmanifolds quickly converge
to the origin. Fig. 12 displays the control inputs of the under-
actuated robotic manipulator.

One can conclude from the above results that the proposed
controller exhibits good tracking performance for the under-
actuated robot manipulator without holding brakes, in the
presence of external disturbance with unknown bound.

V. CONCLUSION
This paper proposed a fast non-singular terminal sliding con-
troller based on disturbance observer and adaptive estimator
for the tracking control of underactuated roboticmanipulators
with unknown bounded external disturbances. The proposed
control scheme is derived based on a novel non-singular
FTSM manifold that solves the singularity and complex-
value number problems typically associated with standard
SMC. The performance of the proposed control approach was

assessed using an underactuated robotic manipulators with
and without holding brakes. The obtained results showed that
the proposed NSFTSM guaranteed zero-tracking errors for
the position joints, whereas the disturbance observer ensured
the finite-time convergence of the approximation error to the
origin for various disturbance levels, initial conditions and
desired position levels. In our future work, we will focus on
practically implementing the design to a robot manipulator
and assessing its performance.

APPENDIX
Proof of Lemma 1: If two sides of inequality (9) are divided

to V ρ(t), we obtain

V−ρ(t)V̇ (t) ≤ −α′V 1−ρ (t)− β ′ (93)

and thus,

dt ≤ −
V−ρ (t)

α′V 1−ρ (t)+ β ′
dV (t) (94)

Integrating two sides of (94) from t0 to ts yields

ts − t0 ≤ −

0∫
V (t0)

V−ρ (t)
α′V 1−ρ (t)+ β ′

dV (t)

= −
1

α′ (1− ρ)
{lnβ ′ − ln

(
α′V 1−ρ (t0)+ β ′

)
}

=
1

α′ (1− ρ)
ln
α′V 1−ρ (t0)+ β ′

β ′
(95)
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