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ABSTRACT Aiming at the problem of poor accuracy of acceleration waveform reproduction during the
shaking table test of earthquake simulation, a hybrid integration algorithm based on seismic acceleration
signal is proposed to control the trend term error. The low-frequency attenuation integral algorithm in the
frequency domain is used to integrate the original seismic acceleration signal once to obtain the vibration
velocity signal, then, the polynomial fitting integration algorithm is introduced to integrate of the vibration
velocity signal once in the time domain to obtain the vibration displacement signal. Through these two
integrals, the sensitivity of low frequency band during frequency domain integration and the accumulation
of small errors in time domain are reduced. Finally, the hybrid integration algorithm is used to perform
seismic wave reproduction experiments on the seismic simulation shaker and good results are obtained,
which proves that the hybrid integration calculation has high practical value and practical significance in
improving the accuracy of the vibration table waveform reproduction.

INDEX TERMS Earthquake simulation shaker, hybrid integration algorithm, low frequency attenuation,
polynomial fitting, seismic wave reproduction.

I. INTRODUCTION
Earthquake simulation shaking table is a research material
or building structure under earthquake or specific vibration
that can more realistically simulate the state of stress and
failure form of the structure under the action of seismic load.
It is one of the commonly used test methods in the field of
structural seismic research and over-limit design [1], [2], and
has been widely used in the field of bridge engineering, civil
engineering and Marine structural engineering [3]. However,
on the one hand, due to the difference between the seis-
mic simulation test and other vibration tests, the earthquake
mainly generates infra-sound waves, and the energy of the
seismic waves is mainly concentrated in the low frequency
band the earthquake generated mainly is infra-sound, and the
energy of the seismic wave is mainly concentrated in the low
frequency band. In addition, the lower limit frequency of the
seismic wave signal is relatively low, so the low-frequency
performance of the seismic simulation shaking table is highly
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required [4]. On the other hand, in the real vibration occur-
rence site, the detection of the signal displacement response
is very troublesome, and even for some reasons, it cannot be
directly measured, so most natural signals such as seismic
waves are stored in the form of acceleration, at present, the
displacement and velocity time-history curves of the test
waveform need to be obtained in most seismic simulation
shaking table tests, and the control signal required for each
action of the servo motor is calculated through these two
curves. Therefore, the integration processing of the accelera-
tion signal has become an indispensable part in the shaking
table test.

At present, the most commonly used integration algo-
rithms are mainly divided into frequency domain integra-
tion and time domain integration [5]. The low-frequency
cut-off integral algorithm is the most common one in the
frequency domain integral algorithm [6], [7], which sets
a low-frequency cut-off frequency on the basis of the
Fourier transform and zeros the signals below this frequency,
although this method can effectively avoid the influence of
the trend term on the integration result, it also causes the loss
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of some effective signals. Gu and Lv [8] proposed that the
low-frequency amplitude in the amplitude spectrum after the
vibration acceleration undergoes FFT transformation should
be set to zero, and then the vibration displacement signal
could be obtained after IFFT transform in two integrations
in the frequency domain. Hu et al. [9] used a low-frequency
attenuation algorithm to directly integrate the acceleration
signal within the frequency, and used the integration accuracy
control equation to ensure the integration accuracy. Within
the scope of the time domain integration algorithm, it is more
common to process the data by adding various filters. Wang
and Wang [10] used the moving window method to intercept
three signal values to establish a Lagrange quadratic polyno-
mial, and integrated the polynomial at the same time, thereby
deriving an easy-to-program calculation formula to perform
the integral operation. In addition, several studies have been
explored to improve the integration error and accuracy, such
as energy-consistent time integration [11] and integration
algorithm optimization [12], [13]. Zhang and Zheng [14]
developed an integration algorithm based on Walsh trans-
formation and empirical mode decomposition (EMD), and
removed the trend terms of velocity and displacement through
linear least squares fitting. Zhu et al. [15] provided a novel
vibration signal integral method based on feature information
extraction to deal with nonlinear and non-stationary signals,
this research merged the superposition of kurtosis, mean
square error, energy, and singular value decomposition on sig-
nal feature extraction. Comparing with the traditional integral
methods, this method shows higher accuracy and superiority.

In order to better control the cumulative error of the second
integral of the speed signal in the seismic simulation shaking
table test, based on the characteristics of time domain inte-
gration and frequency domain integration, a hybrid integral
algorithm is designed to improve the integral error of shak-
ing table test. First, the low-frequency attenuation integra-
tion algorithm in the frequency domain is used to integrate
the original seismic acceleration signal once to obtain the
vibration velocity signal, which is mainly used to control
the low-frequency trend term error. Then, a polynomial fit-
ting integration algorithm is used to integrate the vibration
velocity signal again in the time domain, and the residual
small errors in the integration are fitted, so as to obtain the
final vibration displacement signal. The research shows that
the hybrid integration algorithm can effectively improve the
integration error compared to other single time-domain or
frequency-domain integration, and the engineering applica-
tion characteristics of the algorithm are summarized through
seismic wave simulation shaking table tests. The research
results of this paper have certain reference value for the
follow-up integral error control research and engineering
application.

II. PRINCIPLE OF INTEGRAL ALGORITHM
A. TIME DOMAIN INTEGRATION ALGORITHM
The numerical integral of the trapezoidal integral is usually
adopted, in which the initial displacement and initial velocity

of the original acceleration signal are added to the calculation.
At the same time, the integration result is usually accompa-
nied by a very obvious trend term, the zero drift phenomenon.
Therefore, the collected original seismic wave acceleration
signal contains not only a DC component, but also an error
term that changes with time [16], if an(t) is the acceleration
corresponding to the seismic wave measured at time t , then
an(t) can be expressed as:

an(t) = a0(t)+ ae(t) = a0(t)+ am(t)+ D (1)

where: a0(t) is the true acceleration; ae(t) is the measured
acceleration error; am(t) is the error that changes with time;
D is the DC component of the measured acceleration signal.
Trapezoidal formula is used to numerically integrate an(t),

where there is an error e(t) in the process of integrating
velocity v(t) to obtain displacement s(t). The expression in
the two integration process can be expressed as:

v(t) =
∫
an(t)dt =

∫
a0(t)dt +

∫
am(t)dt + Dt + C (2)

e(t) =
∫
v(t)dt −

∫ (∫
a0(t)dt

)
dt (3)

s(t) =
∫ (∫

an(t)dt
)
dt −

∫ (∫
am(t)dt

)
dt

−0.5Dt2 − Ct − F (4)

where:C is the constant error of speed; F is the constant error
of displacement.

When the time-varying error am(t) is a linear term, the
corresponding displacement s(t) is obtained by fitting e(t)
with polynomials; when the integral trend term generated by
am(t) is generated by random noise in the signal, a high-pass
filter needs to be added [17], [18] to eliminate the error e(t)
to obtain the displacement in Eq. (4), this can improve the
integration accuracy of the displacement obtained by the final
integration

B. FREQUENCY DOMAIN INTERGRATION ALGORITHM
Any continuously measured sequence or signal can calculate
the frequency, phase, and amplitude of different sine wave
signals by accumulating the original signal on the basis of
Fourier transform. Then the sinusoidal signals of different
frequencies are infinitely superimposed to represent the cor-
responding signals or sequences [19], [20]. Therefore, the
acceleration signal an(t) with the number of sampling points
N can be dispersed into the acceleration sequence {an}, and
then transformed into a complex sequence {ak} in the fre-
quency domain by FFT, and the formula for performing two
frequency domain integration in the spectrum is:

A(k) =
N∑
n

ane−j(2πnk/N ) (5)

V (k) =
A(k)
jwk
=

N∑
n=1

1
2πkj1f

H (k)ane−2πnjk/N (6)
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S(k) =
A(k)
−w2k

=

N∑
n=1

1
(2πkj1f )2

H (k)ane−2πnjk/N (7)

where: A(k) is the acceleration spectrum; N is the number of
integration sampling points; v(k) represents the velocity spec-
trum; s(k) represents the displacement spectrum;1f spectral
resolution; n,K is a positive integer; Wk is the frequency
corresponding to the Fourier component. In particular, the
following conditions are satisfied for H (k) in Eq. (6) and Eq.
(7):

H (k) =
{
0 fi ≤ k1f ≤ fH
1 others

}
(8)

where: fL is the lower cut-off frequency, and fH is the upper
cut-off frequency.

The velocity v(k) and displacement S(k) generated in
the frequency spectrum are transformed by IFFT to obtain
the corresponding velocity v(t) and displacement S(t) in the
time domain. Due to the existence of low-frequency signals,
a larger frequency domain integration error will occur when
Wk is smaller, but compared to the time domain integration
algorithm, the frequency domain integration algorithm has
high operation efficiency, it can not only effectively avoid the
complexity of removing the trend term for each integration
in the time domain, but also avoid the energy loss caused
by reducing the trend term. Based on the trend term in fre-
quency domain integration mainly focuses on low frequency
band, in order to effectively reduce the error caused by low
frequency band signal, it can be considered to introduce low
frequency function g(wk) to control the integration process
in frequency domain [21]. Among them, the most important
thing about the low-frequency function g(wk) is to select the
appropriate cut-off frequency fT and integration accuracy αT .
However, the selection of the integration accuracy αT should
be based on the low-frequency noise level of the signal, and
the larger value should be selected as far as possible on the
basis of controlling the trend error (it is recommended that
0.92 to 0.99).Thus, the effective information in the signal
can be fully retained. At present, the main methods are low-
frequency cut-off integral algorithm and low-frequency atten-
uation algorithm.

III. PRINCIPLE OF MIXED INTEGRAL CALCULATION
Through the above analysis of the integration characteristics
of the time domain and the frequency domain, it is found
that the error generated by the second integration in the
time domain is larger than the error generated by the first
integration, and the second integral in the frequency domain is
also greater than the first integral due to the influence of low-
frequency characteristics [22]. Therefore, a hybrid integration
algorithm is designed by comprehensively considering the
main sources of errors in each link in the time-frequency inte-
gration process. First, the original seismic wave acceleration
signal an(t) is integrated with the low-frequency attenuation
integration algorithm in the frequency domain and converted
into a time-domain velocity signal v(t). Then, in the time

domain, a polynomial fitting integration algorithm is used to
perform the integral operation on the obtained speed signal
v(t) again, and the linear error remaining in the integration
is also fitted, thereby obtaining the final displacement signal
s(t). The flow chart of the hybrid integration algorithm is
shown in Figure.1.

FIGURE 1. Flow chart of hybrid integration algorithm.

A. FREQUENCY DOMAIN INTEGRATION MODULE
The principle of conversion between acceleration and dis-
placement of low-frequency attenuation algorithm in the liter-
ature [23] is compared, and the least square method is used to
control the integration error in the frequency domain. To this
end, the goal of the integration trend term for the an(t) input
and v(t) output during the integration process is established.
The function equation is:

Min
v
5(v) = 0.5β2

∫ T2

T1
v2dt + 0.5

∫ T2

T1

(
dv
dt
− an

)2

dt (9)

where: β is the regularization factor.
The former term in Eq. (9) controls the error of the trend

term by introducing a regularization factor β, and the latter
term is used to control the loyalty of the integration process
to an(t). The expansion formula after derivation of Eq. (9) is:

δ5(v) = β2
∫ T2

T1
vδvdt +

∫ T2

T1

dδv
dt

(
dv
dt
− an

)
dt

=

∫ T1

T1
δv
(
d2v
dt2
+ β2v−

dan
dt

)
dt

+ δv
(
dv
dt
− an

)∣∣∣∣T2
T
= 0 (10)

According to the Eq. (10), the establishment of the medium
formula should satisfy the following relationship:

d2v
dt2
+ β2v =

dan
dt

dv
dt
= an

(11)

Through the derivation and solution of Eq. (10) and
Eq. (11), the frequency response function HB(f ) transferred
from the acceleration an(t) to the velocity v(t) during the
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integration process can be obtained as:

HB(f ) =
v (wk)
an (wk)

= −
wk

w2k + β2
(12)

where: HB(f ) is the frequency response function; wk is the
circular frequency.

Since the regularization factor β can be represented by the
set cut-off frequency fT and integration accuracy αT , its low-
frequency velocity integral control function gv(wk ) can be
expressed as:

gv (wk) =
wk

w2k + 1−αT
αT (2π fT )2

(13)

where: fT is the cutoff frequency; αT is the integration accu-
racy, the value is 0.98.

According to the principle of frequency domain integration
and the inverse Fourier transform law, its velocity signal v(t)
can be expressed as:

v(t) = F−1
[
1
wk

gv (wk)F [an(t)]
]

= F−1
[

F [an(t)]

w2k + 1−αT
αT (2π fT )2

]
(14)

B. TIME DOMAIN INTERGRATION MODULE
The speed signal v(t) obtained on the basis of the frequency
domain integration module is calculated by numerical inte-
gration using Simpson’s law to obtain the displacement signal
s(t) as follows:

s(t) = s(t − 1)+
v(t − 1)+ 4v(t)+ v(t + 1)

6
×1t (15)

where: t = 0, 1, . . .N−1;1t is the sampling time, and when
t − 1 ≤ 0, its value is 0.

The polynomial fitting integration algorithm is used to fit
and remove the error e(t) generated during the integration
process. According to the time domain curve, the quadratic
polynomial y(t) is calculated and fitted by using Gauss to
minimize the sum I of squares of the difference between dis-
placement s(t) and t(t). The calculation process is as follows:

I =
n−1∑
i=0

[
Si − x2t2t − x1ti − x0

]2
(16)

The partial derivative of Eq. (16) can be obtained:

∂I
∂x2
= −2

n−1∑
i=0

[
Si− x2t2i − x1ti − x0

]
t2i

∂I
∂x1
= −2

n−1∑
i=0

[
Si− x2t2i − xiti − x0

]
ti

∂I
∂x0
= −2

n−1∑
i=0

[
Si− x2t2i − x1ti − x0

]
(17)

where: n is the number of discrete points, x2, x1, x0 is the
coefficient of y(t).

In order to minimize the square sum I of the difference
between the displacements s(t) and y(t), the partial derivatives
of I in Eq. (17) are all 0.

n−1∑
i=0

t2i st = x2
n−1∑
i=0

t4i + x1
n−1∑
i=0

t3i + x0
n−1∑
i=0

t2i

n−1∑
i=0

tiSi = x2
n−1∑
i=0

t3i + x1
n−1∑
i=0

t2i + x0
n−1∑
i=0

ti

n−1∑
i=0

si = x2
n−1∑
i=0

t2i + x1
n−1∑
i=0

ti + nx0

(18)

According to the coefficients x2, x1, and x0 obtained from
the Eq.(18), the expression of the fitting polynomial y(t) is as
follows:

y(t) = x0 + x1t + x2t2 (19)

The displacement s(t) obtained after fitting is:

s(t) =
∫
v(t)dt − x2t2 − x1t − x0 (20)

In addition, due to the loss of signal energy caused by poly-
nomial fitting integration and die-trend term in time domain,
the accuracy of traditional digital integration in time domain
is reduced [24], so it is necessary to make up for the energy
loss in the time domain integration process. According to the
velocity signal energy vp and displacement signal energy sp
calculated by Simpson integral rule, the energy loss pv−s in
the process from velocity signal integration v(t) to displace-
ment signal s(t) can be obtained as:

Pv−s = Sp − Vp =

√√√√N−1∑
t=0

s(t)2 −

√√√√N−1∑
t=0

v(t)2 (21)

IV. INTERGRAL ALGORITHM SIMULATION
In order to further illustrate the advantages and disadvantages
of each integration algorithm, use sinusoidal signal and typ-
ical seismic recording signal EL-Centro-NS as input signals
for simulation analysis, and the original input seismic wave is
integrated based on the hybrid integration algorithm proposed
in this paper, at the same time, it is converted into a motor
control signal for earthquake simulation shaking table test.

A. TIME DOMAIN AND FREQUENC DOMAIN
INTEGRATION SIMULATION COMPARISON
Taking a piece of sinusoidal signal data as an example,
according to the content of Section 1 in the article, perform
time-domain integration and frequency-domain integration
separately, and the results of the two kinds of integrals are
shown in Figure.2 and Figure.3.

According to Figure.2 and Figure.3, for the original sine
wave signal, the signal obtained by frequency domain integra-
tion is better than that obtained by time domain integration,
the error caused by the second integration in the time domain
is larger than the error generated by the first integration.
The frequency domain characteristics of the two integrals are
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FIGURE 2. Acceleration integration result in time domain.

FIGURE 3. Acceleration integration results in frequency domain.

FIGURE 4. Frequency characteristic curve in time domain.

studied separately, the frequency characteristic curve in the
time domain is shown in Figure.4, it can be found that the
sinusoidal amplitude of the time domain integration recov-
ered with the increase of the signal frequency will decrease,
and the compliance of the low-band waveform is slightly
worse than that of the high-band.

B. TIME SIMLATION ANALYSIS OF HYBRID INTERGRAL
ALGORITHM
Based on simulation studies in time and frequency domains,
in order to study the improvement effect of the hybrid integra-

FIGURE 5. Seismic wave signal input.

FIGURE 6. Acceleration Fourier amplitude spectrum.

tion algorithm on the accuracy of seismic waveform repro-
duction, the acceleration input signal of the seismic wave
simulation shaking table test is processed by the hybrid inte-
gration algorithm, and the motor control signal of the lower
computer controller is obtained to complete the vibration test
of the shaking table.

With 220gal EL-Centro-NS as the input signal of seismic
record signal, the input signal of seismic wave after 10 times
scale of original seismic wave (as shown in Figure.5) and its
corresponding Fourier amplitude spectrum of acceleration (as
shown in Figure.6) can be obtained by MATLAB simulation,
where the frequency corresponding to the first low point
amplitude in the acceleration amplitude spectrum is 3.4 Hz.
Since the acceleration low frequency signal has no obvious
noise signal, Therefore, the low-frequency cutoff frequency
and integration accuracy selected by the low-frequency atten-
uation algorithm in the frequency domain integration module
of the hybrid integration algorithm are fT = 3.4Hz and
∂T = 0.98.
According to the determined low-frequency cutoff fre-

quency and integration accuracy, integrate the input accel-
eration signal (Figure.5) according to the process (Figure.1)
to obtain the final displacement signal, and calculate the
control signal required for each action of the servo motor. The
resulting displacement signal is shown in Figure.7.

V. HYBRID INTEGRAL SHAKING TABLE TEST
In order to verify the feasibility of the hybrid integral algo-
rithm proposed, take the earthquake simulation shaking table
of the Key Laboratory of Concrete and Prestressed Con-
crete Structure of the Ministry of Education of Southeast
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FIGURE 7. Displacement signal obtained after mixed integration.

FIGURE 8. Earthquake simulation shaker.

University as the test object (Figure.8), the shaking table
parameters are shown in Table 1. Inputting real seismic wave
signal to the shaking table, and convert the data obtained
based on the hybrid integration algorithm into the control
data of the lower computer for shaking table test, the actual
acceleration of the shaking table collected by the acceleration
sensor is compared with the input acceleration to verify the
seismic wave reproduction based on the hybrid integration
algorithm, and analysis of the causes of errors.

A. SERVO MOTOR CONTROL TEST
The vibration table control system selected in the test uses
a servo motor as the excitation source of the system. The
precise control of the servo motor is the guarantee of the
normal operation of the system and an important part of
ensuring the stable operation of the system. The control effect
of the servo motor directly affects the accuracy of seismic
wave reproduction. In this paper, the position/speed control
mode of the servo motor is used, with position control as
the main and speed control as the auxiliary to complete the
control of the servo motor. In order to verify the control
performance of the servo motor after adding speed con-
trol on the basis of position control, the following test is
designed:

Sending a sinusoidal input motor control signal to the host
controller of the lower computer, and use the displacement
sensor to collect the position signal of the vibration table
at every moment, the test result is shown in Figure.9. The
test curve is basically consistent with the theoretical input
curve, the test shows that after the speed control is added, the
speed control results also meet the test requirements while
maintaining the position control accuracy.

FIGURE 9. Sin wave input test.

TABLE 1. Dimensions of shaking table apparatus.

B. SEISMIC WAVE RECURRENCE TEST
Complete the verification of the effectiveness and feasibility
of each key link of the shaker control system, and confirm the
reliability of the shaker control system in the position/speed
control mode from the perspective of the test. On this basis,
the real seismic wave 220gal EL-Centro-NS is used as the
input excitation of the vibration table, and a high-precision
acceleration sensor is used to complete the collection of real-
time acceleration data on the vibration table. In this test,
the comparison between the acceleration time history of the
vibration table and the EL-Centro-NS wave acceleration time
history under the action of EL-Centro-NS wave is shown
in Figure.10, it can be seen from Figure.10 (a), the peak
acceleration of the input value is 220gal, which appears at
2.12s, and the peak acceleration of the test value is 211gal,
which appears at 2.08s, the peak acceleration can basically
be reproduced. The maximum error between the input value
and the test value appears at 2.44s, and the value is 91gal;
Figure.10 (b) is the partial magnification result of comparison
of test acceleration time history, it can be clearly seen that the
acceleration test values show good follow-ability during the
test, and the acceleration reproduction results basically meet
the requirements.

C. ERROR EVALUATION INDEX AND TEST ERROR
ANALYSIS
For quantitative analysis and evaluation of the accuracy of
seismic wave repetition, according to the characteristics of
the vibration signal, the average peak error Erp is introduced
as the evaluation index of the accuracy of seismic wave
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FIGURE 10. Comparison of table acceleration input values and test
results under EL Centro wave.

repetition. The error calculation formula is:

Erp =
1
2

[
maxX (t)−maxA(t)

maxA(t)
+

minX (t)−minA(t)
minA(t)

]
(22)

where: X (t) is the original signal; A(t) is the measured signal
The average peak error is the average value of the relative

difference between the peak and valley of the input acceler-
ation signal x(t) relative to the actual measured acceleration
A(t), it mainly reflects the agreement between the original
acceleration signal waveform and the maximum range of the
measured acceleration waveform. Combining Eq. (22) and
Figure 10, it can be seen that the maximum error at 2.44s is
49.8%, and the errors at other points are mostly controlled at
around 10%. The test accuracy is greatly improved compared
to the traditional seismic simulation shaker. For the error
between the test value and the input value measured by the
sensor during the test, the comprehensive analysis is mainly
affected by the following factors:

(1) During the test, friction and other factors between
the hardware structure connections will consume part of the
energy.

(2) The maximum error points that exist in the process of
waveform reproduction all occur after the maximum peak
in the forward direction. This error is caused by the reverse
acceleration that is not well reproduced when the vibration

table overcomes the forward inertia. The number of error
points is limited, so it will not have a large impact on the
shaking table test results.

(3) Sensor error, the vibration table works in a lower
frequency band, and most acceleration sensors have lower
sensitivity under low frequency vibration conditions. At the
same time, during data acquisition, environmental noise will
affect the test data, so it will introduce Avoid interference.

(4) When the vibrating table is moving at a high speed,
a large inertia will be generated, so that when the acceleration
changes too much, the inertia will interfere with the control
result.

VI. CONCLUSION
Earthquake simulation shaking table is a scientific vibra-
tion test device that integrates the functions of structural
excitation, performance testing and data analysis. It has a
very important position in the seismic reduction and seismic
research of building structures. In order to deal with the
problem of poor accuracy of seismic waveform reproduction
caused by large errors in the integration process of accel-
eration signals in the shaking table test of seismic simula-
tion, a hybrid integration algorithm based on time-domain
integration and frequency-domain integration is proposed to
process the original acceleration signal of seismic waves,
and a low-frequency attenuation algorithm and a polynomial
fitting algorithm are fused to further reduce the integration
error, through the integration simulation analysis and shaking
table test to verify the performance of the hybrid integration
algorithm.

Integration simulation and test results show that this
method has obvious advantages over other integration meth-
ods in improving the accuracy of waveform reproduction in
seismic simulation shake table tests. The two-time integration
process reduces the cumulative effect of small errors in time-
domain integration and the sensitive effects of low-frequency
bands in frequency-domain integration, so that the waveform
reproduction accuracy basically meets the requirements of
shaker test, this algorithm has certain reference value for the
shaker test research; because the seismic simulation shaker is
a complex test device, therefore, the existence of systematic
errors in the actual shaking table test is inevitable. Later,
we will consider introducing an error compensation device
during the shaking table test, and designing a test closed-
loop structure to adjust the system error in real time, so that
the seismic simulation shaking table has a higher waveform
reproduction accuracy during the seismic waveform repro-
duction process.
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