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ABSTRACT By appropriately choosing a defining set, we define a class of linear codes and determine their
complete weight enumerators and weight enumerators using Weil sums. They only have two or three nonzero
weights, and some of them are optimal with respect to the Griesmer bound or Markus Grassl’s code tables.

So they are suitable for applications in strongly regular graphs and secret sharing schemes.

INDEX TERMS Linear code, complete weight enumerator, Weil sum, weight enumerator.

I. INTRODUCTION

Throughout this article, we let p be an odd prime and [, the
finite field with p elements. We introduce some basic concept
on coding theory. An [n, k, d] linear code C over F, is a
k-dimensional subspace of IF’; with minimum distance d. For
acodeword ¢ € C the Hamming weight wt(C) is the number of
nonzero coordinates in C. Let A; be the number of codewords
with weight i. The polynomial 1 +A z+A222 +...+A, 7" is
referred as the weight enumerator of C. The complete weight
enumerator of a code C over I, enumerates the codewords
according to the number of symbols of each kind contained
in each codeword. Write F, = {wg = 0, wy, --- , w,_1}. For
a codeword ¢ = (cg,C1,...,Cn—1) € IE"Z let w[c] be the
complete weight enumerator of ¢, which is defined as

ko k kp—1

wlc] = wy'wy' ...wpp_l,
where k; is the number of components of C equal to wj,
Zf:_ol kj = n. The complete weight enumerator of the code C

is then

CWE(QC) = Z wlcl.

ceC

It is well known that the complete weight enumerator gives
the weight enumerator of a code. They contain important
information which allows the computation of the error prob-
ability of error detection and correction with respect to some
algorithms. They also have many applications in the areas of
the deception probabilities of certain authentication codes [9],
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the constructions of optimal constant composition codes [8]
and the computation of Walsh transform of monomial and
quadratic bent functions over finite fields [13]. It is interesting
to determine the complete weight enumerators and weight
enumerators of linear codes. Recently, much attention has
been paid to linear codes with few weights [1], [2], [5], [14],
[16], [20], [22], [24]-[26], [30] due to their applications in
strongly regular graphy [3] and cryptography [4], [29].

Now we introduce a generic construction of linear codes
initiated by Ding et al. [10], [11]. Let D = {d;, d2, - - - , d;,}
be a subset of F,, where g = p™ for an integer m > 1. Denote
by Tr the absolute trace function from I, to IF,. A linear code
of length n is defined by

Cp = {(Tr(bdy), Tr(bdy), - - -, Tr(bdy)) : b € Fy}.

The set D is called the defining set. Many classes of linear
codes were produced in this way, such as [1], [12], [15],
[18], [19], [23], [27], [28]. Particularly, Kong and Yang [18]
constructed some linear codes with two or three weights and
presented their complete weight enumerators, by choosing
D={xel: Tr(axP*t1) = ¢}, where Fy = Fy\{0}, u
is a positive integer, a € Fy and ¢ € Fp,. If we take a = 1
and ¢ = 0, it is the case considered in [23]. In [12], [20],
the authors investigated several classes of linear codes, which
can be viewed as a generalization of cyclic codes whose duals
have two zeros.

Throughout the paper, we letr, B € Fy, m and u be positive
integers and ¢ = p™. The purpose of this article is to study the
complete weight enumerators of linear codes Cp, for ¢ € I,
defined as follows:

Cp, = {C(a,b) : a, b € F}, (1)
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where c(a, b) = (Tr(ax + by))(x,y)ep, and
De = {(x,y) € F\{(0, 0)} : Tr(ax” + By" Ty = ). (2)

We call D, the defining set of Cp,_. This is an extension for
the work in [12], [18], [20], [23]. When ¢ = ¢ = 1, the
weight distribution of Cp,, is determined in [12]. In this article,
by employing Weil sums, we shall illustrate explicitly the
complete weight enumerators of Cp, for all ¢ € F,. These
linear codes are minimal with at most three weights and can
be utilized to construct secret sharing schemes with good
access structures.

Now we present the main results of this article and indicate
their proofs in Section III. Let n (resp. 7,,) be the quadratic
character of F; (resp. F). Denote v = ged(m, u). When m
is even, we write m = 2k for an integer k and define s =
k/v. The complete weight enumerator of Cp, is given in the
following three theorems.

Theorem 1: Let Cp, be defined by (1) and (2). If m/v is
odd, the code Cp, is an [ng — 1, 2m] two-weight linear code,
where

no=p" ' +ep— p™ !,
and g1 is defined by
—n(ap)
&1 =
n(ep)

The weight enumerator of Cp,, is

ifp'=3
otherwise.

(mod 4), 3)

1+ (g — DP=r"?
(PP — ng)Z PP e

and the complete weight enumerator is
no—1 no—1—(p—1)p*"=2 2m—2
wo! 4 (ng — Dwy’ 1_[ wh
pe]F;
2m—2 — —
2 —1 m—1 . m 1+8
T D ) )

pEIF;;

q-1
Theorem 2: If m/v is even and Br"+1 # (—1)°, then Cp, is
an [ng — 1, 2m] two-weight linear code, where

nO =p2m—l + 52(P _ l)pm—l
and

ifpf =3
otherwise.

(mod 4),

= “

(—1)"n(er)
—(=1)*n(a)

Its weight enumerator is

1 + (no _ 1)Z(p_1)p2m—2
+ (p2m _ nO)Z(P—l)I?mfl(P'”’lﬂz)’

and its complete weight enumerator is

_ —1—(p—1)p2m—2 2m—2
W"O 1 + (nO _ l)wn() (p—Dp l_[ wP
0 0 P
pe]F;
194632

2m—2 _ n— 1—
+(p2m _no)wg 1 1_[ Wf; 1(17 l+82).

pe]F;;

q=1
Theorem 3: If m/v is even and Br'+' = (—1)°, then Cp, is
an [ng — 1, 2m, | three-weight linear code, where

no =p™ ' —eo(p — Dp™ T,
and &, is given by (4). Define
Fi=@" " —e)@" " + &),
Fy = (p _ l)pm—v—l(pm—v + 82),
F3 = p2m _p2m72v‘
Its weight enumerator is
Fo =P " —eap)
4 F3P= P 2@ —ea(p=1op")

1 + F] Z(p_l)pZm—Z +

and its complete weight enumerator is

no—1 ng—1—(p—1)p?"=2 2m—2
wy' + Fiw, 1_[ wr

0
,oeIF;
+F2‘/Vp021717271 l—[ mefl(pmfl_gzpv)
0
pe]FI’;
2m72_1_82(p_1)pm+1/72 '”_2(]7'"—82(17—1) v

P")

+F3W€ 1_[ W‘Z .

peF}

Remark 1: Note that Tr(aax? + afy?"t!) = 0 forall a €
]F; if Tr(eex? + ,Byf"u“) = 0. So we can select a subset Dy of
Dg such that Uadg; aDyis a partition of Dy. The new code CEO
is a punctured version of the original code Cp,. Actually, the
weights of the punctured code are obtained from the original
code by dividing the common divisor p — 1.

The following theorems show the complete weight enu-
merators and weight enumerators of Cp, for ¢ # 0.

Theorem 4: Let g be a generator of ¥, and ¢ € 7. If m/v
is odd, then Cp, is an [n., 2m] two-weight linear code, where

2m—1 __ m—1

ne=p ep s

and €1 is given in (3). Its weight enumerator is

- 1 m—.
1+ (2 — 1= B o0

+ p - 1 nczpmfl (@71)pm71 *281)
) i

and its complete weight enumerator is

m—1c m—1__ 2m—2
WSC +(]7n1 _ 81)(pm—1 _'_8])‘4/16 (12 1) 1_[ W];

pEIF;

p—1
2
pm—l(pm—l_,’_glnp(p2_g2t))
+ne Wy
t=1 pelF,

p—1

2 m—1,,m—1 2_,2t+1
+ncz H w’,’) " Fermp(pT—g ))'

t=1 pelF,
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Theorem 5: Let g be a generator of IF; and ¢ € IF;;.
g-L
If m/v is even and Br'+1 # (—1)°, then Cp, is an [nc, 2m]
two-weight linear code, where

2m—1 m—1

ne=p —&p s

and g3 is given in (4). Its weight enumerator is

- l m—
1+ —1— p nc)z(p—l)pz 2

p—1
2
and its complete weight enumerator is

m—1,. m—1__ —
Wi (" — e e P T T W

pe]F;

nczpm—l ((p_l)pm—l —282) ’

p—1
2
m—1 ., m—1 2_ 2
" te2np(p=—g™)
+ne E | | Wl;, v

t=1 pel,

2 WP"171(17m71+€27]p(,02—g2t+1))
ene X ] .
t=1 peF,
Theorem 6. Let g be a generator of ¥y and ¢ € F,. If

m/v is even and ,3f’v+' = (=1)% then Cp_ is an [n., 2m]
three-weight linear code, where

2m—1

m+v—1
ne =p + ,

+ &ep
and g7 is given in (4). Define

Bi = (" —e)(p" ™ + e2),
By = p" (" + 2).

The weight enumerator is
1+ (¥ — pzm—zv)z(p—l)p’”*2(pm+szp”)
—1 2m—2
+(B1 + pTBz)z(”’])p

i pP— 1322@71)17’”_1(!7"1_1‘1‘282)’

and the complete weight enumerator is
2m 2vy 1—[ W 2(p"+eap”)

peF,

m—1( m— g
+B1w€ (-t ear”) l_[ w7

0

Wge + (pZm _

peIF;

pm—l (pm—l 7£2pvnp(p27g2t))

+B2 Z 1_[ Wi;m—l(pm—]_Szpvnp(pZ_gZI-%—])).

Remark 2: From Theorems 4, 5 and 6, we know that all
of the codes Cp, with ¢ # 0 have the same complete weight
enumerators and weight enumerators.
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Some examples are provided to illustrate our main results.
All of the numerical results are verified by Magma programs.

Example 1: Let (p,m,u) = (3,2,4), ]F;‘ = (2). Denote
Fg = (y)anda =y, B = y3. Thenk = 1,v = 2 and
m/v = 1.If ¢ = 0, by Theorem 1, the code Cp, has param-
eters [32, 4, 18] with weight enumerator 1 + 32718 4 487%
and complete weight enumerator

2 32wt wiwa)? + 48wh(wiwa) 2.

Ifc=1, by Theorem 4, the code Cp, is a [24, 4, 12] linear
code. Its weight enumerator is 1 + 24712 4+ 5678, and its
complete weight enumerator is

w%4 + 24w(1)2(w1wz)6 + 56w8(w1wz)9.

Besides, the punctured code C50 has parameters [16, 4, 9]
and weight enumerator 1 + 327° + 48z'2. Tt is opti-
mal according to Markus Grassl’s code tables available at
http://www.codetables.de/.

Example 2: Let (p,m,u) = (5,2, 2), ]F;‘ = (2). Denote
F}s = (y),a = yand B = y2. Thenk = 1,v = 2 and
m/v = 1. By Theorem 1, the code Cp, has parameters
[104, 4, 80] with weight enumerator 1 4+ 520730 + 1047!00
and complete weight enumerator

104 + 520w0 (Wiwawswy) 20 4 104W0(W1W2W3W4) 25

The punctured code 650 has parameters [26, 4, 20] and
weight enumerator 1 + 520z%° + 104z%°. The code Cp,
is almost optimal and 050 is optimal according to Markus
Grassl’s code tables. By Theorem 4, the code Cp, is a
[130, 4, 100] linear code. Its weight enumerator is

1+ 364z'% 4+ 260710,

and its complete weight enumerator is

w20+ 104wl (wiwawzwa)® 4 130(wowi wa)>* (waw3 )

+ 130(wowa w3y (wiwa)*® + 130w’ (wiwa)™ (waws) ™
+ 130w (w1wa) O (waw3)*.
Example 3: Let (p,m,u) = (3,2,3), F5 = (2). Denote
Fy = (y),a = )l/zand,B =y.Thenk = 1,v =5 = 1,
4q—
m/v =2 and B7"+1 # (—1)°. By Theorem 2, the code Cp, is

a[20, 4, 12] linear code with weight enumerator 1 + 60z% +
20z'8, and complete weight enumerator

w%o + 6Owg(w1wz)6 + 20w(2)(w1wz)9.

If ¢ # 0, by Theorem 5, the corresponding code Cp, has
parameters [30, 4, 18] with weight enumerator 1 + 50718
30z%* and complete weight enumerator

WSO + 50w(1)2(w1wz)9 + 30w8(w1wz)12

Moreover, the punctured code C50 has parameters [10, 4, 6]
and weight enumerator 1 + 60z + 20z°. Both Cp, and Cp,
are optimal with respect to the Griesmer bound.

Example 4: Let (p,m,u) = (3,4,3), F; = (2). Denote
F§, =(y),a=vyandt =1.Thenk =2,v=1,5 =2,
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4=
m/v = 4 and Br'+1 = (—1)°. By Theorem 3, the code Cp,
has parameters [2024, 8, 1296] with weight enumerator

1 4 5042'2% 4 583271350 4 22471438,
and complete weight enumerator

w2024 4 5041728 (1 1w)0%8
+ 58325 ™ (wiw2)®75 + 224w (wiw2)"¥.

By Theorem 6, the code Cp, is a [2268, 8, 1458] linear code.
Its weight enumerator is 1 44767438 4583271512 4 25271620,
and its complete weight enumerator is

WP + 476w 0w w)) "%
4 5832(wow1w2) "0 4 252w (wyw)810.

Il. PRELIMINARIES

Let g = p™. In this section, we present some results on group
characters and exponential sums. For each b € F,, an additive
character x, of F, is defined by x»(x) = ¢ 10 for all
x € Fy, where §, = exp (%ﬁ
trace function from F, to F,. With each character x;, there
is associated the conjugate character ;, defined by ¥, (x) =
xp(x) for all x € IF,. Especially x; is called the canonical
additive character and is denoted by yx for simplicity.

Let n (resp. np) denote the quadratic multiplicative char-
acter of F, (resp. F,). When m is even, we know from
Lemma 7 of [11] that n(z) = 1 forall z € IF;. The quadratic
Gauss sum over IF; is defined by

G =Y n@)x(x).
xE]Fj
Lemma 1 (Theorem 5.15, [21]): The
sums G(n) and G(np) are given by
Gy = (=" /p*" and Gnp) = /",

where p* = n,(—1)p.
Lemma 2 (Theorem 5.33, [21]): Let ¢ = p™ be odd and
() = apx® + arx € Fyl[x] with ay # 0. Then

Qaz, a1) = Y x(F(x) = X(a}(4az)”na2)Gay),

xely

) and Tr is the absolute

quadratic  Gauss

where 1 is the quadratic character of F.
For o, B € I, and any positive integer u, the Weil sum
Su(a, B) is defined by

Suler, )= x(ax?"*! 4 px).
xely,

In [6], [7], Coulter evaluated some Weil sums S,(c, 8) for
o # 0 and g odd. Recall that v = ged(m, u). When m = 2k
we denote s = k/v.

Lemma 3 (Theorem 1, [6]): If m/v is odd, then

Su(e, 0) = G(mn(a).

194634

Lemma 4 (Theorem 2, [6]): If m/v is even, then

g-1
(=P if P £ (=1),
gL
_(_1)spk+v ifar™™1 = (=1)".
Lemma 5 (Theorem 1, [7]): Suppose that fu(X) =
i 2u
o XP™ + aX is a permutation polynomial over . Let xo

be the unique solution of the equation f(X) = —pP". The
evaluation of S, («, B) partitions into the following two cases.

1. If m/vis odd, then

Su(@, B) = Gipm(yx (exh ).

Sule, 0) =

—1
2. Ifm/v is even, then oquVﬁ # (=1)* and
Suler, B) = (=1pF (e ).

Lemma 6 (Theorem 2, [7]): Suppose that fu(X) =
a? X + aX is not a permutation polynomial over IF;, then
Su(a, B) = 0 unless the equation f(X) = —,3”” is solvable.
If the equation is solvable, with some solution xo say, then

Sule. ) = _(_1)Spk+v7(otxgu+l).

Lemma 7 (Lemma 9, [18]): With the notation introduced
above, we denote

M = (B €T, :fy(X)=—p" is solvable in F,}.
-1
Ifa?™T = (=15, then |M| = p"~2,

Ill. THE PROOFS OF THE MAIN RESULTS

In this section, we will prove our main results presented in
Section I by fixing «, f € IFZ and ¢ € IF,. For convenience,
we denote

ne ={(x.y) € Fa : Tr(ex® + " )y =c}|. ()

Clearly the length of the code is np — 1 if ¢ = 0, and otherwise
nc for ¢ # 0.

A. AUXILIARY RESULTS

Recall that &1 and ¢; are defined in (3) and (4), respectively.
Lemma 8: Let ng be defined as (5) for c = 0. Then if m/v
is odd, then

no =p* ' +e1(p— Dp™ .
q—1

Ifm/v =0 (mod 2) and Br'-1 # (—1)°, then

ng =p" 4 eyp — p" L

-1
Ifm/v =0 (mod 2) and ﬂpq"j = (=1)5, then
nO :p2m—1 _ gz(p _ l)pm-FV—l.

Proof: 1t follows from the orthogonal property of addi-
tive characters that

1 2 P41
el T 5 gt

x,y€lF, z1€Fp
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=p"+pTle, ©)
where

Q= Z O(z1a, 0)Sy(z18, 0).

7] e]F;j

Thus we only need to evaluate 2. From Lemmas 2 and 3,
if m/v is odd, then

Q = n(@p)p — HGn)*. 7

From Lemmas 2 and 4, if m/v is even, then

q—1
(—D*n(a)(p — Dp*G() if BP7T # (—1)°,
1

Q= _
—(=1y'n(e)p — PGy if ﬂqul = (=1
(3)
The desired conclusion then follows from (6), (7), (8) and
Lemma 1. O

Lemma 9: Let n. be defined as (5) for ¢ # 0. Then if m/v
is odd, then

1

2m—1 __ 81pm— )

ne =p

Ifm/v =0 (mod 2) and ,BPq”%ll # (—1)°, then

2m—1

1
ne =p

—gp" .

—1
Ifm/v =0 (mod 2) and BT = (—1Y', then

2m—1

m—+v—1
ne=p .

+ &2p

Proof: Again by the orthogonal property of additive
characters

1 Tr(ax2 48" +1)—¢
ne = — Z Z 4—51 r(ax™+By T)—cz)

x,y€F, z1€Fp
=p™4+pT ©

where

I'= "¢ 0@, 0)Su(z18. 0).

21 eIF;;
If m/v is odd, we have from Lemmas 2 and 3 that
I = —n(@p)G(n)*. (10)
Otherwise if m/v is even, we have from Lemmas 2 and 4 that
q=1
if BT £ (<1,
-1
if BT = (=1,

—(=1)n(a)p* G(n)
(= D*n(a)p*+G(n)

Using (9), (10) (11) and Lemma 1, we get the desired conclu-
sions. ]

The Pless power moments are useful tools when we calcu-
late the weight distribution of codes. Recall the code Cp, is
defined by (1) and (2) with length n = |D.| and dimension
K= dime(CDC). The weight distributions of Cp, and its dual
code are denoted by (1,Ay,...,A,) and (1,AT,...,Ab),

= 11
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respectively. Since (0, 0) ¢ D,, we must have All = 0. So the
first two Pless power moments are given by [17, p.259]:
n
ZA/' =",
j=0
n
> iAi=p'p - Dn.

Jj=0

B. THE PROOFS OF THEOREMS

In order to investigate the weight enumerator of Cp, for
¢ € F,, we need to do some preparations. Observe that
a = b = 0 gives the zero codeword. Hence, we assume that
(a, b) # (0, 0) unless otherwise stated. Let N, .(a, b) denote
the number of components Tr(ax+by) of C(a, b) that are equal
to p, where p € IF, (a,b) # (0,0) and ¢ € F,. For p # 0,
we have

Ny.o(a,b) = |{(x.y) € F; : Tr(ax + by) = p.
Tr(ax? + By ™ =c}l.  (12)
Then the Hamming weight of ¢c(a, b) is obtained by
wi(ca, b)) = Y Nyla.b) =n—Noab), (13)
peF}

where n = #D. is the length of the code.
By (12) and the orthogonal property of additive characters,

_ 2 plly
Np.cla,b) = p~2 Z Z e Tr(ax?+By7 +—czy

x,y€F z1€Fp

22 Tr(ax+by)—pz;
x Z sz ( Y)—p2

22€lf,
-1 -2 (©)
=p nc+p (1 + 927, (14)
where
Q= Z C—pzz Z é.Zz Tr(ax+by) _ 0
p p ’
Zzeﬁ“; x,yelF,
Q=3 ¢, Y 6,20, 2)Su(z1 B, 22b). (15)
zleIE‘; zzeIF;;

Now we are going to determine the values of Qgc) forc €
F, in Lemmas 10 and 11. Let o, B € F; and (a, b) # (0, 0).
The equation

IBpuXpZu + IBX _ _bpu (16)

is not always solvable over F; if m/v is even. When B x P +
BX is a permutation polynomial over F,, it has a unique
solution by Lemma 5. Let y, be some solution of (16) if
it exists, then for z1,z0 € IF;, z3yp is a solution of the
equation (zlﬁ)Puszu + 718X = —(z2b)"", where we denote
73 = zl_lz2 € ]F;. For the simplicity of formulae, we use the
symbol A, ; to denote Tr(% + B y;:’ u+1) whenever y}, exists.

Lemma 10: With notation be as before, the values of Q(ZO)
for (a, b) # (0, 0) are given as follows.
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1. If m/vis odd, then

QO _ | == DGm*n@p)
2 Gm)*n(aB)

if)‘a,b = 0»
lf)‘a,b # 0.

2. Ifm/v=0 (mod 2) and ﬂpq%l % (—1), then

—(—=1*(p — Dp*G(n(e)

©) — lf)‘a,b = 0,
2 (=1 pFG(n(e)

i hap # 0.

—1
3. If m/v = 0 (mod 2) and ﬁlﬁ = (—1)%, we have
Qg)) =0, or if (16) is solvable, then

QO _ | D@ = Dy G if kap =0,
—(=1p T Gann(@) if kas # 0.

Proof: If m/v is odd, by (15) and Lemma 5, we have

QY = G nep) . ¢

.
ZzG]FP

@By

_/Bad?
x > 732
4z
21 e]F;j

= G(n)*n(apB) Z {p—pzz Z §p_zl_ Zhap

2€El; z1€F;
_ |- = DGmu@p) ifiap =0,
G(n)*n(ap) if Agp # O.

—1
Ifm/v =0 (mod 2)and BT # (—1)*, again by (15) and
Lemma 5, we have

—27112 a
Q) = (P Gom@ Y e Y g
2€F; z1€F;
_ =D = DpFGan(e)  if dap =0,
(—=1*p*Gmn(e) if Ja,p # 0.

—1
If m/v = 0 (mod 2) and ,81% = (—1)%, from (15) and
Lemma 6, we see that

©)
o =o,

or if (16) is solvable, then

(O) ( 1)S+l k+vG(77)7’](Ol) Z é‘p P22 Z é— = ZZ}“”’

2€F; z1€F}

{( D*(p — DA GOpn(@)  if gy =0,

(=D G(nn(e) if hgp #O.

Thus we get the desired assertions, completing the whole
proof. 0

Lemma 11: Denote K = pnp(,o2 —4chqp)+1forp e IF;.
The values of Q(zc) for ¢ # 0and (a, b) # (0, 0) are given as
follows.

194636

1. If m/vis odd, then
0© _ G’n(@p)  if rap =0,
if)‘a,b 75 0.
-1
2. Ifm/v =0 (mod 2) and BT # (—1), then

q© _ |CUPEGN@)  ifrap =0,
2 (=P Gn@K  if hap # 0.

2 T G np)k

—1
3. Ifm/v = 0 (mod2) and BT = (=1), we have
QY =0, orif (16) is solvable, then
Q@ _ | ~CEDPTG@m@)  ifhap =0,
2| =P Gmn@K i dap # 0.
Proof: If m/vis odd, by (15), Lemmas 2 and 5, we have
: _ —2122hap—p212
QY = Glnep) Y| ¢ Y g, TR

zle]F; z3e]F}§
If Ay p =0, then
Q5 = G n(ep).
Otherwise if A, 5 # 0, then

QY = G’ n(@B)(Gp)np(dcras — p2) +1).

—1
If m/v = 0 (mod 2) and ,BW # (—1)%, again by (15),
Lemmas 2 and 5, we have

QY = (—1y’p Gn(e)

2
—cz —21852a,b—P2133
DI I ~

21€F} z3€F;
If Aa.p = 0, then
Qf = (=1 Gmn().

Otherwise if A, p 7# 0, then

QY = (=1 GGy npdcras — PP +1).

If m/v = 0 (mod 2) and ﬂ!’q";*l' = (—1)%, from (15) and
Lemma 6, we see that

QY =0,

or if (16) is solvable, then
Qf = (=P Gn(e)

2
_c —2123 a,b—P2123

(4] 37a,
X E §p E &p .

zle]F; z3e]F;
If Ay p =0, then
QY = —(=1)’p T Gnn(@).
Otherwise if A, 5 # 0, then
QY = —(=1)P T Gn(@)
x (Gnp) np(dcrap — p*) +1).
By observing G(np)2 = pnp(=1), we get the desired

conclusions. O
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1) THE PROOFS OF THEOREMS 1, 2 AND 3
The code Cp, has length np — 1, where ng is given in
Lemma 8. For a codeword c(a, b), (a,b) € IF%I\{(O, 0)},
we will show that it has nonzero components, which means
that it has nonzero Hamming weight and the dimension of
Cp, is therefore 2m.

The values of N, o(a, b) are calculated from (14) and
Lemmas 1, 8 and 10.

If m/v is odd, then

_ — 0

N,.ola, b) = p~'no +p72Q25
Pt if Aap =0,
P24 p @G if Aap #O.

We observe that

#(a, b) € FL\{(0,0)} : Aqp = 0}

2
X i
#((x,) € FMO, 00} : Tr(— + gy 1) = 0}
=ng— 1.
Taking into account that
Noo(a,b)=ng—1— %" N, o(a.b)
peIF;;

from (13), we obtain the complete weight enumerator of
Cp, given in Theorem 1. Its weight enumerator then follows
immediately from (13).

—1
If m/v =0 (mod 2) and ,8:"7*1 # (—1)%, then

p* 2 if Aap =0,
P @ G if dap #0.
By a similar argument as previous, we get the desired results

given in Theorem 2.
Let us consider the case m/v = 0 (mod2) and

—1
ﬁl’qfl = (=1)°. If (16) is unsolvable over I, then

Np,o(a, b) =

Npo(a, b) = p™" > — es(p — p"™ 72
Otherwise if (16) is solvable over I, then

p2m—2 if )‘a,h =0,

N, o(a, b) =
p,()( ) p2m—2 _ 82pm+v—1 if )\a,b # 0.

Here &, is defined in (4). Thus we know that the three nonzero
weights of Cp, are
wi = (p— ™",
wr = (p — D™ — eop™ ™,
w3 = (p— DE™ 7 = eap — "),
Let us calculate the frequency of each weight. It follows from
Lemma 7 that
Ay,
= |{(a, b) € IF(ZI\{(O, 0)} : (16) has no solution over IF}|

= gqlqg —p"™ ).
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After a straightforward calculation from the first two Pless
power moments, we derive that

Ay, = " = )" + €2),
Aw, = (0 — Dp" "™ + £2).

This completes the proof of Theorem 3.

2) THE PROOFS OF THEOREMS 4, 5 AND 6
The proofs are similar to the previous theorems. The
length of Cp, for ¢ # O is given in Lemma 9. Let
g be a generator of F7, that is to say Fy = (g). For
(a, b) # (0, 0), the values of N, .(a, b) are calculated from
(14), Lemmas 1,9 and 11.

We firstly assume that m/v is odd. If A, = 0, then

Ny c(a,b) = lf]”c +p729§0) = pzmiz'
Otherwise if A, 5 # 0, then
Np.e(a, b) = p™ % + e1p" 'ny(p® — 4chasp),

where ¢ is defined in (3). If 4cA,  is a square element in 7,
which means that 4cA, ; € (g%), then

Ny, b) = p*" 2 + e1p" 1, (0% — %),

where 1 <t < (p — 1)/2. According to Lemma 9, this value
occurs 7, times.

If 4cAq p is anonsquare element in F, i.e., 4cAq p € g(gz),
then

Ny c(a, b) = p* % + eip™ I np(p* — ¥,

where 1 <t < (p — 1)/2 and this value occurs n. times.
Atlastif A, = 0, then

N,.c(a, b) = p* 2,

and this value occurs p*™ — 1 — (p — Dn.
We also need to determine Ny .(a, b). According to Theo-
rem 5.48 in [21],

D mp(p? — g = =14 (=1, (17)
peF}
D mpp® =g = —1—np(=1), (18)
pe]FI’;

where 1 < ¢ < (p — 1)/2. By (13), (17) and (18),

No.(a,b) =nc— Y N, (a.b)

pE]F;
P2 emp(=Dp™l ifdergp € (%),
_ p2m—2 — & np(—l)pm_l ifdchyp € g(gz),
p2m—2 _ 81[7m_1 if Agp =0.

Combining the above all, we obtain the desired assertions in
Theorem 4.
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F(l)r the second case, we consider m/v = 0 (mod 2) and
q—1
Br=1 #£ (—=1)°%. It is derived that

Np,C(as b)
=p 'ne+p Q)
p* 2 if Agpp =0,

p2m—2 + Ezpm_lnp(pz — 4C)\'a,b) if )\va,b 7& 07

where ¢ is defined in (4). By a similar argument as previous,
we obtain the assertions given in Theorem 5.

Tklle third case we consider is m/v = 0 (mod 2) and
~—
pr'=1 = (=1)°. In this case, if (16) has no solution in F,
then

Np.c(a, b) = p™ > + exp" V72,
for p # 0. Meanwhile from (13),
No.c(a, b) = p™ =% + exp™ 2.

This value occurs p?”* — p>"~2" times.
If (16) is solvable over IF,; and A, » = 0, then

Np,c(av b) = P2m_2,
for p # 0, and No(a,b) = pP2 4 erp™tl The
frequency of this value is denoted by Bj.
Suppose that (16) is solvable over F,. Let 4cA, ) be a

square element in IF; say 4chgp = g2’ ,where 1 < ¢t <
(»p — 1)/2. Then

Np.ola, b) = p*=2 — eop™ ™V =1y,(p? — g*).
Meanwhile from (13) and (18),
No.c(a, b) = p*™ % — exmp(—=Dp"™ L

The frequency of this value is denoted by B;.
If (16) is sovable and 4cA, 5, is not a square element, then

N, (a,b) =p2m—2 . 82Pm+v_177p(p2 _ g2t+1),
where 1 <t < (p — 1)/2. Consequently from (13) and (17),
No.c(a, b) = p*" =% + eamp(—p" ™+~
The frequency of this value is denoted by B3.

It is easily seen that B, = Bj3. Calculating from the first
two Pless power moments gives that

Bi =" = e + 2),
By = p" (" + 2).

This completes the whole proof of Theorem 6.
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IV. CONCLUDING REMARKS

In this article, a class linear codes with two or three weights
are constructed from a proper defining set. Their complete
weight enumerators and weight enumerators are determined
applying Weil sums. Some optimal and almost optimal codes
are found using this construction. According to [29], a linear
code over I, is suitable for constructions of secret sharing
schemes if

Wmin p—1
> —, 19)

Wmnax p

where w;;, and wy,,, denote the minimum and maximum
nonzero weights in Cp,_, respectively. For the linear codes
Cp,, the inequality (19) holds if m > max{3, 3 + v}. Also
these codes have small dimension compared with their length.
So they will be applied in secret sharing schemes with good
access structures.
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