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ABSTRACT The flow of fluids in multi-phase porous media results due to many interesting natural
phenomena. The counter-current water imbibition phenomena, that occur during oil extraction through a
cylindrical well is an interesting problem in petroleum engineering. During the secondary oil recovery
process, water is injected into a porous media having heterogenous and homogenous characteristics. Due
to the difference in viscosities of fluids in oil wells, the counter-current imbibition phenomenon occurs.
At that moment, the imbibition equation Vi = −Vn is satisfied by the viscosities of oil and water. In this
article, we have analyzed the governing mathematical model of the imbibition phenomenon occurring during
the secondary oil recovery process. A new soft computing algorithm is designed and adapted to analyze the
mathematical model of dual-phase flow in detail. Weighted Legendre polynomials based artificial neural
networks are hybridized with an efficient global optimizer the Whale Optimization Algorithm (WOA) and a
local optimizer the Nelder-Mead algorithm. It is established, that our algorithm LeNN-WOA-NM is efficient
and reliable in calculating high-quality solutions in less time. We have compared our experimental outcome
with state-of-the-art results. The quality of our solutions is judged based on values of absolute errors, MAD,
TIC, and ENSE. It is obvious that LeNN-WOA-NM algorithm can solve real application problems efficiently
and accurately.

INDEX TERMS Counter-current imbibition phenomena, homogeneous porousmedia, heterogeneous porous
media, capillary pressure, soft computing algorithm, weighted Legendre neural networks, Nelder-Mead
algorithm, whale optimization algorithm.

I. INTRODUCTION
This article models the phenomena of counter-current imbibi-
tion in the multi-phase flow of two immiscible fluids through
heterogeneous and homogenous porous mediums that occurs
during the secondary oil recovery process or water flood-
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ing [1]. In applied sciences, various changes occur in porous
mediums having multi-phase flows of different fluids. In the
past few decades, researchers are focused on studying the
flows in underground petroleum reservoirs [2]. The primary
recovery process includes the production of oil by simple
natural decompression with no effect of external forces at
wells [3]. In secondary oil recovery or water flooding process,
fluids like water, polymer, steam are injected into a reservoir
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FIGURE 1. Process of counter-current imbibition phenomenon during
fracture reservoir [3].

FIGURE 2. Natural mechanism of counter-current imbibition
phenomenon [3].

through injection wells located in rocks that have fluid com-
munication with production wells. This process is called the
immiscible displacement process [3].

In this article, we have discussed the imbibition phe-
nomenon occurring during the secondary oil recovery (dis-
placement) process through heterogeneous and homogenous
porous mediums with capillary pressure. Due to the differ-
ence of two insoluble fluids, each fluid has a distinct wet-
ting ability. Imbibition defined by [4] is the process when a
non-wetting fluid displaces the wetting fluid, and vice-versa
is called the drainage. In spontaneous imbibition, the non-
wetting fluid is removed, and wetting fluid is drawn into
rocks by capillary suction with no external pressure. The rate
and extent of imbibition depend critically on the viscosity
of wetting and non-wetting fluids. Other factors include
pore structure, fluid interfacial tension (IFT), relative perme-
ability curves, and the initial water saturation of the rock.
The importance of spontaneous imbibition is exemplified as
the oil recovery from fractured reservoirs. In spontaneous
imbibition-process of sea-water into an oil-filled porous rock,
generally, it is considered that flow rates of the oil and sea-
water are equal and opposite in the directions [3], as shown
in FIGURE 1. The rock properties, like permeability and
prosperity, may vary from one place to another in a hetero-
geneous porous medium.

The imbibition phenomenon arises when fluid like water
is injected in the formation of oil to push the oil towards
the production wells. If the porous medium (heteroge-
nous/homogenous) with some fluid (oil) is brought in contact
with some other fluid from the medium. When the flow of
the original fluid (water) and the flow of fluid (oil) injected
is in opposite direction then this phenomenon is called
counter-current imbibition phenomenon. The secondary oil
recovery mechanism in hydrocarbon reservoir is shown
in FIGURE 4. The imbibition phenomenon is applicable in oil
recovery process, biological sciences, composite materials,
surface chemistry, printing process, food industry, textiles and
construction.

Investigation of the secondary oil recovery process or water
flooding process has been an active area of research for
many years. Researchers have discussed the imbibition phe-
nomenon during the water flooding process with a different
point of view. Numerical solutions for the oil recovery pro-
cess was discussed by Kazemi et al. [5] with the help of
empirical, exponential transfer functions based on the data
provided by Aronofsky et al. [6] and Mattax et al. [7]. The
effect of boundary conditions and sample shape on capil-
lary imbibition was presented by Torsaeter and Silseth [8].
Yadav and Mehta [9] discovered the mathematical model and
found the approximate solutions of counter-current imbibi-
tion phenomena in a banded porous matrix. Spatially hetero-
geneous reservoirs are studied by modeling the non-classical
flow of spontaneous imbibition [10]. In [11] a heteroge-
neous porous medium with cracks and small inclination is
investigated. A partially covered homogenous hydrocarbon
reservoir is studied by modeling the phenomena of co-current
spontaneous imbibition during oil recovery [12], [13]. The
optimal homotopy analysis method is used to find approx-
imated solutions of imbibition phenomena arising in het-
erogenous porous media [14]. Another interesting problem
of spontaneous imbibition is investigated with a multi-layer
porous medium [15]. Capillary pressure is considered in the
analysis of counter-current imbibition phenomena in a double
phase flow [16]. A study of gravity effects on spontaneous
imbibition from cores, by considering two ends open in the
periodical frontal flow is accomplished in [17].

Imbibition phenomena for the homogenous porous
medium have been discussed formally by many researchers,
but the heterogeneous porous medium for imbibition has
been discussed by a few researchers. The analytical view-
point in cracked porous media is discussed by Verma [18].
Counter-current and co-current imbibitions are investigated
by Bourbiaux and Kalayojian [19] and conclude the effect
of heterogeneous porous medium on the spatial distribution
of the fluids. Applications of metaheuristics are gaining
momentum in various fields of science and engineering.
A plant propagation algorithm (PPA) was designed to solve
design engineering problems [20]. A modified version of
PPA is presented in [21]. Impacts of different crossover
operators are investigated for handling multi-objective prob-
lems [22]. An improved version of the genetically adaptive
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FIGURE 3. Flowchart of LeNN-WOA-NM algorithm for finding the saturation of water (injected fluid) into the oil (native fluid) in the
secondary oil recovery process.
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FIGURE 4. Representation of counter-current imbibition in a cylindrical piece during secondary oil recovery or water flooding process [3].

multi-algorithm paradigm is studied in [23]. Plant propa-
gation algorithm is modified and applied to constrained,
unconstrained problems, and theoretical analysis are studied
in [24]–[26]. A state-of-the-art survey is published in [27],
where evolutionary algorithms are investigated in terms of
decomposition and indicator functions [28]–[30]. In electrical
engineering, several metaheuristics are used to solve com-
plex optimization problems [31]–[34]. Unconstrained single-
objective optimization problems are solved by using a hybrid
of global and local search procedures [29], [35]. The optimal
design of heat fins is proposed in [36]. A study of temperature
distribution in heat fins is carried out by using a hybrid of the
Cuckoo Search (CS) algorithm and Artificial Neural Network
architecture [37], [38]. Neuro-fuzzy modeling is used to
predict the summer precipitation in targeted metrological
sites [39]. An interesting study of financial market forecasting
is accomplished by the ARFIMA-LSTM technique [39].
Fractional order DPSO algorithm is used to solve the corneal
model for eye surgery [40]. A novel initialization strategy
is introduced in a multi-verse optimization technique, and
different design engineering problems are solved in [41].
Nonlinear dusty plasma systems are analyzed with the help of
NAR-RBFs neural networks [42]. A neuro-evolutionary algo-
rithm is applied to investigate oscillatory behavior of heart
beat [43]. Singular ordinary differential equations are handled
by a hybrid of DPSO and artificial neural networks [44].
Fractional differential equations representing the damp-
ing materials are analysed by an efficient soft computing
algorithm [44].

Continuing the efforts in this field, in the present study,
we design a new soft computing algorithm to analyze the
mathematical model in detail. Weighted Legendre poly-
nomials based artificial neural networks are hybridized
with an efficient global optimizer the Whale Optimization
Algorithm (WOA) and a local optimizer the Nelder-
Mead algorithm. It is established that our algorithm
LeNN-WOA-NM is efficient and reliable in calculating
high-quality solutions in less time. We have compared our
experimental outcome with state-of-the-art results. The qual-
ity of our solutions is judged based on the values of

TABLE 1. First eleven Legendre polynomials with independent variable t .

absolute errors, MAD, TIC, and ENSE. It is evident that the
LeNN-WOA-NM algorithm can solve real application
problems efficiently and accurately. It is worth noting
that in this article the mathematical model is presented
to discuss the heterogenous porous media along with
homogenous porous media where oil is assumed as the
non-wetting fluid and water is considered as wetting
fluid.

Our key contributions in this research are summarized
as follows:
• A new accurate and efficient soft computing procedure

is designed. Weighted Legendre polynomials based neural
networks are used to model approximate series solutions for
ordinary differential equations. The best sets of unknown
weights are determined by constructing a fitness function for
each problem. Fitness functions are optimized by minimizing
the residual errors. A recently developed global optimizer,
the Whale Optimization Algorithm (WOA), and a local opti-
mizer, the Nelder-Mead algorithm are combined to mini-
mize the objective function. Our procedure is named as the
LeNN-WOA-NM algorithm.
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FIGURE 5. Graphical overview of counter-current Imbibition phenomenon along with the cases discussed in this article for secondary oil recovery
process through multi phases [14].
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TABLE 2. Parameter setting for weighted Legendre Neural Networks (LeNN) and Nelder-Mead (NM) algorithm.

TABLE 3. Comparison of results by LeNN-WOA-NM algorithm with power series solution [3], PSO and Cuckoo search algorithm for saturation of water
(Injected fluid) into oil (Native fluid) in imbibition phenomenon through heterogenous medium for different cases of T.

TABLE 4. Comparison of results by LeNN-WOA-NM algorithm with power series solution [3], PSO and Cuckoo search algorithm for saturation of water
(Injected fluid) into oil (Native fluid) in imbibition phenomenon through heterogenous medium for different cases of T.

• To test the efficiency and accuracy of our algorithm,
we have analyzed the imbibition phenomenon which occurs
during the secondary oil recovery process. It is a real-
application problem of multi-phase fluid flow through porous
media, see FIGURES 1 and 2.
• Statistical analyses are carried out in terms of mean abso-

lute deviation (MAD), Theil’s inequality coefficient(TIC),
and Nash Sutcliffe efficiency (NSE). Normal probability
graphs are indicating the performance of the proposed tech-
nique. Errors in our solutions dictate that LeNN-WOA-NM
algorithm calculated the best so far solution for the problem
of saturation of injected fluid (water) through heterogeneous
and homogenous mediums.

• The results for saturation of injected fluid are shown
through different graphs and tables which dictate the
dominance and robustness of the proposed (LeNN-WOA-
NM) algorithm.

II. STATEMENT OF THE PROBLEM
During the secondary oil recovery process, when fluid like
water is injected in oil formation to drive oil towards pro-
duction well, then some phenomena occur. Let us consider
a finite cylindrical piece of a heterogeneous porous matrix
of length ‘‘L’’ and saturated with native fluid ‘‘N’’ like oil.
Each side of the cylinder is bounded by impermeable sur-
faces expect at one end of the cylinder, which is labeled

196430 VOLUME 8, 2020



N. A. Khan et al.: Analysis of Multi-Phase Flow Through Porous Media for Imbibition Phenomena

TABLE 5. Absolute Errors obtained by LeNN-WOA-NM, PSO and Cuckoo search algorithm for saturation of water (Injected fluid) into oil (Native fluid) in
imbibition phenomenon through heterogenous medium for different cases of T.

TABLE 6. Absolute Errors obtained by LeNN-WOA-NM, PSO and Cuckoo search algorithm for saturation of water (Injected fluid) into oil (Native fluid) in
imbibition phenomenon through heterogenous medium for different cases of T.

TABLE 7. Unknown parameters achieved by LeNN-WOA-NM algorithm for T = 0.1, 0.2 and 0.3 during saturation of water (Injected fluid) into oil
(Native fluid) in imbibition phenomenon through heterogenous medium.

as imbibition surface (x = 0). This end is exposed to an
adjacent formation of the injected fluid (I) as water [45].

Since water preferentially wets the medium, so such arrange-
ments give rise to the linear counter-current imbibition, which
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TABLE 8. Unknown parameters achieved by LeNN-WOA-NM algorithm for T = 0.4 and 0.5 for saturation of water (Injected fluid) into oil (Native fluid) in
imbibition phenomenon through heterogenous medium.

TABLE 9. Minimum value, standard deviation, median and variance of fitness evaluation for saturation of water (injected fluid) into oil during water
flooding process through heterogenous porous medium.

TABLE 10. Minimum value, standard deviation, median and variance of mean absolute deviation for saturation of water (injected fluid) into oil during
water flooding process through heterogenous porous medium.

TABLE 11. Minimum value, standard deviation, median and variance of theil’s inequality coefficient for saturation of water (injected fluid) into oil during
water flooding process through heterogenous porous medium.

is spontaneous and linear flow of wetting phase of fluid
(water) into the medium and counter flow of the resident fluid
(oil) from the medium.

The area of our interest in this work is to find the satu-
ration denoted by Si(X ,T ) of water (injected fluid) into the
oil (Native fluid) in counter-current imbibition phenomenon
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TABLE 12. Minimum value, standard deviation, median and variance of error in nash sutcliffe efficiency for saturation of water (injected fluid) into oil
during water flooding process through heterogenous porous medium.

FIGURE 6. Comparison between the best solution and worst solution obtained by LeNN-WOA-NM algorithm for secondary oil recovery (SOR)
process in imbibition phenomena through heterogenous medium for different cases of T.

during the secondary oil recovery process [3]. The graphical
overview of the problem is shown in FIGURE 5.

III. MATHEMATICAL MODEL OF THE PROBLEM
A. BASIC EQUATIONS
During the process of injection, let us assume that native fluid
‘‘N’’ and injected fluid ‘‘I’’ are two insoluble (immiscible)
fluids that are governed by the Darcy’s law, and their seepage
velocity is given by [46].

Vi =
ki
δi
K
∂pi
∂x
, (1)

Vn = −
kn
δn
K
∂pn
∂x
, (2)

where K is the permeability of both homogenous and hetero-
geneous porousmediums. Relative permeability of displacing
fluids are given by ki and kn, which are functions of satura-
tions Si and Sn. The pressures of native fluid and displacing

fluid is presented by pn and pi. Kinematic viscosities of
native fluid (oil) and displacing fluid (water) are represented
by δn and δi, respectively. Equation of continuity for two
immiscible fluids can be written as

P
∂Si
∂t
+
∂Vi
∂x
= 0, (3)

P
∂Sn
∂t
+
∂Vn
∂x
= 0, (4)

where P = P(x) shows the porosity of the two porous medi-
ums. In counter-current imbibition phenomena, the following
condition is apparent at a common interface [47],

Vi = −Vn,

Vi + Vn = 0. (5)

B. ANALYTICAL RELATIONSHIPS
In this section, we present the mathematical descrip-
tions of the motion for saturation of water (injected
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FIGURE 7. Comparison between the maximum and minimum absolute errors obtained by LeNN-WOA-NM algorithm for secondary oil recovery
(SOR) process in imbibition phenomena through heterogenous medium for different cases of T.

FIGURE 8. Unknown parameters achieved by LeNN-WOA-NM for saturation of water (injected fluid) into
oil during water flooding process through heterogenous medium for different cases of T.

fluid) through heterogeneous/ homogeneous porous medi-
ums. To describe the problem, we use the following
relationships.

1) CAPILLARY PRESSURE
When a fluid (oil) is injected into a displacing fluid (water),
the flow of the fluids takes place in interconnected capillaries.
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FIGURE 9. MAD, TIC and ENSE with number of independent runs for different cases of T when fluid (water) is injected
during Secondary oil recovery process through heterogenous medium.

FIGURE 10. Convergence analysis for counter-current imbibition phenomena through heterogenous medium for different cases of T.

Therefore, capillary pressure denoted by pc at the standard
interface is the function of injected fluid saturation.

Pc (Si) = pn − pi. (6)

In the imbibition phase, capillary pressure is linear, and in
the absence of external force, it is linearly proportional to a
common interface. Thus, the directions of water saturation
and capillary pressure are the opposite. Thus by Mehta [48]
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FIGURE 11. Performance measure for saturation of water(injected fluid) obtained by LeNN-WOA-NM algorithm during counter-current
imbibition phenomena through heterogenous medium for different cases of T.

FIGURE 12. Performance measure for saturation of water(injected fluid) obtained by LeNN-WOA-NM algorithm during counter-current
imbibition phenomena through heterogenous medium for different cases of T.

Eq (6) becomes,

Pc = −β(Si), (7)

where β is a proportionality constant.

2) PHASE SATURATION AND RELATIVE PERMEABILITY
Scheidegger and Johnson [49] gave the standard relation
between relative permeability and phase saturation which is
given as,

ki = Si,

kn = 1− αSi, (8)

where α is a constant and its value is 1.11.

3) CHARACTERISTICS OF THE MEDIUM
Sticking our attention to heterogenous porous media we have
applied the laws of variation in the permeability and porosity
of the uniform heterogeneous medium, defined as the func-
tion of x as follows [3],

P = P(x) =
1

a− bx
,

K = K (x) = Kc (1+ a1x) ,

where are a,b,a1 and Kc are positive constants. Since we
know that permeability and porosity of heterogenous porous
medium vary with distance x and time t . Thus, for better
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FIGURE 13. Normal probability plots of fitness value attained during 60 runs for saturation of water (injected fluid) into oil during water
flooding process through heterogenous medium for different cases of T.

FIGURE 14. Normal probability plots of MAD attained during 60 runs for saturation of water (injected fluid) into oil during water flooding
process through heterogenous medium for different cases of T.

results and accuracy we suppose,

P = P(x, t) =
−1

b(t)x − a(t)
, (9)

K = K (x, t) = Kc (a1(t)x + 1) , (10)

where a(t), b(t) and a1(t) are constants depend-
ing on time. Furthermore, we assumes that −(b(t)x −
a(t)) > 1.

C. SATURATION BY EQUATION OF MOTION
Using values of Vi and Vn in Eq (5), then using Eq (6) and
after simplification, we have

∂pi
∂x
= −

 kn
δn

(
∂pc
∂x

)
ki
δi
+

kn
δn

 , (11)

VOLUME 8, 2020 196437



N. A. Khan et al.: Analysis of Multi-Phase Flow Through Porous Media for Imbibition Phenomena

FIGURE 15. Normal probability plots of TIC attained during 60 runs for saturation of water (injected fluid) into oil during water flooding
process through heterogenous medium for different cases of T.

putting value of Eq (11) in Eq (1) we get,

Vi = K

[ ki
δi

kn
δn

ki
δi
+

kn
δn

]
∂pc
∂x
. (12)

Now using value of Vi in equation of continuity given
by Eq (3), we get,

P
(
∂Si
∂t

)
+

∂

∂X

{
K
(1− αSi)

δn

(
∂Pc
∂Si

)(
∂Si
∂x

)}
= 0, (13)

where,
knki
δnδi

kn
δn
+
ki
δi

≈
kn
δn
=

(1−αSi)
δn

and Pc = −βSi.

Simplifying Eq (13) we get,

P
δSi
δt
+
β

δn

∂

∂x

[(
K (αSi − 1)

∂Si
∂x

)]
= 0, (14)

In order to simplify Eq (14), we consider the relations
P ∝ K or K ∝ P, we obtain,

K = KcP,

where Kc is a proportionality constant.
Using value of K in Eq (14), we have

P
∂Si
∂t
+
βKc
δn

∂

∂x

[(
P (αSi − 1)

∂Si
∂x

)]
= 0. (15)

Eq (15) expresses the counter-current imbibition phe-
nomenon which represents the motion for saturation of water
(injected fluid) through heterogenous porous medium. The
boundary conditions for saturation of water (injected fluid)
into oil (native fluid) at common interface are

Si(0, t) = Si0 at x = 0 for t > 0. (16)

At distance x = L the saturation will be

Si(L, t)Sil at x = L for t > 0. (17)

Initial condition for saturation of water (injected fluid) into
oil is

Si(x, 0) = Sic at t = 0 for x > 0, 0 6 Sic < Si0. (18)

IV. SIMILARITY TRANSFORMATION
A. HETEROGENOUS POROUS MEDIUM
Now we use the technique of similarity transformation to
reduce the non-linear PDE given by Eq (15) into ODE. Let
we choose a dimensionless variable X and T such that

X =
x
L

and T =
αβKc
L2δn

t.

Using values of X and T in the governing PDE given by Eq
(15) along with boundary conditions, Eq (16-18), we get the
following dimensionless form

∂Si
∂T
+

∂

∂X

[(
Si −

1
α

)
∂Si
∂X

]
+

1
P
∂P
∂X

(
Si −

1
α

)
∂Si
∂X
= 0,

(19)

After simplifying Eq (19),

∂Si
∂T
+

∂

∂X

[
(Si + λ)

∂Si
∂X

]
+

1
P
∂P
∂X

(Si + λ)
∂Si
∂X
= 0, (20)

where λ = − 1
α
and α = 1.11.

In order to simplify Eq (20), the term 1
P
∂P
∂X has been sim-

plified as

1
P
∂P
∂X
=

∂

∂X
(logP) =

∂

∂X

[
Lb(T )
a(T )

X
]
,
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FIGURE 16. Normal probability plots of ENSE attained during 60 runs for saturation of water (injected fluid) into oil during water flooding process
through heterogenous medium for different cases of T.

neglecting higher-order terms of X, we get

1
P
∂P
∂X
=

∂

∂X
(logP) =

∂

∂X

[
Lb(T )
a(T )

X
]
=
Lb(T )
a(T )

=
L

2
√
T
,

(21)

where b(T )
a(T ) =

1
2
√
T
, and 0 < T ≤ 1.

Hence,

∂Si
∂T
+

∂

∂X

[
(Si + λ)

∂Si
∂X

]
+

L

2
√
T
(Si + λ)

∂Si
∂X
= 0, (22)

Si(0,T ) = Si0 at X = 0 for T > 0, (23)

Si(X , 0) = Sic at T = 0 for X > 0; 0 6 Sic < Si0. (24)
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TABLE 13. Comparison of results by LeNN-WOA-NM algorithm with power series solution [3], PSO and Cuckoo search algorithm for saturation of water
(injected fluid) into oil in imbibition phenomena through homogenous medium for different cases of T.

TABLE 14. Comparison of results by LeNN-WOA-NM algorithm with power series solution [3], PSO and Cuckoo search algorithm for saturation of water
(injected fluid) into oil in imbibition phenomena through homogenous medium for different cases of T.

TABLE 15. Absolute errors obtained by LeNN-WOA-NM algorithm for saturation of water (injected fluid) into oil during imbibition phenomena through
homogenous medium for different cases of T.

Now choosing the similarity transformation as,

Si(X ,T ) = f (η), where η =
X

2
√
T
.

Hence, the partial differential equation, Eq (22), along with
boundary conditions Eq (23) and Eq (24), representing
the counter-current imbibition phenomena is reduced to an
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TABLE 16. Unknown parameters achieved by LeNN-WOA-NM algorithm for T = 0.1 and 0.2 for saturation of water (injected fluid) into oil during
imbibition phenomena through homogenous medium.

TABLE 17. Unknown parameters achieved by LeNN-WOA-NM algorithm for T = 0.3 and 0.4 for saturation of water (injected fluid) into oil during
imbibition phenomena through homogenous medium.

TABLE 18. Minimum value, standard deviation, median and variance of fitness evaluation for saturation of water (injected fluid) into oil during water
flooding process through homogenous porous medium.

ordinary differential equation given by Eq (25)

(f (η)+λ)f ′′(η)+L(λ+ f (η))f ′(η) = f ′(η)[2η − f ′(η)], (25)

along with boundary conditions

f (0) = Si0, X = 0, T > 0, (26)

f (∞) = Sic, T = 0, X > 0. (27)

Its been noticed that the boundary conditions pose difficul-
ties, because Eq (27) can be satisfied easily. Mehta [48]
suggests that family of curves satisfying the initial condition
Eq (26) then initially they tends to horizontal asymptote
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TABLE 19. Minimum value, standard deviation, median and variance of mean absolute deviation for saturation of water (injected fluid) into oil during
water flooding process through homogenous porous medium.

TABLE 20. Minimum value, standard deviation, median and variance of theil’s inequality coefficient for saturation of water (injected fluid) into oil during
water flooding process through homogenous porous medium.

TABLE 21. Minimum value, standard deviation, median and variance of error in nash sutcliffe efficiency for saturation of water (injected fluid) into oil
during water flooding process through homogenous porous medium.

as η→∞. Therefore, Eq (27) is transformed into variational
condition.

f ′(0) = ω 6= 0, X = 0 for any T > 0. (28)

For simplicity, we substitute F(η) = λ + f (η) in Eq (25),
thus the boundary conditions given by Eq (26) and Eq (28)
becomes

F ′(η)[F ′(η)− 2η]+ LF(η)F ′(η)+ (η)F ′′(η) = 0, (29)

F(0) = Si0+λ, (30)

F(0) = ω. (31)

B. HOMOGENOUS POROUS MEDIUM
For counter-current imbibition phenomenon through the
homogenous medium, we consider Eq (14) representing the
motion of saturation of injected fluid (water),

P
∂Si
∂t
=
βK
δn

∂

∂x

[(
(1− αSi)

∂Si
∂x

)]
, (32)

Si(0, t) = Si0, at x = 0 for t > 0, (33)

Si(L, t)Si1, at x = L for t > 0. (34)

Choosing the dimensionless variables as

X =
x
L
and T =

αβKc
L2δn

t.

To covert the governing PDE representing imbibition phe-
nomena into ODE through homogenous medium, the dimen-
sionless form of Eq (32) is given as

α
∂Si
∂T
=

∂

∂X

[
(1− αSi)

∂Si
∂X

]
, (35)

Let the similarity transformation be,

Si(X ,T ) = f (η), where η =
X

2
√
T
,

then ODE representing imbibition phenomenon through
homogenous porous medium is given by Eq (36),

[f (η)+ λ]f ′′(η) = f ′(η)
[
f ′(η)+ 2η

]
, (36)

subjecting to the boundary conditions

f (0) = Si0, X = 0, T > 0, (37)

f (∞) = Sic, T = 0, X > 0, (38)
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FIGURE 17. Comparison between the best solution and worst solution obtained by LeNN-WOA-NM algorithm for Water flooding
process in imbibition phenomena through homogenous medium for different cases of T.

FIGURE 18. Comparison between the saturation Si (X , T ) of water (injected fluid) and distance (X) during Secondary Oil Recovery
(SOR) process through heterogenous and homogenous porous mediums for different cases of T.

transforming the boundary condition Eq (38) into variational
condition, we have

f ′(0) = ω 6= 0, X = 0 for any T > 0. (39)

Substituting F(η) = λ+ f (η) hence, Eq (36) becomes

F ′(η)
[
F ′(η)+ 2η

]
− F(η)F ′′(η) = 0, (40)

with boundary conditions

F(0) = Si0 + λ, (41)

F(0) = ω. (42)

V. APPROXIMATE SOLUTIONS AND WEIGHTED
LEGENDRE POLYNOMIALS
Before discussing the solution for counter-current imbibi-
tion phenomenon through multi-phases, we first discuss the

VOLUME 8, 2020 196443



N. A. Khan et al.: Analysis of Multi-Phase Flow Through Porous Media for Imbibition Phenomena

FIGURE 19. Comparison between the maximum and minimum absolute errors obtained by LeNN-WOA-NM algorithm for Secondary Oil Recovery (SOR)
process in imbibition phenomena through homogenous medium for different cases of T.

FIGURE 20. Unknown parameters achieved by LeNN-WOA-NM for saturation of water (injected fluid) into oil during water flooding process through
homogenous medium for different cases of T.

weighted Legendre polynomials. The Legendre polynomi-
als are denoted by Ln(t), where n represents the order of
Legendre polynomials. These polynomials are orthogonal

on [−1, 1], and so they constitute the set of orthogonal
polynomials. The first ten Legendre polynomials are given
in TABLE 1.
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FIGURE 21. Convergence analysis for counter-current imbibition phenomena through homogenous medium for
different cases
of T.

FIGURE 22. MAD, TIC and ENSE with number of independent runs for different cases of T when fluid (water) is
injected during Secondary oil recovery process through homogenous medium.

Higher-order Legendre polynomials are generated by the
recursive formula given below

Ln+1(t) =
1

n+ 1
[(2n+ 1)tLn(t)− nLn−1(t)] . (43)

We consider an approximate series solution for counter-
current imbibitions phenomena through multi-phases as

yappox(η) =
N∑
n=0

ζnLn (ψnη + θn)− λ, η =
X

2
√
T
, (44)
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FIGURE 23. Performance measure for saturation of water(injected fluid) obtained by LeNN-WOA-NM algorithm during
counter-current imbibition phenomena through homogenous medium for different cases of T.

FIGURE 24. Normal probability plots of fitness evaluation attained during 80 runs for saturation of water
(injected fluid) into oil during water flooding process through homogenous medium for different cases of T.

where 0 ≤ X ≤ 1,ζn, ψn and θn are unknown parame-
ters and λ = −0.9. Since Eq (29) and Eq (36) are twice

differentiable. Therefore, first derivative y′(η) and second
derivative y′′(η) of Eq (44) are represented by the following
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FIGURE 25. Normal probability plots of MAD attained during 80 runs for saturation of water (injected fluid) into oil during water flooding process
through homogenous medium for different cases of T.

FIGURE 26. Normal probability plots of TIC attained during 80 runs for saturation of water (injected fluid) into oil during water flooding process
through homogenous medium for different cases of T.

FIGURE 27. Normal probability plots of ENSE attained during 80 runs for saturation of water (injected fluid) into oil during water flooding process
through homogenous medium for different cases of T.

equations,

y′appox(η) =
N∑
n=1

ζnL ′n (ψnη + θn) , (45)

y′′appox(η) =
N∑
n=4

ζnL ′′n (ψnη + θn) , (46)

plugging Eq (44-46) in governing ordinary differential equa-
tions. Eq (29) and Eq (36) will be converted into an equivalent
algebraic system of equations that can be solved for unknown
parameters ζn, ψn and θn using LeNN-WOA-NM algorithm.
Parameter setting for LeNN algorithm are given in TABLE 2.

VI. NELDER-MEAD (NM) ALGORITHM
To solve unconstrained optimization problems without prior
information about their gradients, a single-path following
method known as Nelder-Mead (NM) algorithm is used.
NM is a local search technique and can find good results if
initialized with a better initial solution. A simplex is set up to
minimize a function using n+1 points, and these points define
the vector direction for the next move on n-dimensional
search space. Implementation of the NM algorithm is based

on four necessary procedures, named as reflection, expan-
sion, contraction, and shrink.

Reflection: In order to calculate the reflection point the
following Eq. (47) is used,

Xr = X̄ + α
(
X̄ − Xn+1

)
, (47)

where X̄ =
∑n

i=1 Xi/n is the centroid of the best points except
Xn+1, ‘‘α′′ is reflection coefficient and is greater than zero.
The iteration is terminated and we accept the point ‘‘X ′′r if
f (X1) ≤ f (Xr ) < f (Xn).

Expansion: The expansion point given by Eq. (48),

Xe = X̄ + β
(
Xr − X̄

)
, (48)

can be evaluated only if f (Xr ) < f (X1), where β is an
expansion coefficient and is greater than one. If f (Xe) ≤
f (Xr ), then iteration is terminated and we accept ‘‘X ′′e . If the
above criteria is not satisfied then Xr will be accepted and so
the iterations will be stopped.

Contraction: If f (Xr ) ≥ f (Xn), between X̄ and the best
value in Xn+1 and Xr , a contraction takes place.

a) If f (Xr ) < f (Xn+1) then the outside contraction is
executed by Eq. (49)

Xc = X̄ + γ
(
Xn+1 − X̄

)
, (49)
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where ‘‘γ ′′ indicates the contraction coefficient and belongs
to the interval (0, 1). The iteration is terminated andwe accept
‘‘X ′′c if f (Xc) ≤ f (Xr ). Otherwise, it will jump to shrink step.

b) If f (Xr ) ≥ f (Xn+1) then inside contraction Xc = X̄ −
γ
(
X̄ − Xn+1

)
can be performed. The iteration is terminated

andwe acceptXc if f (Xr ) ≤ f (Xn+1). Otherwise, it will jump
to shrink step.

Shrink: Eq. (50) is used to perform the shrink operator

Vi = X1 − δ (X1 − Xi) , i = 2, . . . , n+ 1, (50)

where ‘‘δ′′ is in (0, 1) and known as shrink coefficient.
The shrink resulted by the simplex is represented as

V = {X1,V1,V2, . . . ,Vn+1} for the succeeding iterations.
Parameter setting for Nelder-Mead Algorithm are given
in TABLE 2.

VII. LeNN-WOA-NM ALGORITHM
The steps for the proposed hybridized algorithm are summa-
rized as:

Step 1: Considering approximate solution by using
Legendre polynomials as an activation function,
see Eq (44).

Step 2: At random search points known as discrete points
approximating the solution and its higher derivatives.

yapprox = −2.95688+ (0.412522η − 0.2595)(0.031839)

+

(
3(0.171065η + 0.337367)2 − 1

2

)
(0.198844)

+

(
5(−1.99472η − 1.31822)3 − 3(−1.99472η − 1.31822)

2

)
(−0.14096)

+

(
35(0.003446η + 0.331003)4 − 30(0.003446η + 0.331003)2

8
+
3
8

)
(−0.46838)

+

(
63(0.327572η + 0.37234)5 − 70(0.327572η + 0.37234)3

8

+
15(0.327572η + 0.37234)

8

)
(−0.28472)

+

(
231(0.31270η + 0.19294)6 − 315(0.31270η + 0.19294)4

16

+
105(0.31270η + 0.19294)2 − 5

16

)
(−0.7142)

+

(
429(0.10551η + 0.05054)7 − 693(0.10551η + 0.05054)5

16

+
315(0.10551η + 0.05054)2 − 35(0.10551η + 0.05054)

16

)
(−0.4618)

+

(
6435(0.013762η − 0.08958)8 − 12012(0.013762η − 0.08958)6

128

+
6930(0.013762η − 0.08958)4 − 1260(0.013762η − 0.08958)2 + 35

128

)
(0.310671)

+

(
12155(0.140086η + 0.141691)9 − 25740(0.140086η + 0.141691)7

128

+
18018(0.140086η + 0.141691)5 − 4620(0.140086η + 0.141691)3

128

+
315(0.140086η + 0.141691)

128

)
(0.375625)

+

(
46189(0.276773η + 0.024553)10 − 109395(0.276773η + 0.024553)8

256

+
90090(0.276773η + 0.024553)6 − 30030(0.276773η + 0.024553)4

256

+
3465(0.276773η + 0.024553)2 − 63

256

)
(0.177099)− λ (60)
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Step 3: Substituting the approximate solution and its
derivatives in a given fitness function.

Step 4: Step 3 will result an equivalent algebraic system of
equations corresponding to the given differential equation.

Step 5: Solving the system for ζn, ψn and θn.
Step 6: Nelder-Mead algorithm which is capable of good

local search will take ζn, ψn and θn as its starting point.
Step 7: Nelder-Mead algorithm will evaluate the fitness

function and will display the result when the stopping criteria
for the given problem is attained.

Step 8: The best values for ζn, ψn and θn attained by
LeNN-WOA-NM will be plugged into Eq (44).

Step 9: Return value obtained in step 8.
Flowchart of the proposed soft computing technique is

shown in FIGURE 3.

VIII. FITNESS FUNCTION FORMULATION
An error function is constructed to evaluate each candidate
solution and its fitness. It is a summation of mean squared
errors at each t ∈ [0 1]. LeNN-WOA-NM algorithm is
applied to minimize the fitness function for Eq (29), rep-
resenting counter-current imbibition phenomenon through
heterogenous porous media, and is written as

Minimize ε = ε1 + ε2, (51)

yapprox = 0.148148+ (−1.02698η + 0.203766)(0.005159)

+

(
3(−0.02777η + 0.115125)2 − 1

2

)
(0.435598)

+

(
5(0.179334η + 0.112779)3 − 3(0.179334η + 0.112779)

2

)
(0.291384)

+

(
35(−0.17869η − 0.14256)4 − 30(−0.17869η − 0.142562

8
+
3
8

)
(0.251486)

+

(
63(−0.12394η − 0.28668)5 − 70(−0.12394η − 0.28668)3

8

+
15(−0.12394η − 0.28668)

8

)
(0.048143)

+

(
231(−0.2343η − 0.3192)6 − 315(−0.2343η − 0.3192)4

16

+
105(−0.2343η − 0.3192)2 − 5

16

)
(−0.2197)

+

(
429(0.2987η − 0.03056)7 − 693(0.2987η − 0.03056)5

16

+
315(0.2987η − 0.03056)2 − 35(0.2987η − 0.03056)

16

)
(0.28035)

+

(
6435(0.443982η + 0.387168)8 − 12012(0.443982η + 0.387168)6

128

+
6930(0.443982η + 0.387168)4 − 1260(0.443982η + 0.387168)2 + 35

128

)
(0.06964)

+

(
12155(−0.12181η + 0.03352)9 − 25740(−0.12181η + 0.03352)7

128

+
18018(−0.12181η + 0.03352)5 − 4620(−0.12181η + 0.03352)3

128

+
315(−0.12181η + 0.03352)

128

)
(0.218292)

+

(
46189(−1.12391η + 0.143873)10 − 109395(−1.12391η + 0.143873)8

256

+
90090(−1.12391η + 0.143873)6 − 30030(−1.12391η + 0.143873)4

256

+
3465(−1.12391η + 0.143873)2 − 63

256

)
(0.088844)− λ (61)
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where ε1 and ε2 are the fitness-based errors in solutions for
problem in Eq (29) and the boundary conditions Eq (30-31),
mathematically it is given as,

ε1 =
1
N

N∑
k=1

(
y′approx(η)

[
y′approx(η)− 2η

]
+Lyapprox(η)y′approx(η)+ yapprox(η)y

′′
approx(η)

)
(52)

ε2 =
1
2

((
yapprox(0)− (Si0 + λ)

)2
+
(
yapprox(0)− ω)

)2)
,

(53)

where N = 1
h and h is a step size.

Similarly, fitness function for the ODE in Eq (40) and
boundary conditions in Eqs (41-42) representing the sec-
ondary oil recovery process through homogenous porous
media, is given as,

ε1 =
1
N

N∑
k=1

(
y′approx(η)

[
y′approx(η)− 2η

]
−yapprox(η)y′′approx(η)

)
, (54)

ε2 =
1
2

((
yapprox(0)− (Si0 + λ)

)2
+
(
yapprox(0)− ω)

)2)
,

(55)

where N = 1
h and h is a step size.

yapprox = 1.352705+ (−0.06028η − 0.13138)(−2.21856)

+

(
3(−0.00105η + 0.067729)2 − 1

2

)
(0.944415)

+

(
5(−0.26131η − 0.00142)3 − 3(−0.26131η − 0.00142)

2

)
(1.169471)

+

(
35(0.001027η + 0.069496)4 − 30(0.001027η + 0.069496)2

8
+
3
8

)
(−0.02386)

+

(
63(−0.00207η − 0.27344)5 − 70(−0.00207η − 0.27344)3

8

+
15(−0.00207η − 0.27344)

8

)
(0.361211)

+

(
231(0.7670η + 0.34076)6 − 315(0.7670η + 0.34076)4

16

+
105(0.7670η + 0.34076)2 − 5

16

)
(0.2696)

+

(
429(−0.0947η − 0.0028)7 − 693(−0.0947η − 0.0028)5

16

+
315(−0.0947η − 0.0028)2 − 35(−0.0947η − 0.0028)

16

)
(0.0143)

+

(
6435(0.057989η − 0.0313)8 − 12012(0.057989η − 0.0313)6

128

+
6930(0.057989η − 0.0313)4 − 1260(0.057989η − 0.0313)2 + 35

128

)
(0.499758)

+

(
12155(0.066355η + 0.368513)9 − 25740(0.066355η + 0.368513)7

128

+
18018(0.066355η + 0.368513)5 − 4620(0.066355η + 0.368513)3

128

+
315(0.066355η + 0.368513)

128

)
(0.473414)

+

(
46189(0.015η + 0.092094)10 − 109395(0.015η + 0.092094)8

256

+
90090(0.015η + 0.092094)6 − 30030(0.015η + 0.092094)4

256

+
3465(0.015η + 0.092094)2 − 63

256

)
(0.482289)− λ (62)
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IX. PERFORMANCE INDICES
To examine the performance of the proposed algorithm
(LeNN-WOA-NM) in calculating the saturation of (water)
injected fluid into oil during water flooding process, the per-
formance indicators like Mean Absolute Deviation (MAD),
Theil’s inequality coefficient (TIC) and Error in Nash Sut-
cliffe Efficiency (ENSE) are implemented [37]. The formu-
lation of these indices are given as,

MAD

=
1
n

n∑
m=1

∣∣y(η)− yapprox(η)∣∣ , (56)

TIC

=

√
1
n

∑n
n=1

(
y(η)− yapprox(η)

)2
(
√

1
n

∑n
n=1(y(η))2 +

√
1
n

∑n
n=1(yapprox(η))2)

, (57)

NSE

=

{
1−

∑n
n=1

(
(y(η)− yapprox(t)

)2∑n
n=1 ((y(η)− y′(η))

2 , y′(η) =
1
n

n∑
m=1

y(η)

(58)

yapprox = −0.24451+ (0.867359η + 0.042825)(0.261891)

+

(
3(0.858224η + 0.442705)2 − 1

2

)
(−0.1962)

+

(
5(0.385863η − 0.56738)3 − 3(0.385863η − 0.56738)

2

)
(0.67516)

+

(
35(−0.10786η − 0.38937)4 − 30(−0.10786η − 0.38937)2

8
+
3
8

)
(0.12517)

+

(
63(−0.5107η + 0.161634)5 − 70(−0.5107η + 0.161634)3

8

+
15(−0.5107η + 0.161634)

8

)
(−0.33877)

+

(
231(0.2695η + 0.00744)6 − 315(0.2695η + 0.00744)4

16

+
105(0.2695η + 0.00744)2 − 5

16

)
(0.7203)

+

(
429(0.30227η + 0.072251)7 − 693(0.30227η + 0.072251)5

16

+
315(0.30227η + 0.072251)2 − 35(0.30227η + 0.072251)

16

)
(−0.5727)

+

(
6435(0.531677η − 0.0923)8 − 12012(0.531677η − 0.0923)6

128

+
6930(0.531677η − 0.0923)4 − 1260(0.531677η − 0.0923)2 + 35

128

)
(0.238763)

+

(
12155(0.167693η − 0.0925)9 − 25740(0.167693η − 0.0925)7

128

+
18018(0.167693η − 0.0925)5 − 4620(0.167693η − 0.0925)3

128

+
315(0.167693η − 0.0925)

128

)
(−0.20194)

+

(
46189(−0.96992η + 0.04264)10 − 109395(−0.96992η + 0.04264)8

256

+
90090(−0.96992η + 0.04264)6 − 30030(−0.96992η + 0.04264)4

256

+
3465(−0.96992η + 0.04264)2 − 63

256

)
(−1.20442)− λ (63)
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ENSE

= 1− NSE, (59)

where n denotes the number grid points and η = X
2
√
T
.

X. NUMERICAL RESULTS
In this article, we have analyzed the problem of multi-phase
flow through porous media with imbibition phenomena. The
problem under consideration is divided based on the homo-
geneous and heterogeneous characteristics of porous media.
Imbibition is one of the interesting phenomena which occurs

during oil extraction through a cylindrical well and is an
important problem arising in petroleum engineering.

We have designed an efficient soft-computing technique,
named as LeNN-WOA-NM algorithm. Results obtained by
our technique are presented for homogeneous and hetero-
geneous porous media. The mathematical model for hetero-
geneous porous media is presented in Eq (29-31), and for
homogeneous porous media, the ordinary differential equa-
tion together with its conditions is given in Eq (40-42).
It is obvious from both models (for homogeneous and het-
erogenous media) that saturation depends on time T and
distance X . We have analysed the problems for T = 0.1, 0.2,

yapprox = 0.125803+ (0.469971η + 0.422911)(0.137286)

+

(
3(−0.34952η − 0.48966)2 − 1

2

)
(−0.11777)

+

(
5(−0.1973η − 0.44249)3 − 3(−0.1973η − 0.44249)

2

)
(−0.18312)

+

(
35(−0.60584η − 0.97595)4 − 30(−0.60584η − 0.97595)2

8
+
3
8

)
(0.256633)

+

(
63(−0.01159η + 0.112715)5 − 70(−0.01159η + 0.112715)3

8

+
15(−0.01159η + 0.112715)

8

)
(−0.1813)

+

(
231(0.1129η + 0.02938)6 − 315(0.1129η + 0.02938)4

16

+
105(0.1129η + 0.02938)2 − 5

16

)
(0.18763)

+

(
429(0.4710η − 0.2778)7 − 693(0.4710η − 0.2778)5

16

+
315(0.4710η − 0.2778)2 − 35(0.4710η − 0.2778)

16

)
(−0.1364)

+

(
6435(0.413099η − 0.18385)8 − 12012(0.413099η − 0.18385)6

128

+
6930(0.413099η − 0.18385)4 − 1260(0.413099η − 0.18385)2 + 35

128

)
(0.412885)

+

(
12155(−0.63399η + 0.123904)9 − 25740(−0.63399η + 0.123904)7

128

+
18018(−0.63399η + 0.123904)5 − 4620(−0.63399η + 0.123904)3

128

+
315(−0.63399η + 0.123904)

128

)
(−0.12001)

+

(
46189(0.104785η + 0.220435)10 − 109395(0.104785η + 0.220435)8

256

+
90090(0.104785η + 0.220435)6 − 30030(0.104785η + 0.220435)4

256

+
3465(0.104785η + 0.220435)2 − 63

256

)
(−0.25537)− λ (64)
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0.3, 0.4, and 0.5. The distance variable X is varied from 0 to
1 with a step size of h = 0.1.

A. HETEROGENOUS POROUS MEDIUM
The LeNN-WOA-NM algorithm is applied to solve ODE
in Eq 29. This problem describes the saturation of injected
fluid through heterogeneous media when water is injected
during water flooding or secondary oil recovery process in
counter-current imbibition phenomena. As shown in Eq 29,
the saturation depends on time T and distance X . Therefore,
to understand the phenomena deeply, we have discussed five

cases by varying T and keeping other values constant, such
that L = 3, ω = 0.1, Si0 = 0.1.
The approximate solution of the ordinary differential equa-

tion (29) describes the saturation of injected fluid through
heterogeneous media when water is injected during water
flooding or secondary oil recovery process in counter-current
imbibition phenomenon. Since the saturation depends on
time T and distance X . Therefore, to understand the phe-
nomenon deeply, we have discussed several cases for T and
fixed the other parameters as L = 3, ω = 0.1, and Si0 = 0.1.

Numerical results obtained by LeNN-WOA-NM algo-
rithm for each case of T = 0.1, 0.2, 0.3, 0.4 and 0.5 are

yapprox = 0.271551+ (0.206442η + 0.062829)(0.335276)

+

(
3(0.229948η + 0.243532)2 − 1

2

)
(0.231227)

+

(
5(0.158342η + 0.139987)3 − 3(0.158342η + 0.139987)

2

)
(0.403143)

+

(
35(0.266312η + 0.030022)4 − 30(0.266312η + 0.030022)2

8
+
3
8

)
(0.292455)

+

(
63(0.132227η + 0.186296)5 − 70(0.132227η + 0.186296)3

8

+
15(0.132227η + 0.186296)

8

)
(0.131959)

+

(
231(−2.7518η + 0.14180)6 − 315(−2.7518η + 0.14180)4

16

+
105(−2.7518η + 0.14180)2 − 5

16

)
(0.54624)

+

(
429(0.32121η + 0.162896)7 − 693(0.32121η + 0.162896)5

16

+
315(0.32121η + 0.162896)2 − 35(0.32121η + 0.162896)

16

)
(0.12982)

+

(
6435(0.027507η + 0.056814)8 − 12012(0.027507η + 0.056814)6

128

+
6930(0.027507η + 0.056814)4 − 1260(0.027507η + 0.056814)2 + 35

128

)
(0.232449)

+

(
12155(−7.32831η + 0.210352)9 − 25740(−7.32831η + 0.210352)7

128

+
18018(−7.32831η + 0.210352)5 − 4620(−7.32831η + 0.210352)3

128

+
315(−7.32831η + 0.210352)

128

)
(0.222878)

+

(
46189(0.101217η + 0.173301)10 − 109395(0.101217η + 0.173301)8

256

+
90090(0.101217η + 0.173301)6 − 30030(0.101217η + 0.173301)4

256

+
3465(0.101217η + 0.173301)2 − 63

256

)
(0.19444)− λ (65)
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given in TABLES 3 and 4. Absolute errors in solutions
obtained by proposed algorithm are dictated in TABLES 5
and 6. Unknown parameters achieved by the LeNN-WOA-
NM algorithm for different values of T are given in TABLE 7
and TABLE 8. Fitness values of candidate solutions and
results of performance indicators including MAD, TIC and
ENSE are presented in TABLES 9,10,11 and 12 respectively.

Graphical representation of solutions, absolute errors,
unknown parameters, convergence analysis in terms ofMAD,
TIC and ENSE for each case are shown in FIGURES 6-12
respectively. Normal probability plots of for fitness evalu-
ation and performance indicators including MAD, TIC and

ENSE for saturation of injected fluid (water) into native fluid
(oil) in secondary oil recovery process through heterogenous
porous medium are shown in FIGURES 13-16. It is obvi-
ous from our tables, graphs and normal probability curves
that LeNN-WOA-NM algorithm achieved the best possible
solutions for saturation of water in heterogenous porous
medium.

B. HOMOGENOUS POROUS MEDIUM
The approximate solution of ordinary differential
equation (40) describes the saturation of injected fluid
through homogenous media, when water is injected in

yapprox = 0.785623+ (−0.36515η − 0.04758)(−0.58515)

+

(
3(−0.04889η + 0.292168)2 − 1

2

)
(0.291422)

+

(
5(−0.35566η − 0.2687)3 − 3(−0.35566η − 0.2687)

2

)
(−0.77448)

+

(
35(−0.00225η − 0.2046)4 − 30(−0.00225η − 0.2046)2

8
+
3
8

)
(−0.50067)

+

(
63(−0.19405η + 0.249157)5 − 70(−0.19405η + 0.249157)3

8

+
15(−0.19405η + 0.249157)

8

)
(0.281804)

+

(
231(−0.5402η + 0.21766)6 − 315(−0.5402η + 0.21766)4

16

+
105(−0.5402η + 0.21766)2 − 5

16

)
(0.2863)

+

(
429(0.17779η − 0.09419)7 − 693(0.17779η − 0.09419)5

16

+
315(0.17779η − 0.09419)2 − 35(0.17779η − 0.09419)

16

)
(0.43718)

+

(
6435(−0.11807η − 0.1650)8 − 12012(−0.11807η − 0.1650)6

128

+
6930(−0.11807η − 0.1650)4 − 1260(−0.11807η − 0.1650)2 + 35

128

)
(−0.12936)

+

(
12155(−0.21697η + 0.335691)9 − 25740(−0.21697η + 0.335691)7

128

+
18018(−0.21697η + 0.335691)5 − 4620(−0.21697η + 0.335691)3

128

+
315(−0.21697η + 0.335691)

128

)
(−0.13749)

+

(
46189(−0.22868η + 0.301901)10 − 109395(−0.22868η + 0.301901)8

256

+
90090(−0.22868η + 0.301901)6 − 30030(−0.22868η + 0.301901)4

256

+
3465(−0.22868η + 0.301901)2 − 63

256

)
(0.313925)− λ (66)
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water flooding or secondary oil recovery process during
counter-current imbibition phenomenon. Since, the saturation
depends on time T and distanceX . Again, we have considered
several cases for T and fixed the other parameters as L = 3,
ω = 0.1 and Si0 = 0.1.
Numerical results obtained by the LeNN-WOA-NM algo-

rithm for each case i.e. T = 0.1, 0.2, 0.3, and 0.4 are given
in TABLES 13 and 14. Absolute errors in soultions calcu-
lated by our proposed algorithm are dictated in TABLE 15.
Unknown parameters achieved by LeNN-WOA-NM algo-
rithm for different values of T are given in TABLE 16
and TABLE 17. Convergence analysis of fitness evaluation

and results of performance measures including MAD, TIC
and ENSE are presented in TABLES 18,19,20 and 21
respectively.

Graphical representation of solutions, absolute errors,
unknown parameters, convergence analysis along withMAD,
TIC and ENSE for each case are shown in FIGURES 6-12
respectively. Normal probability plots of for fitness evalu-
ation and performance indicators including MAD, TIC and
ENSE for saturation of water (injected fluid) into oil (native
fluid) in secondary oil recovery (SOR) or water flooding
process through homogenous porous medium are shown in
FIGURES 24-27. It is evident from our tables, graphs and

yapprox = 0.056186+ (−3.59196η − 0.01049)(−0.05866)

+

(
3(0.000335η − 0.02673)2 − 1

2

)
(−2.74564)

+

(
5(0.06324η + 0.078882)3 − 3(0.06324η + 0.078882)

2

)
(−1.81773)

+

(
35(−0.02443η + 0.03317)4 − 30(−0.02443η + 0.03317)2

8
+
3
8

)
(−0.50562)

+

(
63(0.001536η + 0.003445)5 − 70(0.001536η + 0.003445)3

8

+
15(0.001536η + 0.003445)

8

)
(0.030818)

+

(
231(−1.4718η − 0.02774)6 − 315(−1.4718η − 0.02774)4

16

+
105(−1.4718η − 0.02774)2 − 5

16

)
(0.007012)

+

(
429(0.41955η + 0.276887)7 − 693(0.41955η + 0.276887)5

16

+
315(0.41955η + 0.276887)2 − 35(0.41955η + 0.276887)

16

)
(0.068675)

+

(
6435(−0.02826η + 0.050668)8 − 12012(−0.02826η + 0.050668)6

128

+
6930(−0.02826η + 0.050668)4 − 1260(−0.02826η + 0.050668)2 + 35

128

)
(0.00293)

+

(
12155(0.013296η − 0.00795)9 − 25740(0.013296η − 0.00795)7

128

+
18018(0.013296η − 0.00795)5 − 4620(0.013296η − 0.00795)3

128

+
315(0.013296η − 0.00795)

128

)
(−0.03449)

+

(
46189(−8.60221η + 0.31899)10 − 109395(−8.60221η + 0.31899)8

256

+
90090(−8.60221η + 0.31899)6 − 30030(−8.60221η + 0.31899)4

256

+
3465(−8.60221η + 0.31899)2 − 63

256

)
(0.015816)− λ (67)
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normal probability curves that the LeNN-WOA-NM algo-
rithm gives best possible solutions for saturation of water
into oil in homogenous porous medium as compared to other
state-of-the-art method.

XI. CONCLUSION
In this work, we have analyzed a mathematical model of
counter-current imbibition phenomena in homogenous and
heterogeneous porous mediums. The resulting equations are
non-linear partial differential equations (PDE) with specific
boundary conditions. Similarity transformation is used to

model the governing equation of the water-flooding process
as ODEs along with boundary conditions.

We have designed a new technique, named as LeNN-
WOA-NM algorithm. Weighted Legendre polynomials are
used to model approximate series solutions for the saturation
Si(X ,T ) of (water) injected fluid into a native fluid (oil)
during secondary oil recovery (SOR) process, and fitness
functions are constructed to evaluate the candidate solutions.
The problem has many applications in various fields, includ-
ing ceramic engineering, water purification, petroleum tech-
nology, soil mechanics, powder metallurgy, and the oil recov-
ery process. Series solutions for counter-current imbibition

yapprox = −0.2531+ (−0.58133η − 0.54686)(0.001958)

+

(
3(−0.02437η − 0.04096)2 − 1

2

)
(−0.05071)

+

(
5(−0.83669η + 0.023327)3 − 3(−0.83669η + 0.023327)

2

)
(0.040573)

+

(
35(−0.0893η − 0.14033)4 − 30(−0.0893η − 0.14033)2

8
+
3
8

)
(−0.13865)

+

(
63(−0.12979η − 0.04089)5 − 70(−0.12979η − 0.04089)3

8

+
15(−0.12979η − 0.04089)

8

)
(−0.56367)

+

(
231(−0.0412η + 0.042235)6 − 315(−0.0412η + 0.042235)4

16

+
105(−0.0412η + 0.042235)2 − 5

16

)
(−0.17462)

+

(
429(−0.01223η − 0.03705)7 − 693(−0.01223η − 0.03705)5

16

+
315(−0.01223η − 0.03705)2 − 35(−0.01223η − 0.03705)

16

)
(−0.25882)

+

(
6435(−0.03856η + 0.07455)8 − 12012(−0.03856η + 0.07455)6

128

+
6930(−0.03856η + 0.07455)4 − 1260(−0.03856η + 0.07455)2 + 35

128

)
(−0.04183)

+

(
12155(0.005055η − 0.03193)9 − 25740(0.005055η − 0.03193)7

128

+
18018(0.005055η − 0.03193)5 − 4620(0.005055η − 0.03193)3

128

+
315(0.005055η − 0.03193)

128

)
(−1.16396)

+

(
46189(9.18E − 05η − 0.04724)10 − 109395(9.18E − 05η − 0.04724)8

256

+
90090(9.18E − 05η − 0.04724)6 − 30030(9.18E − 05η − 0.04724)4

256

+
3465(9.18E − 05η − 0.04724)2 − 63

256

)
(−0.07238)− λ (68)
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phenomena during the water flooding process represent the
saturation of injected fluid (water) Si(X ,T ). We summarize
our findings as follows:
• Saturation of injected fluid starts with initial value

Si(0,T ) = Si0 = 0.1 and smoothly increases when the
distance X increases, for heterogeneous medium see TABLE
3 and FIGURES 6, 27(a). While for homogeneous medium
see TABLE 11 and FIGURES 17, 27(b).
• The results obtained by the LeNN-WOA-NM algorithm

dictate that saturation of water into oil increases and is higher
than the saturation of water in a homogenous porous medium.
•We have compared the saturations Si(X ,T ) of fluid in a

heterogeneous porous medium with saturations in a homoge-
nous porous medium as shown in FIGURE 18.
• Lower absolute errors in our solutions prove that the

LeNN-WOA-NM algorithm is accurate. Moreover, the val-
ues of performance indicators MAD, TIC, ENSE are
favorable.
•Convergence plots in FIGURES 10, 13, 20, and 23 shows

the stability of the LeNN-WOA-NM algorithm.
• It is important to note that the pore size of the heteroge-

neousmedium varies at different time T and distanceX . Thus,
the diameter of the interconnected capillaries also varies,
which may effect the saturation process.

NOMENCLATURES

Abbreviation Descriptions

LeNN Legendre Neural Networks

NM Nelder-Mead

MAD Mean Absolute Deviation

TIC Theil’s inequality coefficient

NSE Nash Sutcliffe efficiency

L Length of a cylinder

N Native Fluid

I Injected Fluid

K permeability

ki ,kn Relative permeability

pn , pi Pressures of Native fluid

δn and δi Kinematic Viscosities

pc Capillary pressure

β Proportionality constant

a ,b ,a1 ,Kc Positive Constants

Si0 Saturation at Common Interface

Sic Saturation at t=0

X Distance

T Time

APPENDIX
Approximate solution for the saturation of injected fluid
though heterogenous porous medium for T = 0.1. where
η = X

2
√
T
, (60), as shown at the bottom of page 24.

Approximate solution for the saturation of injected fluid
though heterogenous porous medium for T = 0.2. (61), as
shown at the bottom of page 25.

Approximate solution for the saturation of injected fluid
though heterogenous porous medium for T = 0.3. (62), as
shown at the bottom of page 26.

Approximate solution for the saturation of injected fluid
though heterogenous porous medium for T = 0.4. (63), as
shown at the bottom of page 27.

Approximate solution for the saturation of injected fluid
though heterogenous porous medium for T = 0.5. (64), as
shown at the bottom of page 28.

Approximate solution for the saturation of injected fluid
though homogenous porous medium for T = 0.1. (65), as
shown at the bottom of page 29.

Approximate solution for the saturation of injected fluid
though homogenous porous medium for T = 0.2. (66), as
shown at the bottom of page 30.

Approximate solution for the saturation of injected fluid
though homogenous porous medium for T = 0.3. (67), as
shown at the bottom of page 31.

Approximate solution for the saturation of injected fluid
though homogenous porous medium for T = 0.4. (68), as
shown at the bottom of page 32.
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