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ABSTRACT Dilution of precision (DOP) is a value that can describe the effect on the relationship between
measurement error and position determination error. The DOP of a positioning system using time of
arrival (TOA) measurement such as GPS has been well researched. Some researchers have also investigated
the DOP of the angle of arrival (AOA) system. However, the DOP of the AOA and TOA combined system
has been rarely studied. As more AOA based systems appear in the market, the AOA/TOA combined system
is likely to be used widely in the future. This article investigates the DOP of a positioning system combining
AOA and TOA. The concept of DOP is briefly introduced, and the DOP of AOA and of TOA is discussed
separately. A unified formula to calculate DOP is derived for a positioning system using AOA and/or TOA
measurements. The simulation shows that the DOP value is associated with the size of the deployment of
the base stations and the ratio between the standard deviations of TOA and AOA measurements. If the ratio
is fixed, when the size approaches infinity, the DOP approaches that of a positioning system using only
TOA measurement. On the contrary, when the size approaches infinitely small, the DOP approaches that of
a positioning system using only AOA measurement. An Ultra-Wide band positioning system was used to
conduct experiments. The results verify that the unified formula can be used to guide the deployment of base
stations of the AOA and/or TOA based positioning system.

INDEX TERMS Angle of arrival, dilution of precision, time of arrival.

I. INTRODUCTION
There are many positioning technologies such as proximity,
cell ID, fingerprinting and inertial measurement unit based
techniques [1]–[3], but the most popular positioning tech-
nologies are angle based or range based [4]–[11]. The angle
based system measures the angle of arrival (AOA) and then
applies triangulation to determine the position of a point.
AOA is widely used in surveying (where the term is bearing),
using optical technology to measure bearings [12]. Before
Electronic Distance Measurement instrument appeared, mea-
suring the angle accurately could be achieved much more
easily than measuring range with high accuracy. Surveyors
prefer to obtain bearings rather than distance to estimate
position if the target is relatively further away. For AOA
based radio frequency positioning systems, there are two
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advantages: no synchronization of the base stations is
required and fewer base stations are needed. However, as an
antenna array is required, the system is more complicated
and difficult to install. Researchers have investigated accurate
ways to estimate anglemeasurements [13], [14], but amodern
AOA based positioning system is still rare [15]–[17]. In early
2019, Bluetooth Special Interest Group announced Blue-
tooth 5.1. The new specification offers AOA and Angle of
Departure (AOD) for positioning [18]. A new combined time
of arrival (TOA) and AOA positioning system is expected
soon.

With the development of ranging technology, range based
positioning systems dominate positioning applications. The
most famous positioning system is GPS which uses TOA to
estimate the receiver’s position [4]. All the satellite based
positioning systems use TOA. Before the era of global navi-
gation satellite systems, Time Difference of Arrival (TDOA)
was applied in many positioning systems such as Loran-C
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and Omega [5], [19]. Recent examples of the terrestrial
positioning and navigation systems are cellular phone net-
works [6], Locata [7] and Ultra-Wide band (UWB) [20].

For a range or angle measurement based positioning sys-
tem, the geometric distribution of the base stations affects
the positioning accuracy [21]. Dilution of precision (DOP)
is used to describe the effect on the relationship between
measurement error and position determination error. DOP has
been well investigated for range based positioning systems,
especially global navigation satellite systems [4], [21]–[24],
and DOP for angle based systems has also been discussed
in recent studies [25], [26]. The introduction of Blue-
tooth 5.1 shows that we may use AOA more in the new
positioning system and a combination of AOA and TOA
may be commonly used. The Cramer-Rao Bound (CRB)
of a hybrid positioning system in a 2D scenario was
derived in [27] to analyze the theoretical performance lim-
its. In comparison, DOP is a more convenient index which
can help optimize the geometric distribution of the base
stations.

The main contribution of this research is deriving a unified
formula to calculate DOP for a positioning system using
AOA and/or TOA measurements for the first time. Simu-
lation was used to understand the features of the DOP of
the combined system. The unified formula can be used to
guide the deployment of base stations of the AOA and/or
TOA based positioning system and has been confirmed by
experiments.

The concept of DOP is explained in section II, and then the
theoretical issues of DOP for AOA and TOA are reviewed in
section III. In section IV, the DOP for the AOA and TOA
combined system is discussed. Simulations carried out to
investigate the deployment of the base stations are introduced
in section V, followed by discussion of experiments using an
UWB positioning system in section VI. Section VII provides
a further discussion of the DOP for the AOA and TOA
combined system. Finally, section VIII concludes.

II. CONCEPT OF DOP
Geometric DOP (GDOP) is used to state how errors in
the measurement will affect the final state estimation.
Commonly, it is expressed as the ratio of the root mean
square (rms) position error to the rms measurement (range
or angle measurement) error [28], [29]:

GDOP =
σp

σ
(1)

Obviously, a smaller DOP is preferred. A small DOP means
small changes in the measurement will not result in large
errors in the location output. Fig. 1 gives several examples
of GDOP when TOA, AOA and TOA/AOA are used for
positioning. When TOA is used, three typical scenarios are
depicted in (a)-(c). The crosses represent the base stations;
the two concentric arcs indicate the range measurement error.
The scenario in (a) is an example of a good DOP. The
angle of intersection of the two lines which connect the

FIGURE 1. GDOP examples when TOA (a, b, c), AOA (d, e, f) and TOA/AOA
(g) are used for positioning. Crosses are the base stations.

area of interest and the base stations is about 90 degrees.
Plots (b) and (c) are two examples of poor DOP. Plots (d)-(f)
show examples of using AOA where (d) and (e) are the same
but with different scales. It indicates that the DOP for AOA is
a quantity with a unit.When the distance from the base station
to the mobile station increases, the AOA measurement error
increases. In the TOA system, the range measurement error
is always the same (in an ideal situation). Plots (e) and (g)
also reveal that the DOP is poor when the positioning area
is near the line that connects the two base stations, and the
DOP is good when the two lines which connect the mobile
station and the base stations create a right angle. Plot (g)
shows that in the combined system, the DOP increases when
the mobile station is further away from the base station,
assuming one base station can provide both AOA and TOA
measurements. DOP can be expressed as a number of separate
measurements such as HDOP (horizontal DOP) and VDOP
(vertical DOP) when 3D positioning is required, TDOP (time
DOP) when pseudorange measurements are used, and PDOP
(positionDOP)which is the same asGDOP if no pseudorange
measurements are used [4], [22].

III. DOPs FOR AOA AND TOA
A. AOA FOR 2D SCENARIO
In 2D AOA positioning a minimum of two base stations are
required, as illustrated in Fig. 2. Assuming that the base sta-
tion measures the direction of propagation of a signal (radio-
frequency wave) with respect to an absolute reference (the
reference direction is along the x axis in Fig. 2), it is possible
to measure the AOA at the mobile station side; however the
antenna array makes the size of the mobile station big. The
AOA is more likely to be obtained by a base station [30].
Once the absolute angle is obtained, the angle from themobile
station to the base station can be modeled as:

tan−1
(
y− yi
x − xi

)
= ϕi (2)
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FIGURE 2. Angle measurements from a mobile station to two base
stations in 2D scenarios (the reference direction is along the x axis).

The above equation can be expressed in a simpler form:

L = f (c) (3)

where L is the direction of the signal from the mobile station
to the base station, c is the coordinate of the mobile station.
To linearize the equation, Taylor’s theorem can be applied:

f (c) = f (c0)+ f ′(c0)dc+
f ′′(c0)(dc)2

2!

+ · · · +
f (n)(c0)(dc)n

n!
+ R (4)

where R is a remainder term. By applying first order Taylor
theorem on both sides of (2), we can obtain:

−
y− yi
si2

dx+
x − xi
si2

dy=− tan−1
y− yi
x − xi

+ϕi+dϕi (5)

where

si =
√
(x − xi)2 + (y− yi)2 (6)

According to (2), the sum of the constant terms is 0 and the
above equations can be expressed in matrix notation:

AdX = db (7)

where

A =


−
y− y1
s12

x − x1
s12

· · · · · ·

−
y− yn
sn2

x − xn
sn2

 (8)

dX =
[
dx
dy

]
(9)

db =

 dϕ1· · ·
dϕn

 (10)

It is assumed that the standard deviations of measurements
from different base stations are identical:

σϕ = σϕ1 = · · · = σϕn (11)

The various DOP quantities can be expressed as:

XDOP =

√
σx2

σϕ
=

√(
(ATA)−1

)
1,1 (12)

YDOP =

√
σy2

σϕ
=

√(
(ATA)−1

)
2,2 (13)

GDOP =

√
σp2

σϕ
=

√
trace

(
(ATA)−1

)
(14)

where σ = σϕ . PDOP and GDOP are identical. As the
positioning result has a unit of m, the angle measurement is
in radians, the DOP value has a unit of m, which has a clear
meaning that 1 radian angle measurement error introduces
DOP times 1 meter positioning error [26].

B. TOA FOR 2D SCENARIO
In 2D TOA positioning, at least three base stations are
required. In fact, if only two base stations are available, there
is ambiguity in the positioning result; the third range mea-
surement can solve the ambiguity. The range can be modeled
as:

ri =
√
(x − xi)2 + (y− yi)2 (15)

The A matrix and db are:

A =


x − x1
s1

y− y1
s1

· · · · · ·

x − xn
sn

y− yn
sn

 (16)

db =

 dr1· · ·
drn

 (17)

It is assumed that the standard deviations of measure-
ments (ranges) from different base stations are identical:

σr = σr1 = · · · = σrn (18)

The XDOP, YDOP and GDOP can be expressed as (12)-(14),
where σ = σr . For TOA systems based on absolute range
measurements, PDOP and GDOP quantities are identical as
there is no TDOP term [20].

C. AOA FOR 3D SCENARIOS
For 3D scenarios, AOA is slightly more complicated as there
are two anglemeasurements available from themobile station
to each base station: an azimuth-like angle (ϕi) which is the
same as in 2D scenarios, and an elevation-like angle (θi).
Fig. 3 illustrates these two angle quantities from a mobile
station (x, y, z) to a base station (xi, yi, zi). The two angles
can be expressed as:

tan−1
y− yi
x − xi

= ϕi

tan−1
si

z− zi
= θi

(19)

where si is defined as (6).
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FIGURE 3. The azimuth-like angle (the reference direction is along the x
axis) and the elevation-like angle (the reference direction is along the z
axis) in 3D scenarios from the mobile station (x, y, z) to the base station
(x1, y1, z1).

For 3D positioning, still only two base stations are needed,
and the corresponding A matrix is:

A =



−
y− y1
s12

x − x1
s12

0

· · ·

−
y− yn
sn2

x − xn
sn2

0

(x − x1)(z− z1)
u12s1

(y− y1)(z− z1)
u12s1

−
s1
u12

· · ·

(x − xn)(z− zn)
un2sn

(y− yn)(z− zn)
un2sn

−
sn
un2


(20)

where

ui =
√
(x − xi)2 + (y− yi)2 + (z− zi)2 (21)

dX =

 dxdy
dz

 (22)

db =


dϕ1
· · ·

dϕn
dθ1
· · ·

dθn

 (23)

The DOPs can be expressed as (12)-(14). It is assumed that
the standard deviations of angles are identical:

σϕ = σϕ1 = · · · = σϕn = σθ1 = · · · = σθn (24)

D. TOA FOR 3D SCENARIOS
In 3D TOA positioning, ideally at least four base stations
are required, as the fourth measurement can help solve the
ambiguity of the positioning result. However, in many cases,
the ambiguity can be solved using other information such as

FIGURE 4. Angle and range measurements from mobile station to two
base stations in 2D scenarios.

above the ground [4]. The ranges can be modeled as:

ri =
√
(x − xi)2 + (y− yi)2 + (z− zi)2 (25)

As there is no significant difference between 3D and 2D
scenarios, the details of the equations are omitted here.

IV. DOP FOR COMBINED AOA AND TOA
A. 2D SCENARIOS
Assuming each base station can have both angle and range
measurements (see Fig. 4), for a 2D scenario, the following
observation equations can be obtained:tan−1

(
y− yi
x − xi

)
= ϕi√

(x − xi)2 + (y− yi)2 = ri
(26)

The corresponding A matrix and db matrix are:

A =



−
y− y1
s12

x − x1
s12

· · · · · ·

−
y− yn
sn2

x − xn
sn2

x − x1
s1

y− y1
s1

· · · · · ·

x − xn
sn

y− yn
sn


(27)

db =


dϕ1
· · ·

dϕn
dr1
· · ·

drn

 (28)

It is assumed that (11) and (18) exist, and there is a relation-
ship between σr and σϕ as below:

k =
σr

σϕ
(29)
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Note that k has a unit of m/rad. A weight matrix can be
denoted as:

W =


k2

· · ·

k2

1
· · ·

1

 (30)

And the covariance of db can be expressed as:

cov(db) =



1
k2
· · ·

1
k2

1
· · ·

1


σr

2 (31)

Equation (7) can be converted to:

WAdx = Wdb (32)

And the covariance matrix of the position result can be
derived as follows:

cov(dp) = E(dpdpT )

= E[(ATWA)−1ATWdbdbTWA(ATWA)−1]

= (ATWA)−1ATWcov(db)WA(ATWA)−1

= (ATWA)−1Q (33)

where Q = σr
2. Given cov(dp) =

[
σx

2 σxy
σyx σy

2

]
, the variance

of the mobile station’s location can be expressed as a function
of the variance of the measurements (including the angle and
the range) and the geometric distribution of the base stations
and the mobile station:

cov(dp) = F
[
σϕ, σr , [x, y], [x1, y1], · · · , [xn, yn]

]
(34)

The various DOP quantities are similar to (12)-(14):

XDOP =

√
σx2

σ
=

√(
(ATWA)−1

)
1,1 (35)

YDOP =

√
σy2

σ
=

√(
(ATWA)−1

)
2,2 (36)

GDOP =

√
σp2

σ
=

√
trace

(
(ATWA)−1

)
(37)

where σ = σr . The DOP quantity here is unitless. But the
DOP value is associated with the size of the deployment area
of the positioning system. In A matrix, the elements in the
upper part have a denominator of si2.When the area scales up,
the value of these elements will decrease, however, the value
of the elements in the lower part of the A matrix will remain
the same. This explains why the DOP quantity for the AOA
base system is associated with the size (distance apart) of the
deployment of the system, while the DOP quantity for the
TOA base system is not.

B. 3D SCENARIOS
For 3D scenarios, if there are n base stations, for one mobile
station, the total number of measurements is 3n, including
n range measurements, n azimuth-like angle measurements
and n elevation-like angle measurements. The equations
are:


tan−1

y− yi
x − xi

= ϕi

tan−1
si

z− zi
= θi√

(x − xi)2 + (y− yi)2 + (z− zi)2 = ri

(38)

We assume there are coefficients kθ and kϕ which are defined
as the ratio of the standard deviations:

kϕ =
σr

σϕ
kθ =

σr

σθ
(39)

Assuming the standard deviations of θi and ϕi are identical,
the coefficient can be denoted as:

k = kϕ = kθ (40)

A, dX and db can be expressed as:

A =



−
y− y1
s12

x − x1
s12

0

· · ·

−
y− yn
sn2

x − xn
sn2

0

(x − x1)(z− z1)
u12s1

(y− y1)(z− z1)
u12s1

−
s1
u12

· · ·

(x − xn)(z− zn)
un2sn

(y− yn)(z− zn)
un2sn

−
sn
un2

x − x1
u1

y− y1
u1

z− z1
u1

· · ·

x − xn
un

y− yn
un

z− zn
un



(41)

dX =

 dxdy
dz

 (42)

db =



dϕ1
· · ·

dϕn
dθ1
· · ·

dθn
dr1
· · ·

drn


(43)
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FIGURE 5. The deployment of the base stations: two base stations (left)
and three base stations (right). R is the distance between the origin and a
base station.

And theW matrix is:

W =



k2

· · ·

k2

k2

· · ·

k2

1
· · ·

1


(44)

The various DOP quantities are the same as (35)-(37).

V. DOP VALUES WITH DIFFERENT CONFIGURATIONS OF
BASE STATIONS
In this section, we investigate the DOP values with differ-
ent configurations of base stations based on Matlab simu-
lation when an AOA/TOA combined positioning system is
used.

If there is only one base station in a 2D scenario, the geo-
metric distribution is unique. According to (27) and (37),
the DOP can be calculated as below:

GDOP = 1+ s2/k2 (45)

where k is the ratio of variances defined in (29) and s
is the range between the base station and the user. This
means that the DOP has a negative correlation with the dis-
tance from the base station and the station should be placed
at the center of the environment to maximize the average
accuracy.

In the following part, the use of two base stations and three
base stations is investigated. Fig. 5 provides details of the base
stations’ locations. For the 3D scenario, the height of the base
stations is zero unless otherwise stated.

A. 2D SCENARIO
As mentioned in previous research [22]–[25], the DOP value
is irrelevant to the σ of AOA or TOA measurements in a
stand-alone positioning method. However, in a hybrid posi-
tioning approach, the σ of TOA and the σ of AOA are
independent from each other. The ratio of them (k defined
in (40)) is a factor which can affect the DOP values.

FIGURE 6. GDOP plots (mesh plot and contours) when there are two base
stations and R=5m.

FIGURE 7. GDOP plots (mesh plot and contours) when there are two base
stations and R=10m.

FIGURE 8. GDOP plots (mesh plot and contours) when there are two base
stations and R=50m.

The accuracy of the TOA and AOAmeasurements can vary
when different technologies are applied. In our simulation,
we assume the σ of TOA is 0.1m and the σ of AOA is
0.05rad which leads to the ratio k of 2m/rad. When there are
only two base stations deployed as shown in Fig. 5 (left),
assuming R = 5m, the GDOP quantities are calculated in
the square area centered at (0, 0) and with vertexes at (±15,
±15). The results are shown in Fig. 6. The GDOP values in
the areas close to the two base stations are below 1 (the best
areas), and the GDOP values are also good in the area in the
middle. However, the values in the center increase slightly.
The GDOP increases quickly along the extension line of
the two base stations’ connection. As discussed previously,
scaling up the deployment area will change the values of the
GDOP.When R increases to 10m, generally the GDOP values
increase (see Fig. 7) and the peanut shape contours are clearer.
When R increases to 50m, more significant changes in the
pattern can be seen (see Fig. 8).

In the case of three base stations (see Fig. 5 right for the
deployment of the base stations), when the R increases from
5m to 10m and then to 50m, the changes in GDOP can be
noticed, however, the changes are not as significant as when
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FIGURE 9. GDOP plots (mesh plot and contours) when there are three
base stations (from top to bottom, R=5m, 10m, 50m).

FIGURE 10. GDOP plots (mesh plot and contours) using TOA when there
are three base stations.

two base stations are used (see Fig. 9). The reason is that
when there are three stations, range measurements can be
used to estimate the position independently. Scaling up the
deployment of base stations does not affect TOA. It is a
reasonable conjecture that whenR tends to infinity, theGDOP
tends to that of using TOA only. Fig. 10 depicts the GDOP
when only TDOA is used (R = 50m). The plots are similar
to the plots in Fig. 9. On the contrary, when R tends to 0,
the GDOP tends to that of using AOA only. More details are
discussed in section VII.

B. 3D SCENARIO
Assume the k is also 2m/rad. When there are three base sta-
tions as shown in Fig. 5, the GDOP quantities are calculated
for various situations. The mobile station in the x-y plane
with height of 0 is investigated as changing the height of the
mobile station is equivalent to varying the height of the base

FIGURE 11. GDOP plots (mesh plot and contours) at the x-y plane with
z=0 when there are two base stations, R=5m, the height of the base
stations is 0m.

FIGURE 12. GDOP plots (mesh plot and contours) at the x-y plane with
z=0 when there are three base stations, R=5m, the height of the base
stations is 0m (top) and 4m (bottom).

stations. Fig. 11 shows the mesh plot and contours of GDOP
when two base stations are deployed. The GDOP value is
relatively high which means the positioning result will not
be very good although only two base stations are enough for
3D positioning. Fig. 12 gives the GDOP when three base
stations are deployed. The DOP value improved especially
in the area close to the base stations or inside the triangular
area surrounded by the base stations. When the height of
the base stations changes from 0 to 4m, better DOP values
can be obtained which means deploying the station not at
the same plane for positioning will help improve the DOP.
Fig. 13 is generated to compare the DOP of two different sizes
of the deployment. When the size scales up, the DOP gets
worse. A similar phenomenon was found in the 2D scenario.
Scaling up the size means the AOA measurements are less
likely to be used for positioning and we know that using
TOAmeasurements only cannot estimate the mobile station’s
position if the base stations are in the same plane as themobile
station is located.

VI. EXPERIMENTS AND RESULTS
The DOP value can be used to predict the position accuracy
and to guide the deployment of the base stations to achieve
the best positioning results. To confirm the usefulness of the
developed TOA/AOA DOP, two tests were carried out in
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FIGURE 13. GDOP plots (mesh plot and contours) at the x-y plane with
z=0 when there are three base stations, R=50m, the height of the base
stations is 0m.

indoor environments. As an instrument which can provide
both TOA and AOA is not available, the DW1000 radio
IC [31] based UWB positioning system was used to provide
the TOA measurement, and the AOA measurements were
simulated.

Fig. 14 shows a base station and a mobile station of a
UWB positioning system developed by the authors for the
experiment. TheUWB systemwas set to work on 3993.6MHz
with a bandwidth of 499.2MHz. UWB can minimize the
multipath effect and produce centimeter-level range measure-
ments. The σ of TOA measurements is 2.14cm, which is
calculated based on the samples collected in the same exper-
imental environment. The σ of AOA was set to 0.0107rad,
which ensures the k is consistent with its own value in section
V. The configurations of the two tests are shown in Fig. 15.
Note that these tests are used to verify the developed DOP,
and it does not matter if the base stations are deployed at
the optimized location. The plot at the top of Fig. 15 gives
the coordinates of the base stations and mobile station; the
photos at the bottom of Fig. 15 show the test environments.
At each test point, at least 300 TOA measurements were
obtained.

Figures 16 and 17 show the positioning results. In the
case of two base stations, if only TOA measurements are
available, 2D positioning is possible, however, the DOP value
is large [28]. If the base station is located exactly along
the line connecting (x1, y1) and (x2, y2), the DOP value is
infinity. When the test was carried out, the base stations
and the mobile station could not be located exactly at the
planned location. The 2D position of the mobile station could
still be estimated, but the accuracy was poor as the DOP
indicated. As expected, the positioning errors decreasedwhen
the mobile station moved toward (x1, y1) and then increased
quickly when the mobile station moved away from (x1, y1)
(see Fig. 16 left). When TOA and AOA measurements were
all used, it is very clear that the positioning errors are much
smaller, and the change of the error is in linewith expectations
(see Fig. 6 and Fig. 16 right). It can also be noted that the
error in the y direction is significantly larger than in the
x direction which can also be explained by the geometric
distribution of the base stations in the x or y direction. When
3D positioning is required, at least three base stations are
needed when only TOA is applied. Fig. 17 (left) shows the
results. When the mobile station is further away from the

FIGURE 14. UWB base station (left) and mobile station (right).

FIGURE 15. Setup of the two tests. For the 2D test (bottom left), two base
stations were located at (x1, y1) and (x2, y2), and the mobile station was
located at (x, 0), x=0, 2, 4, 6, 10 and 15m. For the 3D test, one more base
station was located at (x3, y3) as using TOA measurements only for 3D
positioning requires at least three base stations, and the mobile station
was located at (0, 0, z) where z=0.18, 1.38 and 2.23m.

x-y plane where the base stations are located, the positioning
error is getting smaller – mainly in the z direction. The
HDOP values are very similar. The GDOP values at the three
different locations i.e. (0,0,2.22), (0,0,1.38) and (0,0,0.18)
are 353, 4.5 and 2.6 respectively. Note the (0,0,2.22) rather
than (0,0,2.23) were used to calculate the GDOP to avoid
infinity. When TOA was combined with AOA and only two
base stations i.e. (x1, y1) and (x2, y2) were used, the GDOP
values at (0,0,2.23), (0,0,1.38) and (0,0,0.18) are 2.60, 2.54,
2.37 respectively. Clearly, the GDOP decreased, and the user
does not need to consider the height differences between the
mobile station and the base stations. Fig. 17 (right) shows the
positioning results are improved.

According to both the derived formula and the experi-
ments, a few general rules can be summarized when base
stations are deployed for hybrid AOA/TOA positioning:

• Adding a new AOA or TOA measurement will always
decrease the DOP value. Deploying new stations can
always achieve better DOP. Hence a convenient way to
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FIGURE 16. 2D test results: TOA only (left) vs. TOA+AOA (right).

FIGURE 17. Positioning results in 3D scenario: TOA only (left, three base
stations were used) vs. TOA+AOA (right, only two base stations on the
x axis were used).

improve the accuracy is to add new stations to those
areas in which the DOP values are relatively poor.
This would not have negative influence on the nearby
areas.

• Consider a circle centerd around a base station, a TOA
measurement can improve the DOP along the radial
direction while an AOA measurement can improve
the DOP along the tangential direction. This explains
why users do not need to consider the height differ-
ences between the mobile station and the base stations
in 3D positioning when the TOA/AOA hybrid system is
used.

• AOA measurements can significantly improve the DOP
near a station while the TOAmeasurements improve the
DOP evenly over the station’s coverage area. The density
of the base stations in an environment is related to both
the accuracy of the AOAmeasurements and the range of
the TOA measurements.

VII. FURTHER DISCUSSION OF THE DOP FOR AOA/TOA
In section V, it was demonstrated that changing the value of
R (scaling up/down the size of the deployment) will change
the DOP. This section discusses the range of DOP values of
AOA/TOA and the proof is provided.
Property:Assuming there are enough AOA and TOAmea-

surements for positioning independently (i.e. using AOA or
TOA alone can estimate the position), the DOP value of
AOA/TOA is less than that of either AOA or TOA. The DOP
value approaches that of TOA only when R approaches infin-
ity and it approaches that of AOA only when R approaches
infinitely small.

Proof: Let us use the 3D scenario as an example (the
base stations and the mobile station are not in the same plane,
i.e. the height of the mobile station is different from the
heights of the base stations) and n ≥ 3. The A matrix (41)

can be rewritten as:

A =



a1,1 a1,2 a1,3
· · ·

an,1 an,2 an,3
a(n+1),1 a(n+1),2 a(n+1),3

· · ·

a2n,1 a2n,2 a2n,3
a(2n+1),1 a(2n+1),2 a(2n+1),3

· · ·

a3n,1 a3n,2 a3n,3


(46)

The covariance matrix of the position result can be expressed
as:

cov(dp)=


∑3n

i=1

ai,1ai,1
g(i)

∑3n

i=1

ai,1ai,2
g(i)

∑3n

i=1

ai,1ai,3
g(i)∑3n

i=1

ai,2ai,1
g(i)

∑3n

i=1

ai,2ai,2
g(i)

∑3n

i=1

ai,2ai,3
g(i)∑3n

i=1

ai,3ai,1
g(i)

∑3n

i=1

ai,3ai,2
g(i)

∑3n

i=1

ai,3ai,3
g(i)


−1

where g(i)=


σϕ

2 i ≥ 1&i ≤ n
σθ

2 i ≥ n+ 1&i ≤ 2n
σr

2 i ≥ 2n+ 1&i ≤ 3n

(47)

It can be seen that when the deployment scales up (R
increases), ai,j(i = 2n + 1, 2n + 2, · · · , 3n; j = 1, 2, 3)
remains the same as the numerator and the denomina-
tor increases proportionally (refer to (41)) while ai,j(i =
1, 2, · · · , 2n; j = 1, 2, 3) becomes smaller as the value of
the denominator increases faster than that of the numerator.
When R approaches infinity, ai,j(i = 1, 2, · · · , 2n; j =
1, 2, 3) approaches zero. Therefore, the first 2n terms of each
element in (47) can be ignored. If only the range measure-
ments are used for positioning, the Amatrix can be expressed
as:

ATOA =


x − x1
u1

y− y1
u1

z−z1
u1

· · ·

x − xn
un

y− yn
un

z−zn
un


=

 a(2n+1),1 a(2n+1),2 a(2n+1),3· · ·

a3n,1 a3n,2 a3n,3

 (48)

And the covariance can be expressed as:

cov(dp)

=


∑3n

i=2n+1

ai,1ai,1
σr 2

∑3n

i=2n+1

ai,1ai,2
σr 2

∑3n

i=2n+1

ai,1ai,3
σr 2∑3n

i=2n+1

ai,2ai,1
σr 2

∑3n

i=2n+1

ai,2ai,2
σr 2

∑3n

i=2n+1

ai,2ai,3
σr 2∑3n

i=2n+1

ai,3ai,1
σr 2

∑3n

i=2n+1

ai,3ai,2
σr 2

∑3n

i=2n+1

ai,3ai,3
σr 2


−1

(49)

When the first 2n terms of each element in (47) are ignored,
(47) is exactly the same as (49). Hence, the DOP value of the
AOA/TOA combined system is the same as that of the TOA
only system.
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On the contrary, when the deployment scales down
(R decreases), ai,j(i = 2n + 1, 2n + 2, · · · , 3n; j = 1, 2, 3)
remains the same while ai,j(i = 1, 2, · · · , 2n; j = 1, 2, 3)
becomes larger as the value of the denominator decreases
faster than that of the numerator. When R approaches 0,
ai,j(i = 1, 2, · · · , 2n; j = 1, 2) approaches infinity or neg-
ative infinity (ai,3(i = 1, 2, · · · , 2n) are zeros). Then the last
n terms of each element can be ignored. Hence the DOP value
of the AOA/TOA combined system is the same as that of the
AOA only system.

The parameter k also has an impact on the DOP value.
When changing the k value, the impact on DOP is similar
to that of changing the R value but in the opposite way, i.e.
increasing k is equivalent to decreasing R and vice versa. The
details are not discussed here.

VIII. CONCLUSION
For a range and/or angle measurement based positioning sys-
tem, the positioning accuracy is affected by the geometric dis-
tribution of the base stations. DOP is a value that can describe
the effect on the relationship between measurement error and
position determination error. The DOP of the TOA system
or the AOA system has been investigated separately before.
In this article, the DOP of a positioning system combining
TOA and AOA measurements has been investigated under
different scenarios (2D or 3D). Unified formulae have been
derived and the DOP values of several different deployments
of base stations have been examined. It has been shown that
the DOP value is related to the size of the deployment of the
system.When the size of the deployment scales up to infinity,
the DOP is decided by the TOA part of the system, but when
the size scales down to infinitely small, the DOP is decided by
the AOA part of the system. As more AOA based positioning
systems are being developed, a combined system using AOA
and TOA (or TDOA) is likely to be widely used in the near
future. The DOP of the combined system can help to guide
the deployment of the base stations.
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