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ABSTRACT Let R = F, + ulF, + vF,; + wF,, with 2 = u,v? = v,uv = vu, where qg = p™ for
a positive integer m and an odd prime p. We study the algebraic structure of F,R-cyclic codes of block
length (r, s). These codes can be viewed as R[x]-submodules of F,[x]/{x" — 1) x R[x]/{x* — 1). For this
family of codes we discuss the generator polynomials and minimal generating sets. We study the algebraic
structure of separable codes. Further, we discuss the duality of this family of codes and determine their
generator polynomials. We obtain several optimal and near-optimal codes from this study. As applications,
we discuss a construction of quantum error-correcting codes (QECCs) from FyR-cyclic codes and construct

some good QECCs.

INDEX TERMS [ R-cyclic codes, generator polynomials, minimal generating sets, QECCs.

I. INTRODUCTION

One of the important class of linear codes is that of cyclic
codes. These codes have a significant role in the algebraic
coding theory. Since the early 1990’s, following the work of
Hammons et al. [30], linear codes have been studied over
finite rings. The authors in [30] have shown that some classes
of binary non-linear codes can be obtained through so-called
Gray images of linear codes over the ring Z4. Cyclic codes
are among the many classes of codes that are studied the
most. During the last thirty years, researchers have studied
the algebraic properties of cyclic codes and one of their
generalization, constacyclic codes over finite rings.

RifA and Pujol [39] introduced the codes over mixed
alphabets for the first time in 1997. After that, in 1998,
Brouwer et al. [16] considered the mixed alphabets Z, and
Z3 and obtained bounds for the maximum possible size of
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error-correcting codes over mixed alphabets. Since then, sev-
eral scholars have focused extensively on mixed alphabets.
In 2009, Borges et al. [14] continued to explore codes over
mixed alphabets, and they studied Z,Z4-additive codes. The
coordinate set was divided into two parts to study these
codes, the first corresponding to the coordinates over Z, and
the second to the coordinates over Z4. These codes were
defined as subgroups of the group Z5 x Zf. Further, they
determined the standard forms of the generator matrices and
parity-check matrices of Z,Z4-additive codes and obtained
fundamental parameters for these codes. In 2013, the work
of Borges et al. [14] was extended by Aydogdu and Siap [9],
and they introduced the algebraic structure of Z,Z,s-additive
codes. A few years later, Aydogdu et al. [S] generalized
the discussion of ZjZg4-additive codes to ZyZ»,[u]-additive
codes. In this generalization, the authors studied some basic
properties of Z;Z;[u]-additive codes. They determined the
standard forms of generator matrices and parity-check matri-
ces for this family of codes. They also obtained a result which
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TABLE 1. Some optimal and near-optimal codes constructed from cyclic codes Cs over R.

q s g1(x) g2(z) g3(x) g4 () 1p1-Gray images
3 2 12 12 12 11 8,4, 4]

5 2 11 1 1 14 8,4, 4

5 3 4 111 1004 1004 12,3, 8

5 3 4 111 111 111 12,5, 6]

7 3 13 5 16 1006 12,6, 6]

7 3 13 5 16 111 12,7, 5]

3 1 1 1111 1111 10002 16,5, 8]
5 1 11 1111 1243 1342 16,6, 8]

3 1 11 1 12 1212 16,10, 4]
3 5 12 11111 11111 11111 20, 7, 8]~
5 5 14 131 14 14 20, 15, 3]~
5 6 11 1221 1221 141414 24,12, 8
5 6 11 14 14 1324 24,18, 4
3 3 11 11012 102212 110011 32,17, 8]
3 3 11 1011 11012 122 32,21,6)°
5 18 2 12021 2 1 72,65, 3]
5 20 13 1 13 114 80,75, 3]

establishes a relationship between the weight enumerator of
Zo7Zo[u]-additive codes. In 2014, Abualrub et al. [1]
addressed Z,Z4-additive cyclic codes and described their
generator polynomials and minimal generating sets. Further,
they constructed several optimal and MDS codes from their
study. In 2017, Aydogdu et al. [6] studied Z,Z;[u]-cyclic
and constacylic codes. They examined the generators and
minimal generating sets of this family of codes. Further, they
determined the generators of their duals as well.

Using the theory of mixed alphabets, Borges et al. [13]
introduced double cyclic codes over Z; and determined
their generator polynomials and spanning sets. The relation-
ship between generator polynomials of double cyclic codes
over Z, and their duals was established. They also con-
structed many optimal binary codes from their study. Analo-
gously, Gao et al. [24] discussed double cyclic codes over Z4
and studied their generator polynomials as well as minimal
generating sets. They also studied the generator polynomials
of duals of double cyclic codes over Z4 and obtained some
optimal codes from their study. Mostafanasab [38] extended
the structure of double cyclic codes over Z, to triple cyclic
codes over Z; and determined their generator polynomials
along with their duals. After that, Wu et al. [45] studied
triple cyclic codes over Z4 and obtained some new optimal
linear codes over Z4 form their study. In this line, recently,
Dinh et al. [23] discussed cyclic codes over mixed alphabets
and studied their applications in constructing new quantum
codes and LCD codes. Some other studies related to cyclic
codes over mixed alphabets can be seen in [7], [8], [15], [46].

In 2015, Ashraf and Mohammad [2] discussed cyclic codes
over F, + vIF,, and constructed several new quantum codes
from their discussion. In 2016, Ashraf and Mohammad [3]
extended this work and studied the construction of quantum
codes from cyclic codes over R = F, + ulf, + vIF, + uvF,.
Motivated by the study of cyclic codes over mixed alpha-
bets, we look at the structure of IF,R-cyclic codes and their
application in constructing quantum error-correcting codes
(QECC:s, in short).

190050

Compared to traditional computers, quantum computers
are more effective in solving complex issues. The apposite-
ness of QECCs is one of the reasons for its performance.
Research on QECCs has grown enormously since the discov-
ery that there are QECCs that protect quantum information
as traditional error-correcting codes protect classical infor-
mation. Such codes provide an essential way of preventing
decoherence. Sequentially placed, Shor [43] discovered the
maiden QECC. After that, in 1998, Calderbank et al. [17]
studied a construction of QECCs from classical linear
codes and the complete proof of their existence. Using
Calderbank er al. [17] concept, several QECCs have been
constructed from cyclic codes and their generalizations over
finite rings and finite fields [2]-[4], [11], [22].

As an application, we provide several optimal and
near-optimal codes in Tables 1 and 2. Further, several new
QECC:s from IF;R-cyclic codes are also obtained. This paper
is structured as follows: In Section 2, we present basic def-
initions and define IF,R-cyclic codes of block length (7, ).
In Section 3, we discuss the structure of linear codes over R
and an extended Gray map from Fj, x R® to IF;JF‘” is defined.
In Section 4, we study the structure of F,R-cyclic codes.
Further, their generator polynomials and the structure of sep-
arable codes are also discussed. Moreover, we discuss the
minimal generating sets of this family of codes. In Section 5,
we study the duality of FyR-cyclic codes and determine their
generator polynomials. In Section 6, we look at the appli-
cation to QECCs of our study on cyclic codes over mixed
alphabets. We provide some new QECCs from F,R-cyclic
codes in Examples 40 and 41 and several new QECCs are
given in Table 3. In Section 7, we conclude this paper.

II. PRELIMINARIES

Let F; be a finite field, where ¢ = p™ for a positive integer
m and an odd prime p. Then I}, forms a vector space of
dimension r over IF;, under the usual operation. Suppose C; is
a non-empty subset of IF; If C, forms a subspace of ]F;, then
C, is said to be a linear code of length r over ;. The elements
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TABLE 2. Some optimal and near-optimal codes constructed from FgR-cyclic codes.

7 s) [ 7@ @) 7@ 2@ @) 5@ ;-Gray images
3 (3,1) | 1002 11 1 1 12 12 7,2, 4]
3 (3,1) | 111 12 i i i i 7.5, 2"
3 (4,1) | 1212 101 i i 2 12 8,3,4"
3 (4,1) | 102 1 I i i I 8,6,2]
7 (1,3) 16 1 13 15 16 1006 13,6, 6]**
7 (1,3) | 16 i 13 5 16 111 13,7, 5]
5 (3,3) 1004 131 14 111 1004 1004 15,3,10]**
3 (3,3) | 111 12 I 1 i I 15,13, 2]
5 (1,4) 14 1 11 1111 1243 1342 17,6, 8]**
5 (6,3) 141414 13013 1 111 111 111 18,7, 6]**
3 (2,4) | 102 12 12 1 1 I 18,15, 2]
3 (4,4) 1212 112 1 12 12 12 20, 14, 4]*
TABLE 3. New quantum codes from cyclic codes Cs over R.
s g1(x) g2(x) g3(x) ga(x) New QECC Existing QECC
5 14 131 14 14 20, 10, 3][5 25,9, 3]]5 (tef. [23])
10 121 14 1 i1 10, 30, 3]5 10, 28, 3][5 (tef. [23])
15 13 15 13 12412 60, 46, 3||7 60, 36, 2||7 (ref. [22])
18 12 12021 12 11 72,58, 3||3 72,48, 2||3 (ref. [4])
20 13 11 13 114 80,70, 3||5 80, 56, 3||5 (ref. [23])
24 15 152 14 12 96, 86, 3||7 96, 78, 3||7 (ref. [12])
30 11 11 111 121 120, 108, 3]|s 120, 96, 3|]5 (ref. [22])
36 1 1 101 11011 144,128, 3]]3 144, 36, 3]3 (ref. [29])
45 14 12321 14014014 1001001 180, 144, 3||s 180, 108, 3||5 (ref. [29])
78 13 14 1191 11 312,300, 4]]13 312,288, 3]|13 (ref. [22])
90 14056 12 141456411 13026064 360, 320, 4]|7 360, 288, 2]|7 (ref. [29])
of C, are called codewords. If a = (ag, a1, ...,a,—1) € C,, Throughout this paper, we denote R = Fy + ulF; + vIF, +

then the number of non-zero components of a is called the
Hamming weight of a, denoted by wg(a). We define the
Hamming distance between two codewords a,a’ € C as
dy(a,d) = wg(a — d). The minimum Hamming distance
of C is defined as dy (C) = min{dy(a,d) |a #d';V a,d €
C}. The Euclidean inner product of a = (ag, ay, ..., ar—1)
anda’ = (ay, a},...,a._))in IE‘; is defined as usual a - a’ =
apay+aiay+- - -+a,_1a,_,. Further, the dual of C, is defined
asCi-={a' € |a-a' =0, Vae ().

A linear code C, of length r over F, is said to be a
cyclic code if for any a = (ag,ay,...,a,—1) € G, its
cyclic shift r(a) := (ar—1,a0,...,a,—2) € C,. We can
associate each codeword a = (ag, ai, ..., ar,—1) € C, with
a polynomial a(x) = ag + arx + --- + ap_1x"1 e gﬁljjy
From this polynomial identification, we get that the code C,
is a cyclic code if and only if its corresponding polynomial

identification forms an ideal of the ring Note that,

{ . 1)
x"=1)"
53?1]) is a principal ideal ring, so there is a monic polynomial

fx) e EfECI] of smallest degree in C, such that C, = (f(x))
with f(x) | (x" — 1). If the polynomial f(x) has degree n — k,
then the set {f(x), xf (x), - - - ,xk_lf(x)} forms a basis of C,
with dimension k.

The concept of cyclic codes and their properties can also be
extended over finite commutative rings. Suppose R is a finite
commutative ring, then a linear code C; of length s over R is
an R-submodule of R®. Now we extend this study of cyclic

codes from single alphabets to mixed alphabets.
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uvlF, with w? = u, v = v, uv = vu, where q is power of an

odd prime number. We define
F
R, = q[x]
T =1)

R[x]
(x* =1)

and
F,R={(d1,d>) | di € Fy, dy € R}.

Under the usual addition and multiplication, the set I, R
forms a ring. Consider an element e = a+ub+vc+uvd € R,
we define n : R —> [, such that n(e) = a. We can see
that 7 is a ring homomorphism. For any e € R, the R-scalar
multiplication on FyR is defined as follows

- Rx F4R —> F R such that e - (dy, d2) = (n(e)dy, da).

This multiplication can be extended componentwise to
]F; X R¥as-: R x (IFZ X RY) —> IF; x R® such that

e-C= (n(e)aO’ n(e)ala crt n(e)ar—la gb()’ eb] LA EbS—l)’

for any e € R and ¢ = (ag, ai, ..., ar—1,bo, b1,...,bs_1) €
[, x R*. We see that Fj x R® forms an R-module from this
multiplication.

Now we provide the definition of linear codes and cyclic
codes over mixed alphabets.

Definition 1: A non-empty subset C of Fj x R* is said
to be a FyR-linear code of block length (r,s) if C is an
R-submodule of F, x R®.
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Definition 2: Let C be a FyR-linear code of block length
(r,s). Then C is said to be a FyR-cyclic code, if for any

¢ = (ap,ai,...,ar-1,b9,b1,...,b5_1) € C, its cyclic
shift p(e) = (ar-1,4a0,a1,...,a,-2,bs_1,bo, b1,...,
bs_») e C.

: : / / ! / / /
We can identify any element ¢’ = (ag,aj,...,a._;, b b,

b)) e [}, x R® with an element of c'(x) € Ry, where

) = (ay+dyx +---+a_x
by +bix + -+ b x*h.
For ease of the notation, we denote ¢'(x) = (d'(x), b'(x)).

With this identification, we get a one-to-one correspondence
between the elements of IE‘[’I X R’ and R, ;. We define a mul-
tiplication of any element #(x) = fo + 1 x + - - - + ts_1x01 e
R[x] with the element ¢/(x) = (d'(x), b'(x)) € R, s as follows.

1(x) * (d'(x), b'(x)) = (n(t(x))d’ (x), 1) (x)),

where n(t(x)) = n(to) + n(t)x + - - - + nts—1x®~1. We can
see that R, ; forms an R[x]-module under the usual addition
and multiplication .
Suppose ¢'(x) = (ay + djx + - - -
-+ b1 € R, , then

+ a’rflx’_l, by + b\x +

+d X" b  byx
4+t b;_sz—l)’

xx(xX)=(d,_, +apx+ -

corresponds to the element (a,_,,a,....d,_,.b,_,, b,
b)) € IE‘; x R*, which is a cyclic shift of ¢/ =
(ag. dy,....d,_, by, by, ..., b,_,) the corresponding ele-
ment of ¢/(x). The next result is obtained from this argument.
Theorem 3: A linear code C is a F R-cyclic code of block
length (r, s) if and only if C is an R[x]-submodule of R, ;.

lll. LINEAR CODES OVER R AND GRAY MAP ON FgR
In this section, we present the orthogonal idempotent decom-
position of the ring R and then the structure of linear codes
from this decomposition is discussed. A Gray map on R is
defined and some properties of this map are discussed. Fur-
ther, we extend this map on [FyR.

Let A, Ay, A3, A4 be codes. Then we denote

4
AISA®A @A =) ailaicA, i=1,234).
i=1
Consider any element e = a + ub + vc + uvd € R. This
element can be uniquely expressed ase=§&a+ .‘;:zb + égc +
§4d where a, a, b, b c, ¢ d, d € Iy, such that a = a, b=
a+b, c=a+c, d—a+b+c+dand

Eil=1l—u—v+4+u, & =u—u, &=v—uy,
&4 = uv.
It can be easily seen that 51.2 = &, && = 0 fori,

j = 1,2,3,4; i # jand Z?:l & = 1. Hence, we get
R =&§R®&EHR D ER D E4R and we can see that any element
e € R canbe written uniquely as e = &1e] +&xer+Ee3+Eeq,
where ey, e3, e3,e4 € .

190052

1 1 1 1
-1 1-1
Let M = 1 1—-1-1 . Now a Gray map on R such
1-1-1 1
that v :R—>]F3 is defined as
Vi(e) = (e1, e2, €3, e4)M;.

For convenience, we denote (eg, €3, €3, e2)M| by eM|, where
e = &1e1 + &ex + ez + £eq. This map can be extended
componentwise from R® to F‘;X as follows.

YR —> ng
given by

/ / / / / /
(eg. €1, ... e ) —> (egMy, e\ My, ..., e, M) =eMy,

where e = (e, €}, ...,e,_|) € R°ande; =&1e;1 +& ein+
&3eiz+&seiafori=0,1,...,5— 1. The Lee weight of any
element e; = &1¢;1 + & €2 + &3¢, 3 + &4 ;4 € Ris defined
as wr(e}) = wu(yi(e)) = wy(e;My), where wy denotes
the Hamming weight over IF,. Further, we define the Lee
distance between any two elements e = (e, €},..., e, ;)
and e’ = (e, e],....e]_|) e R°asd(e.e¢)=wr(e—¢) =
wr (Y1(e —€)).

Suppose we have a linear code Cj of length s over R. Then
we define

Cs1 = {er € Fy | §1e1 + &2e2 + &3e3 + Eseq € G
for some e;, e3, e4 € ]F;},

Cs2 = {e2 € Fy | §1e1 + &2€3 + £33 + a4 € Cs
for some ey, e3, e4 € ]Fil},

Cs3 = {ez € Fy | §1e1 +&2ex + £3e3 + seq € C
for some ey, €3, €4 € ]Ff]},

Csa = {es € Fy | §1€1 + &2e2 + £3e3 + Eseg € C
for some eq, e;, e3 € Ffl}.

Therefore, C;; are linear codes of length s over F,, for
i =1,2,3, 4. Further, we get that C; can be uniquely written
asCy =61 Cs1 @& Cso D83 Cs 3 DE4 Cog.
Some properties of the Gray map 1 are discussed in the
next result.
Proposition 4: Let {1 be the Gray map defined above.
1) Then ry is a Fy-linear map which preserves distance
from R® (Lee dzstance ) to IF4S (Hamming distance).
2) IfCsisals,q ki dp ] linear code over R, then yr1(Cs) is
a [4s, k1, dy] linear code over ¥y, where d, = dp.
Proof: (1.) Suppose ¢ = (ej, €},...,¢, ;) and & =
(eg-€f,....€;_)) € R, where ¢; = £&e;1 + & ein +
Eei3 t & eigand ef = &ief ) + & ¢ ) + &els +Ea €]y
fori=0,1,...,s — 1. Then we have

Vie+€) = ((ey +ep)My, (¢ + M, ...,
(e;_l +€;/_1)M1)
= (66M1, e/lMl, ey egflMl)
+(€6M1, e/l/Ml, cey e;/_lMl)
= y1(e) + ¥1(e),
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and for any § € Fy, e = (e, €}, ..., e, ) € R®, we get

Vi(8e) = (SegMy, 8e\ M1, ..., 8¢, M) = §yri(e).

Thus, ¥ is a F,-linear map. Further, we have dy(e,e') =
wr(e —€) = wp(Yi(e — ) = wy(Yi(e) — Yu(€) =
du(y1(e), Y1(e"). Hence, ¥ is a Fy-linear map which pre-
serves distance.

(2.) Since y is a distance preserving [F-linear and bijec-
tive map, then we can conclude that 1 (Cy) is a [4s, k1, dy]
linear code over F,,. O

Next we extend this Gray map on [F,R and discuss some of
its properties.

Any element (m,e) € FyR can be written as (m,e) =
(m, &1e1 + &2e0 + &3e3 + &4e4). Define a Gray map from F R
to Fg as

¥y FyR — IFS
given by
Vi(m, e) = (m, Yr1(e)) = (m, eMy).

As above, this Gray map can also be extended on IF; X R* as
follows.

2 :IE‘; X R — F;+4S
given by

7e;_l) i (m()’mla ]
) e;_1M1)9

/ /
(mo, my, ..., my_1, €y, €, ...

/ /
my_1, egMy, e] My, ...

where (mo, m1, ..., m,_1) € F/ (ey. €}, ..., e,_,) € R°,and
e; = &1 ej1+6rein+E3 ei3+E4ei4 € Rfori=0,1,...,5—1.

Similar to [46], we define the Lee weight of any element
(m,e) € IF(’] x RS as wy(m, e) = wgy(m) + wy(e), where
wy denotes the Hamming weight over F, and w, denotes the
Lee weight. Further, we define the Lee distance between any
two elements t;, t; of IE‘Z X R¥ asdp(t, tp) = wr(t; —tp) =
wr(W1(t — ) = dg(V1(ty), ¥i(t2)).

Proposition 5: Let V| be the Gray map defined above.

1) Then Vi is a Fy-linear map which preserves distance
from ]F; X R (Lee distance) to ]P‘;+4S (Hamming dis-
tance).

2) If C is a FyR-linear code of block length (r, s) with
IC| = qk, then W (C) is a [r + 4s, k, dg] linear code
over Iy, where d, = dy.

Proof: (1.) Lett; = (m,e), t; = (m', ¢') € Fy < R®,
where

come_y), m' = (my,my, ... ,m._) el
1 S
.e_1) ER.

m = (mo, my, ..

e= (e €, ....e_), € =(e e, ...

Then we have
Uit +t) = m+m', () + eg)My, (¢) + €)M, ...,
(6;_1 +€;/_1)M1)
= (m, e6M1,e'1M1,...,e;_1M1)
—l—(m’,eSM],e'l’M],...,e;'_lMl)
= W(t)) + Vi(t),

VOLUME 8, 2020

and W(rit)) = (rym, ry egMy, r1 e\My, ... 1 e, M) =
r1¥i(ty), where ry € F,. Thus, ¥, is a [F;-linear map.

As W is a Fy-linear map, we get dp(t;, t2) = wr(t; —
) = wg(W1(t; — t2)) = dg(W1(ty), Wi(t2)). Hence, Wy is a
IF,-linear map which preserves distance.

(2.) Since ¥ is a distance preserving F,-linear and bijec-
tive map, then we can infer that W{(C) is a [r + 4s, k, dy]
linear code over IF,,. O

IV. THE STRUCTURE OF [FgR-CYCLIC CODES

This section is dedicated to the discussion of the algebraic
structure of [F;R-cyclic codes of block length (7, s5). We deter-
mine their generator polynomials as well as minimal gener-
ating sets.

Before determining the generators of IF,R-cyclic codes,
we first present the structure of cyclic codes over R discussed
by Ashraf et al. [3] as follows.

Lemma 6 [3, Lemma 3.3]: Let C; = §1Cs,1 @ £§2C52 @
&3C; 3 @ £4C; 4 be a linear code of length s over R. Then C;
is a cyclic code if and only if Cs ; are cyclic codes of length s
overFy, fori=1,2,3,4.

The generators of a cyclic code C; are given in the next
result.

Theorem 7 [3, Lemma 3.5]: Let C; = £1C51 @ £&2C50 @
£3C5 3 D E4Cy 4 be a cyclic code of length s over R and Cs ; =
(gix)) fori=1,2,3,4. Then Cy = (g(x)) and g(x) | (x*—1),
where g(x) = &181(x) + £282(x) + &383(x) + £184(x) with
gi(x) | &% — 1). Moreover, |Cs| = q4s_2?:1deg(g"(x)).

Now by using the results studied in above discussion,
we present the algebraic structure and generator polynomials
of F,R-cyclic codes.

As we have Z?:l & =1, then for any t; = (m, e) € F, x
R, we gett] = (Z?zl &m, e) € Iy, x R°, where m € F} and
e=¢&1e; + &er + Eze3 + £4e4 € R®. We define

Ci ={(m,e) e FZ X Fi] |meF!, e €Cs1},
C,={(m,ep) e F xF |meF, e e Csol,
C3; = {(m, e3) € IFg X IE‘q | m e IE‘q, e3 € Cs 3},

Cy = {(m, ey) € IF; X IF; |m e IF; eq € Csa}.
Therefore, C; are linear codes of block length (r, s) over Fy,
fori = 1,2,3,4. Hence, any FyR-linear code C of block
length (r, s) can be uniquely written as C = £;C; @ £&C> @
&3C3 @ £4Cy.

The next result is obtained from the above discussion.

Theorem 8: Let C = & C1@&ECrDE3C3DE4Cy be aFyR-
linear code of block length (r, s). Then C is a FyR-cyclic code
ifand only if C; are cyclic codes of block length (r, s) over IFg,
fori=1,2,3,4.

Proof: Let t; = (mo, my, ..., m._1,¢ey,€},...,€,_|) €

C, where ¢/ = &1 ;1 + &ei2 + & €3 + &4e4 € R for
i=0,1,...,5s—1.Then

(mo, my, ..., my_1,€0,1,€1,1,--.,€5—1,1) € Ci,

(mO’mlv .. '1mr—1s 80,2961,27 ey eS—l,Z) € CZ’

(mo, my, ..., my_1,€03,€13,...,e5-13) € C3,

(mo, my, ..., my_1,€04,€14,...,€5-14) € Cy.
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Now suppose C is a F,R-cyclic code of block length (r, s),

then by definition we get p(t;) = (m,—1, mo, my, ..., my_2,
e _.ep €, ....e. ) eC.
Therefore,
(my—1,mo, ...,mp—3, €511, €01, - -.,€s-2,1) € CI,
(my—1,mo, ...,my—3,€5-12,€02,...,€-272) € C2,
(my—1,mp, ..., M2, €5-13,€03,...,€5-23) € C3,
(my_1,mo, ..., My_2,€5_14,€04,...,e5-24) € Cs.

Hence, we get C; are cyclic codes of block length (7, s) over
Fy,fori=1,2,3,4.

Conversely, by following the similar steps as above we get
the result. U

In the next result, the generator polynomials of IF,R-cyclic
codes are determined. Using such polynomials, we will study
the minimum generating sets as well as the size of this family
of codes. Now onward, we consider that the block length of
FyR-cyclic codes is (r, s).

Theorem 9: Suppose C is a F, R-cyclic code of block
length (r, s). Then

C = ((f(x),0), (€(x), g(x))),

where f(x), £(x) € Fylx]/(x" — 1), f(x) | " — 1), g(x) =
§121(x) + &282(x) + &3g3(x) + Eaga(x), g(x) | (x* — 1) and
gi(x) € Fylx]with gi(x) | x* = 1), fori =1,2,3,4.
Proof: Note that both C and i ;f.[f]l) are R[x]-submodules
of R, 5. Consider a map ® as follows
RI[x]

(s =1)

®:C —

given as

O(p(x), g(x)) = g(x).

We can see that ® is an R[x]-module homomorphism and
®(C) forms an ideal of the ring ;E[f]l . Then by Theorem 7,

we get O(C) = (g(x)). Also Ker(®) = {(p(x),0) € R, |
(p(x), g(x)) € C}. Define a set [ as

I = {p(x) € Fylx]/(x" — 1) | (p(x), 0) € Ker(©)}.

In the ring Fy[x]/{(x" — 1), I is simply an ideal, and thus
I = (f(x)) with f(x) | (x" — 1). Now, for any element
(p(x),0) € Ker(®), we get p(x) = (f(x)), which implies
px) = A(Xx)f(x) for some A(x) € Fy[x]/(x" — 1). Thus,
(Px), 0) = A(x) *(f(x), 0). So we get Ker(®) is a submodule
of C, and generated by (f(x), 0). Now, by the first isomor-
phism theorem, we get

Ker(®) = (g(x)).

Suppose (£(x), g(x)) € C, then
O(x), g(x)) = g(x).

Thus, (f(x), 0) and (£(x), g(x)) generate any IF,R-cyclic code
as an R[x]-submodule of R, ;. In other words, we can say that
C = ((f(x), 0), (£(x), g(x))), where £(x) € Fylx]/{x" —1). 0]
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Lemma 10: Suppose C = ((f(x),0), (£(x), gx))) is a
FyR-cyclic code of block length (r, s). Then deg(£(x)) can be
reduced so that deg £(x) < deg(f (x)).

Proof: Let deg(£(x)) > deg(f(x)) and suppose

deg(£(x)) — deg(f (x)) = i. Now consider

C = {(f(x), 0), (L(x) — x'F (x), g(x))).
Note that

(£(x) — X'f (x), g(0)) = (E(x), g(x) — x" » (f(x), 0),

this implies C' C C.
On the other hand, we have

(£(x), g(x)) = (£x) — x'f (x), g)) + x' % (f(x), 0),

this implies C € C’. So we have C = C’. Thus, the degree
of £(x) can be reduced. Hence, the result follows. O

Hereafter, by Lemma 10, for any code C = ((f(x), 0),
(€(x), g(x))), we will assume without loss of generality that
deg(£(x)) < deg(f(x).

In Theorem 9, we have C = ((f (x), 0), (£(x), g(x))), where
J @), Ux) € Fylx], g(x) = &181(x) + §282(x) + &3g3(x) +
£484(x) with gi(x)hj(x) = x* — 1, for some h;(x) € F,lx],
i=1,2,3, 4. From these conditions, the next useful result is
obtained.

Lemma 11: Suppose C = {((f(x),0), £(x), g(x))) is a
FyR-cyclic code of block length (r, s). Then f(x)|h1(x)€(x).

Proof: From Theorem 7, we get

(E1h1(x) + &Eho(x) + E3h3(x) + E4ha(x)) * (£(x), §181(x)
+&g2(x) + &383(x) + £484(x))
= (h1(x)£(x), 0).

Then (k1 (x)€(x), 0) € Ker(®), this implies f(x)|hy(x)¢(x). O

The next corollary is obtained from Lemma 11.

Corollary 12: Suppose C = ((f(x),0), (L(x), g(x)))
is a FyR-cyclic code of block length (r,s). Then
JO)lh1(x) ged(f (x), £(x)).

The generator polynomials of IF,R-cyclic codes have been
obtained in our above discussion. Now we study separable
codes and determine their generator polynomials.

Suppose C is a FyR-cyclic code of block length (r, s),
consider C, and Cj are the projections of C on first r coor-
dinates and last s coordinates, respectively. Then clearly C,
is a linear code of length r over I, and C; is a linear codes
of length s over R. If C is the direct product of C, and Cs,
i.e., C = C, x Cy, then C is called a separable code.

Using the result obtained in Theorem 9, we now discuss
the algebraic structure of separable codes.

Lemma 13: Suppose C = ((f(x),0), (£(x), g(x))) is a
FyR-cyclic code of block length (r, s). Then

Cr = (ged(f (x), £(x))), Cy = (g(x)).

Proof: Consider p1(x) € C,, then for some polynomial
p2(x) € R[x]/{x* — 1) we have (p(x), p2(x)) € C. It follows
that there exist two polynomials A1 (x), A2(x) € R[x] such that

(P1(x), p2(x)) = A1 (x) * (£ (x), 0) + A2(x) * (£(x), g(x)).
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This implies pi(x) = n(A1(x)f (x) + n(A2(x))€(x), and
therefore, gcd(f(x), 4(x)) | pi(x). Hence, pi(x) €
(gcd(f(x), £(x))), this implies C, € (gcd(F(x), £(x))).

On the other hand, for some polynomials A} (x), 15(x) €
Fylx], we get

ged(f (x), £(x)) = A7 (0f () 4+ A5(0)€(x).
Then

(ged(f (x), £(x)), A5(x)g(x))
= A (x) > (F(x), 0) + A5(x) * (£(x), g(x)) € C,

this implies (gcd(f(x), £(x))) < C,. Therefore, we get
C, = (ged(f (x), £(x))). Other part can be proved in a similar
manner. [l
Lemma 14: Suppose C = {((f(x),0), (€(x), g(x))) is a
FyR-cyclic code of block length (r, s). Then f(x) | £(x) if and
only if £(x) = 0.
Proof: If £(x) = 0, then its obvious that f(x) | £(x).
Conversely, let us consider that f(x) | £(x), then £(x) =
A1(x)f (x) for some polynomial A1(x) € F,[x]. Suppose

C" = ((f(x),0), (0, g(x))).

On the one hand, we get

(0, 8(x)) = (£(x), g(x)) — A1(x) * (f(x), 0) € C,

this implies, C’ € C. On the other hand,

(0(x), g(x) = 1 (x) % (f(x), 0) + (0, g(x)) € C',

this implies, C C C’. Thus, we get C = C’. Therefore,
we conclude that £(x) = 0. O
We obtain the following result from Lemmas 13 and 14 for
a [F;R-cyclic code to be a separable code.
Theorem 15: Suppose C = {((f(x),0), (€(x), g(x))) is a
FyR-cyclic code of block length (r,s). Then the following
affirmations are equivalent:

1) C is a separable code;

2) f) ] &),

3) G = ({f(x), Cs = (g(x));

4) C = ((f(x),0), (0, g(x))).

Proof: From Lemmas 13 and 14, the proof follows
immediately. O

From above discussion about separable codes, We get the
result below.

Theorem 16: Let C be a FyR-linear code of block length
(r,s). Then C is a separable F4R-cyclic code if and only if
C, and Cy are cyclic codes of length r and s over F,; and R,
respectively.

Proof: Suppose C is a separable F,R-cyclic code
and (mo,mp,...,my_1,¢€,€),...,e,_) € C, where
(mo,my, ....,my_1) € Cy,(ey.€),...,e, ) € Cs. As Cis
a [F R-cyclic code, then we have

/ / / /
(mrflam()’m]’ "~7mr72765_1’607el?'~'a€s_2) € Ca
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which implies (m,_y, mg,my,...,m,—2) € C, and
(¢._y, ey €}, ..., e._,) € Cy. Therefore, C, and Cy are cyclic
codes of length r and s over I, and R, respectively.

On the other hand, suppose C, and C; are cyclic
codes of length r and s over F, and R, respectively. Let

/ / / !/ /! /!
(mg),ml,;..,mr_}) e G, (eo,e//l, e e; ) ”e C,, then
(m._,,my,...,m,_5) € Cp, (€_|, €y ..., 5) € Ci.
Therefore,

/ / / /! /! /!

M, _y,mpy, ..., M, _5, € 1,€y,...,€5) € Cr x Cy=C.
Thus, C is a separable F,R-cyclic code. ]

In our above discussion, we have studied the algebraic
structure of FyR-cyclic codes. We have determined their
generator polynomials and studied the structure of separable
codes also. Now, by using the result obtained in Theorem 9,
we study minimal generating sets of F,R-cyclic codes.

From the ring homomorphism 7, defined in Section 2,
we have n(§1) = 1,n(82) = n(&) = nés) = 0. We will
use these facts in the proof of the following result.

Theorem 17: Let C = ((f(x), 0), (£(x), g(x))) be a FyR-
cyclic code, where f(x)k(x) = x" — 1, g(x) = &g1(x) +
£§282(x) + &3g3(x) + &484(x) with gi(x)hi(x) = x* — 1 for
some hi(x) € Fylx], i=1,2,3,4.

Let

deg(k(x))—1
si= U
i=0
deg(hy(x))—1
= U
i=0
deg(hy(x))—1
S3 = U
=0
deg(h3(x))—1
ss=
i=0
deg(hg(x)—1

ss= |

i=0

' % (F (), 0},

' * (£x), E181 00},
(% (0, £282(x))},
{x % (0, £3g3(x))},

{x" % (0, £4g4(x))}.

Then § = U?:l S; forms a minimal generating set of C.
Furthermore, C has ¢* codewords, where k = deg(k(x)) +
Yo deg(hi(x)).
Proof: Let ¢’(x) € C. Then for some polynomials
mi(x), mp(x) € R[x] we have
¢"(x) = m(x) * (f (x), 0) 4+ ma(x) » (£(x), &181(x)
+6282(x) + £383(x) + 6484(x)).
Letmi(x) =ty +t1x +-- -+ 1,x% where t; = & a; + &2b; +
&3 ci+&d;,i=0,1,---, o Then we have
mi(x) = E1(ao + arx + - - + agx®) + &2(bo + brx + - -
+bex®) +&(co + c1x + - - 4+ cax®)
+&(do +dix + -+ + dox®)
= &1a(x) + &2b(x) + &3¢(x) + §4d (x).
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Now,

my(x) * (f (x), 0)
(§1a(x) + &20(x) + &3¢(x) + §4d (x)) * (f (x), 0)
a(x) = (n(&1)f (x), 0)
= a(x) * (f(x), 0).
If deg(a(x)) < deg(k(x)), then a(x) »~ (f(x),0) €
Span(S;). Otherwise, by division algorithm, we have a(x) =
k(x)qo(x) + ro(x) for some polynomials go(x), ro(x) € Fy[x]
with rg(x) = 0 or deg(rp(x)) < deg(k(x)). Therefore,
a(x) x (f (x), 0) = (k(x)go(x) + ro(x)) * (f (x), 0)
= k(x)go(x) * (f (x), 0) + ro(x) * (f (x), 0)
= 0+ ro(x) = (f(x), 0).
Thus, we get rp(x) = (f(x), 0) € Span(S1). Hence, we have
a(x) * (f(x), 0) € Span(S7). Now we only need to prove that
my(x) * (€(x), E181(x) + E282(x) + §383(x) + §484(x))
€ Span(S1 US> U S3 US4 U Ss).

Let ma(x) = tg + 1{x + - - - + 1pxP, where 1] = §1a} + &b +
&3¢, +&4d],i=0,1,---, B. Then we have
ma(x) = E(a) + dyx + -+ + dpxP) + E2(b) + Dix + -+
+b:3xﬁ) + %‘3(66 + c/lx + -4 c},xﬁ)
FE(d)+dix + -+ dpxP)
= £1d'(x) + £b'(x) + &3¢/ (x) + &1 (x).

Now,

my(x) * (£(x), §181(x) + §282(x) + §383(x) + §484(x))
= (£1d'(x) + £b'(x) + &3¢/ (x) + £4d'(x))
* (£(x), E181(x) + &282(x) + &383(x) + 484(x))
= d'(x) % (£(x), £181(x)) + b'(x) » (0, £282(x))
+¢'(x) % (0, £383(x)) + d'(x) * (0, £484(x)).
If deg(b'(x)) < deg(hy(x)), then b'(x) * (0,&g2(x)) €
Span(S3). Otherwise, by division algorithm, we have b'(x) =
h>(x)q1(x) + r1(x) for some polynomials g;(x), ri(x) € R[x]
with r1(x) = 0 or deg(r1(x)) < deg(ha(x)). Therefore,
b'(x) % (0, £222(x)) = v(h2(x)q1(x) + r1(x)) * (0, £282(x))
= ha(x)q1(x) * (0, §282(x))
+r1(x) * (0, §282(x))
= 04 ri1(x) x (0, §282(x)).
Thus, we get r1(x)*(0, & g2(x)) € Span(S3). Hence, we have
b'(x) % (0, £2¢2(x)) € Span(S3). Similarly, we can get ¢/(x) *
(0, &3g3(x)) € Span(Ss) and d’'(x) % (0, £4g4(x)) € Span(Ss).
Now, consider a'(x) * (£(x), &1g1(x)). If deg(d'(x)) <
deg(h;(x)), then d'(x) x (£(x), &1g1(x)) € Span(S,). Other-
wise, by division algorithm, we have a'(x) = hj(x)g2(x) +

ra(x) for some polynomials ga(x), ra(x) € R[x] with ry(x) =
0 or deg(r2(x)) < deg(hy(x)). Therefore,

d'(x) % (£(x), E181(x))
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= (h1(x)g2(x) + r2(x)) * (£(x), £181(x))
= h1(x)g2(x) x (£(x), £181(x)) + ra(x) * (£(x), E181(x))
= g2(x) x (M (x)€(x), 0) + r2(x) * (£(x), E181(x)).

Clearly, we get ra(x)) = (£(x),&1g1(x)) € Span($?).
From Lemma 11, we have f(x) | hj(x)€(x) which implies
q2(x) * (h1(x)€(x),0) € Span(Sy). Thus, we get a'(x) *
(£(x), £1g1(x)) € Span(S; US»). Hence, we infer that ¢’ (x) €
Span(S1 U S2 U §3 U S4 U S5). Clearly, the elements in
Span(S; US> US3US4USs) are R-linearly independent. Thus,
we conclude that § = Ule S; forms a minimal generating
set of C as an R-submodule and C has ¢* codewords, where
k = deg(k(0) + Y4, deg(hi(x)). O

To illustrate our results discussed above, we now present
an example.

Example 18: Letg = 5,r = 3 and s = 3. Suppose C =
((f(x), 0), (£(x), E181(x) + E282(x) + &383(x) + &4g4(x))) is a

FsR-cyclic code of block length (3, 3), where
f(x) =1+x+x2,
g1x) = g2(x) =x +4,
g3(x) = ga(x) = 1 +x +x7,
£(x) = 1.

Furthermore, we can determine the polynomials /;(x) for i =
1,2, 3, 4 as follows.

g1 (x) = g2(N)ha(x) = x* — 1

= h(x) =h(x)=1+x+x2,
g3(0h3(x) = ga(0)ha(x) = x* — 1

= h3(x) = hy(x) =x + 4.

By Theorem 17, C has the following generator matrix G.

1 1 1 0 0 0
1 0 0 & 4 0
0O 1 0 0 §& 4&
G=1]10 0 0 & 4& o |1,
0O 0 0 0 & 45
0 0 0 & & &
0 0 0 & & &
Moreover, |C| = 5. ([l

V. DUALITY OF FgR-CYCLIC CODES
This section is dedicated to the discussion of structural prop-
erties of dual of F,R-cyclic codes. We determine the relation-
ship between the generators of F,R-cyclic codes and their
duals. Recall, throughout the paper, we suppose the block
length of FyR-cyclic codes is (r, ).

Let ¢ = (ag,a1,...,a,-1,bg,b1,...,bs_1) and ¢ =
(ag. ay,....d._, by, by, ....b_|) € IF; x R°. Then the
inner product is defined as follows.

r—1 s—1

c-cd=§& Zaia;—kijb} €R.

i=0 j=0
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Definition 19: If C is a FyR-linear code, then its dual code
Ct is defined as

={ceF, xR |c-¢=0,YeeC}.

C is called self-dual if C+ = C and self-orthogonal if
ccch
In the next result, we present a relationship between
[F4R-cyclic codes and their duals.
Lemma 20: If C is any F,R-cyclic code of block length
(r,s), then C*isalsoa FyR-cyclic code of same block length.
Proof: Let C be a FyR-cyclic code and ¢ =

(ao, ai, ..., ar—1,bo, b, ..., bs_1) € C+. We need to show

that p(e) = (a,_1, a0, - - ., ar—2, bs_1,bo, ..., bs_2) € C*.

Since ¢ € C*, for any ¢ = (ag. dy,....d,_y, by, by, ...,

b,_) e C,wegetc-c¢ = 0.Now, letm = lcm(r s) and
|

pPTNC) = (d),d)y, ..., d._ |, ay, b, b, b b)) =

d. Then p™(c¢’) = ¢’. Since the code C is a F,R-cyclic code,
then d € C. Therefore,

O=c-d= %‘1(aoa/1 +a1a/2 +--- +ar_1a6)
+ (boby + bibs + -+ - + by_1bp)
= &(ar—1ag + aod) + -+ + a,_2a,_;)
+ (bs—1by + boby + - - - + bs_2b’._;)
= p(c) - ¢
Thus, we have p(c) € C L. Hence, C* is also a FyR-cyclic
code of same block length. 0

In the above result, we have seen that the dual of a F,R-
cyclic code C is also a [FyR-cyclic code, then we denote

= ((F(). 0), ((x). £181(x) + E282(x)
+£383(x) + £4ga(x)))

Where g,(x)h(x) = x¥—1in R[ ] fori = 1, 2 3,4,
f(x) K(x) € ]F /(x -1 w1thf(x) | (x" = 1), deg(@(x)) <
deg(f(x)) andf () | A ().

Throughout the paper, we consider m = lcm(r, s), and
the reciprocal of a polynomial p(x) is denoted by p*(x) =
xdeg(p(x))p(x—l).

Definition 21: Let t1(x) = (m(x),e(x)) and th(x) =
(m/(x), €'(x)) be two elements of R, 5. Define a map

e Ry xRy — Rlx]/(x™ = 1)
such that

o(11(x), 12(x))
-1

)C
= Eymx)m'™ (x)x™degln’ ()1 :

+ e(x)e’* (x)x M deg@ @)1 X—Y
o

m_ 1))

(mod (x

The map e is a bilinear map between R[x]-modules.
For more details about the Definition 21 one can see
[13, Definition 3]. Now onward, for convenience, we denote
o(11(x), 12(x)) by £1(x) @ 2(x).

Proposition 22: Lett| andt, € ]F;
let H(x) = (m(x), e(x)) and tr)(x) =

X RS be two vectors and
(m'(x), € (x)) be their
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associated polynomials. Then, t| is orthogonal to t and all
its shifts if and only if

t1(x) e tr(x) = 0.

Proof: Let ty = (mo,my,...,my_1,€p,€\,...,€_})
a(n)d ty = (my, m’l coaml_yLegel, ., e;’_l) Assume that
! / / /
t (my_;,my_,....m__. e e, ....el |_;)isthe
cychc shift of t,, where i = 0,1,2,...,m — 1. Then
t1 (l) = 0 if and only if

lema . Z+Ze;ee:é =0

LetB; =& ), Omam(/x Z+ZI3 _o¢ges_;- Then we get

r—1r—1

m— —a
) E mama aX

a=0a=0
s—1 v 1
o —1-b
) Cpep X"
b=0 =0

lem 1—-i

11(x) e 12(x) = & (

(mod (x™

—1).

Il
.Mg A

Il
=}

1

Hence, #1(x) @ t2(x) = O if and only if B; = 0, fori =
0,1,...,m—1. O

We get the next results from the above discussion, that
will be used in determining the generator polynomials of dual
codes.

Lemma 23: Let t1(x) = (m(x), e(x)), t(x) =
(m/(x), €'(x)) € R, 5 such that t;(x) e r3(x) = 0. Ife(x) = 0
or €' (x) = 0, then m(x)m™(x) = 0 (mod (x" — 1)) over F,.
Respectively, if m(x) = 0 or m'(x) = 0, then e(x)e’*(x) = 0
(mod (x* — 1)) over R.

Proof: Let e(x) = 0 or €'(x) = 0. Then

m

1(x) e nn(x) = & (xr — 11 ) m(x)m’* (x)x ™~ degt (=1
o —
=0 (mod (x™ —1)).

This implies that there is a polynomial u(x) € Fy[x] such that

x™—
€1 <x’ —
Consider w/'(x) = pu()x9e8m D+ Then we get
m@x)m*(x)x™ = u/(x)(x" — 1). Thus, m(x)m™x) = 0
(mod (x" — 1)). Using similar argument we can prove other
case. O

Proposition 24: Let C = {(f(x),0), (£(x), E1g1(x) +
&282(x) + £3g3(x) + 484(x))) be a F R-cyclic code. Then

11 ) mOem'™ (e)x IO = (™ - 1),

ICy| = ¢ ~REEAFDLED) || = 5= Tk deglsico),
(C)L| = Ues@df @) |(C L] = gEin dealaite),
(CH),| = qdeg(f(x))’

(CL)y| = g deelsito)-+deg(f (1) —deg(ged( (x). ) |
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£ Cy| = qs—deg(gl(x))’ & Cy| = qS—deg(gz(x))’
&3 C| = qsfdeg(gS(x))’ €4 Cy| = qsfdeg(g4(x))’
|§1(C‘Y)J‘| — qdeg(gl(x))’ |%'2(CY)J'| — qdeg(gz(x))’

1E3(Co)t| = qU8@ ™) g, (Co)t| = gdoesa)
[E1(CL)y| = gloe@rtFdeg(f(x)—deg(ged(f(x),£(x))

|E2(C)y| = g2,
|E3(C )| = q2E&®) | |5, (C | = glesat,

Proof: From Lemma 13, we get C, = (ged(f (x), £(x)))
is a cyclic code of length r over F, and C; = (£181(x) +
&Erg2(x) + &3g3(x) + &4g4(x)) is a cyclic code of length
s over R. Therefore, |C,| = ¢ ~&dFOLOD) and |Cy] =
q4s’2?:1 deg(8i¥)) By the theory of cyclic codes and their
duals, we can get the values of [(C,)*|, |(CH),|, [(Cs)*| and
[(CL)sl.

From minimal generating sets determined in Theorem 17,
we have §;C; = (§;gi(x)), fori = 1,2, 3, 4. Hence, we get
£ Cs| = ¢*9°8&i()  Therefore, we can get the values of
&(C) . 18:(C ), fori = 1,2, 3,4, O

From the above proposition, we get the following result,
which calculates the degree of each generator polynomial of
dual code.

Theorem 25: Let C = ((f(x),0), (£(x), &g1(x) +
Szj\gz(x)+.§3§3(x)+§4g4(x))) be aF,R-cyclic code, and ct=
((F (), 0), (€(x), §181(x)+£282(x) +8383(x)+E484(x))). Then

deg(f(x)) = r — deg(ged(f (x), £(x))),
deg(g1(x)) = s — deg(g1 (x)) — deg(f (x))
+ deg(ged(f (x), £(x))),
deg(g2(x)) = s — deg(g2(x)),
deg(F3(x)) = s — deg(g3(x)),
deg(Zi(x)) = s — deg(ga(x)).

Proof: It can be seen that (Cr)J- is a cyclic code gener-
ated byf(x). So, [(C)*F| = ¢4l ™) From Proposition 24,
we get |(C)t| = pdeeeedf®).L00)  Hence, deg(?\(x)) =
r — deg(ged(f (x), £(x)).

We can see that & (C1), is a cyclic code generated by
£121(x). So, [£/(CL)| = ¢*~4e@@) By Proposition 24,
we get |E1(Ch)| = gde@1)+deg(f(x)—deglged(f(x),£0x)),
Hence, deg(gi(x)) = s — deg(gi(x)) — deg(f(x)) +
deg(ged(f (x), £(x)).

We can see that £&(CL), is a cyclic code generated by
£2>(x). So, |E(CL),| = ¢*~9e&®) From Proposition 24,
we get [£(C)| = ¢#©®). Hence, deg(2(x)) = s —
deg(ga(x)). Similarly, we can prove other parts. U

Now we discuss the generator polynomials of C+ and
establish the relationship between the generator polynomials
of C and C*.

Proposition 26: Let C = {(f(x),0), ({(x), E1g1(x) +
S%éfz(x)+§3£3(x)+§4g4(x))) be aF R-cyclic code, and Cct =
((f(x), 0), (€(x), §181(x)+£282(x)+£383(x) +£484(x))). Then

-~ x" =1 *
fx) = (m) € Fylx].
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Proof: Since (f(x), 0) € C*, then we get

(f(x),0) e (f(x),0) =0,
(£(x), £181(x) + £282(x) + £3g3(x)
+ £4g4(x) o (F(x),00) = 0

Thus, from Lemma 23,

FF*(x) =0 (mod (x" — 1)),
) (x) =0 (mod (x" — 1)),

over IF,. Therefore, gcd(f(x), E(x))f*(x) = 0 (mod (x" —
1)), and heng\e for some A(x) € [Fy[x] we have
ged(f (x), L(x))f*(x) = Ax)(x" — 1). Furthermore,
as ged(f(x), £(x)) | x" — 1) andf*(x) | (x" — 1), then by
Theorem 25, we get deg(? (x)) = r — deg(ged(f (x), £(x))).
So, A(x) = cy, for any ¢; € F,. Then we could suppose
A(x) = 1. Hence, we get

x"—1

PO = g, to)

Fylx],

this implies

~ x" =1
f(x)=(

gcd(f (), e<x>>> & Fgll:

O

Proposition 27: Let C = ((f(x),0), (£(x), E1g1(x) +
£282(x)+5383(x)+8484(x))) be a FyR-cyclic code, and ct =
((f(x), 0), (€(x), §181(x)+8282(x)+£383(x)+E484(x))). Then

_ O = Dged(@), 600"
f*)gx)

g1(x) € R[x].

Proof: We have

fx)
"gcd(F (), £(x))

+&484(x)) —

3 * (£(x), E181(x) + &282(x) + &383(x)
£(x)
ged(f (x), £(x))

£
leed(F (), ey 81V € €

Further, §; (0(x), £151(X) + £25 () + EFBX) + £484(x)) =
(£(x), £181(x)) € CL. Therefore,

f(x)
ged(f (x), £(x))

*(f(x), 0)

=(0,§

(C(x), £181(x)) » (0, & g1(x)) =0.

Thus, from Lemma 23,

£181(x) (Lgl(ﬁc))* =0 (mod (x* —1)).
ged(f (x), £(x))
Hence,
~ f) : _ s
§181(x) (mé’l(ﬂ) =& M) = 1)

for some A1(x) in R[x]. This is equivalent to

00 < fx)

mgl(x)> =M@ —1) € Rx].
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Since gi(x) | *(xs — 1), then from Corollary 12,
(ng(x)) | (x* — 1). Further, by Theorem 25,
we get deg(g1(x)) = s — deg(gi(x)) — deg(f(x)) +
deg(ged(f (x), £(x)). So, A1(x) = ¢, for any ¢ € R. Then
we could suppose A1(x) = 1. So, we have

(' = 1) ged(f (x), £(x))*

3l = R[x].
$1w) Fogie

O

Proposition 28: Let C = ((f(x),0), ({(x), E181(x) +
£280(x)+8383(x)+8484(x))) be aFyR-cyclic code, and Cct =
((f(x), 0), (€(x), §181(x)+£282(x)+£383(x) +£484(x))). Then

R x5 —=1\*
&(x) = < ) € R[x].
g2(x)

Proof: We have

£ x (Ux), E181(0) + E25(0) + E8(x) + EaZa(x))
= (0, £L8(x)) € C+.

Then

(L(x), E181(x) + &282(x) + &383(x)
+&484(x)) @ (0, £282(x)) = 0.

Thus, by Lemma 23, we get

&£g0)EH*(x)=0 (mod (x* — 1)).

Hence, £g2(x)22*(x) = &Ax(x)(x* — 1), for some Ax(x) €
R[x]. This is equivalent to g2(x)g2*(x) = A(x)(x* — 1) €
R[x]. Since g2(x) | (x* — 1) and g2*(x) | (x* — 1), further by
Theorem 25, we have deg(g3(x)) = s—deg(ga(x)). Therefore,
A2(x) = c3, for any ¢c3 € R. Then we could suppose
A (x) = 1. So, we have

S _

1
€ R[x],

H(x) ==
S )

this implies

N x5 =1\"

B = ( ) € Rlx).
82(x)

O

Proposition 29: Let C = {((f(x),0), (£(x), E1g1(x) +

Sagg(x)+§3§3(x)+§4g4(x))) be aF4R-cyclic code, and ct=

((f (x), 0), (£(x), £181(X)+8282(x)+£383(x)+E484(x))). Then

S(x) = (xs _ 1>* i) = (xs — 1)* € RIx]
8= e ) YT am :

In the following, we determine a relation between the
polynomials £(x) and ?(x).

Proposition 30: Let C = ((f(x),0), (¢(x), E1g1(x) +
Szﬁz(x)+§3§3(x)—l—€4g4(x))) be aF R-cyclic code, and Cct =
((f(x), 0), (£(x), £181(X)+8282(x)+£383(x)+E484(x))). Then

" =D
VY

tx) =

n(x) € Fglx].

VOLUME 8, 2020

where

wx) = _ ym—deg(g1(x))+deg(£(x)) (

£ (x) ) !
ged(f (x), £(x))*

(- (7))
x| mod { ———— | ).
ged(f (x), £(x))*

Proof: As (U(x), £181(X)+528(00)+E8 (1) +E1ga(x)) €
C*, then

(L), £181(0) + £ + 5G() + &1ga(x) o (F(x), 0) = 0.
Thus, from Lemma 23, we have
L)f*(x)=0 (mod (x" — 1)).

Hence,

VACY)

_Since & * (£(x), £181(x) + £282(0) + £8(x) + Eaga(x)) =
(£(x), 181(0) € C* and & * (£(x), E1g1(x) + E282(x) +
£383(x) + £184(x)) = (£(x), §181(x)) € C, then

), £181(x))  (E(x), E181(x))

="

,u(x) for some u(x) € Fylx].

X x o\ m—deg(£(x))— X" -1
=& =0 ()€ (x)x T —1
(x* — 1) ged(f (x), £(x))* * m—deg(g)(x)— lx —1
T g s =
(x™ — 1) ged(f (x), £(x))*

IR0
£*(x)

) (“ O dr @, (o
=0 mod (x™ —1).

m—deg(é())—1 4y m—deg(g1(x))~ 1)

Then, either
£*(x)

m—deg(£(x))—1 m—deg(g)(x))—1
(“ O e ). ey T )

=0 (mod x™—1))), (1)

or
( (x)¢
K sed(f @), oy
F0)

EO( mod (gcd(f(x>,z(x))*))' @

f*x)
Since (gcd(f(x) o) | 6"

Therefore,

M@)&f“ —

ng(f(;C)$ 6(""))
ng(] (x) @(,C)) )

190059
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— 1), clearly (1) implies (2).
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()
1 (mod (gt

) = 1, then there exists

Further, we also know xm =

Since ged (

ged(f (X) £x))’ gcd(f (X) £(x))

-1
(mod (L&

a0, e ))- Thus,

——
ged(f (x), £(x))*
-1
() = —x™—dee(s1 (o) +deg(€0x) (‘5—@)>
ged(f (x), £(x))*

(™ (gew7))
x| mod | ————— .
ged(f (x), £(x))*

O

In the next theorem, we summarize our above discussion.
Theorem 31: Let C = {(f (x), 0), (£(x), E1g1(x)+E2g2(x)+
£383(x) + §484(x))) be a FyR-cyclic code, and ct =

(F (), 0), (€(), élg"](x)+$2*§§(x)+§3é§(x)+$4§2(x))). Then
1) f(x) = (gcd(;;;),lﬂ(x))) € Fq[x],

o _ =D ged(f (), e(x)*
2) g1 = RO & Rixl R
yaw = (55) 6w = (7). aw =
S_1
(i) < ko
4) E(x) /L()C) € FFylx], where u(x) as given in

Proposmon 30
Example 32: Let C={((f(x), 0), (£(x), E1g1(x)+Erg2(x) +
&3g3(x) + &1g4(x))) be a FsR-cyclic code with the gen-
erator polynomials given in Example 18. Then ct =

(), 0), (C), E151(x) + £282(x) + 5283()6) + £184(x))).
Hence, by Theorem 31, we have f (x) = 4x3 + 1 1 and gl(x)

4, &(x) = X2 4x+1, §x) = Zalx) = dx+1, x) = 4x>+1.
Moreover, C* has the following generator matrix H.

1 0 4 45 0 0

4 1 0 0 4& 0
0 4 1 0 0 4
-9 0 0 & & &
0 0 0 & 45 0
0 0 0 0 & 48
0 0 0 & 4& O
0 0 0 0 & 4&
Further, |C+| = 58. a

Next we present some optimal and near-optimal codes as
Gray images of cyclic codes over R and FyR. In Table 1,
we construct some optimal and near-optimal codes as V-
Gray images of cyclic codes Cs over R. In Table 2, we con-
struct some optimal and near-optimal codes as Wi-Gray
images of F,R-cyclic codes. We denote [.]* to indicate the
optimal codes, and [.]** to indicate the near-optimal codes
(codes with minimum distance one less than the codes given
in [26]). The generator polynomial coefficients are written
down in descending order, e.g. 11226 is corresponds to the
polynomial x* + x3 + 2x2 4+ 2x + 6.

V1. QECCs FROM FqR-CYCLIC CODES

In the above sections, we have studied IF,R-cyclic codes and
separable codes. Now we discuss the application of F,R-
cyclic codes in constructing quantum codes.

190060

Shor [43] and Steane [42] first studied the QECCs indi-
vidually. Calderbank et al. [17] subsequently studied the con-
struction of this family of codes from classical codes, demon-
strated their existence and methods of correction. In the last
few years, a number of QECCs were discussed over finite
fields using the theory of Calderbank et al. [17] (See [2], [3],
[25], [27], [28], [32]-[37], [40], [41]).

To show a construction of QECCs from this study, we now
define a Gray map on [F4R. This map is just similar to the map
defined in Section 3, but for our purpose here we consider
a different matrix of order 4 than the previously considered
matrix M.

1 1 1 1
. (f1—-1 1-1

Let us consider, M, = 5 1 1-1-1]E€ GL4(F,).
1-1-1 1

Since Fy is a field of odd characteristic, then by direct com-
putation we can see that M2M2T = Iy, where MZT denotes the
transpose of matrix M> and I denotes the identity matrix of

order 4. A Gray map on R is defined as follows.
Yr: R —> IF3 given by Yn(e) = (eq, €2, €3, ea)M>.

We denote (e1, e2, e3, ea)M> by eM>, where e = £1e1+&2e0+
Ee3z + £ey. As earlier, we can extend this map as follows.

W, IF; x RS — IF;+4S

given by
(m()’ml’"‘7mrflve£)7€,lv‘-'5e;_l)

> (mo, my, ..., my_1, Ya(ep), Ya(e)), ..., ¥ale;_))
(mo,my, ....me_1, €y, €, ...,€_))

> (mo, mi, ...,me_1,egMo, €\M, ... e M),

where (mo, my, ..., my_1) € F/, (ej, €}, ...,€,_,) € R® and
e, =& ej1+Erei0+E3ei3+E4ei4 € Rfori=0,1,...,5—1.

Similar to the Proposition 5, we can see that W5 is a IF-
linear map and for a Iy R-linear code C of block length (7, s)
with |C| = qk, Wy (C)isalr+4s, k, dy] linear code over [F;.

Proposition 33: Let C be a FyR-linear code. Then
Wy (CL) = Wo(C)*. Further, if C is self-dual then W(C)
is also self-dual.

Proof: Let t; = (mo,ml,...,mrfl,e[),el, e )€
_ / / / "oon 1

Candt/z = (mo,ml,...,mrfl,eo,el,..., o ]) € //C
where ¢; = &1e;1 + & eip + &3ei3 + 84 ;4 and ¢ =

Ere) | +& ey +&ey + & fori =0,1,...,5 — 1.

Then by the definition of inner product, we have

t2—$12mjm +Ze’ =0,

which implies

r—1 s—1

£1) mmi+ Y (Erein + & ein +E3ei + Ea €ia)

=0 i=0
X (516’;{1 +& e;fz + 53‘3;:3 + &4 32:4) =0
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r—1 s—1
31 Z mj; + Z(&ei,leéfl + & einel,
=0 i=0
+&3ei3€]3 +Eaejaefy) = 0.

Now comparing the coefficients of &1, &>, &3 and &4 from both
sides, we get

r—1 s—1
/ ”
d_mmi+ ) eirely =0,
j=0 i=0
s—1
%
Zei,zei,z =0,
i=0

s—1
/"
g ei’Sei’:& = 0,
i=0

and
s—1
Z ei,4e;~f4 =0.
i=0
Further, we have

r—1 s—1
Wa(t) - Wa(tr) = Y mymi} + Y eMaml el
j=0 i=0

r—1 s—1
/ i /1
= Z mjm; + Z(ei,lei,l +eine;,
=0 i=0
/1 Vi
+ei3e s+ 6i,4el‘,4)~

Then from the above equations, we get Z;:_ol mjml’. +
Z;:é (ei’le;fl + ei,ze;{z + 65,381{3 + ei,4egf4) =0,i.e., Wy(ty)-
W,(ty) = 0, which implies Wa(ty) € Wo(C)* for Wa(ty) €
W,(C). Therefore, W5(C1) € Wy(C)*. Since W, is bijective,
30 |Wo(CH)| = |(W2(C))H|. Hence, Wp(CH) = (W2(C))* .

Now suppose that C is self-dual, ie., C = ct,
then Wo(C) = Wo(CLH) = (W¥(C))*. Thus, ¥y(C) is
self-dual. ]

Theorem 34 (CSS Construction [17]): LetCy = [n, ki, di]
and C; = [n, ky,dy] be two linear codes over F, with
CzL C Cy. Then there exists a QECC with parameters [[n, k1 +
ko — n, d]lg, where d = min{d,, d2}. Moreover, ifC]L c(y,
then a QECC having parameters [[n, 2ky — n, d1]], can be
constructed.

Next we present following result for dual-containing cyclic
codes over IF,.

Theorem 35 [17, Theorem 13]: Let C, = (f(x)) be a
cyclic code of length r over F. Then CrJ- C G, if and only if

x"—=1=0 (mod f(x)f*(x)).

Now extending Lemma 35 over R, we get the next result.
Theorem 36 [3, Theorem 4.2]: Let C; = (&1g(x) +
Er82(x) +&383(x) 4+ E484(x)) be a cyclic code of length s over
R. Then CSJ‘ C Cys if and only if
x*—1=0 (mod gi(x)gi(x)), fori=1,2,34.
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In the next result, we see the dual containing property on
separable IF,R-cyclic codes.

Theorem 37: Let C = C; x Cy be a separable IF4R-cyclic
code. Then C+ C C if and only ifC,J- C C, and CSJ- C C,.

Proof: If C+ C C = C,; x Cyand C+ = C x C-, then
Ci- x C}+ € C, x Cy. Therefore, C;- € C, and C{- C C.

Converse part is straightforward. O

By Lemmas 35, 36 and Theorem 37, the next result is
obtained.

Theorem 38: Let C = C; x Cg be a separable I R-cyclic
code, where C, = (f(x)) and Cs = (§181(x) + &282(x) +
&383(x) + &484(x)). Then cltcc if and only if the following
conditions holds

1) x" = 1=0 (mod f(x)f*(x)),

2) x* —1=0 (mod g;(x)g}(x)), fori=1,2,3,4.

The main result of constructing QECCs from this analysis
is now presented.

Theorem 39: Let C = C; x Cs be a separable IF4R-cyclic
code of block length (r, s). IfCrJ- c Gy, Csl’i C Gy, fori=
1,2, 3, 4, then there exists a QECC with parameters [[r +
4s, 2k—(r+4s), dylly, where dy and k denote the Hamming
distance and dimension of the code W»(C), respectively.

Proof: Let C+ € C,and Cj; € Cyiy i = 1,2,3,4.
Then by Theorem 37, we have cltcc. By Proposition 33,
we have lllz(Cl) = \Ifz(C)L, then we can easily see that
Wy (C)L € W,(C). Therefore, by Theorem 34, there exists
a QECC with parameters [[r + 4s, 2k — (r + 4s), dy]l,;. O

Now we present two detailed examples of constructing
QECCs from mixed alphabets.

Example 40: Consider r = 8, s = 20 and ¢ = 5. Denote
R = Fs+uF5+vFs+uvFs with u? = u, v* = vand uv = vu.

Bl =+HE+3)x+2)x+ 1)
x (x2 4 3)(x% + 2) € Fs[x].

Letf(x) = (x + 2)(x2 + 2). Then C, = (f(x)) is a cyclic
code over 5 with parameters [8, 5, 3]. Note that f*(x) =
(x + 3)(x% + 3). Thus, x* — 1 = 0 (mod f(x)f*(x)), and
by Lemma 35, we get C,J- C G,.

1= +4’ @ +3°@ +2°( + 1) € Fs[x].

Let g1(x) = (x+4)%, g2(x) = (x+3) and gi(x) = (x+2); i =
3,4. Then Cs = (£181(x) + &282(x) + £383(x) + £484(x)) is
a cyclic codes of length 20 over R, where C;; = (g;(x)) are
cyclic codes of length 20 over Fs, for j = 1,2, 3,4. Then
Wy (C) is a linear code over 5 with parameters [88, 80, 3].

Note that g%(x) = (x 4+ 4)%, g5(x) = x + 2 and gF(x) =
x+3;i =34 Thus, x** — 1 = 0 (mod gj(x)g;-‘(x));j =
1,2,3,4, and by Lemma 36, we get CSl C C,. Hence,
by Theorem 39, there exists a QECC with parameters
[[88, 72, 3]]5, which is better than the constructed QECC
[[88, 48, 2]]s given in [3]. O

Example 41: Consider r = 24, s = 30 and ¢ = 5. Denote
R = Fs + uFs + vFs + uvFs, where u*> = u,v> = v and
uv = vu.

= D+ 3+ 20+ DA+ +2)
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X2 4+x+2)@2+x+ D> +2x+4)
x (6% 4 2x 4+ 3)(x? + 4x + D(x* 4+ 4x 4+ 2)
x (x% 4 3x 4+ 4)(x? + 3x + 3) € Fs[x].

Letf(x) = (x+ 2)(x2+3x+3). Then C, = (f(x)) is acyclic
code over s with parameters [24, 21, 3]. Note that f*(x) =
(x +3)(x%2 +x+2). Thus, x2* — 1 = 0 (mod f(x)f *(x)), and
by Lemma 35, we get C,J- C C,.

30— 1=+ 1@ +4°0% x4+ 1)
x (x2 +4x + 1) € Fs[x].

Let gi(x) = 24x+1, gx)=x+4and g3(x) = (x + 1)2,
where i = 1, 4. Then

Cs = (5181(x) + 8282(x) + &3g3(x) + 8484(x))

is a cyclic codes of length 30 over R, where C;; = (gj(x))

are cyclic codes of length 30 over Fs, forj = 1, 2, 3, 4. Then

W, (C) is a linear code over F5 with parameters [144, 134, 3].
Note that,

g =x"+x+1; i=14,
&) =x+4, and gx) =+ )2

Thus, x** — 1 = 0 (mod g;(x)gf(x));j = 1,2,3,4, and by
Lemma 36, we get CSJ- C Cs. Hence, from Theorem 39,
there exists a QECC with parameters [[144, 124, 3]]s5, which
is better than the constructed QECC [[144, 120, 3]]s given
in [4]. 0

In Table 3, we construct some QECCs which have better
parameters then the previously known QECCs. The generator
polynomial coefficients are written down in descending order,
e.g. 1025 is corresponds to the polynomial x> + 2x + 5.

VII. CONCLUSION

In this paper, we consider the ring R = F, + ulF, + vF, +
uvlF, with w = u, v = v, uv = vu, where g = p™ for an
odd prime p and positive integer m. We study the IF,R-cyclic
codes of block length (r, s). We first present the orthogonal
idempotent decomposition of the ring R and then discuss
linear codes over R. A Gray map over IB‘(’I x R® is defined,
and some of the properties of this map are examined. The
algebraic structure and the generator polynomials of FyR-
cyclic codes and separable codes are discussed. After that,
the minimal generating sets and the size of this family of
codes are determined. Further, we study the duality of [F,R-
cyclic codes, and we show that dual of a F;R-cyclic code is
also a FyR-cyclic codes. The generators of dual codes are also
described. Several optimal and near-optimal codes from this
discussion are constructed in Tables 1 and 2. As an applica-
tion of our study, we first define a Gray map on [FR, and then
we discuss the dual containing property of separable codes.
We present a construction of QECCs from separable IF,R-
cyclic codes. Finally, in Examples 40 and 41, we provide a
detailed explanation of constructing QECCs from IF,R-cyclic
codes. Some new QECCs are given in Table 3. In the
future, we will work on the construction of QECCs from

190062

non-separable codes. It is also interesting to study LCD codes
and DNA codes over mixed alphabets.
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