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ABSTRACT In this paper, a novel robust predefined-time approach is proposed for global predefined-time
tracking control of uncertain robot manipulators. With the sufficient consideration of the effects of uncer-
tainties and external disturbances (UED) on the trajectory tracking performance of robot manipulators,
a singularity-free robust control with an auxiliary nonlinear vector is constructed for the predefined-time
tracking. The global predefined-time stable tracking by using Lyapunov stability theory has been accom-
plished for ensuring that both the position and velocity tracking errors arrive at the origin within a predefined
time. The proposed approach has the following advantages: (i) the proposed approach with a simple structure
is easy to implement with the global robust predefined-time tracking control; (ii) the convergence time of
the proposed approach independently of the initial states can be given as an exact controller parameter in
advance; (iii) the proposed approach is easy to apply into uncertain robot manipulators with time-constraints
tracking control. Extensive simulation and experimental results have been accomplished to show the
effectiveness and improved performances of the proposed approach.

INDEX TERMS Robust control, predefined-time stability, robot manipulators, robot control.

I. INTRODUCTION
Tracking control has been paid much more attention in both
academic and industrial applications since the increasing
demands on accuracy, convergence rate and robustness [1].
It is still a challenge to develop a simple robust control with
an improved tracking performance and transient respond for
robot manipulators in the research community [2].

In general, the tracking performance of robot sys-
tems is mainly affected by the uncertain dynamics and
matched/mismatched disturbances. To this end, several robust
tracking controls have been developed to cover with this
issues. In the initial approaches, several approaches are pro-
posed such as PID control [3], intelligent and learning control
[4]–[6], optimal control [7], robust controls [8]–[12], etc.
As a general robust technique, sliding mode control (SMC)
has widely been applied into trajectory tracking of nonlinear
system since its strong robustness and disturbances rejection
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capability [13]–[21]. Due to the convergence time of these
robust controls cannot calculated from control parameters
in advance and its tracking performance is always affected
by the initial conditions of closed-loop system, in general
these approaches are commonly called as the finite-time
controls (FTC).

However, these finite-time robust controls have a minor
shortage, i.e., it has a slower convergence than exponential
stable systems if the tracking errors between system states
and equilibrium point are far away from the origin [22], [23].
This unexpected result is mainly caused by the fact that the
FTC systems have an convergence time related to the initial
states. As a result, the closed-loop systemwith different initial
states has different convergence performance. In view of
above analysis and shortages, several fixed-time stable con-
trols have been proposed in [24]–[26]. Different from these
FTC systems, the settling time of fixed-time controls inde-
pendently of the initial states can be calculated from control
parameters in advance [27]. Recognizing these advantages
of fixed-time theory, a continuous approach scheme with
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fixed-time convergence is proposed in [28] for the double
integrator system, where the bi-limit homogeneous technique
is applied in the formulation of controller and observer;
while a terminal SMC (TSMC) with fixed-time stability has
been developed in [29] for multi-agent consensus tracking
systems. By utilizing the theory of fixed-time stability, sev-
eral fixed-time SMCs have been developed in [11], [30] for
robot manipulators with uncertainties and external distur-
bances. However, the convergence time of these fixed-time
controls is the upper bound instead of the least upper bound
of time function. As a result, they cannot show the direct
relationship between the convergence time and tracking per-
formance, which also cannot be used in a nonlinear system
with time-constraints tracking control.

With this purpose, Fragucla et al. [31] proposes a
predefined-time stable control (PSC) by selecting the values
of the tuning parameters. Based on seminal works, several
PSC systems have been developed in [32], [33] for which
the convergence time can be given as an exact parameter of
closed-loop system in advance. A control approach in [34]
is addressed to obtain the optimal predefined-time stabi-
lization. In particular, a control problem with the optimal
predefined-time stabilization has been accomplished for a
given system by using the sufficient conditions. In [35],
a predefined-time stable control with nonconservative set-
tling time is developed for a class of nonlinear systems.
A continuous controller is proposed in [36] to achieve into
a vicinity of the origin. These mentioned predefined-time
approaches have greatly promoted for the development of
time-constraints tracking control. However, the traditional
robust controls still have one or more of following short-
ages and limitations that affect its tracking performance of
uncertain robot manipulators [22]: i) the settling time can-
not chosen as an exact control parameter; ii) it lacks the
ability to deal with the fast variation of uncertainties and
external disturbance (UED); and iii) its control input has
high computational complexity. Consequently, it is looking
forward to develop a simple robust predefined-time tracking
control featuring with simplicity and robustness to uncertain
dynamics and external disturbances.

Although the above predefined-time stable controls have
made a great development in recent years, but there still exist
several deficiencies which need to be further conquered for
tracking control of uncertain robot manipulators. They are as
follows: the existing predefined-time controls cannot directly
applied into robot manipulators with uncertain dynamics
and external disturbances owing to the existence of the sin-
gularity [13] and the algebraic loop problem [37]; while
for the existing robust controls of robot manipulators with
finite/fixed-time convergence, the convergence time cannot
given as an exact control parameters, and also is the upper
bound of the convergence function. By considering the UEDs
adequately and inspired by the works in [32], [35], thus in
this paper we proposed a robust predefined-time control for
global tracking of robot manipulators. The contributions of
this paper are as follows:

i) Compared with the predefined-time controls [31]–[35],
the proposed robust predefined-time tracking con-
trol (RPTC) for uncertain robot manipulators removes
the assumption that the lumped uncertainty involving the
acceleration of joints are bounded by a constant, thus
which can conquer the algebraic loop problem [37];

ii) Different from finite/fixed-time tracking controls [10],
[13]–[16], [19], [26], [45], [46], the convergence time
of the proposed approach independently of the initial
conditions can be given as an exact controller parameter,
which is easy to implement with the time-constraints
tracking control of robot manipulators subject uncertain
dynamics and external disturbances;

iii) In comparison with the existing robust tracking con-
trols [7]–[9], [22], the proposed RPTC has more higher
steady-state tracking precision and simpler control struc-
ture in both position and velocity trajectory tracking
for robot manipulators with uncertainties and external
disturbances.

iv) The uncertain dynamics and external disturbances are
eliminated by an system transformation with an auxil-
iary nonlinear vector; while the predefined-time stability
of robot tracking system is guaranteed by utilizing a
control term with a predefined convergence time.

The global predefined-time stable tracking of robot manip-
ulators by using Lyapunov stability theory has been guar-
anteed for ensuring that both position and velocity tracking
errors arrive at the origin within a predefined time. Exten-
sive simulation and experimental results are accomplished on
2-DOFs robots to declare the improved tracking performance
of the proposed approach in both the position and velocity
tracking.

This paper is organized as follows. Some preliminaries are
introduced in Section II such as the properties and model
of robot manipulators and the predefined-time stable theory.
The control design and stability analysis are accomplished
in Section III. Simulation and experimental comparisons
have been performed in Sections IV and V, respectively.
Finally, a conclusion and further outlook are represented
in section VI.

II. PRELIMINARIES
A. ROBOT MANIPULATOR MODEL AND PROPERTIES
Considering n-joint robot manipulators are [38]

M̄ (qr )q̈r + C̄(qr , q̇r )q̇r + ḡ(qr ) = ur + dr (1)

where qr , q̇r , q̈r ∈ <
n denote the position, velocity

and acceleration of joints, respectively, M̄ (qr ) ∈ <n×n and
C̄(qr , q̇r ) ∈ <n×n represent the symmetric positive definite
inertia and centrifugal-Coriolis matrix, respectively, ḡ(qr ) ∈
<
n stands for the vector of gravitational torque, and dr ∈ <n

and ur ∈ <n are the bounded external disturbances and
control input, respectively.
Remark 1: Without loss of generality, the following

assumptions have been established [13], [38]: (i) the external
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disturbances dr described by system (1) are bounded by
‖dr‖ ≤ drm where drm denotes a known positive constant;
(ii) qr and q̇r are available; (iii)the desired trajectory qd ∈ <n

be C2 for the robotic system and bounded by some positive
constants.

Additionally, the following facts are explained for further
discussion [13], [38].
Assumption 1: The system model of robot manipulators

given by (1) can be modified as [13]

M̄ (qr ) = M̄0(qr )+1M̄ (qr )

C̄(qr , q̇r ) = C̄0(qr , q̇r )+1C̄(qr , q̇r )

ḡ(qr ) = ḡ0(qr )+1ḡ(qr ) (2)

where M̄0(qr ), C̄0(qr , q̇r ) and ḡ0(qr ) denote the nominal
parts, and 1M̄ (qr ), 1C̄(qr , q̇r ) and 1ḡ(qr ) stand for the
uncertain parts.

To facilitate the following formulation of the proposed
controller, we have defined the vector Sgn(ξ ) ∈ <n and
Sigr (ξ ) ∈ <n as follows

Sgn(ξ ) =
[
sign(ξ1), . . . , sign(ξn)

]T (3)

Sigr (ξ ) =
[
sigr (ξ1) , . . . , sigr (ξn)

]T (4)

where sigr (ξi) = |ξi|rsign(ξi) with ξ = [ξ1, . . . , ξn]T ∈ <n,
and sign(·) stands for the standard signum function.

In this paper, we have developed a novel robust control
for global predefined-time tracking of robot manipulators
with uncertain dynamics and external disturbances. As an
objective, the position and velocity tracking errors converge
globally to the origin with a predefined time.

To facilitate the future design and analysis, firstly we
have defined the position and velocity tracking errors are as
follows

e = qr − qd , ė = q̇r − q̇d (5)

where qd and q̇d represent the desired position and velocity
trajectories.

B. FUNDAMENTAL FACTS
To accomplish the subsequent design and analysis, the fol-
lowing fundamental facts are introduced.
Definition 1 (Predefined-Time Stability): Consider the fol-

lowing system [39]

ż = g(t, z), z(0) = z0 (6)

where z ∈ <n is the state variables, g : <+ × <n → <n

denotes a continuous/discontinuous nonlinear function.
If there exists a predefined time constant Tc ∈ <+ satisfied
T ≤ Tc and z(t) = 0 for all t ≥ T and z0 ∈ <n, then
system (6) is predefined-time stability.
Lemma 1 (A Lyapunov Predefined-Time Stable Systems):

A class of nonlinear system is described as [39]

ż = f (z; ρ), z(0) = z0 (7)

where z ∈ <n and ρ ∈ <b stand for the state variable and the
constant system parameters, respectively, f : <n×<b→ <n

denotes a class of nonlinear function, and then the origin z =
0 is an equilibrium point of system (7) such that f (0; ρ) = 0.

Given a radially unbounded Lyapunov function V : <n→
<, for any solution z(t; z0) of system (7), if there exists

V̇ (z) ≤ −
1
βTc

exp
(
V β (z)

)
V 1−β (z) , ∀z ∈ <n\ {0} (8)

where 0 < β ≤ 1 denotes a positive constant.
Then, the system (7) exists an predefined-time stable equi-

librium point, and the strong predefined time can be given as
an exact system parameters Tc.
Lemma 2: For β ∈ <+, z ∈ <, the following equality

holds [12]

d
dt
|z|β+1 = (β + 1)|z|β ż sign(z)

d
dt

(
|z|β+1sign(z)

)
= (β + 1)|z|β ż (9)

where sign(·) is defined by (4).

III. CONTROL DESIGN AND STABILITY ANALYSIS
In this section, we have focused on the development of a
novel robust control design with a predefined-time conver-
gence, thereafter stability analysis has been accomplished on
the tracking control of robot manipulators. First, we have
developed the open-loop system to facilitate the following
discussion.

A. OPEN-LOOP SYSTEM DEVELOPMENT
In light of Assumption 1 and (1), we have obtained the
following modified system model

M̄0(qr )q̈r + C̄0(qr , q̇r )q̇r + ḡ0(qr ) = ur + ρr (10)

where ρr ∈ <n denotes the uncertainties and represented as

ρr = −1M̄ (qr )q̈r −1C̄(qr , q̇r )q̇r −1ḡ(qr )+ dr (11)

Combining system (1) and Assumption 1, we have
obtained

1M̄ (qr )q̈r = Ē
(
ur − C̄(qr , q̇r )q̇r − ḡ(qr )+ dr

)
(12)

where Ē ∈ <n×n is given by [37] and represented as

Ē = In − M̄0(qr )M̄−1(qr ) (13)

with In is the identity symmetric matrix.
Inspired by [37], M̄0(qr ) can be defined as

M̄0 =
2

γ̄1 + γ̄2
In (14)

where γ̄1 and γ̄2 are some given positive constants and satis-
fies

γ̄1 ≤

∥∥∥M̄−1(qr )∥∥∥ ≤ γ̄2 (15)

then the following equality for Ē holds [37]∥∥Ē∥∥ ≤ σ̄ (16)
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FIGURE 1. Block diagram of the proposed RPTC control strategy.

with σ̄ stands for a known positive constant and given by

σ̄ =
γ̄2 − γ̄1

γ̄1 + γ̄2
(17)

In virtue of the definition of constant matrix (14), in this
paper M̄0(qr ) can be rewritten as M̄0 in the subsequent
development. Additionally, the uncertainties ρr given by (11)
satisfies [19], [37]

‖ρr‖ ≤ ā0 + ā1‖q̇r‖2 + σ̄ ‖ur‖ (18)

where āi > 0, i = 0, 1 stand for some given constants related
to the robotic system, and σ̄ is given by (17).

B. CONTROL FORMULATION
Upon substituting (5) into (10), it follows that

M̄0ë = ur + ρr + ηr (19)

where M̄0 is a constant matrix given by (14), ρr ∈ <n given
by (11) represents the lumped uncertainties and ηr ∈ <n

denotes the nominal parts and can be defined as

ηr = −C̄0(qr , q̇r )q̇r − ḡ0(qr )− M̄0q̈d (20)

To facilitate the subsequent control design, for robot track-
ing system (19) an auxiliary vector is defined as

χ=ė+ λSigα(e) (21)

where λ > 0 and α > 1 denote some positive constants,
Sigα(e) is given by (4), and e and ė are defined by (5).

For system (19) and the auxiliary vector (21), then, a robust
predefined-time tracking control (RPTC) is represented as

ur = −ηr + ur0 + ur1 (22)

where ηr ∈ <n is given by (20) and then

ur0 = −λαM̄0diag
{
|ei|α−1

}
ė− M̄0Sgn(χ )ėT e

− M̄0Sgn(χ)
1

(r − 1)Tc

× exp

( n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1 (23)

ur1 = −
γ̄1 + γ̄2

2
M̄0Sgn(χ )w (24)

with r > 1 denote some positive constants, α and λ are
defined by (21), Tc is a predefined time constant, χ and
Sgn(χ ) are given by (21) and (4), respectively, and

w =
1

1− σ̄

(
ā0 + ā1‖q̇r‖2 + σ̄ ‖ur0 − ηr‖

)
(25)

where σ̄ , ā0 and ā1 are represented by (17) and (18),
respectively.

Upon combining (22) into (19), it follows that

M̄0ë = ur0 + ur1 + ρr (26)

Remark 2: Observed by (22)-(25), the formulation of con-
trol component ur1 does not include its upper bounds of
‖ur1‖. Then, our design given by (22)-(25) may overcomes
the algebraic loop problem [37] completely. Compared with
the existing robust controls, the uncertain dynamics and
external disturbances will be considered adequately in the
formulation of the proposed RPTC given by (22)-(25), which
also preserve a simple control structure and appropriate con-
troller gains to implement the trajectory tracking of robot
manipulators.

C. STABILITY ANALYSIS
Given a system (26),the following statement have been
accomplished.
Theorem 1: For the robot system (1), the proposed RPTC

given by (22)-(25) ensures that the predefined-time stability
of both the position and velocity tracking errors can be guar-
anteed within a predefined time Tc given by (23).

Proof: For system (26), there exists a Lyapunov function
candidate as follows

V =

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r
(27)

The first time differential of V along with system (26)
yields

V̇ = r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1 (
χ̇TSgn(χ )+eT ė

)

= r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

((
ë+ λαdiag

{
|ei|α−1

}
ė
)T

Sgn(χ )+eT ė
)

(28)

After substituting (26) into (28) yields

V̇ = r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

((
M̄−10 (ur0 + ur1 + ρr )

)T
Sgn(χ)+eT ė

)
+ r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

(
λαdiag

{
|ei|α−1

}
ė
)T

Sgn(χ )
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≤ r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

((
M̄−10 (ur0 + ur1)

)T
Sgn(χ )+

∥∥∥M̄−10

∥∥∥ ‖ρr‖)
+ r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

(
λαėT diag

{
|ei|α−1

}
Sgn(χ)+eT ė

)
(29)

Then, substituting (23) and (24) into (29), we have

V̇ ≤ r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

(
−
γ̄1 + γ̄2

2
w+

∥∥∥M̄−10

∥∥∥ ‖ρr‖
−

1
(r − 1)Tc

exp

( n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
= r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
×

(
γ̄1 + γ̄2

2
(−w+ ‖ρr‖)

−
1

(r − 1)Tc
exp

( n∑
i=1

(
|χi|+

1
2
|ei|2

))r−1 (30)

where the fact
∥∥∥M̄−10

∥∥∥=(γ̄1+γ̄2)/2 is used from (14).
By utilizing (22), (25) and ρr given by (18), it follows that

−w+ ‖ρr‖ = −w+
(
ā0 + ā1‖q̇r‖2 + σ̄ ‖ur‖

)
≤ −(1− σ̄ )w− σ̄w

+

(
ā0 + ā1‖q̇‖2 + σ̄ ‖ur0 − ηr‖

)
+ σ̄ ‖ur1‖

= −σ̄w+ σ̄ ‖ur1‖

= 0 (31)

where the fact ‖ur‖ ≤ ‖ur0 − ηr‖+‖ur1‖ and ‖ur1‖=wwith
w > 0 are obtained from (22) and (25), respectively.

Upon substituting (27) and (31) into (30), we have

V̇ ≤ −r

(
n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1

×
1

(r − 1)Tc
exp

( n∑
i=1

(
|χi| +

1
2
|ei|2

))r−1
= −

1
βTc

V β exp(V β ) (32)

where β=(r − 1)
/
r with r > 1.

According to (32) and the facts 0 < β < 1 and r > 1,
we can conclude that y = V is the solution to system (8)
if V 6= 0. As a result, V = 0 is an equilibrium point
and then e = 0 and χ = 0 from (27) and ė = 0

from (21). According to Lemma 1 and ’Comparison
Principle’ of differential equations [40], consequently,
the predefined-time stability of both the position and velocity
tracking errors have been guaranteed within a predefined
time Tc given by (23).

Then, the proof of Theorem 1 have been completed.
Remark 3: Different from the existing robust stable con-

trols [4], [7], [9], [10], the convergence time of the pro-
posed RPTC can be given as an exact controller parame-
ter in advance. In particular, the proposed RPTC has the
least convergence time, which provides an exact relationship
between the control parameters and the transient tracking
performance.
Remark 4: In Ref. [26], we have developed a novel sliding

mode control approach with fixed-time convergence for robot
manipulators with UEDs. The convergence time of the work
[26] is the upper bound of time function and can be calculated
from control parameters in advance. However, the fixed-time
stable control cannot be applied for a given time-constraints
tracking system. Accordingly, in comparison with our previ-
ous work [26], the proposed approach given by (22)-(25) is
to design a robust predefined-time stable control instead of
one with fixed-time convergence for global tracking of robot
manipulator. The settling time of the proposed approach is the
least upper bound instead of upper bound of time function.
The proposed approach is easy to apply into a nonlinear
system with time-constraints tracking control.
Remark 5: The robust predefined-time stable

control (22)-(25) proposed in this paper has some discontinu-
ous components that can cause the chattering situation. In this
paper, we have used the following function to eliminate this
chattering situation [41].

sign(χi) =
exp(κχi)− 1
exp(κχi)+ 1

(33)

where κ denotes a given constant.

IV. SIMULATION COMPARISONS
In this section, the following two-DOFs robot model [13]
is employed to prove the improved tracking performance in
comparison with the existing robust controls.

M̄ (qr ) =
[
H1 + 2H2cos(qr2) H3 + H2cos(qr2)
H3 + H2cos(qr2) H4

]
(34)

C̄(qr , q̇r ) =
[
−H2sin(qr2)q̇r1 − 2H2sin(qr2)q̇r1

0 H2sin(qr2)q̇r2

]
(35)

ḡ(qr ) =
[
H5cos(qr1)+ H6cos(qr1 + qr2)

H6cos(qr1 + qr2)

]T
(36)

with

H1 = (mr1 + mr2)r21 + mr2r
2
2 + Jr1, H2 = mr2r1r2

H3 = mr2r22 , H4 = H3 + Jr2
H5 = (mr1 + mr2)r1g1, H6 = mr2r2g1 (37)

The parameters of robot manipulators are as follows:
Jr1 = Jr2 = 5.0 kg·m, mr1 = 0.5 kg, mr2 = 1.5 kg,
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r1 = 1.0 m, r2 = 1.0 m and g1 = 9.8 m/s2. The nominal
value of mr1 and mr2 are m̂r1 = 0.4 kg and m̂r2 = 1.2 kg.
In this simulation comparisons, the sampling period is 1 ms.

In this section, the effectiveness of the proposed approach
can be verified in the following two aspects: (i) upon the
sufficient consideration of uncertainties and disturbances,
we have focused on the effectiveness of the proposed RPTC
in both position and velocity steady-state tracking precision;
(ii) it is emphasised on the advantage of the proposedRPTC in
transient convergence performance, in which the settling time
independently of the initial states can be given as an exact
controller parameters in advance.

A. TRACKING PERFORMANCE WITH UNCERTAIN
DYNAMICS
By considering uncertain dynamics (2), firstly, we have
involved the tracking performance of the proposed RPTC
compared with the typical robust controls (Predefined-time
sliding mode control (PSMC) [47], Predefined-time robust
stabilization control (PRSC) [36]).

In virtue of the definition of sliding surface and con-
troller given by (7) of Ref. [47], for robot manipulators,
the predefined-time sliding surface and control (PSMC) is
given as

S = ė+ Sig1/2(z) (38)
ur = −γ 2

1
(
q1 + p1diag

{
|ei|p1

})
diag

{
|ei|q1−1

}
× diag

{
exp

(
|ei|p1

)}
Sgn(S)− kSgn(S)

− γ2diag
{
exp

(
α2|Si|p2

)}
Sigβ2q2 (S) (39)

with Tc1 > 0, Tc2 > 0, p1 > 0, 1 ≤ q1 < 2, α2 > 0, β2 > 0,
p2 > 0 and q2 > 0 are some positive constants such that
β2q2 < 1, diag {·} denotes the diagonal matrix, Sgn(S) and
Sig1/2(z) are defined by (3) and (4), respectively, and

z = Sig2(ė)+ 2γ 2
1 diag

{
exp

(
|ei|p1

)}
Sigq1 (e) (40)

k = b0 + b1 ‖qr‖ + b2‖q̇r‖2 (41)

with b0, b1 and b2 denote some positive constants which
depend on robotic system, and

γ1 = 2
1−q1/2
p1 0

(
1− q1

/
2

p1

)/
p1Tc1 (42)

γ2 = α

β2q2−1
p2

2 0

(
1− β2q2

p2

)
p2Tc2 (43)

where 0 (·) stands for gamma function [34].
Remark 6: In Ref. [47], the control gain k satisfies the fact

k > δ with |1| ≤ δ where 1 denotes the lumped uncertain-
ties and external disturbances. Based on Ref. [13] and (12),
consequently, for uncertian robot manipulators, the control
gain k given by (39) can be modified as (41).

While for the PRSC [36], it can be designed as

S = q̇r − q̇m (44)

q̇m = q̇d − α(qr − qd ) (45)

ur = ur1 + ur2 + Ŷr (46)

with

ur1 =


ur0, ‖S‖ ≥ δ

−
π
(
γ 1−η/2δ−η + γ 1+η/2δη

)
ηTc

S, ‖S‖ < δ
(47)

ur2 =


−k

S
‖S‖

, ‖S‖ ≥ δ

−
k
δ
S, ‖S‖ < δ

(48)

Ŷr = ˆ̄M (qr )q̈m + ˆ̄C(qr , q̇r )q̇m + ˆ̄g(qr ) (49)

and

ur0 = −
π

ηTc

(
γ 1−η/2‖S‖−η + γ 1+η/2‖S‖η

)
S (50)

where Tc > 0, η > 0, γ > 0, α > 0, k > 0 and δ > 0 denote
some positive constants.

For the PSMC, PRSC and the proposed RPTC, in this part
the initial conditions are as follows[

qr (0)T , q̇r (0)T
]
= [−2.0, 2.5, 0, 0]T (51)

The desired trajectories are

qd =
[
1.25− 7

/
5 exp(−t)+ 7

/
20 exp(−4t)

1.25+ exp(−t)− 1
/
4 exp(−4t)

]
(52)

For above controllers, by using (34) and the above given
system parameters, we have obtained γ̄1 = 0.09 and γ̄2 = 0.2
from (15), and hence M̄0 = 6.89In and σ̄ = 0.38 given
by (14) and (17). Furthermore, C̄0(qr , q̇r ) and ḡ0(qr ) will be
constructed by substituting the nominal ones m̂r1 and m̂r2
into (35)-(37) instead of mr1 and mr2. The parameters of
the PSMC, PRSC and the proposed RPTC are summarized
in Table 1.

TABLE 1. The parameters of PSMC, PRSC and RPTC.

Firstly, we have completed the simulation comparisons
with the typical predefined-time controllers (PSMC (38)-(43)
and PRSC (44)-(50)). Fig. 2 shows the position tracking of
the proposed RPTC. The position and velocity tracking errors
of PRSC, PSMC and the proposed RPTC with its zoomed
plots have been depicted in Figs. 3 and 4, respectively; while
Fig. 5 depicts the control inputs. Obviously, the proposed
RPTC shows better transient-state tracking precision than
PRSC and PSMC subject to uncertainties and external dis-
turbances as shown in Figs. 3 and 4. No matter whether the
system is affected by uncertainties and external disturbances,
consequently, we can conclude that the proposed RPTC
always provides higher steady-state tracking precision in both
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FIGURE 2. Position tracking of the proposed RPTC.

FIGURE 3. Position tracking error of RPTC, PRSC and PSMC.

FIGURE 4. Velocity tracking error of RPTC, PRSC and PSMC.

position and velocity trajectory tracking system. Moreover,
these superior tracking performances of the proposed RPTC
have been accomplished without using the excessive input
torque than other controls observed by Fig. 5.

FIGURE 5. Input toques of RPTC, PRSC and PSMC.

After that, the effectiveness of the proposedRPTC has been
accomplished in comparison with the typical sliding mode
controls with sinusoidal desired trajectories. Then, the non-
singular fast TSMC (FTSMC) [44] is selected for compari-
son. The FTSMC controller and sliding surface are selected
as

Sft = e+ Sig0̄1 (e)+ Sig0̄2 (ė) (53)

uft = −M̄0(qr )
[
M̄2Sft + (ζ̄ + M̄1)b(Sft )

+ F̄2 + 0̄
−1
2

(
I2 + 0̄1diag

{
|ė|0̄1−I2

})
Sig2I2−0̄2 (ė)

]
(54)

where

ζ̄ =

∥∥∥M̄−10 (qr )
∥∥∥ (c̄0 + c̄1 ‖qr‖ + c̄2‖q̇r‖2) (55)

F̄2 = −M̄
−1
0 (qr )

(
C̄0(qr , q̇r )q̇r + ḡ0(qr )

)
− q̈d (56)

b(Sft ) =


Sft∥∥Sft∥∥ , ∥∥Sft∥∥ 6= 0

0,
∥∥Sft∥∥ = 0

(57)

with M̄1 > 0, M̄2 > 0 and c̄i > 0, i = 0, 1, 2 are some
constants, and 0̄1 and 0̄2 denote the positive definite diagonal
matrices.

Similar to Ref. [44], the external disturbances have been
considered in this simulation comparisons and given as dr =
[2 sin(t) + 0.5 sin(200π t), cos(2t)+ 0.5 sin(200π t)]T . The
initial conditions are

[
qr (0)T , q̇r (0)T

]T
= [0.5, −

1.5, 0, 0]T . For more variation of the tracking, the desired
trajectories are

qd =
[
1.25+

(
π
/
3
)
sin
(
2t + π

/
4
)

0.5 cos(2t + π
/
4)

]
(58)

The FTSMC has the same C̄0(qr , q̇r ) and ḡ0(qr ) as the
proposed RPTC; while M̄0(qr ) of the FTSMC is chosen
by substituting m̂r1 and m̂r2 into (34) instead of mr1 and
mr2. The RPTC have the same parameters as Table 1;
while the parameters of the FTSMC are 0̄1= diag{2, 2},,
0̄2= diag{5

/
3, 5

/
3}, M̄1 = M̄2 = 2, b̄0 = 12, b̄1 = 2.2

and b̄2 = 2.8.
Secondly, we have accomplished the simulation com-

parisons with the typical finite-time sliding mode con-
trollers (FTSMC (53)-(57)). Figs. 6 and 7 depict the posi-
tion and velocity tracking errors of the FTSMC and the
proposed RPTC with its zoomed plots, respectively; while
Fig. 8 depicts their control inputs. As a result, we have
obtained the conclusion from Figs. 6-8 as follows: (i) the pro-
posed RPTC provides an improved transient and steady-state
tracking performance than the FTSMC no matter what
form interferences the robot manipulators receives; (ii) both
the position and velocity tracking performances have been
enhanced by the proposed RPTC; (iii) no excessive control
input (See Fig. 8) is used in the proposedRPTC in comparison
with FTSMC.

After that, in this part we have accomplished a simulation
comparisons to show the effects of control parameters of the
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FIGURE 6. Position tracking errors of RPTC and FTSMC.

FIGURE 7. Velocity tracking errors of RPTC and FTSMC.

FIGURE 8. Input toques of RPTC and FTSMC.

proposed RPTC on the tracking performance. To this end,
the different control parameters are follows

P1 : λ = diag{5, 5}, α = 1.1, r = 1.2
P2 : λ = diag{1, 1}, α = 1.1, r = 1.2
P3 : λ = diag{5, 5}, α = 1.1, r = 3
P4 : λ = diag{5, 5}, α = 3, r = 1.2

(59)

In this comparison, the same initial conditions and desired
trajectories given by (51) and (52) are adopted. In addition
to λ, α and r , the other parameters have the same values
as the above comparisons depicted by Figs. 2-5 in Table 1.
Figs. 9 and 10 represent the position errors and the con-
trol torque input with their zoomed plots. By analysing
the different control parameters (59) and Figs. 9 and 10,
we have obtained the following conclusions: i)the proposed
RPTC have better tracking performance with the increased
λ observed by P1 and P2, but the control torque will be
increased with the large λ; ii) the increased α and r cannot
significantly improve the tracking performance as shown
in Figs. 9 and 10, however, these increased parameters may
enlarge the control torque input from Fig. 10. In virtue of
the above analysis, consequently, we can conclude that the

FIGURE 9. Position tracking errors of the proposed RPTC with different
controller parameters.

FIGURE 10. Input torques of the proposed RPTC with different controller
parameters.

proposed RPTC selects the parameters on a trade-off between
the tracking performance and control inputs.

B. TRACKING CONTROL WITH DIFFERENT INITIAL
CONDITIONS
Another advantage of the proposed RPTC is that its con-
vergence time independently of the initial conditions can be
given as an exact controller parameters. It means that the
position and velocity tracking errors started from anywhere
of the state space always converge globally to the origin
within a predefined time Tc given by (23). Consequently,
in this part we have focused on the effects of initial states and
controller parameters on the position and velocity tracking
performance.

Thus, the following initial states will be used in the pro-
posed RPTC given by (22)-(25), where the same controller
parameters are adopted in Table 1. It follows that

Type I



Case 1 : [qr1(0), qr2(0)]T = [1.5, 1.8]T

Case 2 : [qr1(0), qr2(0)]T = [1.0, 1.5]T

Case 3 : [qr1(0), qr2(0)]T = [−0.5, 0.5]T

Case 4 : [qr1(0), qr2(0)]T = [−1.0, −1.5]T

Case 5 : [qr1(0), qr2(0)]T = [−2.0, −2.5]T

(60)

By utilizing different initial states to the proposed RPTC,
Fig.11 depict the position and velocity tracking errors, respec-
tively. According to Theorem 1, e and ė converge always
to the origin within a predefined time Tc given by (23).
The simulation results of Fig. 11 are to further verify The-
orem 1 in which the convergence time of the proposed RPTC
is defined as an exact control parameters instead of the initial
states of close-loop system. The simulation comparisons of

VOLUME 8, 2020 188607



N. Zhang et al.: Robust Predefined-Time Stable Tracking Control for Uncertain Robot Manipulators

FIGURE 11. Position and velocity tracking errors of RPTC in Type I.

Fig. 11 will further verified the effectiveness of the proposed
RPTC for uncertain robot manipulators in both position and
velocity trajectory tracking.

Accordingly, upon the simulation analysis of subsectionsA
and B, no matter the systemic states start from any positions
in state space, the proposed RPTC with a simple structure
always has an improved tracking performance than other
robust controllers in both position and velocity trajectory
tracking.

V. EXPERIMENTAL RESULTS
In this section, several experimental results have been accom-
plished on the SCARA robot system as shown in Fig. 12 to
further verify the effectiveness of the proposed RPTC.
The SCARA robot system consists mainly of three parts
such as servo driver, high-performance computer (HC) and
SCARA robot. The position of joint is obtained from a rela-
tive encoder. Then, this position information is transmitted
into an high-performance computer by the interface board
GT400-CV of Googol from themotor encoder; while the con-
trol torque is transmitted into themotor with its driver through
the interface board GT400-CV of Googol from the HC. For
joint 1, the maximum output torque of motor 1 is 0.64 Nm,
then the maximum output torque of joint 1 is 51.2 Nm
because the joint consists of a motor and harmonic reducer
(harmonic reduction ratio:1 : 80); while for joint 2, the max-
imum output torque of motor 2 is 0.32 Nm, then the maxi-
mum output torque of joint 2 is 16 Nm (harmonic reduction
ratio:1 : 50). The program is written with the simulink of
Matlab 2012b.

In this experiments, the sample period is T = 2 ms. Both
two joints start from zero. According to the proposed RPTC
given by (22)-(25), the parameters are selects: λ = 1, α =
1.1, r = 1.2, Tc = 1.8, ā0 = 5 and ā1 = 2.2.
Fig. 13 shows the position and control torque input of

the proposed RPTC; while Fig. 14 depict the tracking errors
with its zoomed plots of the proposed RPTC. Obviously,
the real positions of joint can track the desired trajectories
with fast transient state speed and high-precision steady-state
tracking performance shown in Fig. 13. Observed by Fig. 14,
the proposed RPTC can obtains the high-precision steady-
state tracking performance (±0.4 [degree]). The experimental
results further verify that the proposed controller achieves an

FIGURE 12. The experimental robot setup.

FIGURE 13. Positions of the proposed RPTC with its control torque input.

FIGURE 14. Position tracking errors of the proposed RPTC with its
zommed plots.

improved tracking performance such as faster transient and
smaller steady-state tracking error.

VI. CONCLUSION
In this paper, we have developed a novel robust predefined-
time control for global predefined-time tracking of robot
manipulators with uncertainties and external disturbances.
Numerical simulations demonstrate the enhanced tracking
performance of the proposed approach in comparison with
the traditional robust controls in both position and velocity
tracking. As a result, the proposed approach gets higher
steady-state tracking precision with a predefined time than
other robust controllers. Meanwhile, the developed approach
provides higher robustness subject to uncertainties and exter-
nal disturbances. Future efforts will focus on finding a robust
predefined-time tracking control with actuator constraints
and continuity for robot manipulators with uncertain dynam-
ics and external disturbances.
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